Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 5 July 2020 d0i:10.20944/preprints202007.0070.v1

Self-Inductance of the Circular Coils of the Rectangular Cross
Section with the Radial and the Azimuthal Current Densities

Slobodan Babic! and Cadet Akyel?

1. Independent Researcher, 53 Berlioz, 101, H3E 1N2, Montréal, Québec, Canada
2. Ecole Polytechnique, Centre Ville, Montréal, Québec, Canada

Corresponding author: Slobodan Babic, e-mail: slobobob@yahoo.com

© 2020 by the author(s). Distributed under a Creative Commons CC BY license.


mailto:slobobob@yahoo.com
https://doi.org/10.20944/preprints202007.0070.v1
http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.3390/physics2030019

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 5 July 2020 d0i:10.20944/preprints202007.0070.v1

Abstract- In this paper we give the new formulas for calculating the self-inductance for the circular coils of
the rectangular cross sections with the radial and the azimuthal current densities. These formulas are given by
the single integration of the elementary functions which are integrable on the interval of the integration. From
these new expressions we can obtain the special cases for the self-inductance of the thin disk pancake and the
thin wall solenoid that confirm the validity of this approach. For the asymptotic cases, the new formula for the
self-inductance of the thin wall solenoid is obtained for the first time in the literature. In this paper we do not
use special functions such as the elliptical integrals of the first, second and third kind, Struve and Bessel
functions because that is very tedious work. The results of this work are compared with already different
known methods and all results are in the excellent agreement. This is way we consider this approach as the
novelty because of its simplicity in the self -inductance calculation of the previously mentioned configurations.

Keywords: Self inductance, radial current, azimuthal current, thick coils, disk coils, solenoids.

1. INTRODUCTION

Several monographs and papers are devoted to calculating the self and the mutual inductance for
the circular coils of the rectangular cross section with the azimuthal current density, [1-18]. They
are very known the conventional coils used in many applications such as all ranges of transformers,
generators, motors, current reactors, magnetic resonance applications, antennas, coil guns, medical
electronic devices, superconducting magnets, tokamaks, electronic and printed circuit board
design, plasma science, etc. Today, with the availability of powerful and general numerical
methods, such as finite element method (FEM) and boundary element method (BEM), it is possible
to calculate accurately and rapidly the self and mutual inductance of almost any practical 3-D
geometric arrangement of conductors. However, in many circumstances, there is still an interest
to address this problem using analytic and semi-analytic methods because they considerably
simplify the mathematical procedures, and often lead to a significant reduction of the
computational effort. The analytical and semi-analytical methods have been used where these
important electromagnetic quantities are obtained in the form of the simple, double and triple
integrals, the elliptic integrals, the converge series, the Bessel functions, Struve functions [1-18].
Also, there are the circular coils of the rectangular cross section with the radial current density
which are interesting from the engineering aspect. These coils are well known the Bitter coils
which supply extremely high magnetic fields up to 45 T, (19-27). In this paper our goal was to
solve analytically the four integrals in the basic formulas for the self-inductance of the circular
coils of the rectangular cross section with the radial and the azimuthal current densities namely Lr
(radial current) and La (azimuthal current), respectively. We obtained all results of these four
integrations in the form of the elementary analytical functions. By the single integration of these
expressions, we obtained the simplest formulas for calculating the self-inductance of Lr and La
without using the special functions. All expressions are arranged in the suitable form for the
numerical integration where the possible singularities are treated at the proper manner. Numerous
tests are made in MATLAB and Mathematica programing which show that the numerical

integration given in Mathematica programming can be used for any range of parameters (very

R l . .
small or very large values of a = R—Z and b = R—), where R; and R, are inner and outer radius
1

1

of the coil and I is its high [27]. Many examples confirm the validity of the presented method. With
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the presented method all possible cases for the circular coils with the finite cross section and with
negligible cross section (thin coils and circular filamentary coils) are covered.

