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Abstract: A two-qubit Hamiltonian model exhibiting an SU(2) symmetry is considered. The related dynamical

problem results to be then exactly solvable both in the time-independent and in the time-dependent case. Basing on

the formal, general form of the related time evolution operator, the time-dependence of the level of entanglement

of some initial conditions is studied within both the Rabi and the Landau-Majorana-Stückelber-Zener scenarios.

Keywords: SU(2) symmetry; Interacting qubits; time-dependent Hamiltonians; quantum control; dynamical

entanglement generation

1. Introduction

It is well known how the two-level approximation (namely, when the dynamics of a quantum
system can be restricted to only two of its states) is ubiquitous and finds a plethora of applications
in physics [1–3] and chemistry [4–6]. For example, it has been recently shown how the two-level
formalism turns out to be suitable to adequately describe the dynamics of charge transfer [7,8] and
of molecules in optical cavities [3]. Moreover, in the last decades the two-level quantum dynamical
problem has become fundamental in quantum technologies, such as quantum computing [9–11],
quantum sensing [12,13], quantum information processing [14,15], and quantum metrology [16,17].

Besides appropriately implementing qubits, in quantum computing it deserves to initialize and
measure them precisely. As this aspect is concerned, the quantum control becomes critical. Quantum
control Hamiltonians are conceived to be time-dependent Hamiltonians characterized by an external
driving used to govern the qubit dynamics. Consequently, the identification of single-qubit exactly
solvable scenarios, that is, of time-dependent Hamiltonians whose time evolution operator can be
analytically derived, has become crucial. Indeed, several mathematical approaches and methods has
been developed in order to individuate exactly solvable two-level dynamical problems [18–25], since
solving the Schrödinger equation with a time-dependent Hamiltonian is not an easy task, in general.
Among different exactly solvable scenarios, the most famous are undoubtedly the Rabi [26] and the
Landau-Majorana-Stückelberg-Zener (LMSZ) [27–30] ones for their wide ranges of applications in
physics. The interest of such a kind of research is shown also by its across-the-board validity. For
example, the analytical solutions for a single two-level system have proved to be useful also in more
complex systems not composed by spin variables [31], as well as, analogous approaches have been
used for obtaining exact solutions for non-Hermitian two-level dynamical problems [32].

In some many-qubit scenarios, however, the coupling between different effective two-level sys-
tems (TLSs) cannot be neglected [33,34]. In other contexts, instead, such as in quantum computation, it
is fundamental to tune the interaction between the TLSs in order to perform quantum logic gates aimed
at generating entangled states of the system [35–37]. Entanglement is indeed a resource for quantum
computation [38]. Therefore, great attention has been payed to the simplest many-qubit physical
system which is of course the two-qubit scenario: two TLSs interacting either directly (exchange,
Heisenberg, and Dzialoshinskii-Moriya interactions) or indirectly (photon-mediated interaction). This
fact is confirmed, for example, by the huge amount of works focused on performing quantum gates and
logic operational protocols on two-qubit systems implemented through different platforms [39–57].

Of course, in order to fully control the dynamics of two interacting qubits, the development of
strategies for solving the dynamical problem related to two-qubit time-dependent Hamiltonians are
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crucial as well. In Ref. [58], for example, the original two-qubit dynamical problem is decomposed into
two independent single-qubit (sub)problems related to two dynamically invariant subspaces stemming
from the existence of a specific symmetry of the Hamiltonian (and then of a constant of motion). In this
way, on the basis of the knowledge of exact solutions for the single-qubit scenario, exact solutions for
the two-qubit problem have been derived. The integrability of the two-qubit Hamiltonian model has
been then exploited to bring to light physical effects in both the closed [59–61] and the open [62] case.

In this work, instead, our scope is to individuate a, generally time-dependent, two-qubit Hamil-
tonian model which presents no integrals of motion, and whose related time evolution operator can
be still formally written and, for specific cases, analytically derived. To this end, we have relied on
the Group Theory, focusing, in particular, on the SU(2) group. The possibility of exactly solving the
dynamical problem has been exploited to investigate the exact time dependence of the concurrence
(which measures the level of entanglement between the two qubits) in three different cases: the time-
independent, the Rabi, and the LMSZ scenarios. It is shown how controlled generation of entanglement
is possible both periodically and asymptotically in adiabatic and non-adiabatic regimes.

The work is organized as follows. In Sec. 2, after recalling some basics aspects of the SU(2)-
symmetry group, the new two-qubit Hamiltonian model is derived. In Sec. 3 three possible solutions
of the dynamical problem are discussed, and the related time behaviour of the two-qubit concurrence
is investigated in Sec. 4. Finally, conclusive remarks are given in Sec. 5.

