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Abstract

In this study, we establish novel hypergeometric representations for the two classical sequences that
are the Pell and Jacobsthal sequences. Building on Dilcher’s hypergeometric formulation of the
Fibonacci sequence, we extend similar results and derive analogous structures for these two classical
sequences. The results unify several known identities, provide new explicit representations, and offer
abroader perspective on hypergeometric interpretations of linear second order recurrence sequences.
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1. Introduction

Hypergeometric functions, with their serial definitions, parametric structures, and
transformation properties, hold a central position in many branches of mathematics [1]. This field,
pioneered by Gauss and Kummer, encompasses general solution approaches beyond classical
methods and is now considered a powerful analytical tool not only in theoretical mathematics but
also in many scientific fields, such as physics, biology, economics, numerical analysis, and
cryptography [2,4,7,8].

The analytical power of hypergeometric functions is not limited to their respective differential
equations; but also manifests in the relationships that can be established with various special number
sequences. In this context, particular attention has been focused on the Fibonacci sequence, which
enables the derivation of various hypergeometric representations [3]. This seemingly unnatural
relationship has been made compatible with hypergeometric structures through parametric
transformations and mappings. However, the applicability of a similar approach to structurally
similar Pell and Jacobsthal sequences has been largely ignored in the literature.

In existing studies, representations of hypergeometric series have mostly been presented that
are limited to only certain parameter values, and a significant part of these representations remains
specific to the Fibonacci sequence.

However, Pell sequences also have similar second-order linear homogeneous recurrence
relations and can be evaluated using the same theoretical framework. The Jacobsthal sequence can
be analyzed analytically through its connection with Chebyshev polynomials in [9]. Roy studied
binomial identities and hypergeometric series in [10].

This paper demonstrates that hypergeometric functions are not only special functions but also
powerful tools for the analytical representation of sequences of integers. Pell and Jacobsthal
sequences are reconstructed from a hypergeometric perspective using classical transformations,
series expansions, integral representations, and connections to special polynomials.

Studies on the Fibonacci sequence are particularly prominent. Dilcher’s work details how
hypergeometric functions can represent the Fibonacci sequence under different transformations and
offers various representations using transformation techniques of classical series.

This article focuses on the re-expression of Pell and Jacobsthal sequences in terms of
hypergeometric functions. We use Binet formulas and recurrence relations to illustrate their
relationship with hypergeometric series.
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2. Materials and Methods

The gamma function, which is included in the definition of many special functions, is given as
rx) = f e tt*1dt,x > 0
0
with the following properties
rx)=x—-1!,x€eN

F'x+1) =xI'(x),x>0
rxra—-x) =

2.1)

) + E) = 21-2/10(2x) (2.2)

Given ais a constant real or complex number and 7 is a natural number, the Pochhammer symbol (a),,
is defined as

(@p=a(a+1@+2)..(a+n—-1)(2.3)
The Pochhammer symbol is named after the 19th-century German mathematician, Leo August
Pochhammer. Although originally introduced in the context of differential equations, it is now used
as a fundamental tool in numerous theoretical and applied studies involving hypergeometric
functions, orthogonal polynomials, special number sequences and series solutions. We have

(@) = and (1), =n

r'(a+n)

(@ = T@

(2.4)

(Dn41 = ala+ 1), (255)

_ (A)n
(a)n—k - (a+n—k)g

Jacobsthal numbers J, are a special sequence of integers defined recursively J, =0,J; = 1,], =
Jn-1+ 2J/n_2, (n = 2). The Binet formula of the Jacobsthal sequence is |, = w [5].
Pell numbers P, are a special sequence of integers defined recursively P, =0,P; = 1,P, =
2P, + Py_5, (n = 2). Pell sequence is given as P, = %((1 + \/E)n - (1 - \/E)n) [6]
Hypergeometric differential equation is defined as
x(1—-x)y"+[c—(a+Db+ Dx]y' —aby =0 (2.6)
Solutions of the hypergeometric differential equation at x=0 regular singular point are called

hypergeometric functions:
y = AF(a,b,c;x) + Bx'™“F(a—c+1,b—c+ 12 —¢;x)
where A and B arbitrary constants. The general solution is valid for |x| < 1.
The representation of the hypergeometric function is:

Fla,b,c: )_Z(a) n(D)n o

(©pn!

