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Abstract: Recently quantum cosmology in tomographic representation was considered. as an
important tool to analyze the quantum states of the early universe in relation with the subsequent
classical evolution. Given a wave function the correspondent tomogram is defined proportional to
the square modulus of its fractional Fourier transform. The classical limit obtained by taking the
limit i — 0 can be compared with the classical tomogram obtained from the classical hamiltonian
formalism. In this paper we show that a set of tomograms can be derived as exact solutions of
a third order equation when a de Sitter quantum universe is considered. We finally discuss the
limits of this approach to quantum cosmology because the extension to equations with arbitrary
potentials can become extremely complicated for potentials given by algebraic polynomials of
degree greater than two and therefore also for potentials expressible by arbitrary functions.
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0. Introduction

The development that the physical sciences have had in the last century has brought
human knowledge to limits never reached before. While the theory of general relativity
has led to greater knowledge of the universe on a large scale, quantum mechanics has
extended knowledge to extremely small, atomic, nuclear and subnuclear scales. Both
have led to a growth in experimental research which has also had an impact on daily life.

However, the researches induced by these two disciplines have not been exhausted.
If anything, their study opens up to new questions. Although it is often said that both
these two theories are incompatible, in recent decades relativists have posed fundamental
questions waiting for answers from quantum theories.

In fact, it is wondered if the microscopic origin of the entropy of black holes can be
attributed to quantum entanglement or be described by a model of conforming theory
or if there are microscopic entities in analogy with the kinetic theory.

On the other hand, the existence of the predicted singularities in general relativity
suggests that the classical theory should be replaced by a quantum theory. In this sense,
theories have been developed based on different approaches such as the Hamiltonian
approach, loop quantum gravity, string theory.

The study of quantum cosmology plays an important role in these researches. The
use of homogeneous models allows to reduce the degrees of freedom to be considered
and reduces the different quantum theories of gravitation to theories comparable to
quantum mechanics[1][2].

Quantum cosmology makes it possible for these theories to have a contact with
experimental reality as, although they differ from quantum mechanics, there is a pos-
sibility of understanding some fundamental aspects by comparing them with classical
observations. In fact, the classical universe must descend through a transition from
the quantum one and bear many early informations with it. And if on the one hand a
quantum model must converge to the universe we are observing now, on the other hand
a quantum model that undergoes a process of classical transition can provide predictions
that can be falsified by observations.
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In previous papers we have shown that symplectic tomography can be an interest-
ing investigation tool to understand the causes that led to the classical transition of a
quantum universe[3]-[12].

The advantage is that both quantum and classical states can be represented by
tomograms. so if they can be compared directly and possibly by taking the classical limit
of a quantum tomogram we can see if it converges to a general relativistic classical model
or if it introduces some new prediction. We started analyzing the de Sitter models, which
are related to the only presence of the constant and the extended to more general models
with a generic potential. The final results were obtained in the WKB approximation and
showed how some quantum models converged to the classical ones, but also that many
other models did not as they introduced interference terms which can be essentially
observed in the perturbation spectrum.

We introduced the tomograms as tools, as they can be derived from different
representations of the quantum theories by the transforms of the wave function, the
Wigner function or the density matrix. In this paper we want to introduce an equation to
derive the tomograms equivalent to the Wheeler De Witt equation. We shall introduce it
only in the de Sitter case, where a analytic solution can be found, but we will also discuss
its possible general extensions. The paper is organized in the following way, In sect.
1 after introducing the problem we resume some properties of the de Sitter universe
and its Hamiltonian formulation already given in detail in [10],[11],[12]. In sect. 2, we
construct the classical tomogram and discuss some its properties and its relation with the
inflationary universe. In sect. 3 we show how the initial conditions of the universe are
expressed in tomographic terms starting from the wave functions proposed by Hartle
and Hawking, Vilenkin and Linde. We show that these tomograms can be also obtained
as the solutions of a third order equation in sect. 4. We add some consideration on the
extensibility of this equations to more complicated models in sect. 5 where we draw
some conclusions.

1. Symplectic Tomography

The properties of a physical system are deducible from the knowledge of its state.
In quantum mechanics, and similarly in quantum cosmology;, it is expressed depending
on the representation used by a wave function or by a Wigner function, a density matrix
or a tomogram .

Tomograms are marginal probability functions. They are defined in quantum
mechanics as well in classical mechanics. There properties have been thoroughly studied
in the last twenty years, they have the important property to be observables and were
initially studied, because the permitted the reconstruction of a Wigner function of a
quantum system[13][14].