2. BASIC EXESSIONS

Let us take into consideration the circular coil o the rectangular cross section (Fig.1) where,
Ry — inner radius (m)

R2 — outer radius (m)

I - high of the coil (m)

| — current in coil (A)

Jr — radial current density (A/ m?)

Ja —azimuthal current density (A/ m?)

r1, r. — coordinates which determine any radial position inside the coil (m)

Z1, Z> — coordinates which determine any axial position inside the coil (m)

N — number of turns

Uo = 4m-1077 (%) — permeability of the free space

A) Radial current

The radial current density and the corresponding self-inductance of the coil of the rectangular cross
section are given by [15-20].,

= - 1
]R lln&T ( )
Ry
1l 1 Rz R2 gt
L UoN? J‘ j j cos (0)dz,dz,dr,dr,do @
R — R R
lzan_ZO 0 By Ry 0 12

Ry = \/712 + T% — 211y cos(6) + (z2 = 21)2

d0i:10.20944/preprints202007.0070.v1
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Figure 1. Circular thick coil of the rectangular cross section

B) Azimuthal current

The azimuthal current density and the corresponding self-inductance of the coil of the rectangular
cross section are given by [15-20].,

NI

Ja = IR, —Ry) 3)

2 L1

L uoN ff
A7 12(R, — Ry)?

00

where,

Rz Ry

; cos (9)dzldzzr1dr1r2dr2 do
| @)
0

2
R; Ry

Riz = \/7&2 + T% — 2ryry c0s(0) + (2, — Zl)z

3. CALCULATION METHOD

A) The Self-Inductance Lg caused by the radial current density

Introducing the SUbStitUtiOﬂ 6 =T — Zﬁ y ' = le, T, = le, Z1 = le, Zy = ZRl, l = le,
R, = aRy,l = bR, in (2) and making the first four integrations in order to the variables
Z,,21,1, and r;, (APPENDIX 1) we obtained the self-inductance Ly in the following form,
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4u,N?R
Ly =-S5 1Zf cos(2B) T, dB (5)

where T, (n = 1,2, ...,8) are the analytical functions integrable on the interval of integration
B € [O; %] These functions are as follows:

3

T, = m [2arctg(q) — arctg(q,;) — arctg(qz,)]

T, = [(a? + 1)cos(2B) + 2a][r — o]
T; = —2a3cos?(B)r, — 2cos?(B)ry + 4(a® + 1)cos®(B)

T, = sin?(2p)[a3 atanh(m,) + atanh(m,) — a® atanh(m,,) — atanh(m,,) —
) + atanh (

+ a3 atanh ( cosl(ﬁ)) ]

1
—C(3 atanh ( m

Za—@) ~ atanh (ﬁigﬂ)

Ts = 3b[(a? + 1)cos(2B) + Za]asinhﬁ + 6a?bcos?(B) asinh (L> +
> o 2acos(B)

+6bcos? () asinh (ZCOI;(B))

Ts = 3a?bsin(2B)artg(p,) + 3bsin(2B)artg(p,) — 3a?bsin(2B)artg(p,,)
—3bsin(2p)artg(p11)
T, = 3a?b asinh(v,,) + 3b asinh(v,;) — 3a?b asinh(v,) — 3b asinh(v;)

where

r=+b2+a?+1+2acos(2B), 1o=+a?+ 1+ 2acos (2p)

T'11 = '\/lz + 4‘C0$2(ﬁ) ) TZZ = '\/lz + 4azcosz(ﬁ)

— a + cos (2f3) e = 1+ acos (28)
L2 +sinz(2B) - ° Jb? + aZsin?(26)
S 1+ cos (2p) - a + acos (2P)
H b rsinz2p) 0 D2+ aZsin?(2P)
b = bla + cos (2B)] _ b[1+ acos (28)]

sin ) ' P2 = sin p)r
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_ b[1+cos (2p)] _ bla + acos (2p)]
P11 = "5in pry, P22 = ™ sin (2B)1ry2
_ asin?(2B) — b*cos (28)
B bsin (28)r
_a?sin®(2B) — b*cos (2) _ sin®*(2p8) — b*cos (28)
Q1 = bsin (28)75 P22 = T G (28) ey
r r

™ = ¥ cos 2B) '™2 = T acos 2B)

_ To _ To
™M= s (28) 22 T 1+ acos (28)

Thus, the new formula for the self-inductance of the circular coil with the rectangular cross section
and the radial current density can be obtained by (5) using the simple integration of the previous
elementary functions. In this paper we use the Gaussian numerical integration in MATLAB
programming and the numerical integration by default in Mathematica programing.

