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Abstract

We investigate new graph characteristics namely total (vertex, edge) face irregularity strength of gen-
eralized plane grid graphs G} under k—labeling ¢ of type (o, 3,7). The minimum integer k for which a
vertex-edge labelled graph has distinct face weights is called the total face irregularity strength of the graph
and is denoted by tfs(Gy'). In this article, the graphs G = (V, E, F') under consideration are simple, finite,
undirected and planar. We will estimate the exact tight lower bounds for the total face irregularity strength
of some families of generalized plane grid graphs.

Keywords: Total face labeling of type (o, B,7), Total face irregularity strength, Cartesian product of path
graphs.

1 Introduction

This complete research is purely based on simple, finite, undirected and planar graphs G = (V, E, F') where
V(G) is the vertex set, E(G) is the edge set and F(G) is the face set of a particular graph G. A mapping that
maps graph elements into positive integers is called graph labeling and these positive integers are called labels.
The concept of labeling was first introduced by Chartrand et al. [9]

Suppose that k is a positive integer then a k-labeling of type («, B,7), where a, 8,7 € {0,1} is a mapping ¢
from the set of graph elements into the set of positive integers {1,2,3,...,k}. If the domain of k-labeling of
type («, 8,7) is V(G), E(G), F(G) or V(G) U E(G) then we say this a vertex k-labeling of type (1,0,0), edge
k-labeling of type (0,1,0), face k-labeling of type (0,0,1) or total k-labeling of type (1,1,0) respectively.

The other possible cases are V(G)UF(G), E(G)UF(G) and V(G)UE(G)UF(G) which are defined as vertez-face
k-labeling of type (1,0,1), edge-face k-labeling of type (0,1,1) and entire k-labeling of type (1,1,1) respectively.
But keep in mind that the trivial case («, 8,7) = (0,0,0) is never allowed. In this research, we have worked on
total labeling in which we label both, vertices and edges, but the ultimate focus is always on face weight of the
graph. The weight of a vertex is the sum of labels of that vertex itself and the labels of its adjacent edges, the
weight of a graph edge is the sum of label of that edge itself and the labels of its adjacent vertices, the weight
of a face is the sum of labels of that face itself and the labels of its surrounding edges and vertices. In general,
the weight of any face f of a plane graph G under k-labeling ¢ of type (a, 8,7) can be defined as,

Wtgo () =0a Y ¢0)+B Y éle) +v6(f) (1)
o~ f e~f

A E-labeling ¢ of type (a, 8,7) of the plane graph G is called face irreqular k-labeling of type («, 3,7) of the
plane graph G, if for every two different faces f # g and f,g € G, we have

Wt¢(cx,ﬁ,—y) (f) 7& Wtd?(a,g,»y) (g)

In general, for a labelled graph G, the minimum integer k for which the graph G admits a face irregular k-
labeling of type («, 3,7) is called the face irreqularity strength of type («, 8,7) of the plane graph G and it
is denoted by fs(,,5,4)(G) and particularly, for a vertex-edge labelled graph, the minimum integer & for which
the graph G admits a face irregular k-labeling of type («, 3,7) is called the total face irregularity strength of
type (a, B,7) of the plane graph G and it is denoted by tfsq 5,,)(G). A deep survey on irregularity strength of
graphs can be seen in [6, 10, 12, 16, 21].

In this research, under consideration graphs are grid graphs G]* with n rows and m columns. There are
unlimited number of grid graphs with the structure G}' but we have limited this research on those graphs where
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L’"T‘Hj >m — 2[%‘“] and we aim to prove exact tight lower bounds for the total face irregularity strength
under k—labeling ¢ of type (a, §8,7) of such graphs.

