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Abstract: This study investigates the properties of the 3-token graph derived from path graphs, with a
particular focus on its structural characteristics and key attributes. We analyze how the 3-token graph
is constructed from path graphs and explore fundamental properties such as connectivity, diameter,
and chromatic number. Furthermore, we extend our analysis to the 3-token graph of the disjoint
union of two given graphs, examining its unique features and how the structure of the original graphs
influences the resulting 3-token graph. The findings of this study contribute to a deeper understanding
of token graphs and their applications in graph theory.
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1. Introduction

Token graphs were introduced by [1] et al. as a framework to model the movement of objects or
entities across graph vertices following specific rules, such as in graph pebbling. These graphs have
since garnered significant attention due to their ability to preserve and analyze structural properties.

Given a graph G = (V(G), E(G)) with |V(G)| = n, let k < n be a natural number and I'; (V(G))
denote the collection of all k-subsets of V(G). The k-token graph I'y(G) has I'x(V(G)) as its vertex set.
Two distinct vertices A, B € I'y(V(G)) are adjacent if and only if AAB = {x,y}, where xy € E(G) (i.e.,
their symmetric difference is an edge in G).

Recent studies have concentrated on the properties of token graphs. In 2023, Ju Zhang et al.
[2] explored the automorphisms in 2-token graphs, while in 2022, [3] examined their edge-transitive
properties. Earlier, in 2020, [4] investigated the structural characteristics of 2-token graphs. More
recently, in 2023, [5] analyzed 2-token graphs in the context of disjoint union graphs, contributing to a
deeper understanding of this evolving field.

While 2-token graphs are well-studied, 3-token graphs remain relatively unexplored, offering
opportunities to address significant gaps in graph theory. This research investigates the properties of
3-token graphs derived from path graphs and disjoint unions. By extending the foundational work on
2-token graphes, this study introduces new frameworks to analyze vertex degree patterns, structural
relationships, and graph invariants such as chromatic number, clique number, and independence
number.

Moreover, this research demonstrates isomorphisms between 3-token graphs and specific graph
classes like the cubical staircase graph, uncovering structural relationships across graph families. These
insights have practical implications for network flow analysis, resource allocation, and dynamic system
modeling.

By solving open problems and proposing new conjectures, this study advances the theoretical
understanding of token graphs and lays a foundation for exploring k-token graphs of cycle graphs, and
more complex graphs. This contribution is vital for applying graph theory to real-world challenges.

All graphs in this paper are considerd to be finite, simple and undirected. We refer the reader
to [6] for general background on graph theory and for all undefined notions used in the text. For
any graph G, the vertex set and the edge set will be simultaneously symbolized by V(G) and E(G).
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Recall that two graphs G and H are isomorphic if there exists a bijective function ¢ : V(G) — V(H)
such that xy € E(G) if and only if ¢(x)¢(y) € E(H). This function ¢ is called an isomorphism, and
the graphs are denoted as G = H. In graph theory, several fundamental parameters are used to
describe a graph’s structure. The degree of a vertex x € V(G), denoted by deg(x), is the number
of vertices adjacent to x. The distance between two vertices u and v, denoted by dg (u,0), represents
the length of the shortest path connecting them. The diameter of a graph, diam(G), is defined as
the longest shortest path in the graph, expressed as diam(G) = max{dg(u,v)|u,v € V(G)}. The
clique number, w(G), is the size of the largest complete subgraph, while the independence number,
«(G), measures the maximum size of a set of vertices where no two are adjacent. The chromatic
number, x(G), is the minimum number of colors needed to color the graph such that no two adjacent
vertices share the same color. The dominating number, ¢(G), is the minimum size of a vertex set
S such that every vertex not in S is adjacent to at least one vertex in S. The edge independence
number, &’ (G), is the maximum size of a matching, where no two edges share a common vertex. These
parameters collectively provide a comprehensive understanding of a graph’s structural properties.
These parameters offer a comprehensive description of a graph’s structural properties.

2. Results

The degrees of vertices in k-token graphs are not yet fully understood in general, leaving this as
an open area of research. In [4], the authors introduced a vertex degree theorem specifically addressing
the 2-token graphs of a given graph, providing valuable insights into their structure. Expanding upon
this foundational work, we aim to further explore the properties of token graphs by proposing a vertex
degree theorem tailored to 3-token graphs. This extension seeks to offer a deeper understanding of
the degree patterns in these more complex graphs and contribute to the broader study of token graph
theory.

Theorem 1. Let G = (V(G),E(G)). Forany {x,y,z} € V(I'3(G)) we have

)+dego(z),  ifxyyz,az € E(G)

y) +degs(z) =2, if {xy,yz,xz} NE(G)| =1
)+ dego(z) — 4, if [{xy,yz,xz) NE(G)| =2
) (z) —6, ifxy,yz,xz € E(G).

deg(x) + degg(y) + degg(z
degg(x) + degg(

de ({xyz}) =4 °° ¢
8r5(G) deg(x) + degg (v
degg(x) + degg(y) + degg (2

Proof. Let {x,y,z} € V(I'3(G)), we consider four cases.