The special case of equation (5) is the self-inductance of the thin disk coil with the radial current
[23]. This self-inductance can be obtained from (5) finding the Ilimit when b —
0, or doing three integrations such as in [25].

The self-inductance Li_p,sk IS Obtained in the analytical form as follows:

8uoN?R;(a + 1)
na

[E (ko) — 1] (6)

Lr_pisk =

where,

12— 4o
O (a+1)2

and E (ko) is the elliptic integral of the second kind [31 — 33].

B) The Self-Inductance L, caused by the azimuthal current density

Introducing the  substitution 6 =m —28,r5 =xR,, 1, =yRy,z; =VR,, z, =2zZR{, | =
bR, ,R, = aR;,l = bR, in (4) and making the first four integration (APPENDIX II) in order to
the variables r,, 11, z, and z; we obtained the self-inductance L, in the following form,

_ 2uoN?R;
Lt =~ Tepaca— me cos(28) S, dp @)
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where S, (n = 1,2,...,12) are the analytical functions integrable on the interval of integration
B € [0; g] These functions are as follows:

_ b3cos (28)

1= T(Z,B) [2arctg(q) — arctg(q,,) — arctg(qz,)]

S, = 20b? cos(2p) [—a?3 asinh(v,,) — asinh(v;;) + a3 asinh(v,) + asinh(v;)]

S; = 12 cos(2p) sin?(2p)[—a® atanh(m,) — atanh(m,) + a® atanh(m,,) + atanh(m;;) |

S, = 12 cos(2pB) sin?(2p) [a5 atanh ( ) + atanh (

Ty 7
2acos?(fB) 2cosz(,8)> B

1
— (a® + 1)atanh (cos(ﬁ))]

Ss = 30bcos(2B) sin(2pB) [—arctg(p,) — a*arctg(p,) + arctg(p;1) + a*arctg(p,,)]

S, = 15b{2a*sin?(2p) asinh ( ) + 2sin?(2p) asinh (

b b
2acos(f) 2cos(,8)> +

+[2(a* + 1cos*(26) — (a® + 1)* ]asinh (rﬁ) )
0

Sg = —4(a® + 1)cos(2B)[6cos?(2B) — 3cos(28) — 8 ]

Sy = —ﬂ —9b%(a? + Dr — [(20a — 12a* — 32)cos?(2B) +(4a® — 16a —
? sin2(28)

—20)cos(2B) + 8(a? + 1)? Ir
S10 = [(20a — 12a* — 32)cos?(2B) +(4a3 — 16a + 20)cos(B) + 8(a? + 1)? ]r,

b*r,

_ _Qp2.2 4 2 _ —
Si1 = 2 028) 9b“a“r, + a*(12cos*(2f) — 4cos(B) — 16)r,
5, =L gy + (12cos?(2B) — 4cos(B) — 16

12 = 52 2B 1 + (12cos?(2p cos(p i

Thus, the self-inductance of the circular coil of the rectangular cross section with the azimuthal
current density can be obtained by (7) using the simple integration of the previous elementary
functions.
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The special case of this calculation is the self-inductance of the thin disk coil (pancake) with the
azimuthal current [26-27]. This self-inductance can be obtained from (7) finding the limit when
a — 0 or doing the three integration such as in [26].

The self-inductance L,_p sk 1S obtained in the analytical form as follows:

20oN2R,
La-prsk = (a=1)72 )
where,
Tk
V=ala+1)Ek) + (@ +1)(26-1) + Eln?o + 810+ (@3 - 1)S, 9)
4a
k=
O (a+1)2

T T
2 2
jln1+A =fln /1—k2+Ald,8 A= 1—k25m2(ﬂ)
0 0

G = 0.915965594... - Catalan’s constant, [31 — 33].