Some functions can be expressed by hypergeometrlc function in the following:

1
F(li]-;l; x) = m;

1
F(1,2,1;x) = a2

F(-n,1;1;1—-x)=x"n=012..,
F(—n,b,b;—x) = (1 + x)™,
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In(1 +
F(1,1,2; —x) = PAF0)
x
x
X — 1; L
e* = gl_)nc}oF (1, b,1; b)'
Lemma 2.1 [1] Hypergeometric function holds the following property
1 3 1
— B 1-2a __ _ A\1l-2a
F(a,2+a,2,z) 22(1—23)[(1+Z) 1-2z)'"%2](2.7)
Lemma 2.2 [1] Hypergeometric function satisfies the following property
F(a,b,c;z) = (1 —z)7@F (a,c b, c; ) (2.8)
Lemma 2.3 [1] Hypergeometric function satisfies the following property
z
.7} = (1 — 7)-b —ac
F(a,b,c;z) = (1 —12) F(b,c a, c,Z — 1).(2.9)

Lemma 2.4 [3] Hypergeometric function satisfies the following property
F(a,b,c;z) = (1 —2)"2PF(c —a,c—b,c; z).(2.10)
Lemma 2.5 Hypergeometric function satisfies the following property

F(a,b,c;z)=(1—z)'“%F( c—ba—b+1; 1i —)

_,T(©r@-b) F(bc—ab—a+t 1 %) (2.11)

A=) T D)

3. Main Results

This section comprehensively covers the analytic relationships between hypergeometric
functions and some special integer sequences. The connection between the Fibonacci sequence and
hypergeometric series is based on Dilcher’s work. In this context, the theoretical construction of serial
representations using generating functions and recurrence relations for sequences is presented.
Theorem 3.1 The Jacobstral sequence is expressed by hypergeometric function as
3 2v2i- 221

2wz
Proof: By [9] and by the representation of the second type of the Chebyshev polynomial with

-1
]n=2 2 i"InF(1—-n1+n,=

hypergeometric function, the Jacobstral sequence is expressed by Chebyshev polynomials as
- @id'TU < .31
= 27 Uy, Vo B.1

If we substitute n=n-1 and x=% in (3.1), we get

)=(—-1+DF(-(n—1D,n—1+2,3 3, Doy

n 1(2\/— 2

3 2v2i—
=nFll-n1l+nz3 3.2

( 2 4z ) (3:2)
By (3.1) and (3.2), the result is obtained.
Theorem 3.2 The Pell sequence is expressed by hypergeometric function as

1-n n 3

Pn —TLF(T,I—E E 2)

— @V2)"-a-v)r

. If we substitute 1 —2a =n,a =
2V2

Proof: The Binet formula of the Pell sequence is B,
Tvez—\/_ 1r1(27) we get
FC1-5,252) = 7= [(1+V2)" = (1 - 2v2)"].

Theorem 3.3 The nth element of the Jacobstral sequence is expressed by hypergeometric function as
n—1

—znT_l-n—lz i 2’<<n+k)
=22 k_o(ﬁ 2k +1

Proof: By Theorem (3.1) and the representation of the second type of the Chebyshev polynomial with
hypergeometric function and the expansion of the series of the hypergeometric function, we have
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3 2v2i—1
2’ 4\/—1
2V2i —
S (=n+ Dun + Dk Tavar
K!

n-1
Jn=272i"F(1—-n1+n,-

)k

= Cx

(n—1)!
A== D o

+ k)
01
If the equalities (3.3), (3.4) are substituted in the series above, it is obtained that

n-1
ot O DR+ k)1 (2\/’1—1)
=221 1; n—-1-k) Q2k+1)! (\/—l)

(3.3)

