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An Approximation to Riemann Hypothesis

Li An-Ping

Beijing 100086, P.R.China; apli0001@sina.com

Abstract

In the previous version, there was possibly a issue that in Lemma 2.2 the integrant |{(s)|? should be
rewritten as {(s){(2a — s) when the integral path is moved from () to (c), which has been modified
in this version accordingly.

Keywords: Riemann zeta-function; Riemann hypothesis

1. Introduction

Riemann zeta-function {(s) is originally defined as

=1
i(s) = Z et for Res > 1.

and it also can be expressed as the product form

1
5)21;[1——1/}75, for Res > 1.

This formula is called Euler’s product formula, which indicates the relation between {(s) and prime
numbers. About {(s) there is a well-known Riemann hypothesis, states that all the non-trivial zeros
of {(s) are on the critical line Res = 1/2. The researches on the conjecture are no doubt a most
time-consuming one in mathematics, refer to see the survey paper [3].

The so-called trivial zeros of {(s) are s = —2, —4, - - -, and nontrivial zeros of {(s) are known all
in the critical strip 0 < Res < 1.

Denote by N(T) the number of zeros of {(o + it) in the region 0 < ¢ < 1,0 < t < T, and by
Np(T) the number of zeros on the critical line ¢ = 1/2,0 < t < T. Riemann hypothesis is that

No(T) = N(T).
For N(T), it is known that

T T T
N(T) = gy og 5. T O(log T). (1.1)

And for Ny(T), Hardy firstly shown that there are infinity many zeros on the critical line, and then he
and Littlewood [5] and Selberg [8] proved that

Levinson [6] proved

K>

UJI'—‘

and then this result has been improved successively. Conrey [2], Feng [4] proved respectively

x > 0407, x > 0.412.
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In this paper, we will prove that

Theorem 1.1.
N(T) = No(T) + &. (1.2)
where & < T'/?(log T)?.

The main arguments in this paper are based the papers [6],[7] and [1], but instead of using
Riemann-Siegel formula, it will be applied an auxiliary function w(s, Ty, T») defined in Lemma 2.1,
which will play a role of mollifier and ferry, it firstly used in [7] but here with a small modification.

In the prior version, possibly there was a issue that in Lemma 2.2 the integrant |{(s)|? should be

rewritten as {(s){(2a — s) when the integral path is moved from (a) to (c), which has been revised in
this version.

2. Some Lemmas

In the following, it will be used an auxiliary function w(s, T, T, ), which defined as following.
Supposethat T < T} < T, < 2T, A = Tl=¢, for any e > 0,51 = A+c+iu(c >0),s =v+it,
define
g(w) = e'T(w)A ™,

and

1 (2
w(s, T, o) = 5~ /T1 g(s1 — s)du. 2.1)
Lemmal. Let 0 = A +c—v, 7 = min{|x — t||x € [Ty, T}, there is
w0(s, Ty, )| <€ exp(—((c — 02 +17)/20) 2)

Suppose A > No(= (2BA1og T)V/2, B > 0),ift € [Ty + A, To — A), then

lw(c+it, Ty, To) —1| < T7F. (2.3)
Andift <Ty — A, ort > Tr + A, then
lw(c+it, T, Tp)| < TP (2.4)
If |t — u| = o(0?/3), then
Ct—u (t—u)®  c(t—u) 1
argg(s; —s) = % o2 o T 0] - ) (2.5)

Proof. By Stirling’s formula, it has

Re(logT' (0 + (u — t)i)) —o+ %log(Zn)

2 2

—(u—t) arctan(ua_t> + O(;)

Re(log(T'(c + (u — £)i))) + Re(log(A~+#=Hi))) 4 3

e et et 1,1 1
T 402 20 5 l0go+ 3 log(27) + O

<(7 B 1) log(o? + (u —t)?)