The self-inductance is obtained as the combinations of the elementary functions, the elliptical
integral of the second kind [31-33], and the single integrals (the semi-analytical solution).

In [27] the new expression for V' is given by,

V = ala + DE(k) + (@ + 1)(26 — 1) —gmz Sy — @Sy, (10)

S0 = J In [a + cos(2) + /a? + 2a cos(2B) + 1] dp
0

1 H acos(ﬁ)+1+\/a2+2acos(/j’)+1
520 = E-]- ln ; > : d
J asm(B)—1+\/a —2asin(B) +1

This expression is also very friendly for the numerical integration as (9).

For the full disk (R, = 0, R, = R), the self-inductance is,

2uoN?R,
La_ryLL-pIsk = T [ZG - 1] (11)

This formula can be found in [10], [27] and [29].
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There is also one special case when R, - R, » R (Thin wall solenoid of the radius
R and the high [). Finding the limit in (7) or solving the three integrals in [28], we obtain the well-
known Lorentz’s formula (1879).

Z,uONZR2 l 12 — 4R? R
La_waLL-soLEN = T k_RK(k) - kl—RE(k) - 47 (12)
where,
12 = 4R?
4R? + |2

and K (k), E (k) is the elliptic integrals of the first and the second kind [31 — 33].,

From previous formulas for L, and L, it is obvious that there are the similar terms in them and
all expressions are elementary function which are very friendly for the single numerical
integration. The special cases are obtained as the analytical and semi-analytical expressions for
these important electromagnetic quantities (6,8,9,10,11 and 12).

Asymptotic Behaviors of Disk Coils and Thin-Wall Solenoids

At first, we analyze the disk coil.

For R, = R, we have well-known singular case which gives

L=o (13)
For R; = R, — R (Inner radius tends toward the outer radius)

This case leads to the well-known formula [29],
8R
L = uoN?R [ln; -2+ Y] (14)

where R is the turn radius, a is the radius of the circular wire from which the turn is constructed.
If the current flows only on the wire surface (due to the skin effect) Y =0, and the current flow is
homogeneous in the wire then Y = 0.25.

For R, = R, (the case of a logarithmic singularity), Conway [29] gives the analogous formula,

8R, 1
-5 (15)
Rz - Rl 2

L= ‘LloNZRz [ln

From Kirchhoff’s formula for the self-inductance of a circular ring of the radius R and the circular
section of the radius a with one turn [13]

8R
L = ugR [ln; — 1.75] (16)
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Y. Luo and B. Chan [13] obtained for this asymptotic case,

H
-05 () 17)

L= (R, + Ry) [ln4(R2 + Ry)
Ho R, (R

Z_Rl)

The asymptotic case for the thin wall solenoid can be calculated from [13],

4R H
L=y, [lnT - 0.5] ) (18)

where R is the wall solenoid’s radius and 2h is its high.

From this approach the self-inductance of thin wall solenoid in asymptotic case is obtained for the
first time in the literature.
Let us putin (12),
l 1
- 2
b=7g k 1+ b?

so that the self-inductance of the thin wall solenoid is,

2uoN2R 1— b2 k

La-wari—-soLen = NEVE K(k) + ¥ E(k) — b2 (19)

To find the self-inductance of thin wall solenoid for b — 0 the asymptotic behavior of K (k) and
K (k) near the singularity at k = 1 are given by the following expression [30],

4 4 4
~ _——= — —_ 2

K (k) lnk, In T lnb+ln\/1+b (20)

E()~1+=(1— k?)[In—— 0.5] = 1+ b I~ — 0.5] 21

2 e Y D it e @D

The approximations (20) and (21) are the first members of the convergent series [30]. We calculate
the normalized self-inductance of the extremely short wall solenoid (b — 0) as,

LA—WALL—SOLEN
LN = NZR (22)

From (19), (20), (21) and (22) we finally have,

Lo (3+b2)l 4\/1+b2+2[\/1+b2(1—b2)—1] (1 —b?)
= — n —
N3 Vitn2 b b? 2V1 + b2

(23)
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For b extremely near at zero, we find using the I’Hospital’s Rule from (23) that the first term tends
4 . . . :

to In > the second to —1 and the third to —0.5. Finally, the self-inductance from this range of

the parameter b is,

Ly = [l i 1] 24
N = Mo nb > ( )
This formula has been obtained by the ansatz in [13].