1.  Forxy,yz,xz ¢ E(G)
Let A = {a,b,c} € V(I'3(G)) be adjacent to {x,y,z}. If {x,y,z} N A = {y,z} then AA{x,y,z} =
{x,a} with xa € E(G). We have a € Ng(x). Since xy, xz ¢ E(G) then A has degg(x) possibilities.
Similarly, if {x,y,z} N A = {x,y}, then A has degs(z) possibilities and if {x,y,z} N A = {x,z},
then A has degc (v) possibilities. For case xy, yz, xz ¢ E(G), we have degr, ({x,y,z}) = degg(x) +
degc(y) + degg(z).

2. For [{xy,yz,xz} NE(G)| = 1, WLOG assume that {xy,yz,xz} N E(G) = {xy}.
Let A = {a,b,c} € V(I'3(G)) be adjacent to {x,y,z}. For {x,y,z} N A = {y,z} necessarily
AN{x,y,z} = {x,a} for some xa € E(G) and a # y. Since xy € E(G) and a # y we have
a € Ng(x) \ {y}. The A might have degs(x) — 1 different forms. Similarly, if {x,y,z} N A =
{x,z}, then A has degs(y) — 1 possibilities. If {x,y,z} N A = {x,y} then AA{x,y,z} = {z,a}
for some za € E(G), we geta € Ng(z). The A might have degg(z} different forms. For the case
{xy,yz,xz} NE(G)| = 1, we have degr, ({x,y,z}) = degc(x) — 1 +degc(y) — 1 +degc(z) =
deg(x) + degc(y) + degg(z) — 2.

3. For [{xy,yz,xz} N E(G)| = 2, WLOG assume that {xy,yz,xz} N E(G) = {xy, xz}.
Let A = {a,b,c} € V(I'3(G)) be adjacent to {x,y,z}. For {x,y,z} N A = {y,z} necessarily
AN{x,y,z} = {x,a} for some xa € E(G) and a # y, a # z. Since xy,xz € E(G) and a # y
and also a # z we have a € Ng(x) \ {y,z}. The A might have degs(x) — 2 different forms. For
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{x,y,z} N A = {x,y} necessarily AAN{x,y,z} = {z,a} for some za € E(G) and a # x. Since
xz € E(G) and a # zwehavea € Ng(z) \ {x}. The A might have degs(z) — 1 different forms.
Similarly, if {x,y,z} N A = {x,z} then A has degs(y) — 1 possibilities. For this case, we have
degr, ({x,y,2}) = degc(x) —2+deg(y) — 1+ degg(z) — 1 = degg(x) +degg(y) + degc(z) — 4.
4.  For xy,yz,xz € E(G).
Let A = {a,b,c} € V(I'3(G)) be adjacent to {x,y,z}. For {x,y,z} N A = {y,z} necessarily
AN{x,y,z} = {x,a} with xa € E(G) and a # y, a # z. Since xy, xz € E(G) and a # y and also
a #zwehavea € Ng(x)\ {y,z}. The A might have degs(x) — 2 different forms. Similarly, if
{x,y,z2} NA={x,z}and {x,y,z} N A = {x,y} respectively A has deg;(y) — 2 and degg(z) — 2
possibilities. For this case we had degr, ({x,y,z}) = degg(x) — 2+ degc(y) — 2+ degg(z) —2 =

degc(x) + degg(y) + degg(z) — 6.
O

We now provide a detailed description of the 3-token graph constructed from two copies of a path
graph. From this, we will gain insights into the structure of the 3-token graph of the disjoint union of
two arbitrary graphs.

Lemma 1. Given two path graphs P} and P2, with n > 3. Let 2P, = P} @ P2. It follows that
[3(2Py) = 2T3(Py) @ 2(F2(Py)0Py).
Proof. According to the definition of the 3-token graph, we have
V(T3(2Py) = {A C (V(PL)UV(PR)) : |A| = 3}.

Let V(P}) = {a; : i = 1,2,...,n} and V(P?) = {b; : i = 1,2,...,n}. We make a partition
{Wy, W, W3, W} on V(P}) U V(P2), where

W; = {A C V(T3(2P,)) : A C V(P))), fori=1,2,

W3 = {A C V(T3(2P,)) : [ANV(P})| = 1and |[ANV(P2)| =2},
Wy = {A C V(I3(2P,)) : [ANV(P})| =2and |[ANV(P2)| = 1}.

It is clear that T'3(P}) and I'3(P?2) are subgraphs of I'3(2P,), so that 2T'3(P,) is subgraph of T'3(2P,).
Now we will show that each two vertices in T'3(P}) or in I';(P2) are not connected by any single vertex
in T3(2P, ). We know that V(I'3(P})) = Wy and V(T'3(P2)) = W,. Clearly, for any A € W; and for any
B € W,, it follows that A N B = @. Therefore | AAB| = 6, implying AB ¢ E(I'3(2P,)). Forany A € W,
and for any C € W3 U Wy, we consider the following cases.

(i) CaseC € Ws.
Let C = {a;, bj, by} with i, j,k € {1,2,...,n}, we obtain |A N C| < 1. Therefore |AAC| > 4, and
thus AC ¢ E(T'3(2Py)).