A+n), =

For n—1—k = 0, we have
n-1 n—1
n-1 -DFRV2i-D* n+k n-1 i n+k
Jn = ZTiHZ — (\r- k : (Zk + 1) - ZT“HZ(_T_ 2)* <2k + 1)'
& (V2D = V2
Theorem 3.4 The (2n+1)™ element of the Pell sequence is expressed by hypergeometric function as
3
Ponia = @+ DDF (1,14 1,52)
Proof: We know that by Lemma 2.2
z
. —_ — —a
F(a,bcz)=(1—-12) F( —b,c 1)
By Theorem 3.2 and (2.8), we get

1-2n-1 1 2Zn+1 3
2 ’ 2’2

= @n+ DF ( . 3-2)
- n n;2 nizy

Ponsr = (2n+ DF(

;2)

= (2n + 1)(-D)"F (—n, 14,3 2).
Theorem 3.5 The 2n'" element of the Pell sequence is expressed by hypergeometric function as
3
w=CDM@OF(1-n14+n,5;2)
Proof: By Theorem 3.2 and (2.9), it is satisfied that

1
n = (2n)F(

w3
2; nizy)

3
= (—=1)"2nF (1 -n1+ n 2).

Theorem 3.6 The nth element of the Pell sequence is expressed by hypergeometric function as

1—n 2—n
P—2"1F( 5 1-n; -1)
Proof: In the equality in Theorem 3.2, if we choose a=1;—n,b—27n a+b+m—— m=nandz =2,
we get
3
) Qe t-m2ew
n=n 2+n 1+n 2 T T
G G )

By (2.8), the result is obtained as

-1
\ %ﬁ%r(g)r(nTH)F(l—"’z_n,1—n; —1)-

N TEEE R

Theorem 3.7 The (2n+1)™ element of the Pell sequence is expressed by hypergeometric function as
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1
Pri1=(Cn+ DF(—n,1+ n -1)

Proof: The following equalities are satisfied by hypergeometric function

F(a,b,c;z) =F(a,b,a+ b+ m;z)

I'(a+ b+ m)I'(m)

I['(b+m)l'(a+ m)

'@+ b+ m)'(—m)
I'@Tr(b)

[3]. In Theorem 3.4 and first sum of the equality (3.5), if we choose a=—-n, b=1+n, z=2 ve a+

F(a,b,a+b+m;z) =

F(a,b,—m+1;1—-12)

+(1-2)™ Fb+ma+mm+1;1—-1z2)(3.5)

b+m:§,weget
2

1...3
(=
Pyy1 = (Cn+1D)(-D" (2) (2)

1
F(—n,1 +n,§;—1)

MG -G +n)
@2n + 1)(-1)" \/E%\/E Fln,1+m ;1)
= len T D= T_\1.1 AT
r(z-n)zr(z+n)

i 1
=Q2n+1DED"—5 F(—n,l +n,§;—1).

cosnm
Theorem 3.8 The 2nth element of the Pell sequence is given by hypergeometric function as

3
Py, = —2nF (1 —-n,1 +n,§; —1).
Proof: In Theorem 3.5 and (3.5), if wechoose a=1—n, b=1+n,z=2,and a+ b+ m= % , we get
1..,3
F(==Ir)

[ - mI(z+n)

3
Py = 2n)(=1)" Fl—m1+n,2; -1)

1

B N —Zﬁiﬁ 3
=)D ——F—F(1-n1 +n,§, -1).
cosnm

Theorem 3.9 The (2n+1)™ element of the Jacobstral sequence is found by hypergeometric function as
2n
22i+1 13 2«51’—1)
]2n+1 < 4 ) ( ) < 2’2 —2\/21'—1
Proof: In Theorem 3.1, we substitute 2n+1 for n, we obtain

Jona1 = 272320 + 1F (—Zn, 2n + 2,5;@> .(3.7)
27 4\2i

In Lemma 2.2, if we use (3.7), we get

F(a,b,c; z) = F(-2 2+232‘/le_1
a,0,CZ) = Ir(—4an, Zn o T —
27 4\2i
5 2V2i—1
2V2i+1 13 ,
= (———=—)?"F(—2n,—2n — —,—;47‘/71)
42i 22 02i-1_
4/2i
2V2i +1 13 2\2i—-1
= ((———)2"F(-2n,—2n — =, =} ————
42i 22" 2\2i—-1