As we know the formula (23) appears for the first time in the literature.

Thus, we cover all possible cases with the new formulas and the already well-known or the
improved formulas in the calculation of the self-inductance of the previously mentioned circular
coils.

4. NUMERICAL VALIDATION

To verify the validity of the new formulas for the self-inductances L; and L, we apply the
following set of examples. Also, the special cases are discussed. We compare the results of the
presented approach with those which are known in the literature.

Example 1.

Calculate the self-inductance of the thick Bitter circular coil of rectangular cross section. The coil
dimensions and the number of turns is as follows:

R, =1(m),R, =2 (m),l =2 (m),N =100
Applying the new formula (5) the self-inductance is,
Lr = 17.815333(mH)

By using the Conway’s method [18] the self-inductance is,

Leonway = 17.815333 (mH)

The results are in an excellent agreement.

Example 2.

Calculate the self-inductance of the thick Bitter circular coil of rectangular cross section. The coil
dimensions and the number of turns is as follows:

R, =0.025 (m),R, = 0.035 (m),l = 0.04 (m),N = 100

d0i:10.20944/preprints202007.0070.v1
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By (5) we obtain,
Lp = 0.4383980 (mH)
By using the Ren’s method [19-20] the self-inductance is,
Lren = 0.4383978 (mH)
This self-inductance is obtained by the double integration.

Using the software ANSY'S (FEM) [19-20] the self-inductance is,
Lren, = 0.44528 (mH)
All results are in good agreement.

Example 3.

Calculate the self-inductance of the thin Bitter disk (pancake), [23]. The coil dimensions and the
number of turns is as follows:

R, =1(m),R, =2 (m),N = 1000
The formula (6) gives,
Lr—pisk = 0.5342299 (H)
Example 4.
In Table 1 we compare the results obtained by this work (7), [9] and [13].

In these calculations we take R, = 1 (m) and a = %, b= ;—l, Table 3.
1 1

Table 1. The accuracy and the computational time for the self-inductance calculation [13], [9], La

« | b Ly EDI3 Liajixawa (G191 Lons wore Py
m
15 0.5 2.8693036 2.8693 2.8693035
3.0 2.0 2.5330065 2.533 2.5330065
4.0 6.0 1.9012958 1.9012 1.9012958
7.0 12.0 2.4472979 24473 2.4472979
9.0 8.0 4.2674018 4.2661 4.2674018

From Table 1 we can see the excellent agreement between this work (7) and [13], and good
agreement with [9].

Example 5.

Let us compare the results of the formula (7) by those obtained using [9] and [13], Table 2.
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In these calculations we take R; = 1 (m) and @ = %, b = i—l In [13] the high of the coil is 2h

1

and b = Ri In [9] we also use the same parameters as in this paper, Table 3.

1

Table 2. The comparison with Luo and Kajikawa formulas

a b #H. #H. uH
Liyo GOI13] Lgajicawa IO Lonis work (W)
1.2 20.0 0.2142821 0.21428 0.2142821
5.0 20.0 1.0456844 1.0457 1.0456844
20.0 20.0 7.8764442 7.867 7.8764442
40.0 20.0 19.950453 19.951 19.950453
1.2 2.0 1.4613306 1.4618 1.4613306
5.0 2.0 3.8343885 3.8343 3.8343885
20.0 2.0 14.120116 14.112 14.120116
40.0 2.0 28.015984 27.992 28.015984
1.2 0.2 3.5880363 3.588 3.5880363
5.0 0.2 5.0682989 5.0681 5.0682989
20.0 0.2 15.288175 15.28 15.288175
40.0 0.2 29.185174 29.161 29.185174

From Table 2. one can see that the results of this work and those in [13] are in an excellent
agreement and in particularly good agreement whit Kajikawa results [9] in which the number of
significant figures in the calculation is about 3.