To understand the meaning of a tomogram let us consider a distribution on a one
dimensional phase space where al the states are represented by a pair of coordinates
(g, ). We consider the projection of this distribution on the g axis i.e we consider a
function W(q). If we rotate the coordinate system by the transformations

X=ug+vp (1.1)

and
P=—vg+up (1.2)

with t = scos@ and v = s~ ! sin 6, where s is a squeezing factor and 6 is the rotation angle
of the (g, p) frame, we can take all the projections W (X, u, v) of the same distribution on
each X axis (where the initial W(q) = W (X, 1,0)). The set of all these projections is the
tomogram[12].

The study of quantum cosmology has the purpose of reconstructing the state of the
early universe in the quantum era that can explain its transition to the classical stage.
It is therefore necessary to know its initial conditions and its dynamics to understand
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the cause of this transition. Conversely, it is also possible to consider the possibility
reconstruct the initial conditions starting from t the current state of the universe.

Generally an attempt is made to establish the behavior of the physical quantities
involved and their different behavior in the quantum sphere compared to the classical
one. For example whether a quantum model can avoid the initial singularity or not.
However, it is more difficult to establish the relationship between these models and the
classical ones that derive from them.

The tomographic approach, instead of studying the relationship between quantum
and classical quantities, looks directly at the relationship between quantum states and
the classical states of the universe, just by comparing their respective properties.

In previous papers [10][11][12] we used the tomograms in this way, reconstructing
them from the quantum wave functions solutions of the Wheeler-De Witt equation and
using them as an analysis tool of a quantum system in the sense described above.

In this work we want to show that at least one can find an equation from which the
tomogram derives, even if we do not think that it can be considered a definitive result,
but a starting point for a subsequent analysis.

In fact in our case we can find an exact solution, similarly an exact solution can
be found for the harmonic oscillator problem. But there are few known exact solu-
tions in quantum mechanics. However, the result found can also be considered as an
approximation for more general solutions.

We find the equation for a solution that is already known from previous works and
is given in the context of a quantum de Sitter universe, that is, a universe with only the
cosmological constant A as source, which we treat for its simplicity both in the classical
and in the quantum case.

The de Sitter spacetime in the classical theory is described by the metric

a2 = N2y 0420200 (1.3)
g 1 — kr2 i '

where d0)3 is the metric of a 2-sphere. The choices of k = £1 and k = 0 correspond to
different choices of the spacelike hypersurfaces of the spacetime. This metric represents
a vacuum universe endowed only with a constant source and predicts the accelerated

expansion,
a(t) = exp(\/§T) (1.4)

when we choose k = 0. A physical interpretation of the cosmological constant is that it
is generated by the vacuum quantum energy, which opens the question of why it is so
small with respect to its expectation value according to the accurate analysis put of S.
Weinberg[15]. This is called the cosmological constant problem.

Besides its mathematical properties, the de Sitter model acquired physical interest
when it was realized that it can explain in a general way some important observed
properties of the universe through the inflationary model, when a(7) has undergone
exponential expansion of the type 1.4 originated when the energy of a scalar field in a
state of false vacuum prevailed on the other material components of the universe.

In order to treat the quantum model it was proved convenient by J. Louko in [16] to
consider the case of compact spatial hypersurfaces (k = 1) with the metric

ds? = o2 —ﬁdr%r dO2 (1.5)
frd q (;I 3 .

where dQ)3 is the metric of a 3-sphere, § = a® and the lapse is rescaled by a factor NGB
For numerical reasons we multiplied the metric by a factor o> = 2G /37
The Einstein equations with cosmological constant

Gap +Agay =0 (1.6)
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become

(1.7)
and

j 114 N._ 2 4

We notice that in the gauge N = /g we obtain the classical solution
q(t) = A~ cosh®(A!/2t). (1.9)

for the evolution of closed spatial hypersurfaces.
To quantize the gravitational system we use the Hamiltonian formalism. The action,
which after integrating the spatial part and eliminating a total derivative with respect to

time, is [16]
2 4N ’

where A is now the cosmological constant in Planck units. The coordinates of the phase
space are (g, p) with the momentum p defined by

oL 4
=—=—-——— 1.11
using the Legendre transform, the action takes the form
5= /(pq _ N)dt (1.12)
with i
— (a2 _
% — 2( 4% + A\q 1) (1.13)
The lapse function N is a Lagrange multiplier, the variation
6S
— = 1.14
5N =0 (1.14)
implies the Hamiltonian constraint,
1(—4pz+)\q—1) =0 (1.15)
3 .
which is equivalent to equation (1.7).
2. The classical tomogram
Let us choose as classical distribution on the phase space [12]
fla,p) = 8(—4p2 +2q-1). 1)

where A is the cosmological constant rescaled in Planck units. We define the classical
tomogram by