Then, we use (3.7)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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\/‘ +1 13 2V2i—-1
=2"2"2n+ 1 ME(=2n,—2Nn — =, — )} —————
2x/‘1+1 13 2V2i—-1
= (V2i 2 2n+1 <7> F(—Zn,—Zn——,—;i)
(vV2) ¢ ) 42i 2°2°2\2i-1
Theorem 3.10 The 2nth element of the Jacobstral sequence satisfies the following equality
; ( 8 )2““ F(1+2 , +13 2\/’1'—1)
=|— n n,in
o \vzi+1 2'2" —22i—1
Proof: In Theorem 3.1, we substitute 2n for n, we obtain
2n-1 3 2v/2i—1
=22 ™ 12nF(1-2n,1+42n,—;——) (3.8
Jm=27 ( 2 ) B9
In Lemma 2.3., we use the equality (3.8). Then, we get
5 5 24/2i —1
3 2vV2i—1 2V2i+1 13 i
F<1—2n,1+2n,—; ): ( )_Zn_lF(1+2n‘2n+_‘_-4—\/_l)
2" 42i W 2i 2°2°2\2i—-1
-1
4\/_l
2V2i+1 13 2v2i—1
= (——)™ " 1F(1 + 2n,2n + —)
W 2i 2’2" 32— 1
Then, we use (3.7) as
2n-1 2V2i +1 13 2v2i—-1
=22 " IIn(——)"™F(1+2n,2n +=
Jon o 22 21
1 2V2i+1 13 2V2i—-1
= 2nj2n 2n 20-1R(1 + 2n,2n + =
\/_i(4\/_l) ( 22 2i—1
1 42i 42i 13 2V2i—1
=2 it ——2n( )( )2RF(1 + 2n, 2n + 5
V2iT 2VZi+ 1 2VZi+ 1 2’2 oVzi-1
V2n o 42i -8 13 2V2i-1
=— ME(1+2n,2n+ =
i (zﬁi+1)(2\/§i+1) ( 2’2 2vzi-1
( 8 )2““ <1+2 ) +1 3 2f1—1>
=n|—— n,2n _
2V2i+1 2’2" 2vzi-1

Theorem 3.11 The 2nth element of the Pell sequence is denoted as

1 3
Pn = 2nF(1+n,§+n,E; 2)

Proof: In Theorem 3.2, we substitute 2n for 1, we obtain

1-2n 3
n=2nF( > ,1—n,5;2)
By Lemma 2.3 and (3.8) we get
P2 32 1oy ampd L2233,
( 2 ’ )_( ) ( 2 )2 ( n)izr)
1 3
= (_1)2111:;(1 + n,§+ l’l,z; 2)

Theorem 3.12 The (2n+1)™ element of the Pell sequence is demonsrated as
3 3
P2n+1—(2n+1)F( +n2+n2 2)

Proof: In Theorem 3.2, we substitute 2n+1 for n, we get
Py = 2n+ DF (—n, —n—312%; 2) .(3.9)
If we use (2.10) for (3.9), we establish

3 —+n (—n——) 3
F(—n,—n—z,z; 2)=(1-2) F(—+n——( n-— ) 2)

3
~;2)

3
= (-1)*™"2F(z+n2+n,
=D GtnZ+ng

Hence,
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3.2
12I )

N =

Pyi1 = (Cn+ 1DF(—n,—n —

3 3
= (2n + 1)(=1)2M*2F (E Fn24n; 2).

Theorem 3.13 The (2n+1)t element of the Jacobsthal sequence is expressed by hypergeometric

; o +1)(\/§_)2n 42i F<3+2 ,, 13 2\/21'—1)
=(n ) |zm——Fls+2n-2n—5,5;—F—|
it 22i+1 \2 2'2" 42i

