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Bifurcations Analysis for Beginners

Pabel Shahrear

Department of Mathematics, Shahjalal University of Science and Technology, Sylhet, Bangladesh; shahrear-mat@sust.edu

Abstract

We study a class of hybrid dynamical systems that arise from various fields of mathematical sci-
ences. We provide a rigorous analytical framework for the construction of the model, including
explicit solutions within orthants, analytical determination of switching times, and the derivation of a
boundary-to-boundary return map governing the global dynamics.This work presents a systematic an-
alytical study of bifurcation phenomena arising in low- and moderate-dimensional dynamical systems
with applications to biological regulation and switching processes. Starting from a general nonlinear
system depending on a control parameter, we develop a rigorous Taylor expansion framework that
enables the precise identification of non-hyperbolic equilibria and the derivation of reduced normal
forms. Particular attention is given to saddle-node, transcritical, and Hopf bifurcations, with explicit
genericity conditions formulated in terms of higher-order derivatives. These conditions guarantee
structural stability and codimension-one unfoldings, allowing biologically meaningful parameter
interpretations.

Keywords: dynamical systerm; mathematical biology; bifurcation

1. Setup of the Dynamical System

From a biological perspective, bifurcations provide a mathematical language for describing transi-
tions between regulatory regimes, offering insight into how small changes in regulatory parameters
can produce qualitative shifts in gene expression patterns. Consider the scalar dynamical system
[1,2,42-48]:

x=G(x,p)

where x € R, and y € R is a bifurcation parameter. Suppose the system undergoes a saddle-node
bifurcation at the origin [3-6].

2. Scalar Dynamical System

A bifurcation represents a qualitative change in the regulatory behaviour of a system induced by
a gradual variation in an underlying parameter. In gene regulatory networks, such parameters may
correspond to: Consider the scalar dynamical system:

x=G(x,n)
where x € R, u € Ris a bifurcation parameter, and G(x, ) is a smooth function.

3. Multivariate Taylor Expansion of G(x, )

For scalar systems, we demonstrate how higher-order nonlinearities govern the creation, annihila-
tion, and stability exchange of equilibria, phenomena that naturally correspond to threshold effects,
phenotypic switching, and regime shifts in biological systems, such as gene regulatory networks
and epidemic models. In planar systems, Hopf bifurcation theory is employed to rigorously explain
the emergence of oscillatory dynamics, providing a mechanistic interpretation of biological rhythmes,

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202512.2650.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 30 December 2025 d0i:10.20944/preprints202512.2650.v1

20f15

population cycles, and recurrent disease outbreaks. The analysis highlights the role of transversality
and nonlinear saturation in determining whether oscillations are supercritical or subcritical.
We expand G(x, 1) in a Taylor series about the point (x, #) = (0,0):

1 1
G(x, 1) = G(0,0) + Gx(0,0)x + G, (0,0)u + EGXX(O,O)xz + G (0,0)xp + EGW(O,O);F

1 1 1 1
+ EGxxx(O, O)x3 + EGXXH (O, O)XZ]J + EGXHV (O, O)X“l/lz + EGVHV (0, O)]/ls + ctt

4. General Form with Coefficients

We denote each partial derivative using a coefficient notation [7,8]:

G(x, 1) = ago + aox + g1 pt + a20x* + a11 X4 + ap
+ azox + azlle/l + ﬂlzxﬂ2 + a03#3 +oee

where each coefficient is defined as:
1 9'G
" axiap (0,0)
5. Multivariate Taylor Expansion of G(x, jt)
We expand G(x, ) in a Taylor series about the point (x, i) = (0,0) up to fifth order:

1 1
G(x, 1) = G(0,0) + Gx(0,0)x + Gy, (0,0)u + EG,m(o,o)x2 + G (0,0)xp + 5GW(O,O)y2

1 1 1 1
+ ¢ G (0,002 + 5 Gy (0,0)2%p + 5 Gy (0,0) 2% + 2 Gy (0, 0)34°

1 1 1
+ ﬂG,(,C,(x(o,o)x4 + ngxxﬂ(O,O)xB'y + ZLGxxW(O,O)xzyz

1 1

1 1 1
+ @ Goxxxx (O/ O)x5 + ﬂ Gxxxxy (O/ 0)x4]/¢ + ﬁ Gxxxyy (O, O)x3]42

1 23, 1 g, 1 5
+ EG“M‘F (0; O)X 2 + ﬂmeiM/l (0,0)X]/l + @GHW‘I‘F (0,0)]l +

6. General Form with Coefficients

We denote each partial derivative using a coefficient notation:

5 5-i

Glou) =Y Y ayx'y/ +- -

i=0j=0
where each coefficient is defined as:

1 9'tiG

= ij! oxiopl (0,0)
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7. General Form with Coefficients
We now introduce the notation:
1 9tiG
it axiops | )

al-]- =

The evolution of indices i and j follows a pattern such that:

e  For each total degree n =i+ jfrom 0 to 5,
e lteratei=0,1,..,n,andletj=n—1,
* Computea;; = L GQBLG(0,0).

il
So all combinations satisfying i + j < 5 appear once.
Thus, the Taylor expansion becomes:

5 5—i o
G(X, ]l) = Z Zaijxly] + -
i=0j=0

Each coefficient a;; corresponds to a scaled partial derivative evaluated at the origin.

8. Step-by-Step Coefficient Calculations for Bifurcation Analysis

Let us compute the coefficients relevant up to fifth order.

8.1. Zeroth Order Term

apy) = G(O, 0)

8.1.1. First-Order Terms

ﬂlO = Gx (Or 0)/
a1 = G (0,0)

8.1.2. Second-Order Terms

1
‘120 = EGXX(O/ 0)/
all = Gx]/l<0/ O)/

1
apy = EG”H (0, 0)

8.2. Third-Order Terms

azy = %Gxxx(O,O),
ag = %Gxxy(O,O),
o = %GxW(O,O),
207 = £ Gu(0,0)
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1
ago = ﬂGxxxx (Or O)r

1

azl = ngxxy (0/ 0)/
1

ax = ZGxxyy (0,0),
1

a13 = ngyyy (0,0),

1
o4 = 54 Gpuppup (0,0)

asp = %Gxxxxx(oro)r
ag = ;quxxxy(0,0),
azp = écxxxyy(oro)/
ay = %Gxxuyy(olo)/
Mg = %quw(of 0),

1
a5 = @GVWW(OIO)

9. Summary Form for Bifurcation Analysis
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The truncated Taylor expansion (up to fifth order) used for advanced bifurcation analysis becomes:

5 5-i
x=Gle,p) =Y ) apx'y +---

i=0j=0

This form includes all interactions of x and y up to degree 5, which may be essential for degenerate
bifurcation or higher-order nonlinear phenomena [9-23].

10. Generic Conditions for Saddle-Node Bifurcation

Beyond local theory, the study emphasizes the importance of return maps and boundary-to-
boundary dynamics in hybrid and piecewise-defined systems, illustrating how global bifurcations
can organize complex dynamics including multistability and chaos. The results unify normal form
theory, singularity theory, and biological interpretation within a single analytical framework. Overall,
this work demonstrates how bifurcation analysis serves as a fundamental mathematical tool for
understanding qualitative transitions in biological systems driven by gradual parameter variation,
offering predictive insight into critical thresholds, loss of stability, and the onset of complex dynamical

behavior.

The generic assumptions required are:

. G(0,00=0

e Gy(0,00=0
*  Gu(0,0)#0
® Gxx(oro) #0
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These ensure the origin is a non-hyperbolic equilibrium and the unfolding is codimension-one
[24,25].

11. Taylor Expansion of G(x, i)
Expand G(x, i) around (0,0):

1
G(x, ) = Gu(0,0)p + EGxx(o,o)x2

11.1. Let:
— Gu(0,0), b=1Gu(0,0)
a= H ’ 7 - 2 xXx 7
Then:
X = ap + bx?

12. Rescaling

Let:

x=uag, p=pA

Then:

&= aBA + ba®&

13. Choose Normalising Constants

To reduce the equation to the canonical form, choose:

Thus:

14. Final Normal Form

Let ¢ — x, A — u, the system becomes:

x:y+x2

This is the standard saddle-node normal form [26-34].

15. Significance of Generic Conditions

* Gy # 0 ensures the equilibrium is sensitive to parameter changes.
®  Gyy # 0 ensures the equilibrium bifurcates nonlinearly.
*  Absence of these would require higher-order terms for unfolding (codimension > 2).