2. The Model

2.1. SU(2) Symmetry

The SU(2)-symmetric group is a compact group whose lowest-dimensional matrix representation
consists in the set of all two-dimensional unitary matrices of the form

U2 =

(
a b

−b∗ a∗

)
, (1)

with a and b two complex parameters satisfying |a|2 + |b|2 = 1. The generators of this 2 × 2 representa-
tion of the SU(2) group are the well known Pauli matrices: σx, σy, and σz. The most general generator,
combination of the three Pauli matrices, can be then written as

H2 = ωxσx + ωyσy + Ωσz =

(
Ω ω

ω∗ −Ω

)
, (2)

with ω ≡ ωx − iωy, and the matrix is represented in the basis of σz. It is worth underlining that H2 are
the generators of U2 in the sense that U2 are the solutions of the equation iU̇ = HU, which is nothing
but the Schrödinger (h̄ = 1) equation for a physical system described by the Hamiltonian H. This
holds when the the Hamiltonian is both time-dependent and time-independent (the time plays the
role of the group parameter). In the time-independent case, the expressions of a and b can be easily
derived by diagonalizing the Hamiltonian. In case of time-dependence of H, instead, the solution of
the system for a and b, stemming form the Schrödinger equation, could be a not easy task. However,
several examples of exactly solvable dynamical problems related to time-dependent Hamiltonians
exist [18–27,30,58].

Matrix representations of the same SU(2) group in higher dimensions are also possible. The three-
dimensional representation, for example, consists in all 3 × 3 unitary matrices whose generators are
linear combinations of the three spin-1 Pauli matrices. The peculiarity at the basis of all representations
is that they are always characterized by two independent parameters. It means that we can formally
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write the entries of the higher-dimensional unitary matrices of SU(2) as specific combinations of the
two parameters a and b. The three-dimensional matrices, e.g., can be cast as

U3 =

 a2
√

2ab b2

−
√

2ab∗ aa∗ − bb∗
√

2a∗b
b∗2 −

√
2a∗b∗ a∗2

. (3)

As physical problems are concerned, this aspect is extremely relevant from a dynamical point of view,
since it implies that high-dimensional SU(2)-symmetric dynamical problems can be solved by solving
the related analogous 2 × 2 SU(2) dynamical problem.

In this work the 4 × 4 representation of the SU(2) group is considered. The 4 × 4 unitary matrices
constituting the set read

U4 =


a3

√
3a2b

√
3ab2 b3

−
√

3a2b∗ a(|a|2 − 2|b|2) b(2|a|2 − |b|2)
√

3a∗b2
√

3ab∗2 −b∗(2|a|2 − |b|2) a∗(|a|2 − 2|b|2)
√

3a∗2b
−b∗3 √

3a∗b∗2 −
√

3a∗2b∗ a∗3

. (4)

The related generators are the spin-3/2 operators and the most general linear combination, in the basis
of Sz, results to be

H4 =


3Ω/2

√
3ω/2 0 0√

3ω∗/2 Ω/2 ω 0
0 ω∗ −Ω/2

√
3ω/2

0 0
√

3ω∗/2 −3Ω/2

. (5)

Also in this case, of course, the matrix U4 is the formal solution of the equation iU̇4 = H4U4. Of course,
depending on the forms of Ω and ω (in general time-dependent), we obtain different expressions of a
and b, solutions of the two independent equations stemming from the Schrödinger equation.

2.2. SU(2) Two-Qubit Model

We can interpret H4, that is the 4 × 4 matrix representation of the generic generator of the SU(2)
group, in terms of two spin-qubits. In other words, we can interpret the Hamiltonian H4 as written in
the composite basis of the two qubits {|++⟩, |+−⟩, |−+⟩, |−−⟩}, with σz|±⟩ = ±|±⟩. It is possible to
verify that the resulting two-qubit model read

H4 =Ωσz
1 +

Ω
2

σz
2 +

√
3

2

(
ωxσx

2 − ωyσ
y
2

)
+

ωx

2

(
σx

1 σx
2 + σ

y
1 σ

y
2

)
+

ωy

2

(
σx

1 σ
y
2 − σ

y
1 σx

2

)
.