Theorem 1. Let G = (V, E, F) be a 2—connected plane graph with n; i—sided faces, i > 3. Let a, 8,7 € {0, 1},
a=min{i:n; #0} and b =max{i:n; #0}, np =1 and ¢ = max{i : n; # 0,i < b}. Then the face irregularity
strength of type a, B, of the plane graph G is

« a F(GQ)| -2
i[85 001

Proof. Proof of this theorem can be seen in [5]. O

2 Example
Suppose that the graph under consideration is G%j. So,

m 30m +7
k=tfs0,1,0(G3) = {8-‘

m+1 m+1
—— | >m—-2|—
3 3
In order to verify the results, we claim that the graph G has tight lower bound tfs( 1,0)(G3) >
If the graph has this tight lower bound then the following conditions should be true
All graph weights should be distinct,
Horizontal differences in face weights should be 1,

Vertical differences in face weights should be m,
So, now we prove these results.

and

|'307g+8 '| .

The vertices can be labeled by the following formulas
Fori=1,2,---,22and j=1,2,....,m+1
f()—l+t”“LF%J

For¢=22,---,30and j =1,2,...,m+1
f)) =k

Horizontal edges can be labeled by the following formulas
Fori=1,2,---,26and j=1,2,...,m+1

j,J+1 m i—
F@lol™) =14 (m—2[ =3 ]) [ 5]

Fori=27,---,30and j =1,2,... ., m+1
flol™y =k

Vertical edges can be labelled by the following formulas
Fori=1,2,--- ,2land j=1,2,...,m—1
f(vzj,vi—i—l) = {%]

Fori=22,23andj=1,2,...,m—1

Flvly) = [4] + WHJM& +1—k><i—2hm+ﬂ+m

[ =53] 3
For i = 24, 25andj= 1,2,...,m—
Ffutn) = T3]+ 200252 | g )+ 2 24 (20~ 2 | g | -
For i =26,27and j =1,3,.. ,m,mEl(2)07‘j:1,3,...,m+1;mEO(2)
Ffutn) = T3]+ 2 =82 sy | - D22
+ | 5( m—?Lk"?J (m—2|2H])+2 |22 +1—k)

|- 2| oy | + 0o+ |3 sy | m - 22D v 2120 4 1= 0] |46 -2 | ey | 4 1)
For i=26,2Tand j=2,4,....m+1; m=1(2) orj =2,4,...,m; m=0(2)

Ffvtn) = T4]+ 2 252 sy | - D+ 2- 2
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For i=28,29andj=1,3,....,m; m
Ffetn) = T4 +3-3bbm | e 412 |

For i =28,29and j=2,4,...,m+1; m=1( :
Fotn) = 4183k |t | ] (36— 2 [y | - 0] #1362 [y | - )

By calculatlon one can easily check that all the differences of horizontal faces are equal to one, that
is Wt¢(1,1,0)(f ) Wt¢(1,1,0)(f ) = 1 and all the differences of vertical faces are equal to m, that is
Wt¢(171’0)(ff+1) Wtg1,1,00(f]) = m. This shows that our grid graph with 30 rows and m columns, hav-
ing total face irregularity strength equal to [%], holding condition [mT'HJ >m—2 LmT'HJ, is showing true
results because all weights are distinct and the horizontal differences of weights are equal to one while vertical
differences of weights are equal to m.

Now we extend this work for graphs G]* with n rows and m columns. We will find the exact tight lower bound
and will prove the results by showing that all the weights are distinct, the differences of horizontal faces are
equal to one, and the differences of vertical faces are equal to m.

3 Total face irregularity strength of grid graphs

Theorem 2. Let G} = P,110P,,11 is a generalized grid graph with n > 2 rows and m > 2 columns, then
m mn+7
tfs1,1,0(Gy) = [ 3 —‘
Proof. SAMAJH NAI A RAHI K KESE PRESENT KRU O

The weights of the face f under k—labeling ¢ of type (1,1,0) can be defined as
Wig1.0(F) = 6@]) + 6] ™) + 6(v] 1) + wl7) + o]l + éw]v]1) + ool 1] + o]l
The horizontal difference in weights can be defined as
Wt¢(1,1,0)(f;j+ ) — Wtea,1,0) (fj) ¢(Uf )+¢( ]+2) +o(v 5111) +¢(Uﬁ12) + ¢ (v 7 ]+2) + o (v] A 3111)
(vl 11 fif)ﬂb( TR = o(u]) = o0l ™) = d(v]1) — S(ulfT)
— ¢(v]vl ™) = d(v]vl ) — Bl olfT) — d(o] Toll)
$(v! %) + G(IT) + o(o] Tl T) + Sl 0l ) + o] T

(Uf) P(v i+1) _¢(UJU]+1) ¢(Uzvz+1) é(v &1”5:11)

+

Theorem 3. If G} is a grid graph which is generalized for n rows and m columns with LmHJ >m—2 ng'lj

under k—Ilabeling ¢ of type (1,1,0) then the differences of weights between any two horizontal adjacent faces will
always be one.