Proof: If the linear transformation (2.10) is applied to the hypergeometric expression in (3.7), we find

function as

Fl—2n,2 o3 2\/21'—1)
—2n,2n+2,5;————
2" 42i
2V2i—13 3 2V2i—-1
= (1 - —=—)z ZW-Cm2p 2n),=— (2n+2
( NI ) ( - (= ) ( )5 NI —=)
2V2i+1\= 1 3 2V2i-1
=Ca)? F(‘+2” L T )
If we apply this equality to (3.7), we compute
2V2i+1-1_ 3 13 2V2i—-1
= 2" (2n+ 1)(—e) 2 F(5 + 20, —2n — =, =5
42i 2n 13 2\2i-1
Hl(z n + 1)(v/2i) F( +2n,-2n—3,5,5, =)

Theorem 3.14 The (2n+1)" element of the Jacobsthal sequence is expressed by hypergeometric
function as

a1 | W20 (1 13 2v2i—1
= (2n)(V2i Fls+2n—2n+5,5———|.
(an(v21) 2\/_+1< 2°2 4\@')
Proof: If the linear transformation (2.10) is applied to the hypergeometric expression (3.8), we find
3 2V2i—1

F(1-2n2n+1,-

( )

2V2i - 3 2\/_ 2i—1

— - am-en g g _ony 2 on 41

( NI ) ( ( ) ( )5 i — =)

-1

<2\/§i+1>2 F<1+2 oy s L3 2\/71'—1)

=\—F 5 n,—4in ST — |
42i 2 2°2° aV2i
If we apply this equality to (3.8), we evaluate
2V2i+1 1 13 2v2i—1
—2"' in1(2n F—+2n —-2n+=,>
Jon @&, TG 4
4/2i an-1_ (1 13 2V2i— 1)
= |[———@n)(V2i)" F(s+2n-2n+5,5———
zﬁi+1( (V2) (2 2°2° 42i
Theorem 3.15 The 2nth element of the Pell sequence is found as
3
Py, = 2nF (1 -n,1+ n —1).
Proof: If 2n is written instead of # in the equation of Theorem 3.2, we get
1-2n 3
Py, = 2nF< S l-n 2).(3.10)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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If we apply the linear transformation of Lemma 2.5 to (3.10), we get
F 1-2n 1 3 2
( 2 ) n; 2 ’ )
3 1-2n

#F(g)l"(l—n— 5—) 1-2n 3 1-n) 1-2n (1—m)+ 1 1)

= (- I —n ’ - —-n ; -
rG-12"ra-n 2 2 2
3.~ 1—2n

i T EZ— -0 —n)) 3 1-2n 1-2n

+(-1)~@m™ a3 A-nzy-—— 0-n)-——+1-1)
FE5=DrG - (1 - n)
3,1
oyt rEre) 1 1 N
=Dt =y F Gy gD
3 1

L, I'@ri=3) 3

+(—-D" 1 1 F(1—n,1+n,5;—1)
I'G—=mI(G+n)
If we substitute in (3.10), we get
3.1
P = oml(—1)i rre) el 1.1
2 = 2D e T — ey G T v T D
3 1

e Qr(=2) 3.

+(-1) 1 1 F(l—n,1+n,§,—1)].
rz-n)r(z+n)
By I'(1 — n), the first part of the equality is undefined. Therefore, we use only the second part.
-1 3 vr 1 1
We know that F(T) = —2+/m, F(E) =7“ and by (2.1), we have I‘(E—n)I‘(5+n) = CO;(TM) .
Hence,
Vr
o AVt 3
Pon = 2n(~D)" ' ——=-F(1 = n,14n,2;-1)
cos(nm)

3
= 2n(—1)"cos(nm)F (1 -n,1+ n —1).

Theorem 3.16 The (2n+1)™ element of the Pell sequence is expressed by hypergeometric function as

3
Py = (@2n+ 1)F<—n, 2+ n,z; —1).

Proof: If we apply the linear transformation in Lemma 2.5 to the hypergeometric expression in
equation (3.9), we obtain

13
F( n,—nm E,E; 2)

IOI(-n—2+m) 3 1 1
= (-1)"—= TFCens—(n=2)n—(-n-2)+1-1

ATI(-n— (-n—2)) 13 1
+(—-1)""2 3 1 F(—n—z,§+n,—n—§+n+1;—1)
M(-mIG - (-1 —2))
rGr(-2) 3

= (—1)n 3 1 F(—n,2 + n,z; —1)

FG+nI(-n->)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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W r@r@ 13, 1
+(=1) zm%—n—z,zﬂhz;q).