WX, p,v) = /f(w)é(X—w—vr))dqu = /5(—4102+M—1)5(X—w—vr7)dqdp-
(2.2)
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we find the classical de Sitter tomogram

RIS

2 A22 )
|V\‘ lop? + 45 1‘

WX, u,v) = (2.3)

This function is for any y# and v a marginal probability function, so it must satisfy the
condition

/oo W(X, 1, v)dX = 1 (2.4)

It is clear that ( 2.3) is not integrable on an infinite range, then its domain must be
restricted to compact support such that the normalization condition (2.4) is satisfied. We
choose a closed interval I such that the normalization condition is satisfied. For example
if we choose the inferior value of the interval is such that

A2 AX U A2y?
—+——-1=0 ie. X=2(1-— 2.5
o2 "y - A( 16u2> 22
we see that
00 /\”l+ 1 )L l/
/ W (X, 1,v) / f55) =L 1 e
oo 2|‘u| 1— )\22 ‘ A2u2+AX ‘ [y
16p2
ifu>0.
This tomogram is interesting because it represents the state of the universe during
A2 AX

inflation. We see that the argument + — p — 1 related to the constraint (1.15) takes

162
also values different from zero which shows the presence of perturbations of the spatial
curvature. This perturbations reduce almost to zero when the cosmological constant goes
to the present value of the order of 107122 A ek, and the tomogram can be approximated
by
A AZ 2
WX, pv)~=94 -1, 2.7

which means that the extreme smallness of the cosmological constant implies a very
high degree of homogeneity of the classical de Sitter universe.

In a future work we shall study how the cosmological perturbations can modify
this tomogram and how to represent in tomographic terms the large scale structure
of the universe. Perhaps it may be necessary to loose the restrictions imposed by the
cosmological constant taking I = [Xj, X5] provided that the tomogram is normalized by

WX, p,v)
W(X,p,v) = —f X0 (2.8)

3. The quantum tomograms
The Wheeler-DeWitt equation corresponding to the Hamiltonian (1.13) is [16][17]

d?
2 _ —
(4h e +Aq 1) P(q) =0. (3.1)
It can be reduced to the Airy equation [18,19]

2
a ;”C(f) (e =0, (32)
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with the change of variable
1—-Ag

This equation has two independent solutions Ai(x) and Bi(x) whose integral representa-
tions are respectively [18], [19]

oo 3
Ai(x) = % /_to exp {1(23 + xz)}dz (3.4)
and e s s
Bi(x) = % /0 [exp <—23 + xz> + sin <Z3 + xz> } dz. (3.5)

All the solutions of the Airy equation are linear combinations of Ai(x) and Bi(x).
In quantum mechanics (and in quantum cosmology ) the tomogram W (X, p, v) is
obtained by the square modulus of the fractional Fourier transform of the wave function,

[ow)exp [i(zgvyz - ;yﬂdy

We can apply this definition to the solutions of eq. (3.1)to obtain the following tomo-
grams,

2

W(X, 1, v) (3.6)

1
- 2mhlv|

a2 | 1 AX A2\
Wi (Xo) = g i (- 5 o)) 09
and
b2 _ 1 AX  AZ2
WX ) = Sl 'Al(aw/ﬁ (- %)
1 AX A2\ |
Bi| — (122 _2 YV 38
i 1((2h7\)2/3( i 16ﬂ2)> (38)
d
- 2 | 1 AX  AZ2\\ |
WX Hv) = S 'Bl(aww (- %) 69

which are related to the initial conditions proposed respectively by Hartle-Hawking[20],
Vilenkin[21][22] and Linde[23]. We see by inspection that only the Vilenkin tomogram
has as classical limit the tomogram (2.3), while the other ones do not have a limit for
i — 0. However a deeper examination shows that also taking A — 0 we have the same
limit. But as in the present epoch even if very small A is not zero, we can consider the
"classical" Hartle-Hawking and Linde’s cosmological models as viable to the description
of the universe.