Proof. To prove this theorem, it will be sufficient to show that among all the intervals of labeling, we have
Witgi,1,0 (f N - Wty 0)(fj) = 1. In order to do this, we will proceed as follows:

Fori=1,2,3,...,2 hmg’iﬂ —landj=1,2,3,...,m—1
Wt¢(1,1,0)(fij+1) - Wt¢(1,1,0)(fg)
= (T + o(lIT) + (v T + oIl + o(v] TPl
— ¢(v]) — B(v f+1) - ¢(vj”]+1) ¢(’vivi+1) P(v z+1vzjjrr11)

= oIl T) — ¢(vlvl, )

[
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%IJW +landj=1,2,3,....m—1

Wtg1,0(f ) = Wtgai,0(f7)
= o] ") + (vl 7) + S 012 + (I + (vl Pl

— 6(v]) = d(vy) — (W] ) = B(v]vl,,) — (vl vl )
k k
— M_Jrﬂ—kl—k)(z—2h_+J-‘+l)
k

Forizzhm’ilﬂ +2,---,2[ k “J —landj=1,2,3,...,m—1

Wts1.0) (7T = Wtga1.0)(f)
= p(v]T?) + (7)) + o0 TP + (ol vl + (vl TPl
— () — d(vl, 1) — d(Iv] ™) — p(v]vl ) — (vl vlT)

:F%QMQ(VTHJ { LJ—‘)—&-Q 2k+({mT+1J)(i—

15 ]

[N}
P |

—
‘Jr??‘

_

[
_

|

—_

~

W ) — 24 2k + ( m; J)(z—2h_ﬂJ—‘—l)

<
Il
-
w
3
3
Il
—
=
N}
N~—
Q
=
<
I

Wty,1,0) (Fi - Wt¢(1,1,o)(fij)
= o) + o(vlT) + o (] Tl TP + (D) + (] TPl
— o)) = d(v],1) — b)) = p(v]vl, ) — d(v] vl

- _jzﬂ +2{m;1J({m—2kLT“J —1)+2- 2%
o[t el oo oo et o
| a2 -] [0 rstg] )

-+
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k k
For =2 — ,2 — + 1 and
{m—ﬂ—;lﬂ {m—ﬂ—ilﬂ

ji=2,4,....m+1;m=12)orj=24,...,m; m=0(2)

Wtsa1.0(f ) = Wegai0(f7)
= (Uf )+ o0l i) + o] TP + ol D) + o] TPl

(Ui) (z+1) ¢(U]Uj+1) ¢(vai+1) P(v 3-1-1”5:11)

-32]+zqm§*Jx{m_2kj?Jw—n+a—2k
{ Jﬂ_kﬂ B(i_ﬁﬁl%lﬂJﬂﬂ

1 k 1
+ E(lrm—QLmTH“ {

b
+ %({#w { J {erlJ +1—k)J B(i_2 {#WTHJ +1)J

k
For 2'22"—1—‘+2,...,n—1and
o

i=1L3,....om;m=12)orj=13,...,m+1; m=0(2)

Wt¢(1,1,o)(fg+1) - Wt¢(1,1,0)(fij)
= ¢(v] %) + (vl 7)) + oWl T ) + (Il + (0l Tl
—o(v]) — p(vl, ) — pvlvlth) — p(vlvl,,) — d(vl, vl

[ enen ] ) et
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) k

For z:2{mthgrlJ—‘—i—Q,...,n—land
ji=2,4,....m+1;m=12)orj=24,...,m; m=0(2)
We prove the following weights