If we substitute this equality in (3.9), we have

rGr(-2)
3

F(z + n)F(—n - 7)

Ppnsr = 2n+ D[(-D"

3 1
r@)r 13,1
#F(—n -=,=+n5;-1)].
T(—n)I(2 + n) 2’2" 2

By I'(—n), the second part of the equality is undefined. Therefore, we use only the first part. We know
that I(2) = —2v7, I =T and by (1), I(——mrC+n) = -

is satisfied:

3
F(—n,2 +n,§;—1)

1
+(_1)l’1+7

T

. Therefore, the following
cos(nm)

Nl 3
Pypy1 = @n+1)(=1)" ——F7=—F(-n,2 + n,>; —-1)

" cos(nm)
= (2n+1)(~1)"cos(nm)F(—n, 2 + n,>; —1).

Theorem 3.17 The (2n+1)* element of the Jacobsthal sequence is computed as

2n -1 42i
=(2V2i+1) F(-2n——2n,—4n - 1,——|.
Jonsa = ) < 2 2v2i + 1)
Proof: If we apply the linear transformation Lemma 2.5 to the hypergeometric expression in (3.7),
Fl-man+2,’ 2V2i -1
—4in, n o T =
2" a2i
3
22i+1, TRI@n+2+2n) 3 42i
= ( —y2n 2 F(-2n,5-2n—2,~2n—2n—2+ L)
4W2i 1"(7 +2n)T(2n + 2) 2V2i+1
3
22i+1 FTr(=2n—2n-2) 3 42i
+( )2 2 3 Fn+22+2n2n+2+2n+ 1,o———)
42i F(—Zn)F(i —2n-2) 2V2i+1

3
2V2i+1 I 4n +2) -1 4V2i
= ( )Zn F(_Zn,T -2n,—-4n—-1,—)

W2i © 14 amrzn +2) 2V2i +1
—2n— 3
2vZi+1\ " T(5)T(=4n-2) 3 Nl
+ 4\/2 1 F 2n+2,5+2n,4n+3;w .
l — —— L
r( Zn)F( - Zn)
By I'(—n), the second part of the equality is undefined. Therefore, we use only the first part. By (3.2),
we get
4n+1 3
'An+2) = F2n+1F(—+2n),
( ) N ( 5
2n+1 3
r2n+2) = T(n+ 1T + n),
(@n+2) == =T+ DIG+ )

2n
T(2n+1) = %F(n +T(n +1).

By these equalities above, we have

Fl—2n,2 +23 2V2i—1
- nl n I_;i
2" a2i
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\/_24n+1 22n
2VZi+1, 2 \/— -G P+ DIG +2n) -1 42
A2 r(7+ 2n)WF(n+1)F(§+n) 2V2i+1
Jm24n+1,2n
2V2i+1.0n 2 vn vm -1 _ a2
( INGT ) 22n+1(n 1 F( 21'7. 2n,—4n —1; 2\/_l+1)
NP
If we substitute the equality of F(—2n,2n + 2, 2 ; 2V2i- 1) in (3.7), we have
\/_24n+1 22n
2V2i+1, 2 Jx vn 42i
=2"*"(2n+1 n F(—2n -2n,—4n—-1,——
]2n+1 ( )( \/zl ) 22n+1 (n %) ( 2 2\/51 + 1)
Vr
2V2i+1 1 -1 42i
=2"2"2n +1 Znp4n F(=2n,——2n,—4n—1,————
N T TS R o+l
Theorem 3.18 The 2nt element of the Jacobsthal sequence is expressed by hypergeometric function
as
11 22i+1 1 42i
=— ME1-2n,-z-2n,—4n+1;,———
n v 1z 2 NIRRT
42 1 42i
ME(1 4+ 2n,—+2n,4n + 1, —
"G 2 IR
Proof: If we apply the linear transforrnation Lemma 2.5 to the hypergeometric expression in (3.8),
F(1—2m1 4 2n,° 2\/_1_1)
—2n, n=
2" 42i
2VZi+1,,  TGI(+2n—1+2n) 3 Wi
=( —)" 71— F(l-2n5-1-2n1-2n—1-2n+1-———)
421 IG— 1+ 201+ 2n) 2V2i +1
3
2VZi+1 . TEI(-2n—1-2n) 3 a2i
+( _y-1-2n 2 : F(1+2n,§—1+2n,1+2n—1+2n+1;—_)
42 I(1-2n)rG - 1-2n) 2V2i+1
. 3 _
_ (2«/?1 Loy Fren) F(L—2n, L~ 2n —4n+ 1 42i )
' 1 2T "2VZi+ 1
4V2i Iz +20)(1 +2n)
3
22i+1 . TRI(4n) 1 42i
+( —) " 1 F(1+2n,5+2n4n+1;-——")
42i r(1— Zn)F(j —-2n) 2V2i+1