And
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Hence,
2 1 T 2 2,2
w(s, Ty, To)| < e (020 —_ [ 7o (u=t)7/20gy  p=((c=0)"+y7)/20
V2o JTy

Besides, it is familiar that

27ti
(c)
Hence,
1-— w(c +it, Ty, Tz) =Ry + Ry,
where N
e oa )
_ < — i /\—(A—i-(u—t)z)d ,
R, 2n/T2 T(A+ (u— b)i) ”

A T .
Ro=1- / "I (u— DA A =Dgy,

Hence, if t € [T1 + A, T; — A], then

|R1| < /Too‘e)‘l"()\ + (u— )i A~ A= gy
2

< )\*1/2/ exp(—(u—t)2/2\)du
b
<TP

and similarly,

T
Rol < A2 [ exp(—(u — 1)2/2A)du < TP

ift <Ty —A,ort>T,+ A, then

T
lw(c+it, T1, Tr)| < )\71/2/ ’ exp(—(u — t)2/2A)du < T7F.
T

1

If |t — u| = 0(c?/3), then

Im(log(T'(s1 — $)A"=1)) = t—u n (t—uP® (t—up®  c(t—u +o(l)

20 302 202 o o
Ct—u (t—u)®  c(t—u) 1
T 20 602 Vo +0 o)

Lemma 2. Let L = log(T/2m), Go(s) = {(s) +'(s)/L,and0 <a <1/2,1<b<B—1u € [T}, T,
s1 = A+c+iu, then

1 pat(utA)i
2711 /u+(u—A)i 8(51 - S)G()(S)G()(Za — s)ds
1 b(u+A)i
T o /b+(u—A)z’ g(s1 —5)Go(s)Go(2a —s)ds +O(b/T) (2.6)
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Proof. Let # be the rectangle with vertices a + (1 — A)i,a+ (u+ A)i, b+ (u — A)iand b+ (u + A)i.
Take the integral [ g(s; —s)G(s)G(2a — s)ds, with the residue theorem, it has
B

1 b+ (u+A)i
27 /b+(u—A)i g(s1 —5)Go(s)Go(2a — s)ds
1 a+(u+A)i
= 2 /ll+(u—A)i g(s1 —5)Go(s)Go(2a — s)ds
1 b+(u+A)i
o /a+(u+A)i g(s1 —5)Go(s)Go(2a — s)ds

1 a+(u—A)i
+ o /b+(u_A)i g(s1 —5)Go(s)Go(2a — s)ds + R

where R is the residue at the pole s = 1, which is easy to know
R<gA+c—1+iu) <O(e ). O
On the upper side and the lower side, as |[Im(s; — s)| = A, by Lemma 2.1, it has
g(s1—5)| < 1/TP
Besides, by the functional equation, it is easy to know
|G(o+ (u+A)i)G(2a— (v+ (u£A)i))| < T, (a<v<b).
Hence, the two integrals on the upper side and the lower side of #

1 b+ (utA)i G (2 P b /T
3757 s ey S151 ~5)Go(5)Gol2a —s)ds < b/T,

and the Lemma is followed.

Lemma 3. Suppose that 0 < o < B —2. Forr > 0, let

1 T putd/p \N* 2 . t c(t—u)i
_ b (t—u)=/20 N
J(r) 9 /T1 /M_A (27_[) e exp(ztlog<r6> - )dtdu

Then for Ty — A <r < Th + A,

J(r) = (5) r/2eM /e, 2.7)

Andifr <Ty —Ayorr > T + A and A > AgT®, then
J(r) =0(1). (2.8)