16. Derivation of the Normal Form for Transcritical Bifurcation

Consider the scalar system:

X = G(x,p)
which undergoes a transcritical bifurcation at (x, ) = (0,0). The generic conditions assumed are:
s G(0,0)=0
o G4(0,0)=0
e Gu(0,0)=0

Gru(0,0) # 0
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e Gw(0,0)£0

16.1. Step 1: Taylor Expansion

Taylor expanding around (0, 0) and using the generic conditions:
1 2
G(x, ) ~ Gyuxp + EGxxx

16.2. Step 2: Rename Coefficients

Leta = Gy, b= %Gxx. Then:
X = axp + ba?

16.3. Step 3: Rescale Variables

Let x = ag, u = BA. Then:
¢ = apgA + bag?
16.4. Step 4: Choose Scaling
Choose 8 = %, n = %. Then:
§=3r+¢8"
16.5. Step 5: Final Form

Let ¢ — x, A — . Final normal form:

X = xp+ x*

17. Mathematical Reason for Generic Conditions
Generic conditions are required to ensure:

e  Structural stability: The bifurcation persists under small perturbations.
¢ Codimension one: Only one parameter is needed to unfold the degeneracy.
* Non-degeneracy: Avoids flat or degenerate dynamics.

17.1. Saddle-node Bifurcation Conditions

G(0,0) =0, Gx(0,0)=0, Gu(0,0)#0, Gxx(0,0)#0

These guarantee that two equilibria collide and annihilate in a structurally stable manner.

17.2. Transcritical Bifurcation Conditions

G(0,0) =0, Gy(0,0)=0, Gu(0,0)=0, Gyu(0,0)#0, Gy(0,0)#0

These guarantee two equilibria exchange stability robustly [35-41].

17.3. Mathematical Foundation
The theory is grounded in:

*  Singularity theory: Unfoldings of degenerate equilibria.

e Normal form theory: Reduction to simplest system under smooth change of variables.

¢  Universal unfoldings: E.g., & = y + x? is the universal unfolding of & = x2.

This document presents two explicit examples to illustrate how the generic conditions of saddle-
node bifurcation are verified and how the normal form is derived from these systems.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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18. Example 1: Quadratic System

Consider the system:

x:y+ﬁ
18.1. Check Generic Conditions
We define G(x, u) = p + x*. Then:
G(0,0) =0
Gx(0,0) =0
Gu(0,0) =1#0
Gxx(0,0) =2#£0

Conclusion: All generic conditions for saddle-node bifurcation are satisfied.

18.2. Equilibria
Setx=0=x2+u=0=>x==+/—p

e If u < 0: two real equilibria (saddle-node structure).
e If y = 0: one degenerate equilibrium at x = 0.
e If u > 0: no real equilibria.

18.3. Stability

x <0 = stable

d 2
—(p+x7) =2x=>
dx(ﬂ ) {x >0 = unstable

19. Example 2: Cubic Perturbation System

x:y—x+x3
Let G(x,u) = p — x + x°.

19.1. Check Conditions at (x, u) = (0,0)

G(0,0) =0
G+(0,0) = —1
(0,0) =1
(0,0) =0

7

Gx X

Conclusion: G,(0,0) # 0, so this is not a saddle-node bifurcation at the origin.

19.2. Try Another Point

Look for points where G(x, u) = 0, Gx(x, ) = 0.
Set:

t=p—x+=0=>pu=x—-»°

1
Gy=—-143x2=0=>x=+—

V3

3
_ 1 _ 1 1 — 1
Tyx=Gion=5- (%) — % a-
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Check:

Gy=—-1+3x>=0

Gxx:6x: 6 #0

V3
Gu=1+#0

Conclusion: Saddle-node bifurcation occurs at x = \%, U=

w
SN
W

20. Final Remarks

These examples show how to:

®  Verify saddle-node bifurcation criteria.
*  Locate bifurcation points.
*  C(Classify stability near bifurcation.

21. Introduction to Hopf Bifurcation

A Hopf bifurcation occurs when a pair of complex conjugate eigenvalues of a fixed point cross
the imaginary axis as a parameter is varied, causing a transition from a stable equilibrium to a periodic
orbit or vice versa.