(6)

It describes two qubits interacting through an Heisenberg term depending on ωx and a Dzialoshinsky-
Moriya (DM) term [63,64] characterized by a the DM vector d = (0, 0, 2ωy) (since the DM interaction is
commonly written as d · S1 × S2 [65], with Sj = h̄/2{σx

j , σ
y
j , σz

j }, j = 1, 2). The first qubit is subjected to
a magnetic field along the z direction, namely (0, 0, 2Ω), while the second one is subjected to a different
magnetic field with nonvanishing components on the three directions, precisely (

√
3ωx,

√
3ωy, Ω). We

see that, in order to obtain the SU(2) form, specific relations between the parameters of the two-qubit
Hamiltonian exist. In particular, it is interesting to note the link between the strength of the magnetic
field on the x − y plane (on the second spin) and the interaction parameters, as well as the z-magnetic
field on the first spin which doubles the one on the second spin. We stress that the magnetic fields
written before, compared to the terms in the Hamiltonian, lack of a factor 1/2 since the Hamiltonian
terms describe the coupling between the magnetic field and the spin magnetic moment which, for a
spin-1/2, is characterized by a pre-factor 1/2 (h̄ = 1) in front of the Pauli matrices, namely s = σ̂/2.
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As discussed above, the dynamical problem related to such a two-qubit model can be solved
by finding the solutions of a and b which can be derived by solving the analogous two-dimensional
dynamical problem. In the following three dynamical scenarios are considered.

3. Dynamical Scenarios

3.1. Time-Independent Case

First, consider the case where the three Hamiltonian parameters are time-independent, namely

Ω = Ω0, ω = ω0eiϕ0 [where ω0 =
√

ω2
x + ω2

y, and ϕ0 = − arctan(ωy/ωx)]. In this case we can speak
of eigenenergies of the system and they read

E1 = −3
2

k, E2 = −1
2

k, E3 =
1
2

k, E4 =
3
2

k, k ≡
√

Ω2
0 + ω2

0. (7)

The expression of a and b can be analytically derived and it is possible to verify that they results to be

a(t) = cos(k t)− i
Ω0

k
sin(k t),

b(t) = −i
ω0

k
sin(k t).

(8)

We see that the parameter ϕ0 does not play any role in the dynamics since it does not appear in the
above expressions of a and b. This fact is physically reasonable since we can unitarily transform the
Hamiltonian by performing a rotation in the x-y plane in order to obtain ϕ′

0 = 0, that is, ω′
x = ω0 and

ω′
y = 0.

3.2. Rabi Scenario

The Rabi scenario is characterized by a precessing magnetic field with a constant component
along the z axis and a rotating field on the x-y plane, that is

Ω(t) = Ω0, ωx(t) = ω0 cos(ν0 t), ωy(t) = ω0 sin(ν0 t), (9)

where ν0 is the precession frequency of the field. In this case a and b obtain the following expressions
[26]

a(t) =
[

cos(νR t)− i
∆
νR

sin(νR t)
]

e−iν0t,

b(t) = −i
ω0

νR
sin(νR t)e−iν0t,

(10)

with ∆ = Ω0 − ν0 being the detuning and νR =
√

∆2 + ω2
0 the Rabi frequency. ∆ = 0 corresponds to the

well known resonance condition for which the Rabi oscillations of the populations in a two-level system
are characterized by the maximum amplitude [26]. It is important to underline that the realization of a
Rabi scenario for the two-qubit model under scrutiny could be challenging from an experimental point
of view since the transverse magnetic field on the second spin and the coupling between the two qubits
must be varied accordingly in order to maintain the SU(2) symmetry of the Hamiltonian. However,
through trapped ion and superconducting circuit technologies both parameters can be appropriately
managed [66].

3.3. Landau-Majorana-Stückelberg-Zener Scenario

The LMSZ scenario [27,30] is characterized by a constant transverse field, i.e. ω(t) = ω0, and a
longitudinal ramp, that is a linearly varying magnetic field along the z direction, namely Ω(t) = α t
(with α > 0 being the slope of the ramp), from negative to positive infinite values [t ∈ (−∞,+∞)].
To consider negative values of time is a mathematical trick to formally describe the experimental
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procedure consisting in the inversion of the magnetic field. Precisely, the passage from negative to
positive values means that the magnetic field is initially set along a specific direction and its modulus
is linearly decreased in time until it vanishes. At this point the modulus starts to be linearly increased
in the opposite versus of the same direction. The instant when the field vanishes is then the inversion
point.