Proof. Denote by

A N R , t c(t—u)i
_ (t—u)*/20 _
F(u) /qu (—27_[) e exp<1tlog<r6> 5 )dt O

And let t = u(1+ x),then
4 .
F(u) = (%) ue" Fy (u),
where p = log(u/r) — 1,

A/u
Fi(u) = /—A/u exp(A(x) + B(x)i)dx,
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A(x) = alog(1+x) — (ux)?/20, B(x) = u(1+x)log(1+ x) + uxp — cux/c.
By Gauss’s integration, it is easy to follow
o1 2mo (1+p—c/(7—ivc/u)2u)
F(u)=— exp| — -
1) Uu~N1+a0/u?2—ic/u ( 2(u/o+a/u—i
and )
LU 2o (log(u/r) —c/o —ia/u)*c
F - (2 iup _
(Ll) (27’[) ¢ \/1+p¢0'/u2_i(7/uex < 2<1+DC(T/M2—iO'/M)
Ifr e [T; — A, Ta+ Al letu = r(1 + x), then
F(u) = <L>“\/27wex —M (T4 x)*
~\2n P 2
and
Tp/r-1 ) 2 ;
e [ Rt = L () (2R
2 J1y/r-1 2T \271 (0'-|-[x—r1)/2 2(0’4-0() +r )
= (TN 2 s mila
o (27‘[) rVoe
Ifr<Ty—A,orr > T+ A and if A > AgT¢, then
)| < T 2 exp[ (2 €O
P\T\T ¢/ 2
< T¥HV/2-F < 0(1/T).
3. The Proof of Theorem 1.1
Proof. Let i(s) = w~%/%T(s/2), then the functional equation of {(s) can be written as
h(s){(s) =h(1—s)f(1—s) O (3.1)
By Stirling’s formula, it has
logh(s) = (s —1)log = — >+ Co+ O+ (3.2)
e8I =5 B 2T OTENG ‘
Let f(s) = logh(s), then
W(s) 1 s 1
/ _ — N —
flo)= h(s) 210g 21 +O<s) 3:3)
and for larger ¢
! / _ _ i 1
flis)+f(1 s)_log2n+0<s> (34)
Taking logarithm of equation (3.1), and then derivative, it follows
h(s)Z(s)(f'(s) + f'(1=5)) = —h(s)Z'(s) = h(1 =)' (1 —s) (3.5

We note that the right side of (3.5) is a sum of two conjugative complex numbers as s = 1/2 + it, so the
zeros of the right side of (3.5) occur if and only if

arg(h(s)¢'(s)) = n/2 mod 7 (3.6)
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On the left side of (3.5), clearly, h(s) is never zero, and by (3.4), so these zeros are just the zeros of
C(1/2+it).
Moreover, let x(s) = h(1 —s)/h(s), then {(s) = x(s){(1 —s), and
J'(s) = =x(H{(f(5) +f(1=5))0(1—5)+'(1—5)} 8.7)
By (3.6), the zeros of {(1/2 + it) are the ones
arg(1(1 — 5){(f'(s) + /(1= ))¢(1 —5) + (1 —8)}) = /2 mod 7

on o = 1/2, equivalently,

arg(h(s){(f'(s) + f'(1—5)){(s) +'(5)}) = /2 mod 7 (3.8)

ono =1/2. Write L(s) = f'(s) + f'(1 —s), and denote by

G(s) = Z(s) + ' (s)/ L(s) (39)
The investigation above means
No(T) = %Ag arg(hG(1/2+it)) (3.10)
By(3.2), it can be known that
r 1)) = Llog L T
Agarg(h(1/2+it)) = 7 log "5t O(logT) (3.11)

So, the main task to determine Ny(T) is to calculate Al arg(G(1/2+ it)). Let L = log(T/2n), U < T,
and let D be the rectangle with the vertices 1/2 + iT, ¢ +iT, c +i(T+ U), 1/2+i(T + U),(c > 3).
First of all, we might as well assume there are no zeros of G(s) on the boundary of D, then by the
principle of argument, the change of arg G(s) around D is equal to 27 times N (D), the number of
zeros of G(s) in D.