21.1. Generic Conditions for Hopf Bifurcation

Consider a two-dimensional autonomous system:

dx
a f(x, 1),

where x € R and p € R is a bifurcation parameter. The generic conditions for a Hopf bifurcation to
occur at (xo, Ho) are:

(H1) £(xo, po) = 0 (Equilibrium exists),

(H2) The Jacobian Df(xq, jo) has a pair of purely imaginary eigenvalues A; , = %iwy, with wg > 0,
(H3) The real part of the eigenvalues crosses zero with nonzero speed as y varies:

dyRe(?\(H)) - 7# 0.

Under these conditions, a Hopf bifurcation occurs at y = po.

22. Example 1: Classical Normal Form

Consider
¥ = px—wy—x(x*+?)
y= wr+py -y +y?)
with w > 0. The origin is the only fixed point. The Jacobian at the origin is:

]_<Z Vw>

with eigenvalues A = y & iw. The real part of A crosses zero at 4 = 0, hence a Hopf bifurcation
occurs there.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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23. System 1: Normal Form of Hopf Bifurcation

Consider the system:
f= pr—wy—x(x+ )
y= wxtpuy—y(*+y?)

where y is the bifurcation parameter, and w > 0 is constant.

1)

23.1. Step 1: Fixed Point
At the origin (x,y) = (0,0):

X= ux—wy
y= wx+uy
=x=y=0.

So the origin is an equilibrium.

23.2. Step 2: Linearisation

Jacobian matrix at the origin:

Eigenvalues:

23.3. Step 3: Hopf Conditions
1. Re(A) = pchangessignatu =0
2. Im(A) =+w #0

3. Transversality: %Re()\) 0= 1#0
’,l:

Thus, a Hopf bifurcation occurs at u = 0.

23.4. Step 4: Type of Hopf Bifurcation

This system is in normal form. For p > 0, a stable limit cycle appears (supercritical Hopf).

24. Predator-Prey Type System

= x(1-x)— 5%
. gj x) 1+x (2)
y=by(riz —c)
where g, b, c are parameters. One can compute equilibria and evaluate the Jacobian numerically
to check the Hopf criteria.

25. Predator-Prey with Saturating Functional Response

. )
£ a1 £ o
y=by(gz —¢

where a,b,c > 0.

25.1. Step 1: Fixed Points

Setx =0andy = 0.
From y = 0, either y = 0 or:

14+ x 1-—

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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From x = 0, substitute into the prey equation and solve for equilibrium values.

25.2. Step 2: Jacobian Matrix

Let us define:

x= x(1-x)— 7%

y=by(gz —¢

Compute
Y
0x8 E)yg
or
of  of
o= (% &)
ox ox

25.3. Step 3: Hopf Conditions

Evaluate Jacobian at interior fixed point (with x* > 0, y* > 0) and compute eigenvalues.
Find parameter a (or c¢) such that:

* A pair of purely imaginary eigenvalues appear.

e Trace =0, Det > 0 at bifurcation.

¢  Transversality condition holds.

Then classify the Hopf bifurcation (numerical continuation may be used).

26. MATLAB Code for One-Parameter Hopf Analysis

Below is a MATLAB script for analyzing Hopf bifurcation in general two-dimensional systems:

function hopf_analysis(f, x0, mu_range)
% f is a function handle @(x, mu) returning 2x1 vector
% x0 is initial guess near equilibrium

% mu_range = [mu_min, mu_max]

mu_vals = linspace(mu_range(1), mu_range(2), 500);
real_parts = zeros(size(mu_vals));

omega_vals = zeros(size(mu_vals));

for i = 1:length(mu_vals)
mu = mu_vals(i);
J = numerical_jacobian(@(x) f(x, mu), x0);
eigs = eig(J);
real_parts(i) = real(eigs(1));

omega_vals(i) = abs(imag(eigs(1)));

end

plot(mu_vals, real_parts, ’b’, ’LineWidth’, 2);
hold on;

yline(0, ’k--’);

xlabel(’\mu’); ylabel(’Re(\lambda)’);
title(’Tracking Real Part of Eigenvalues’);
grid on;

end

function J = numerical_jacobian(F, x)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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n = length(x);

fx = F(x);
J = zeros(n);
h = le-6;

for i = 1:n
dx = zeros(n, 1); dx(i) = h;
J(:, 1) = (F(x + dx) - fx) / h;
end
end

The Hopf bifurcation is a fundamental mechanism for generating periodic orbits. By checking the
generic conditions, one can identify and classify such bifurcations analytically and numerically.