(i) Case C € Wy.
Let C = {aj;,a;, b} withi,j,k € {1,2,...,n}. If {a;, a;} ¢ A, then AC ¢ E(I'3(2P,)). If {a;, a;} C
A, then we have AAC = {a;, by} withl € {1,2,...,n}. Asajby ¢ (E(P}) UE(P2)) = E(2P,), we
get AC ¢ E(T'3(2Py)).

For any B € W, and for any C € W3 U Wy, we get BC ¢ E(T'3(2P,)).
Now, let C = {a;, bj, by} € Waand D = {ay,an, by} € Wy with i, j,k,m,n,p € {1,2,...,n}.

(i) If(@=mori=mn)and (p=jorp=k), weget CAD = {a;,b,} wheret € {m,n} and u € {j, k}.
Hence CD ¢ E(T'3(2P,)}.

(i) If(i #mandi# n)or(p # jand p # k), obviously |CAD| > 4, so that CD ¢ E(T'3(2P,)).
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Now, consider the subgraphs of I';(2P,) induced by W3 and W. Firstly, let A, B € W3 with A # B.

Let A = {a;, bj, by} and B = {ay, by, by} with i, j,k,m,n,p € {1,2,...,n}. Clearly, (i,j, k) # (m,n,p)

and (i, ], k) # (m, p,n). We will consider some cases:

1. Ifi=mandj = nandk # p, then AAB = {by,by}. Thus, AB € E(I'3(2P,)) if and only if
{bj, b} {bn, by} € E(T2(P2)).

2. Ifi=mandj= pandk # n, then AAB = {by,b,}. Thus, AB € E(I'3(2P,)) if and only if
{bj, b} {bn, by} € E(T2(P2)).

3. Ifi=mandk =nandj # p, then AAB = {b,by}. Thus, AB € E(T'3(2P,)) if and only if
{bj, b} {bn, by} € E(T2(P2)).

4. Ifi=mandk = pandj # n, then AAB = {b;,b,}. Thus, AB € E(I'3(2P,)) if and only if
{0}, b} {bu, by} € E(T2(P7)).

5. Ifi=mandj k # nand j k # p, then clearly | AAB| =4,s0o AB ¢ E(I'3(2P,))

6. Ifi # mand {j k} = {n,p}, then AAB = {a;,a,}. Thus, AB € E(I'3(2P,)) if and only if
a;am € E(P}).

7. Ifi#mandje€ {np}andk & {n, p}, then clearly | AAB| = 4, so that AB ¢ E(I'3(2P,))

8. Ifi#mandke {np}andj ¢ {n p}, thenclearly |AAB| =4,s0 AB & E(I';(2P,))

9. Ifi#mandjk# nandjk # p, then clearly |]AAB| = 6,s0 AB ¢ E(T'3(2P,)).

From these cases, for any i,j,k,m,n,p € {1,2,...,n} we have that

if and only if either i = m which implies {b;, by }{by, by} € E(T2(P3)) or {j, k} = {n, p} which implies
aay € E(P}).

Now, construct a mapping f : W3 — V(T2(Py)) x V(Py) by f({a;, b, bc}) = ({bj, by}, a;), for any
{ai,bj, b} € Ws. Tt is easy to see that f is bijective. Moreover, by this correspondence we have that the
subgraph induced by W3 in I'(2P,) is isomorphic to I'y(P,) X P,.

For the case A, B € Wy with A # B, the proof is similar to the case A, B € W3 with A # B.

O

By Lemma 1, for n = 4, the 3-token graph of 2P, can be seen in Figure 1.

{1,4,8} {4,5,8}

{2,3,4} {1,2,8} {1,3, 2,4,8} {3,4,8} {4,5,6} {4,5, 4,6,8} {4,7,8} {6,7,8}
{1,4,7} {3,5,8}
{1,3,4} 2,4,7} {3,4,7} 3,6,8} {3,7,8} {5,7,8}
{127} {L3,7 {3,5,6} {3,5,7
{1,2,6} {2,5,6}
{1 4} {1 6 ,,6} {3, ,6} {2, , 7 ,,8} {2, ,8} {5/ ,8}
236 247
:45\ ,5:,\8?\
{1,2,5} {1 {1,5,6} {1
{1,2,3} ’ ,4,5} {3,4,5} ‘ ,6,8} {1,%,8} {5/6,7}

{2,3,5} {1,6,7}

Figure 1. The Graph I'3(2Py).
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By examining Lemma 1, which establishes that
FS(Pn @ Pn) = r3(Pn> 5> r3(Pn> 5> (rz(Pn)DPn) 5% (FZ(Pn)DPn)/

we derive the following theorem, which provides a general characterization of the structure of the
3-token graph for any graph consisting of two components.

Theorem 2. For any two graphs G and H, it follows that
I'3(GOH) =T3(G) ®T3(H) @ (T2(G)OH) @ (T2(H)OG).
Proof. By definition of the 3-token graph of G, we have
V(T3(G @ H)) = {AC (V(G)UV(H)): |A| = 3}.