4. The tomographic Wheeler-De Witt equation

We show now that it is possible to obtain these solutions directly from an equation.
This equation is obtained by introducing the correspondences between operators,

o\ ta v o
and )
d wo ifa\'o
dq_>28X_h<aX) w (42)
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which applied to (3.1)

42
27 — =
<4h i +Aq 1>1p(q) 0 (4.3)
they give the following equation

& d 9\

229 4w 9 49 o
(h e 4zhyav 4<8X) 52 4.4)

a\ 1o  hAv 3

To solve this equation we first separate the real and imaginary parts

oY Av
pe = 8 (4.6)
%Y 9\ 29%¥ 9\ lavy
2,29 & e v v vr —
"% (X) oz A (ax) o 10 (47)

Deriving eq. (4.6) by 9/dv and substituting 9°¥/dv? in (4.7) we finally obtain the
following equation

Y Av\ 2 o\ oY A/ o \!
2 2071 g . o Jr A [ 0 _
i <1+<4y> )‘I’ A(ax> . zy(ax> Y0 @48

This equation can be solved [12] and its solutions are the fractional Fourier transforms of
the wave functions with the only difference that their argument is

1 AX  AZ2

(<m>w (- T) (*9)
instead of ) o
1 AX A v

(<zm>m (- o 16,42)) ' 10

Equation (4.8) is an integro-differential equation due to the presence of the (9/9X) !
operator. We notice that deriving this equation by (9/9X), we can obtain a third order
differential equation. on the other side we know that the squares of the Airy functionsi.e.
®(x) = Ai®(x) ®(x) = Ai(x)Bi(x) and ®(x) = Bi?(x), are solutions of the third order
equation

@ (x) — 4xP' (x) — 2P (x) = 0. (4.11)

We therefore want to proof that the equation

3 2

Woxe T2t \an) ax e Tax

obtained deriving eq. (4.8 ) by (9/0X) is an equation whose solutions are the tomograms
(3.7),(3.8) and (3.9).
We seek for a solution of this equation of the form

1

—d(z), fu>0
¥(z) = ~d(z) = { 77H (4.13)
ul —ECD(z), if u <0

where z is the argument the function is a function of (X, j, v, A).



Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 2 February 2021

In both cases the equation for ®(z) is

Pe A AN L L
2200 AL (AVNOP 0D 0D
Mo T2? (4;4) ax  You "ax (4-14)
It is straightforward to see that if we take
2
_AX (M
7= M (4.15)
(2n7)2/3
and substitute 3 3 d 1L Ad
z
X aXdz (PP pdz (4.16)
and 5
0 o0zd 1 AX Av d
ou " oz~ GRAPT <u “2(5) >d i
one finds finally the equation
#Bo 4P
PR 4ZE —2®=0 (4.18)

which coincides with equation (4.11). So we have verified that this is the equation for
the tomogram in the particular case with a potential

V(g) =Aqg—1. (4.19)

5. Discussion and conclusions

In quantum mechanics there are few exact solutions to the Schrodinger equations.
Very often one has to resort to various approximation techniques such as the WKB
method or perturbation theory must be used to calculate the different states of a system.
These techniques have also been applied to the Wheeler De Witt equation as well in
many works of quantum cosmology.

In this paper we show an attempt to find an equation that gives us a tomogram
as a solution without having to resort to the Radon transform or the Fractional Fourier
transform that is connected to it. The result is positive as far as we consider a de Sitter
universe. There are also examples in which one can obtain solutions with a square
potential like in the case of the harmonic oscillator (see [3][13][25]). But for algebraic
potential for higher power law apparently the order of the equation should rise and
in many cases studying the problem should become prohibitive without applying any
approximation techniques, not to mention problems with a generic potential.

However the situation does not appear as desperate as it may seem because on
the one hand we have already seen in a previous work how to find solutions in WKB
approximations, on the other hand the Airy equation can be seen as an approximation
of a second order equation

Y +V(x)y=0 (5.1)

when we take the expansion of V(x) in the neighborhood of x
Y+ [V(x0) + (x — x0) V' (x0)] = 0. (5.2)

On the other hand it can be seen that the approximation by means of the Airy functions
is uniform and therefore better than the WKB approximation.

In many cases this type of approximation allows to understand the physical aspects
of a problem for a more complicated system, such as the case of a scalar field that
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varies in a negligible way (see for example [2]) or simply a typical wave function for the
universe is a of the simpler kind [26]. Finally we can extend these models where matter
fields act as relational time, the consequence will be a modification of equation 4.6 and
consequently of the resulting tomogram.
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