Example 6.
In this example we compare the results of the-self-inductance (7) with the self-inductance obtained

by Bessel functions [10].

Table 3. The comparison with Conway’s formula and Kajikawa’s formula

a b HH UH. uH
LCONWAY (m)[lo] LKA]IKAWA (m)[g] LThiS Work (W)
1.5 0.5 2.8693035 2.8693 2.8693035
3.0 2.0 2.5330065 2.533 2.5330065
4.0 6.0 1.9012858 1.9012 1.9012858
7.0 12.0 2.4472979 2.4473 2.4472979
9.0 8.0 4.2676018 4.2661 4.2676018

There is an excellent agreement between Conway’s method and this work, Table 3, and particularly
good agreement by Kajikawa’s method.
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Example 7.

In this example we calculate the normalized self-inductance of the thin disk coil (pancake)

regarding the inner radius and the number of turns for the different shape factor a = % (Table
1

4). We compare the results of formulas (8-10) with [4] and [29].

From presented results obtained by formulas (8-10), and from Spielrein’s and Conway’s

approaches, we can see that all of them are in an excellent agreement. There is the negligible

disagreement with the Spielrein’s approach where the self-inductance is calculated by the series
which does not converge quickly.

Table 4. Comparison of Computational Accuracy for the different shape factor a

a Li4y (UH/mM) Li2q) (MH/M) L(g),(9) (MH/M) L(g),(10) (MH/mM)
5.0 36.282205 36.282205 36.282205 36.282205
10.0 8.5558079 8.5558079 8.5558079 8.5558079
3.0 4,1202479 4,1202478 4.1202478 4,1202478
15 3.9375566 3.9375570 3.9375569 3.9375569
1.1 5.1875898 5.1875898 5.1875898 5.1875898
1.01 7.8169836 7.8169836 7.8169836 7.8169836
1.001 10.671287 10.671287 10.671287 10.671287
1.00001 16.452442 16.452442 16.452442 16.452442
1.000001 19.345878 19.345878 19.345878 19.345878
1.0000001 22.239382 22.239382 22.239382 22.239382
Example 8.

In this example, the -self-inductance of the disk will be calculated when « is remarkably close to 1 (Table
5) until the extreme case a = 1 for which the self-inductance is .

Table 5. Comparison of computational accuracy for the shape factor « close to 1.

a—1 Liz9) (HH/m) L(g),10) (HH/M)
10! 5.1875898 5.1875898
102 7.8169836 7.8169836
10 10.671287 10.671287
10+ 19.345878 19.345878
108 25.132895 25.132895
1010 25.132895 25.132895
1012 36.706950 36.706950
101 45.387491 45.387491
1016 45.387491 45.387491

From Table 5, where « is extremely close to 1, expressions (8-10) give the same results as
Conway’s approach.

Example 9.

In this example we compare the results for the self-inductance (23) by those obtained in [13]
(Formulas (27) and (46)) and [9].

d0i:10.20944/preprints202007.0070.v1


https://doi.org/10.20944/preprints202007.0070.v1
https://doi.org/10.3390/physics2030019

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 5 July 2020

Table 6. Comparison of Computational Accuracy for the different shape factor »

b Li131(27) OF L(12) Li13)(46) Lrhis work(23) Lig)
(LH/m) (KH/m) (UH/m) (RH/m)
10? 4.0133453 4.0072641 4.0037786 4.0134
107 6.9008759 6.9007779 6.9006943 6.9009
10 9.7942930 9.7942916 9.7942903 9.7942
106 18.474833 18.474833 18.474833 -
10° 25.155374 25.155374 25.155374 -
1012 35.835916 35.835916 35.835916 -

As we can see all results are in an excellent agreement. It is obvious that the formula (23) gives
the more precise results for the range of 1076 < » < 10~ then (46) in [13] and for b <107° the
formula (24) is the same as the formula (46) in [13]. Also, the K. Kajikawa’s method gives particularly
good results for 1073 < b < 1071, With this calculation we confirm the validity of the new
developed formula (23) which also leads to formula (24).