Let V(G) ={a; :i=1,2,...,m}and V(H) = {b; : i = 1,2,...,ny}. We again form a partition
{Wi, Wy, W3, Wy} on V(I'3(G @ H)), where

Wi ={ACV({I3(GaH)): ACV(G)},

W, ={ACV(;(G®H)): ACV(H)},
Ws; ={ACV([3(Ga&H):|ANV(G)|=1and |ANV(H)| =2},
Wy ={ACV(3(G®H)): |[ANV(H)| =2and |[ANV(H)| =1}
(

It is clear that I'3(G) and I';(H) are subgraphs of I';(G @ H), so that I';(G) & I's(H) is a subgraph
of I'3(G @ H). Now we will show that each vertex in I';(G) orin I';(H) is not connected by any single
vertex in I';(G @ H). We know that V(I'3(G)) = Wy and V(I'3(H) = W,. Clearly, for any A € Wy and
for any B € W, it follows that AN B = @, so that |[AAB| = 6. As a consequence, AB ¢ E(I'3(G & H)).
Secondly, for any A € W; and for any C € W3 U Wy, we consider the following cases:

(i) Case: C € W3.

Let C = {a;, bj, by} withi € {1,2,...,n1}, j,k € {1,2,...,n2} we got [ANC| <1}, 50 [AAC| > 4,

clear that AC ¢ E(I'3(2P,)).
(i) Case: C € Wy.

Let C = {a;,a;, by} withi,j € {1,2,...,m}, k € {1,2,...,m2}. If {a;,a;} ¢ A, clear that AC ¢

E(T3(G @ H)). If {a;,a;} € A, we have AAC = {a;, by} with] € {1,2,...,n1}. Since a;b; ¢

(E(G)UE(H)) =E(G® H},weget AC ¢ E(I3(G@® H)).

For any B € W, and for any C € W3 UW,, BC ¢ E(I';(G & H)).

Now, let C = {ai,bj,bk} € Wazand D = {ay,an, by} € Wy wherei,m,n € {1,2,...,n1},j,kp €
{1,2, .. .,}’12}.

(i) If(i=mori=mn)and (p = jorp = k), we obtain CAD = {a;,b,} where t € {m,n} and

u € {j,k}. Hence, CD ¢ E(I'3(G® H)).

(i) If(i #mandi# n)or(p # jand p # k), obviously |[CAD| > 4, so that CD ¢ E(I';(G® H)).

Now, consider the subgraphs of I';(G @ H) induced by W3 and Wj. Let A = {a;,b;, by} € W3 and
B = {am, by, by} € Wy with A # Bwherei,m € {1,2,...,n1},and j,k,n,p € {1,2,...,n}. Clearly,
(i,j, k) # (m,n,p)and (i,j, k) # (m, p,n). We will consider cases:

1. Ifi=mandj=nandk # p, then AAB = {by, by}. Thus, AB € E(T'3(G @ H)) if and only if

{bj,bk}{bn, bp} S E(rz(H)).

2. Ifi=mandj=pandk # n, then AAB = {by,b,}. Thus, AB € E(T3(G @ H)) if and only if

{bj,bk}{bn, bp} S E(rz(H)).

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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3. Ifi=mandk =nandj# p, then AAB = {bj,b,}. Thus, AB € E(T3(G @ H)) if and only if
by b} (b, by} € E(Ta(H)).

4. Ifi=mandk = pandj # n, then AAB = {b;,b,}. Thus, AB € E(T3(G @ H)) if and only if
{bj, bx}{bn, by} € E(T2(H)).

5. Ifi=mandj,k # nand j,k # p, then clearly |[AAB| = 4,s0 AB ¢ E(T'3(G® H)).

6. Ifi # mand {j k} = {n,p}, then AAB = {a;,a,,}. Thus, AB € E(T3(G @ H)) if and only if
ajam € E(G).

7. Ifi#mandje {n,p}andk ¢ {n, p}, then clearly |AAB| = 4, so that AB ¢ E(I';(G® H)).

8. Ifi#mandke {n p}andj¢ {n p}, then clearly |AAB| = 4, so that AB ¢ E(I'3(G® H)).

9. Ifi#mandjk# nandjk # p, then clearly |[AAB| = 6, so that AB ¢ E(I';(G ® H)).

From these cases, for any i,m € {1,2,...,m}, jk,n,p € {1,2,...,n,}, we will have either i = m
implies {b;, by }{bu, by} € E(T2(H)) or {j, k} = {n, p} implies a;a,, € E(G).

Now, we construct a mapping f : W3 — V(G) x V(T2(H)) by f({a;, bj, bx}) = ({bj, by}, a;), for
any {a;, bj, by} € W3. It is easy to see that f is bijective. Moreover, by this correspondence we have that
the subgraph induced by W3 in I'3(G @ H) is isomorphic to G X T'>(H).

For the case A, B € Wy with A # B, the proof is similar to the case A, B € W3 with A # B.

O

The following figure provides a visual representation of the 3-token graph of P, @ Cs.