Wiy 0)(f'j+1) - Wigaa 0)(fj)
= o) + ¢l T) + ¢! Tl + (Il + (I TR

—¢wn—¢w&0 P(Iv] ™) — p(vlvl ) — (vl vl )

The weights of the face f under k—labeling ¢ of type (1,1,0) can be defined as
Wig,1,0)(f]) = 0(0]) + ¢(0] ) + o(vl11) + d(vlf7) + d(v]o] ™) + d(v]v]y,) + $(v] 0] + d(0] ol )
The vertical difference in weights can be defined as

Wt¢(1,1,0)(fi7;;-1) Wt¢(1 1 0)(f ) ¢(Ui+ )+ o(v fill) +o(v f+2) + ¢(Ufi21) + o(v z+1vfi11) + ¢(vf+1vf+2)
9(
(

vatlis) + o(olfivll) — o)) — o] ) — d(v]y) — B(]i))

J
1
j+1 i+l j+1, j+1
va ) — ¢(vaz+1) P(v z+1vf+1) ¢(U£ UZ‘?Jrl)
J

+

—¢
= 0(v]0) + 0(ly) + d(vl 1 vlys) + d(v]puly) + S(v] T vlly)
= ¢(v]) = (W] ™) = o(v] o] ) — p(v]vyy) — o]l
Theorem 4. If G} is a grid graph which is generalized for n rows and m columns with L"‘HJ >m—2 L’";‘lj

under k—labeling ¢ of type (1,1,0) then the differences of weights between any two vertically adjacent faces will
always be m (will always be equal to number of columns).

Proof. To prove this theorem, it will be sufficient to show that among all the intervals of labeling, we have
Wtg,1,0(f11) — Wtgi,1,0)(f]) = m. In order to do this, we will proceed as follows:

Fori:l,Q,...,QhWSHJ-‘ —2:5=12,....m

)

The difference in weights will be calculated as follows
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W%(Ll,o)(ffﬁ) - Wiga 0)(f4)
= ¢(v 3;2) + (v Zié) + v vl ] ) + Sl pvly) + ool vl) — o(v]) — ¢(v] ) — p(vlv! T

e 2 [ 2] 25

—1—{””1M*—WJm—1—@—2WJ>V;1J—M =
N R U R

_ VHIJ {m—i—lJ

FOTZ—QMWAJ“ -1;5=12....m

The vertical weight differences are as follows:

Wtgs,1,0)(fl1) = Wisa,0(f]) =
= ¢(v {4—2) + o(v 5121) + ¢ (v z+1vz+2) + o(v z+2”f-t21) + ¢(v gill f—t%) ¢(Uzj) - ¢(’Uzj+1) - ¢(”zj”zj+1)

— ¢(v]vly ) — ool TITY)
ek | 3]+ M’;JHk)(z‘2{@}+2>+1+(m2L@J)HlJ
+P;ﬂ+(v§1J {@WH—@@—%@}H)A_V?J V21J_1

RSl R AN

(
[Wﬂ #azkem 2| |2 | M [

Fori:?{w’:ﬂ—‘ i=1,2,...,m

Wity 0)(f4 D) = Wi, (f] ) =
= d(v] 1) + S(0lL3) + D] 0] o) + S(ulvlls) + (0] ) — d(v]) = $(u] ™) = p(v] vl ™)

(z z+1) (fH ‘zj-tll)
{ WH Y14 (m Q{m;w)v;w
k
a

ceone 25 ] -
il {wM“““)” Q{L;J“)‘l‘{mﬂ e
=57l 5

7
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=m

Fori:2{m2[“m;rlj-‘ cj=1,2,..., m
Wiy, 10)(f+ ) = Witg1,1,0)(f] ) =
= 6(Ulyo) + (vis) + G(vT1v140) + B(vTi2vifa) + ST VES) = 9(v]) — S0l ™) — ooy ™)

1 1
( z 7,+1) ( 7,-]+ 51—1)

H [ W {mHJ)({ —2]1 +J_1)+4 41~c+ﬁ(1+1—2 m—QkL“JH)L

(| ot | m =222 ) +2 |22 +1-k) | (| ot | m -2 (282 ) +2 [ =2 + 1 k)