Example 10.

Calculate the self-inductance of the full disk coil of the radius R; = 0.5 (m) and the number of
turns N = 100.

This work, formula (11) gives,

La—ruLL-pisk = 3.4847852 (mH)
The same result is obtained in [29].
From [9] the self-inductance is,

Lao-kajikawa = 3.4848 (mH)
5. CONCLUSION

The new accurate self-inductance formulas for the circular thick coils of the rectangular cross
section with the radial and the azimuthal current densities are given. The formulas are obtained in
the form of the single integral which kernel function on the interval of the integration is the sum
of the elementary functions. The special cases of these formulas give the self-inductance for thin
disk coil and the thin wall solenoid in the closed and the semi-analytical form. For the asymptotic
case, the self-inductance of the thin wall solenoid with extremely small height is developed for the
first time in the literature. Thus, all cases for the circular coils with and without cross section are
given. The presented method can be helpful for engineers, physicist and people who work in this
domain so that they can easily make all formulas in Mathematica or MATLAB programming.
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APPENDIX |

The first integration in (2) gives,

t=v—1z

a

dy a + xcos(2p) ) 1 + xcos(2pB)
f —— = asinh — asinh ,
J Riz Jx2sin2(2B) + t2 Jx2sin2(2p) + t2

The second integration in (2) gives,

a

I, = J Lidx =2 la asinh @ + acos (2f) + asinh 1+ acos (26) -
T JaZsin2(2B) + 2 JSin2(2B) + £2
1+ a cos(2pB) _ asinh 1+ cos(2B) N
\/azsinz (2B) + t? \/sin?(2p) + t?
N t et asin?(2pB) — t%cos (2B) _
sin (2p) J tsin (2B8)y/t2 + a% + 2a cos(2p) + 1

—a asinh

~ t et a?sin?(2p) — t? cos(2pB) _
2 sin(2p) I tsin(2pB) /t? + 4a2cos?(B)

B - sin?(2p) — t? cos(2)
2sin(2pB) g tsin(2/3) \/tz + 4cos?(pB)
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The third integration in (2) gives,

fb_z l asin?(2) — t%cos (28) B
) 2 n 2B Crsin (2B)\/t2 + a2 + 2a cos(2B) + 1

t2 vt a?sin?(2p) — t? cos(2pB)
~ 4sin(2p) gtsm(Z,B) Jt% + 4aZcos?(B)

t2 sin? (2B) - t? cos(2f) _ [(a® + Dcos(2f) + 2a] asinhi +

“asinzp) 8 tsin(28) \/t2 + 4cos?(B) 2 o

a?[cos(2B) +1] t [cos(2B8) + 1] . t
> asinh 2acos (B) + > asinh Seos (B) ) +

a + acos (2f) h 1+ acos (2) _ atasinh 1+ acos(2p)

h _
+atasin N + tasin S P) T 2 Ja?sin2(2p) + 2
a+cos(2B)  a?sin(2p) tcos(B)

—tasinh — arctg

\/sin?(2pB) + t? 2 sin(2p) \/tz + 4a?cos?(B) -

_ sin(2) vt tcos(B) N a?sin(2p) ret tcos(B)
2 gsin(Zﬁ) \/tz + 4cos?(B) 2 gsin(Zﬁ) \/tz + 4a?cos?(B)

a?sin(2p) t(1 + acos(B))
+ arctg
2 asin(2f) \/tz + a?+ 2acos(2B) + 1

sin(2p) t(a + cos(B)) b—z
+ arctg
2 asin(2f) \/tz +a?+2acos(2p) +11 _,

Finally, the fourth integration in (2)