{3,6,7} {2,3,7}
{567} @
{2,6,7 ,6,7} i N\
{1,2,7} ® {1,3,7}
{4,6,7} @
——e {1,3,6}
{1,2,3}
[ ]
{457} @ {1,3,5}

.3,
{4,5,6} ® {1,2,4} ﬁ\ {1,3,4}

{2,4,5} {1,4,5}
Figure 2. The Graph I'3(P; & C3).
From Theorem 2, which describes the 3-token graph of the disjoint union of two graphs, along with

Theorem 2.1 as given in [5] describing the structure of the 2-token graph of disconnected graphs, we can
iteratively determine the 3-token graph of a disconnected graph consisting of multiple components. By
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applying these results step by step, we can construct the 3-token graph for more complex disconnected
graphs with several individual components.

Theorem 3. Let n > 2 be arbitrary natural number and let Gy, Gy, . .., Gy be arbitrary graphs. Then

LG 2@nG)e @ @GOG e @ (GOGOG.
1 i=1

1<i,j<n,i#j 1<i<j<k<n

Proof. We will prove by mathematical induction on the number of component 1. By Theorem 2, the
assertion is true for n = 2. Assume that the assertion is true for arbitrary n. We proceed for n + 1. By
assumption and by Theorem 2.1 on the 2-token graph of disconnected graphs given in [5], we have

n+1 n
3P Gi) = EBG ©Gpy1) =T3 @G ®T3(Gpr1) ® (T2(ED Gi)OGpr1)®
1 i=1 i=1
n n
D(GOr(Gu)) =2 PTGl P (2(G)UG)e
i=1 i=1 1<ij<n iz
P (GOGOG) ®T3(Gur1) @Tz & P (GOG))OGy41)
1<i<j<k<n 1<i<j<n
n n+1
® P (GOr(Gyy1) @Ta @ @6)O6)®
i=1 1<i,j§n+1,i7éj

@ (GOGOG).

1<i<j<k<n+1

O

As a direct consequence of Theorem 3, we derive the following result concerning the number of
components in the 3-token graph of the disjoint union of graphs.

Corollary 1. Let n > 2 be arbitrary natural number and let Gy, Gy, . .., Gy be arbitrary graphs. The graph
T5(D}, G;) is disconnected and has n? + () components.

Having derived the result for the 3-token graph of disjoint union graphs with multiple compo-
nents, we now shift our focus to a specific graph known as the cubical staircase graph. This graph
possesses a unique structure and will, in subsequent analysis, be shown to be isomorphic to the 3-token
graph of a path. By exploring the properties of the cubical staircase graph, we aim to gain deeper
insights into the characteristics of 3-token graphs and their structural relationships.

Definition 1. Let n > 3 be a natural number. The cubical staircase graph CS,, is a graph that is isomorphic
to the graph G = (V(G), E(G)) with

V(G)={(i,jk):1<i<n—-21<j<il<k<n—-1-i}
and
EG)={(,jk),jk+1):1<i<n-21<j<il<k<n—-2-i}
U{@,jk)(i+1j,k):1<i<n—-31<j<il1<k<n-1-i}
U{@, k)G j+1,k):1<i<n-21<j<i—-11<k<n—-1-i}.

In the following example, we provide a particular cubical staircase graph CS;, for n = 8, as shown
in Figure 3.
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Figure 3. The Graph CSg.

Forn =4,5,6,7, the graph CS,, are described in Figure 4.

Figure 4. Graphs CSy4, CSs, CSg, and CSy.

The following lemma provides the distance between any two distinct vertices in the graph CS;,
offering a clearer understanding of the graph’s structural properties.

Lemma 2. For any natural number n > 4, let (a1, a,,a3), (by, by, b3) € V(CSy,) be arbitrary. Then
dcs, ((a1,a2,a3), (b1, by, b3)) = |ay — by| + |ag — ba| + [a3 — b3].

Proof. Consider the graph CS,, for n > 4. Let (a3, a,a3), (b1, b, b3) € V(CS,,). We observe for some
cases.

(i) Casesay < by, there exists a path

(a1,a2,a3) — (a1 + 1,az,a3) — (a1 +2,ap,a3) — - - - — (by, a2, a3).
(ii) Cases a; > by, there exist a path

(a1,a2,03) — (a1 — 1,82,03) — (a1 — 2,a2,83) — - - - — (b1, a2, 43).

So, from Cases (i) and (ii), we get dcs, ((a1,a2,a3), (b1,a2,43)) = |a; — b1|. Now, we observe for
following cases.
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(iii) Cases ay < bp. There exists a path

(b1, a2,a3) — (b1,a2 +1,a3) — (b, a2 + 2,a3) — - - - — (b1, by, a3).
(iv) Cases ay > bp. There exists a path

(b1,a2,a3) — (b1, 82 — 1,a3) — (b1, a2 — 2,a3) — - — (b1, b, a13).