On the right side of D

|G(c+it)—1] < ) n“+O0(1/L) <1/3

n>2

so, arg G(s) change less than 7r. On the lower side and the upper side of D, by a known result [9, §9.4],
a extension of Jessen’s theorem, taking account on the order of G(s), we can know that arg G(s) = O(L)
as0 <o <3,and arg G(c +it) = O(277) as ¢ > 3, hence, for any 0 < b < ¢, it has
c C
/h arg G(o +iT)do, /b arg G(o +i(T + U))do < O(L) (3.12)

So,
AT Y arg(G(1/2 +it)) = —2nNg(D) + O(log T) (3.13)

Now the work is turned into to evaluate Ng (D).
Let1/2—a = O(1/L), and % be the rectangle with vertices a 4+ iT, c +iT,c +i(T + U), a +i(T +
U). Taking the integral [ log G(s)ds, by the Littlewood’s Lemma [9, §9.9], it has
¢

T+U T+U c
/ log|G(a+it)|dt—/ 10g|G(c+it)|dt+/ arg G(o +i(T + U))do
T T a

C
- / arg G(o + iT)do = 27 Y dist (3.14)
a

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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where ) dist is the sum of the distances of the zeros of G(s) from the left.
By (3.9), it is easy to know

T+U T+U
/ log G(c -+ it)dt :/ log Z(c + it)dt + O(1/L)
T T

and it is familiar that
—A(n)

nslogn

logl(s) =)

So
T+U
/ log |G(c + it)|dt < 1.
T

With (3.12), the rest is to calculate the first integral of (3.14).
By the concavity of logarithm, it has

T+U 1 [T+U
/ log |G(a + it)|dt = E/ log |G(a + it)|dt
T T

1 1 T+U
Eulog< /T |G(a+it)|2dt) (3.15)

At first, we simplify G(s) as

Then
G(s) = Go(s) + E(s).

E6) = (g5~ 1)76) < 56)

And

T, T; T;
/ G (a + it)[2dt :/ |G0(a+it)|2dt+2Re/ Gola + it)E(a — it)dt
T Ty

+ / (a + it)[2dt (3.16)

By Cauchy’s inequality

T T, T, 1/2
/ Gola + it)E(a — it)dt < (/ |G0(a+it)|2dt/ |E(11—|—it)|2dt>
T T T

The third integral in the right side of (3.16) is much smaller than the first one, which will be actually
calculated later, hence

T, T,
/ |G(a+it)|2dt:(1+e)/ |Go(a + it) [2dt.
Ty i

Let

/ 8(s1 —s)ds;. (3.17)

[u—t|<A

wi(s) = —
1(s) = 5—
From Lemma 2.1, it is known that w (s) is the domination of w(s, Ty, T»), and which is a positive real
number apart from a small error term.

Moreover, let

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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¢(s) = wi’?(s). (3.18)
Then it has
argp(v+ Tyi) = 0(1), arg¢p(v+ Tai) = o(1).
And i c
/ arg p(v + Thi)dv < o(c), / arg (v + Toi)dv < o(c). (3.19)
a a
Moreover, by Lemma 2.1, there is
T,
/T log |¢(c + it)|dt < T~*. (3.20)
1
(3.19) and (3.20) indicate that function ¢(s) may be used as a mollifier.
Let
G(s) = Go(s)p(s)- (3.21)
In the following we will replace G(s) by G(s), and let
T
I= [ 1|G(s)]at (3.22)
T
Then,
T,
= [ 16o(s) Pen(s)a
A )
271/ / (51— s)du|Go(a + it)[2dt
27_[/ / g(s1 —s)|Go(a + it)|*dtdu + Ry + Ry — R3 — Ry
where

Tl""A Tl ‘ )
K= 27r/ /_Ag(sl—s)du!Go(a+zt)| dt,

Tl . 2
ke :ﬁ/T / §(s1 —s)du|Go(a + it)|dt,
o :%/ /n g(s1 — s)du|Go(a + it) *dt,

T2+A T2 ‘ )
R = 27r/ /L,,Ag<sl—5)du!Go(a+zt)| dt.