By (2.2), we get ['(4n) = %r(zmr (3+2n),r(2n + 1) = 207(2n),

r(2) =, ream) = e reznr (2 - 2n),and 11 - 2m) = —2nr(-2
3) =3 T(~4m) = —=—T(=20)F (5~ 2n) and (1 - 2n) = ~2nI(~2n)
If we substitute these values in the equation above, we obtain
3 2V2i-1
F(1-2n,1+2n,-
( )
\/_2 n-1
2VZi+l, 2 \/_ r@EnNG +2n) 1 2
= ( __)2n F(1-2n,5~2n,~4n+1>———)
42 [ + 2n)2nr(2n) 2V2i+1
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\/Ez—4-n—1 1
W2+l 27 g L2mlG = 2n) 1 42
+( —)~ T F(1+2n,=+2n,4n + 1;————)
42 —2nT' (—2n)I' (5 — 2n) 2 2V2i+ 1
\/_2 n—-1
2VZi+1l, |2 \/— r@IG +2n) 1 42
= "y F(1 - 2n,5 = 2n,—dn + Li>—=——)
42 [(3 + 2n)2nl(2n) 2V2i+1
\/_2 4n—-1
W2+l 2 g ¢ 2“)F(z 2n) 1 472
+( —)~1-2n F(1+2n,z+2n,4n+1;—.).
42 —2nl'(~2n)l'(3 - 2n) 2V2i +1
\/_2 n-1
mor i+l 2 \/— r@n)I( +20) 1 a2
Jon =272 2" 12n[( —)2" F(1 - 2n,§ -2n,—4n+1;,—)
42 [(3 + 2n)2n[(2n) 2V2i+1
\/_2 4n—-1
W2+l 27 g L¢2n MG - 2n) 1 4z
+( —)~1-2n F(1+2n,z+2n,4n+1;7')]
W2 —2nr(—2n)r(7 —2n) 2V2i+1
1 1 2V2i+1 1 42i
=— MF(1-2n,-—2n,—4n+1;,——
8“2\/7i+1[( W2 YUEC 2 2\/§i+1)
—= 2 )IME(L+ 20,5+ 20,40 + 1; Z}ﬁ‘l)]

4. Discussion and Conclusions

The results demonstrate that hypergeometric functions are not only a topic of special function
theory but also a powerful expression tool in areas such as integer sequences, combinatorics, and
numerical analysis. The proposed representations provide analytical solutions that can be used in
theoretical analysis and structures that can facilitate algorithmic computations.

The results obtained here demonstrate the relationship between hypergeometric functions and
special integer sequences, and suggest that further research is possible in this area. While Pell and
Jacobsthal sequences are examined in detail, broader structures such as Horadam family are also
open to investigation in terms of hypergeometric representations. Similar transformations can be
developed for both classical and g-analog versions of these sequences.

Most of the proposed representations have been evaluated at the analytically. However, the
numerical equivalents of these structures have not been investigated thoroughly. Future work could
consider integrating the proposed representations into approximate computation methods,
algorithmic typesetting, and computerized proof systems. Furthermore, the usability of the resulting
transformations in applied fields such as cryptography, signal processing, and combinatorial
structure analysis can be investigated.
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