Consequently, we get dcg, ((b1,a2,a3), (b1,b2,a3)) = |az — by|. Similar to Cases (i) and (ii) together
with Cases (iii) and (iv), we have

dcs, ((b1, b2, a3), (b1, b2, b3)) = |az — b
and as a result, we obtain
dcs, ((a1,a2,a3), (b1, by, b3)) < |ay — by| + |az — ba| + [a3 — b3

Since (aq,a,a3)(by, by, b3) € E(CSy,) if and only if either a; = by,a; = by, and b3 = a3+ 1; 0ora; =
bi,a3 = bz, and by = ap +1; orap = by, a3 = bz, and by = a3 + 1, we get dcg, ((a1,a2,a3), (b1,b2,b3)) >
|L11 — b1| + ’112 — b2| + |113 — b3|. O

The lemma below demonstrates that the graph CS,, contains no triangles.
Lemma 3. For every n > 4, graph CS,, has no triangle.
Proof. Let (a,b,c) € V(CS,,) where n > 4. We know that

(a,b,c)(a+1,b,¢),(a,b,c)(a,b+1,c),(a,b,c)(abc+1),(abc)a—1,Db,c),
(a,b,¢)(a,b—1,c),(a,b,c)(a,b,c—1) € E(CSy).

In this case, we only consider for

(a4+1,b,c)(a+2,b,c),(a+1,b,c)(a+1,b+1,c),(a+1,b,c)(a+1,b,c+1),
(a+1,b,c)(a+1,b—1,¢),(a+1,b,c)(a+1,b,c—1) € E(CSy)

(a,b+1,¢c)(a+1,b+1,¢),(a,b+1,c)(a,b+2,c),(a,b+1,¢)(a,b+1,c+1),
(a,b+1,c)(a—1,b+1,¢),(a,b+1,c)(a,b+1,c—1) € E(CS,)

(a,b,c+1)(a+1,b,c+1),(a,bc+1)(a,b+1,c+1),(a,b,c+1)(ab,c+2),
(a,b,c+1)(a—1,b,c+1),(a,b,c+1)(a,b—1,c+1) € E(CS,)

(a—1,b,c)(a—1,b+1,¢),(a—1,b,c)(a—1,b,c+1),(a—1,b,c)(a—1,b,¢c),
(a—1,b,c)(a—1,b—1,¢),(a—1,b,c)(a—1,b,c—1) € E(CSy)

(a,b—1,c)(a+1,b—1,¢),(a,b—1,¢)(a,b—1,c+1),(a,b—1,c)(a—1,b—1,¢),
(a,b—1,¢)(a,b—2,¢),(a,b—1,¢)(a,b—1,c—1) € E(CSy).
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Also we have

(a,b,c—1)(a+1,b,c—1),(a,b,c—1)(a,b+1,c—1),(a,b,c—1)(a—1,b,c—1),
(a,b,c—1)(a,b—1,c—1),(a,b,c —1)(a,b,c —2) € E(CSy).

Since

(a+2,b,c)(ab,c),(a+1,b+1,c)(ab,c), (a+1,bc+1)(ab,c),
(a+1,b—1,¢)(a,b,c),(a+1,b,c—1)(a,b,c),(a,b+2,c)(a,b,c),
(a,b+1,c+1)(a,b,c),(a—1,b+1,c)(a,b,c),(a,b+1,c—1)(a,b,c),
(a,b,c+2)(a,b,c),(a—1,b,c+1)(ab,c),(a,b—1,c+1)(a,b,c),
(a—2,b,c)(a,b,c),(a—1,b—1,c)(a,b,c),(a—1,b,c—1)(a,b,c),
(a,b—2,c)(a,b,c),(a,b—1,c—1)(a,b,c),(a,b+1,c—1)(a,b,c),
(a,b,c+2)(a,b,c) ¢ E(CSy)

~— — ~— ~—

so we have no any subgraph that isomorphic to graph C3. O

The following result establishes that the graph CS;, is either one-colorable or two-colorable.

Theorem 4. For any positive integer n > 3. Graph CS,, has chromatic number

1, ifn=3,
xcsy=14" ¥
2, ifn>3.

Proof. For n = 3, we have that the graph CS,, is isomorphic to K;. Then, we get x(CS,) = 1. Now, let
n > 4, for any vertex (a,b,c) € V(CS,,), we color the vertex with the first color if a + b + c is even and
we color the vertex with second color if a + b + ¢ is odd. Now, for all (a1, a5,a3) (b1, bz, b3) € E(CSy),
we get

(i) Casel:a; =by,ap =Dby,and bz = a3z + 1.

(i) Case2:a; = by, a3 =Dbz,and by = ap + 1.

(iii) Case 3:ap = by, a3 = b3, and b; = a1 + 1.

For all cases, we have that a1 + a; + a3 and by + by + b3 = a1 + ap + a3 + 1 are odd and even respec-
tively or even and odd respectively. Therefore, vertex (ay,ay,a3) and vertex (by, by, bs) have different
colors. [J

In these three following theorems, we determine the clique number w(CSy), the diameter and the
independence number of the graph CS,, when n > 3, respectively.

Theorem 5. For any positive integer n > 3, the graph CS,, has the following properties:

1, ifn=3,

Proof. Letn > 3. For n = 3, we know that CSj is a K7 so w(CS3) = 1. Then, for n > 4, it is clear that
w(CSy) > 2. From Lemma 3 we know that the CS, does not have a triangle. We conclude that CS,
does not have C3 as an induced subgraph. In other word, w(CS,) < 3. Thus, w(CS,) =2. O

Theorem 6. Forany n > 4, the graph CS,, has the following property

diam(CS,) = 3(n —3).
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Proof. Consider the vertices (1,1,n —2),(n —2,n—2,1) € V(CS,). Using Lemma 2, we obtain:
des,((1,1,n—=2),(n—2,n—2,1)) =3(n —3).
Now, for any (aq,b1,¢1), (a2, bz, ¢2) € V(CSy,), the following holds:

des, ((a1,b1,¢1), (a2, by, ¢2)) = |ag — az| + |by — ba| + |c1 — 2
<m-2-1)+mn-2-1)+(n-2-1)
=3(n—3).