By the mean-value theorems (cf. [9, Ch.7]), it has
R1<</ |Go(a + it)[Pdt < AL,

similarly,
Ri <AL =234

Then, by Lemma 2.2, it has

b+(u+A)i
Zm/ /Hu mi 8 (51 —5)G(s)G(2a — s)ds + O(AL)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Moreover, by the functional equation of {(z), it has
((2a— (b+it)) = x(2a— (b+it)){(1 +b — 2a — it)

U'(2a— (b+it)) = —x(2a — (b+it))(L{(1 +b—2a+it)) + ' (1 + b —2a +it))

and
'(1+b—2a+it)

G(2a— (b+it)) = —x(2a— (b+it)) [

and it is easy to know

B Ny _ 41/2+b-2a _m t
x(2a—(b+it)) =t exp< 4+1tlog<2ne>>

Hence,
I=5L+L+0O(AL).
where , .
/ / g(s1—s)x(2a— (b+it))g(b+i t)€(1+bzza+zt)dtdu
/ / (51— $)x (ZQ_(b+it))§’(bL+it)g’(l+b;2u+it)dtdu

Expanding {(s) and {’(s) as Dirichlet’s series, and by the Lemma 2.1, it has

_en? ] lo
[ =e = LZ gyz b]27'(xy)

y>1 Y >

lo log x
Izze = Z gy Z g J(2mtxy).
y>1 ]/ x>1

where b’ = b+ 1 — 2a, and J(r) is same as in Lemma 2.3.
Dividing I; and I, into three parts respectively,

Li=hy+hao+hz= ), + )3 + Y
2nxy<Th—A T —AL2nxy<Tr+A 2mxy>Tr+A

L=5hi1+Dhy+hs= Z + Z + Z
2rxy<Ti—A T —AL2nxy<To+A 2mxy>Tr+A

Then by Lemmas 12,31

1 logy
hy<—= )Y =25 =o0(1)
L 2mxy<T;—A xb]/b

1 lo
hs<p L r=o)
2rtxy>To+A
1 log x 1o
4 Z gxlogy = 0(1)

Ly < 7
L2 2mxy<Ti—A xbyb
1 log xlogy
b3 < 17 Y, 5 =o(l)
2mxy>To+A Xy

1 In Lemma 2.3, for the simplicity, arg(f) is only taken c(u — t) /¢

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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and
b2
Lo=e -1 X1 ogy,
L T1—AL2mxy<Tr+A
_ (Cib)z -1 1—2a
hp=e¢ % — Y x'"*"log xlogy.
T1 —AL2mxy<Tr+A
Let 1 1
Hn)=—+ Y ' logy- 2 Y x"*logxlogy

1<xy<n 1<xy<n

It is easy to follow that
H(n) = n nl=2a B log?n _logn 1
C2(1—a)\ (1-2a)3 2(1-2a) (1—-2a)2 (1-2a)
Letl—2a=1/L, then
H(n) = (e—2.5)nL
Take ¢ = b+ (20 log((e — 2.5)L/2m))"/2, Ty = T, T, = T + U, then it has
I=U+0())
and
T+u
/T |G(a+it)|2dt = U+ O(A).
Let U = T, by (3.15), it follows
T+u . T o(A)
< Z S
/T log |G (a+it)|dt < 2log(l—l— T )
<O(A). (3.23)

With (3.12), (3.14), (3.19),(3.20) and (3.23), and recall thata = 1/2 — 1/L, it follows

ie.
Al arg G(1/2 +it) < O(TY2L2).

and
(N(2T) = N(T)) — (No(2T) — No(T)) < O(T"2L?).

Then let T be T/2,1 < k < log,(T), and summing. This proves Theorem 1.1 in the case that there are
no zeros of G(s) on the boundary of D.