I, = f (213 dz

leads to T;,, (n = 1,2, ...,8) which appear in the expression (5) for the self-inductance Ly of the
circular coil with the rectangular cross section and the radial current density.
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APPENDIX 11

The first integration in (4) gives,

a
f);— = [\/x2 + 2xa cos(2f) + a? + t2 — \/x% + 2xcos(28) + 1 + t2 —
1

_xcos(2a) a + x cos(2B) + xcos(2a) 1+ x cos(2pB)

Jx2sin2(2p) + t2 Jx2sin2(2p) + t2

wheret =v —2z

The second integration in (4) gives,
; 2

I, = f zl, dx = 3 [—a3 cos(2p) asinh
1

a+ acos(2B) B
\/azsinz(Zﬁ) + t2

1 + cos(28) + a3cos(2B) asinh 1+ acos(2B)

/sin2(2p) + t2 Ja?sin2(2p) + t2 "
a +cos(2f)

/sin2(2p) + t2
2 2
+ [1 + ﬁ@ﬁ)l J4cos2(B) +t2 — laz +1 +sinZtTﬁ)l‘/t2 + a? + 2acos(2f) + 1+

— cos(2p) asinh

2
+ cos(2p) asinh + Iaz + Ml J4a2cos2(B) +t2 +

t3cos (28) arct asin?(2B) — t%cos (28) B
sin3(2p) 8 tsin (2,8)\/t2 + a?+ 2acos(2B) + 1

_ t3cos (28) arct a?sin?(2p) — t%cos (28)
2sin3(2) s tsin (2B)+/4aZcos?(B) + t2

_ t3cos (28) arct sin?(2p) — t%cos (2/8)
2sin3(2p) 8 tsin (2[3)/4cosZ(B) + t2

The third integration in (2) gives,

b

+ 2
J 12 dv = [-8ta3 cos(2p) asinh @ + acos(2f) -
; Ja?sin2(2p) + t2

1+ 2 1+ 2
cos(2h) + 8ta3cos(2p) asinh @ cos(2f)

\/sin?(2pB) + t? \/azsinz(Zﬁ) + t2 "

—8tcos(2p) asinh
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+ 8tcos(2) asinh a+cos(2f) t* cos(2p) vt a?sin?(2p) — t? cos(2pB) B
Jsin2(2B) + ¢2  sin®(2pB) gtsin(Z,B) J4aZcosZ(B) + t2
_ t* cos(2p) vt sin?(2p) — t? cos(2)
sin3(2) gtsin(Z[i’) 4cosZ(B) + t2
t*cos (23) asin?(2pB) — t%cos (2B) 5 _
sin3(2p) e gtsin (2B)yt2 + a% + 2acos(2p) + 1 + ba’sin’ (2f)asinh 2acos (B) "
+6sin? (Z,B)asinhmt(ﬁ) + 3[2(a* + 1)cos(2B) — (a? + 1)2]asinh% +
. tcos(§)
+6a* sin(2f)cos (2p) arctg Sn(2p) I T 4atcos2 (B)
+6sin(2f)cos (2f) arct teos(h) -
gsin(2[3) \/tz + 4cos?(B)
_ t(l + acos(B))
—6a* 2 2 -
a’sin(2p) cos(2f) arctg asin(2f) \/t2 + a2 + 2a cos(2B) + 1
t(a + cos(ﬁ))

—6sin(2p) cos(2p) arctg

sin(2B) /t? + a% + 2a cos(2B) + 1

[ t? t?

+t _5a2+m \/46(2C032(ﬁ)+t2+tl5+ml\/4€052(,8)+t2—
I l—2z

—t|5(a?+ 1)+ Z(Zﬁ)l Jt2+a? +2acos(2f) +1 |

—Z

Finally, the fourth integration in (4),

b

14_ = f I3dZ

0

leads to S, (n = 1,2, ...,12) which appear in the expression (7) for the self-inductance L, of the
circular coil with the rectangular cross section and the azimuthal current density.
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