O

Theorem 7. For any positive integer n > 3, the graph CS,, satisfies that

3 2
n’>—3n"+2n . .
#(CS.) 73 122 , if n is even,
n’—3n“+5n—3 . :
E==2, if nis odd.

Proof. If n is odd, we can construct an independent set in graph CS,,
A={(i,j,k) € V(CSy) :i+j+kisodd}

n3—3n24+5n1—3 n3—3n2+5n—3
12 12

we get |A| = and it is clear that A is the only independent set with cardinality
in CS;,. From A, if we add one vertex (i,j, k) € V(CS,) \ A, i.e. i+ j+ kis even.

() Ifi<n—2 wecanfound (i+1,j,k) € Asuch that (i,j,k)(i +1,j,k) € E(CSy).
(i) Ifi=n—2,wecanfound (i —1,j,k) € Asuchthat (i —1,7,k)(i,j, k) € E(CSy).

So, AU{(i, ], k)} is not an independent set. If 1 is even, we have

B ={(i,j,k) € V(CSy) : i + j + kis even}
C={(i,j,k) € V(CSy) :i+j+kisodd}

13 —3n2+2n

is an independent set in graph CS;,. We have that |B| = |C| = 55", Itis clear that the independent
sets with cardinality % in CS,, are only the sets B and C. From B, if we add one vertex

(i,j,k) € V(CSy) \ B, ice. i + j + k is odd.

(i) Ifi<n-—2,wecanfound (i+1,j,k) € Bsuchthat (i,j,k)(i+1,j,k) € E(CSy).

(i) Ifi=n—2,wecanfound (i —1,j,k) € Bsuchthat (i —1,j,k)(i,j, k) € E(CSy).

So, BU{(i,],k)} is not an independent set. Then, the case for the set C will be the same as the case
when 7 is odd, so it follows that C U {(i, j, k) } is not an independent set. []

In the study of token graphs, understanding the structural relationships between graphs provides
valuable insights. In the following theorem, we demonstrate that the 3-token graph of the path graph
P, is isomorphic to the graph CS,, for n > 4, establishing a clear connection between these two graph
classes.

Theorem 8. Let Py, n > 3 be path graph. Then I'3(P,) = CS,,.

Proof. For n = 3, we know that
I'3(P3) = Ky = CS;3.
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Now, let V(P,) = {x;: 1 <i<n}and E(P,) = {xjxj11 : 1 <i<n—1} where n > 4. First, we have

that
n—2
Vics)l = L0 1)
n—2
_ o .2
L ((n 1)i—i )
nn—1)(n—-2)

6
_ (g) — [V(T5(P))].

Then for any A = {x;, xj, x¢}, B = {xr, x5, x:} € V(I'3(Pn)), AB € E(I'3(P,)) if and only if AAB =
{xp, xpy1} for some p € {i, ] k,r,s,t}. Now, we construct a mapping

Y : V(IT3(Py)) — CSy
by ¢({xi,x,x}) = (j—Lin+1—k}foranyi < j < kwithl < i < j < k < n
Let {xi,xj,xk},{xr,xs,xt} € V(I3(Py)). If {xi,x]',xk}{xr,xs,xt} € E(T'3(P,)), then we have

{xi,xj,xk}A{xr,xs,xt} = {xp,xp+1} for some xpx,,1 € E(P,). WLOG, let x; = X, Xj = Xs, i.€.
i=r,j=sandk=pt=p+1

(i) Ifi<j<k, then

Y{xi, xp, Y xr, x5, x}) = (j—Lin+1—k)(s—1Lrn+1-t)
=(G—-1,in—p+1)(j—1,i,n—p) € E(CSy).

(i) Ifi <k <j, then

w({xi, xp, )P, xs, x4 }) = (k—=1Li,n+1—j)(t=1r,n+1—5)
=(p—1Lin+1—j)(p—1+1,in+1—j) € E(CSy).

(iii) Ifj <i <k, then

Y ({xi, xj, e DY {0, %5, x0}) = (i =L jn+1-k)(r =1 jn+1-t)
=({—1,jn—p+1)(i—1,5n—p) € E(CSy).

(iv) Ifj <k <i,then

Y({xi, xp, i )Yp{xr, x5, x¢}) = (k=Ljn+1—i)(t—=1,s,n+1—7)
=(p—1jn+1-i)(pj,n+1—i) € E(CSy).

(v) Ifk <i<j, then

P({x;, xj, Dw({x, x5, x¢}) = (i—Lkn+1—j)(r—1,t,n+1—5s)
=(i—1,pn+1—j)(i—1,p+1,n+1—]) € E(CS,).