(M% (m—2 =) +2 |2 | +1-k) (mdkﬁ (m—2[2H])+2 |2 | +1—k)
(w e H( ez 2 ‘>

4([”1;1)%_2’1” 1>+<1><L1_2’€mw =2 ||y 1
|

m+1J)+2r&;’1J+1—k)+k—1—(m—2{m+1J)V_IJ

3 2

_1)_(1)({’““& (m—z{m;’lJHz{“J +1-k) -0

+ {m_;ﬂw (m—zlmlJ)H{m;lJ +1—k+k—1—(m—2vﬁg1J)V;1J
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FOI'Z:2’72TM+1J“+1 j_12 7777 m
m—2| 5=
Wiy 0)(f 1) = Witgai,0)(ff )=

= 3(v]1) + S(v]) + B(v]1v]i0) + S0l g0l ly) + (WL vly) = 0(v]) = $(u] ) = pu]v] ™)

+1 541
(’L z+1)_ (g iJrl)

“[el 5] roem gt s gt 05150

=6 6k—|—2m{m2kt+1J +(1)(m)+0—4({m;1J)({mthﬂﬂ ) —4+4k
_<1)({m_2ﬁ3ﬂﬂ(m—2 mgrlJ)Jrﬂm;l +1—k)
_(1)({m_2ktgﬂﬂ(m—2 m;rlJ)H{m;l +1-k)
:6—6k+2m{m_2kL+1J +m—4({m;—1 ) m_QkLHJ-‘—l)—4+4k

k m+1 m+1
{m—ﬂ;ljw(m%?’ J)z i

k m+1 m+1
’Vm—2{;r1j-‘(m2{3J)2_3 14k

k m+1 k m+1

:2—2k—|—2m’7m2{;_1J—‘+m—4_ ; ({mﬂ;ljw 4{ ;J

11
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For ¢ = ’77n_gfm+1j—‘+2aan_15]:1a2aam

Wt¢(1,1,0)(fz+1) Wt¢(1,1,0)(f)
= d(v]5) + O(v]fs) + D(v] iy vlis) + d(v] 0] o) + d(ulfiv]is) — d(v]) — G(] ) — d(v]v]*)

i+1 7+1
¢vzj”+) (b(vzj 'Uzj+1)

oo

3
[\
—_—
‘3
@+
N
—
|
+
—
Py
S
+
[u—
|
[\
—
3
\
. [\
—
i
R
| S—
|
|
—
S~—
|
—~
—
|3
| I—
+
—
SIE
—_
~—

(i_Q m72km+l )
m{[ { 5 5 J-‘ + 5
(Z - 2 m—>o km+1 - 1) (Z - 2 _9 k7n+1 - 1)
m{{ [ 2L : w + { 2L - J }
k ) k
:m(l—2’rm_2t glJ-‘)_m(l_2’V7n_2L ;1J“_1)
k .
i3t | -

4 Application (ABHE CHECK KERNI HE)

The very famous problem of finding shortest path in Operational Research can be solved with the help of graph
labeling of type («, 3,7). The objects whose distance is to found will be named as vertices, their connection
with each other will be named as edges and the area between objects will be considered as face. By this way,
the face will also be labelled and we will be able to get more accurate results [?].

12
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5 Conclusion (ABHE NEW LIKHNA HE)

In this paper, we have applied new graph parameters (o, 8,) on grid graphs, where grid graph G* with n rows
and m columns is the graph cartesian product of path graphs P, 10P,,+1. To determine the face irregularity
strength of type («, 3,7) of planar graphs is a very complicated task. Five problems are explained in this
research which are followed by the k-labeling of grid graphs. We investigated the tight lower bound for the face
irregular strength of vertex (1,0, 0), edge (0, 1,0), face (0,0, 1), vertex-face (1,0, 1) and edge-face (0,1,1) of grid
graphs G7" with the help of labelings of type (a, §,v) where a, § € {0,1} and their formulas are generalized to
prove the results.

REFERNCES BHE ABHE VERIFY KERNE HAIN, REFERENCES MAIN HYPERLINK NAT A RAHA,
KESE AYE GA?
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