We study a linear two-dimensional system depending on a real parameter «, showing spiral
or rotational motion. This example is particularly insightful as it mimics the behaviour of a Hopf
bifurcation in a linear setting.

27. System Description

Consider the system:
X= ax—y
y= x+ay

where & € R is a parameter.

28. Matrix Form

This system can be rewritten in matrix form as:

x = Ax, where A =

29. Eigenvalue Calculation

To analyse the behaviour, compute the eigenvalues A of the matrix A:

X= ax—y
y= x+ay
a—A -1
det(A — AI) = =(@—A)+1=0.
e(a—An=|""" T l=@-22+
Solving gives:
A=axi

30. Interpretation of Dynamics

The general solution is:

Oscillatory terms Therefore:

® & > 0: Spiral source (unstable).
®  a < 0: Spiral sink (stable).
e & = 0: Pure centre (closed orbits).

31. MATLAB Visualisation (R2016 Compatible)
Phase Portrait Code:

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202512.2650.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 30 December 2025 d0i:10.20944/preprints202512.2650.v1

12 of 15

function tricky_linear_dynamics()
alphas = [-0.5, 0, 0.5];
figure;
for i = 1:length(alphas)
alpha = alphas(i);
subplot(1,3,1);
plot_phase(alpha);
title([’\alpha = ’, num2str(alpha)l);
end

end

function plot_phase(alpha)
[X, Y] = meshgrid(linspace(-3,3,20), linspace(-3,3,20));
U = alphax*X - Y;

V = X + alphax*Y;
quiver(X, Y, U, V, ’r’);
hold on;

xlabel(’x’); ylabel(’y’);
axis equal; axis([-3 3 -3 3]); grid on;

end

This linear system exhibits rotational dynamics modulated by exponential growth/decay con-
trolled by a. Though linear, it offers a close analogy to Hopf bifurcation at & = 0.

32. Conclusions

In this study, we have developed a unified analytical framework for understanding bifurcation
phenomena in nonlinear and hybrid dynamical systems with biological relevance. By combining local
bifurcation theory with explicit constructions of reduced dynamics, we have clarified how qualitative
changes in system behaviour arise from variations in key parameters and structural features of the
governing equations. In particular, saddle-node, transcritical, and Hopf bifurcations were analysed in
a rigorous manner, with precise genericity and non-degeneracy conditions stated explicitly.

A central outcome of this work is the demonstration that complex biological behaviour need not
rely on high-dimensional chaos or stochastic forcing. Instead, abrupt transitions, multistability, and
oscillatory dynamics can emerge naturally from deterministic mechanisms such as threshold effects,
nonlinear feedback, and changes in stability induced by bifurcations. For hybrid and piecewise-defined
systems, we have shown that bifurcations are often governed by changes in switching geometry and
return-map structure rather than by smooth nonlinear instabilities. This insight provides a mathemati-
cally sound explanation for irregular yet bounded dynamics frequently observed in regulatory and
physiological systems.

From a biological perspective, the analysis highlights bifurcation theory as a conceptual bridge
between molecular-level regulation and system-level behaviour. Fixed-point bifurcations correspond
to phenotypic transitions and loss of homeostasis, while Hopf bifurcations offer a principled expla-
nation for the emergence of rhythmic activity in gene expression, population dynamics, and disease
transmission. The explicit identification of critical parameter thresholds further suggests how modest
biological perturbations may produce disproportionate qualitative effects.

Several limitations should be acknowledged. The models considered here are idealised and
deterministic, and do not incorporate stochastic fluctuations, time delays, or spatial heterogeneity that
are often present in real biological systems. Consequently, while the bifurcation mechanisms identified
provide structural insight, quantitative agreement with experimental data requires further refinement.
Future work should focus on extending the analysis to stochastic and delayed systems, validating

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202512.2650.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 30 December 2025 d0i:10.20944/preprints202512.2650.v1

13 of 15

predicted bifurcation scenarios against experimental observations, and exploring control strategies
that exploit bifurcation structure to regulate biological outcomes.

Overall, this work reinforces the central role of bifurcation analysis in mathematical biology,
demonstrating its power not only as a diagnostic tool for qualitative change,but also as a framework
for interpreting biological complexity through precise mathematical structure.
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