(vi) Ifk < j <i,then

l/J({xi,x]', v Dw({xy, x5, x¢) = (j—Lkn+1—i)(s—1,t,n+1—r)
=(j-Lpn+1-0(G—-1,p+1,n+1—i) e E(CS,).
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Conversely, let Y ({x;, x;, X } )P ({xr, x5, xt}) € E(CSy). Leti < j < kandr <s < t. Then,
(j—1lin+1—-k)(s—1rn+1—t)ec E(CSy).

It means that either j -1 =s—1,i=randn+1—-t=n+1—-k+lorj—1=s—-1n+1-k =
n+l—tandr=i+1l,ori=r,n+1—k=n+1—-tands—1=j— 1+ 1. Thisisequivalent to,

j=s,i=r,andk=1t+1, or
j=s k=t andr=i+1, or
i=rk=t ands=j+1.

Thus, {xr, xs,xt} = {xi, xj, Xk_1} or {xr, x5, Xt} = {xj1,%j, X} or {xy, X5, xt} = {x;,xj;1, X }. There-
fore, {x;, xj, X Hxr, x5, x¢} € E(I'3(Py)), so that i is an isomorphism between CS,, with the 3—token
graph I'3(P,). O

As a direct consequence of Theorem 8, we obtain the following corollaries.

Corollary 2. For any positive integer n > 3, the graph I'3(P,) has the following properties:

1, ifn=3,

L x(Ts(h) = w(Tsr) = 7
2, ifn>3

13 —3n2+2n

2. a(Fg(Pn)):{ 2

if n is even,
3 2

n°—3n“+5n—3 : :

=2 RI=2, if nis odd.

3. diam(T3(P,)) = 3(n—3).

Proof. Itis clear from Theorem 8, Theorem 4, Theorem 5, Theorem 7, Theorem 6. [

To understand the structure of the automorphism group of I's (P, ), where P, represents the path
graph with n > 3, we delve into its symmetries and transformations. The automorphism group,
Aut(T3(Py)), captures all the graph’s self-isomorphisms, preserving vertex connectivity. The following
theorem establishes the precise characterization of Aut(T'3(P,)) based on the value of n.

Theorem 9. Let Py, n > 3 be a path graph. Then,

Zl ,ifl’l = 3,
Al/lt(rg,(Pn)) = Zz X Zz ,Z.fi’l =6,
Zo , otherwise.

Proof. Forn = 3, we know that the graph I's(P,) is isomorphic to Ky. Then, Aut(T'3(P3)) = {id} = Z,.
For n > 4 and n # 6, by Theorem 8, we have I';(P,) = CS,,. Let f be an isomorphism on CS,,. Then, f
is either an identity mapping id or a bijection function g that maps {i,j, k} to {n — 1 —i,k, j} for every
(i,j,k) € V(CS,). It is clear that g* = g. Hence, Aut(CS,) = {id, g} which is isomorphic to the group
Zy. Therefore, we get

Aut(T3(Py)) = Aut(CSy) = Zs.

For n = 6, the graph CSg is given as follows. Let f be an isomorphism on CSg. Then, the possible
functions for f are only the identity function or the bijective functions g1, g2, or g3, with the following
mappings.
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Figure 5. Graph CSg.

Table 1. Automorphism of CSe.

x € V(CSq) | 81(x) | 82(x) | g3(x) | x € V(CSe) | g1(x) | g2(x) | g3(x)
ai ai a0 a0 an ain ae a6
az as ais ais a2 aig as az
as a9 a14 a16 a13 aiz ay as
ay as a13 a7 a14 16 as a9
as az a2 a8 ai5 ais az az
ae a6 an an aie a14 ag as
az as aig a2 aiz ai3 as as
as as a7 a13 aig a2 az as
a9 as 16 a14 a9 a9 a10 a10
a0 a0 a19 a19 a0 a0 a1 ay

Thus, Aut(CSe) = {id, g1,42, 83}, where g7 = id, g5 = id, and g3 = id, which is isomorphic to the
group Zy X Zp. O

Observe the following independent edge set in the graph I's(P,;) for every n > 4:
{(i,j,k)(i,j,k—f—l) k=2t-1,1<i<n—-2-k1<j<i1<t< nT_Z}U
{(i,j,k)(i,j+1,k):i:2t,j:25—1,k:n—1—2t,1 <i< ”T"2,1 <s< t}
for even n, and
{(i,j,k)(i,j,k+1) k=2t—-1,1<i<n—-2-k1<j<il1<t< T3}U
{(i,j,k)(i,j—f—l,k):i:2t,j:25—l,k:n—2—2t,1 <t< ”T_?’,l <s< t}

for odd n. We hypothesize that these sets represent the largest independent edge sets that can be
constructed. Based on this hypothesize, the following conjecture is proposed.

Conjecture 1. For any n > 3, the 3-token graph T's(Py) satisfies the following.

Z (ZZk ! ) + Zf ! Y, if n is even,

o' (T3(Py)) = / A
Z:k=1 (Zi:l Z) + Zizl 1, if nis odd
# if n is even,

m=3n’—n+3 o
I=02, if nis odd.
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Open Problem. For further research, it would be interesting to investigate the structure of the 3-token graph
of cycle graphs and other types of graphs. Additionally, the k-token graph of path graphs presents further open
problems that could be explored.
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