For the rest case, let N; and N; be the numbers of zeros of G(s) on the left side of D, ¢ = 1/2,
and in D with o > 1/2, respectively. Indent the left side of D with small semicircles with centers
at the zeros and lying in ¢ > 1/2. Let Nj be the number of distinct zeros in the N; zeros. Let V; be
the variation in arg G in the jth interval between the successive semicircles. Then by the principle of
argument, it has

Y Vi — Ny = 27N, + O(L), (3.24)
]

Let W] be the variation of argument of

h(s)(f'(s) + f'(1=5))G(s)
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in the jth interval, where W; is taken for increasing ¢, while V; is taken for decreasing t. With (3.2) and
(3.24), it has

T+U
ij =Im(f)|;  — Zvj
] ]
T+U
=Im(f)|;  — 27Ny + iNp) + O(L) (3.25)
By (3.8), in the jth open interval, the number of zeros of {(1/2 + it) is at least

(Wj/TT) - 1L

and in all the open intervals, the number of zeros is at least

1 1 T+U
;ZWJ-—N{—l = ;Im(f) r —(2N24+N;)—Nj—1+0(L)
)
1
= —Im(f) T —2NG(D) + Ny — N{ +O(L) (3.26)

Moreover, by (3.7), we can know that on the side ¢ = 1/2, a zero of G(s) is also a zero of {'(s), and so
a zero of {(s), with multiplicity one greater, so there are N; 4+ Nj such zeros of {(1/2 + it), adding to

(3.26), in total, it has
1 T+U
No(T +U) = No(T) = —Im(f)[; " —2Ng(D) +2Ni +O(L).
By (3.11), we can know
1
—Im(f) U= N(T+U) - N(T) + O(L).
ie.

(N(T +U) — N(T)) — (No(T + U) — No(T)) < O(T?L?).

Besides, we know that on the critical line a zero of G(s) is also a zero of {'(s), and so a zero of
{(s), with multiplicity one greater. Hence

Y (m—1) < Ng(D).

where sum is over the distinct zeros of {(s) on the left side of D, m is the multiplicity of a zero.
And so,
Y m <2Ng(D) < O(T"?L?). (3.27)
m>2
This means that the non-trivial zeros of {(s) are all on the critical line, and all are simple, with at most
O(T'/212) ones excepted.

References

1.  R. Balasubramanian, J.B. Conrey and D.R. Heath-Brown, Asymptotic mean square of the product of the
Riemann zeta-function and a Dirichlet polynomial, J. reine angew. Math. 357 (1985), 161-181.

2. J.B. Conrey, More than two fifths of the zeros of the Riemann zeta function are on the critical line. J. Reine
Angew. Math. 399 (1989), 1-26.

3. J.B. Conrey, Riemann’s Hypothesis.

4. Shaoji Feng, Zeros of the Riemann zeta function on the critical line. J. Number Theory 132 (2012), no. 4,
511-542.

5. G.H.Hardy and J. E. Littlewood, Contributions to the theory of the Riemann zeta-function and the theory
of the distribution of primes, Acta Mathematica 41 (1918), 119-196.

6. Norman Levinson, More than one third of zeros of Riemann’s zeta-function are on s=1/2. Advances in Math.
13 (1974), 383-436.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202506.0303.v3
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 9 October 2025 d0i:10.20944/preprints202506.0303.v3

12 0of 12

7. AP Li, A note on the mean square of Riemann zeta-function, Preprints.org id 155915.

8. Atle Selberg, On the zeros of Riemann’s zeta-function. Skr. Norske Vid. Akad. Oslo I. 1942, (1942). no. 10,
1-59.

9.  E.C.Titchmarsh, The Theory of the Riemann Zeta-Function, Oxford, 1986.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those
of the individual author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s)
disclaim responsibility for any injury to people or property resulting from any ideas, methods, instructions or
products referred to in the content.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202506.0303.v3
http://creativecommons.org/licenses/by/4.0/