The related dynamical problem cannot be solved in general, but only for specific initial states
[27,30]. Moreover, it is not physically meaningful both from a theoretical and experimental point
of view since an infinite field implies infinite energies as well as an infinite process. However, the
dynamical problem related to a ‘finite’ LMSZ scenario, that is a ramp starting and ending at finite
instants, i.e. t ∈]− t0,+t0[, can be generally solved as well [67]. The expressions of a and b, although
complicated, can be analytically derived and read [67]

a =
Γ f (1 − iβ)

√
2π

×[Diβ(
√

2e−iπ/4τ) D−1+iβ(
√

2ei3π/4τi)

+ Diβ(
√

2ei3π/4τ) D−1+iβ(
√

2e−iπ/4τi)],

b =
Γ f (1 − iβ)√

2πβ
eiπ/4

×[−Diβ(
√

2e−iπ/4τ) D−1+iβ(
√

2ei3π/4τi)

+ Diβ(
√

2ei3π/4τ) D−1+iβ(
√

2e−iπ/4τi)],

(11)

where β = ω2
0/α, Γ f is the gamma function, Dν(z) are the parabolic cylinder functions [68] and

τ ≡
√

α t is a time dimensionless parameter (we stress that since h̄ = 1 then [α] = s−2); τi identifies the
initial time instant. It is interesting to stress that in this case one can consider also non-symmetric time
windows, that is τi ̸= −τf ; it is particularly relevant the case in which τi = 0 [67] which can generate
entangled states of two-qubit [59] and two-qutrit [69] systems through an adiabatic change of the field
(α ≪ 1).

4. Concurrence Dynamics

The level of entanglement of a two-qubit system can be quantified through the concurrence [70],
which, in case of a generic normalized pure state |ψ⟩ = c++|++⟩+ c+−|+−⟩+ c−+|−+⟩+ c−−|−−⟩,
acquires the following analytical form

C = 2|c++c−− − c+−c−+|. (12)

In Figure 1 (Figure 2) the Concurrence is calculated for different initial conditions, namely when
the two-qubit system is initialized in the state |−−⟩, |+−⟩, and (|++⟩+ |+−⟩)/

√
2 (in the subplots

(a), (b), and (c), respectively) for the time-independent (Rabi) scenario. We see that the behaviour of
the concurrence is qualitatively similar in the two cases. This is due to the fact that the expressions
of a and b for the Rabi scenario closely resemble the ones related to the time-independent case. This
circumstance stems from the fact that the Rabi Hamiltonian can be unitarily transformed to a time-
independent one by changing the reference frame from the laboratory one to the frame rotating with
the precessing magnetic field. The time behaviours of the concurrence practically consists in periodic
oscillations. It can be noted that the subplots (a) of Figures 1 and 2 are identical since in that case,
that is for the initial condition |−−⟩, the concurrence results to be C = 4|(a∗)3| |b3|. In this instance
the factor e−iν0t, appearing in the expressions of a and b for the Rabi scenario, does not play any role,
contrarily to what occurs in the other cases (subplots (b) and (c) in the two figures) which present
slight differences.

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 15 May 2024                   doi:10.20944/preprints202405.1042.v1

https://doi.org/10.20944/preprints202405.1042.v1


6 of 12

(a) (b) (c)

Figure 1. Time-dependence of the concurrence for the initial condition: a) |−−⟩, b) |+−⟩, and c)
(|++⟩+ |+−⟩)/

√
2, in the time-independent case when Ω0 = 2ω0 as a function of the dimensionless

time τ = k t.

(a) (b) (c)

Figure 2. Time-dependence of the concurrence for the initial condition: a) |−−⟩, b) |+−⟩, and c)
(|++⟩+ |+−⟩)/

√
2, in the Rabi scenario when Ω0/2 = 2ν0 = ω0 as a function of the dimensionless

time τ = νR t.

In Figures 3, 4, 5, the time behaviour of the concurrence in the LMSZ scenario is plotted for
the three initial conditions |ψ1(ti)⟩ = |−−⟩, |ψ2(ti)⟩ = |+−⟩, and |ψ3(ti)⟩ = (|++⟩ + |+−⟩)/

√
2,

respectively. The value of β = ω2
0/α determines the level of adiabaticity of the dynamics. In particular,

for β < 1 (β > 1) the system is driven by a non-adiabatic (adiabatic) process.

(a) (b) (c)

Figure 3. Time-dependence of the concurrence in the LMSZ scenario, as a function of the
dimensionless time τ =

√
α t, for the initial condition |−−⟩, when: a) β = 0.1, b) β = 0.2, c) β = 2.

(a) (b) (c)

Figure 4. Time-dependence of the concurrence in the LMSZ scenario, as a function of the
dimensionless time τ =

√
α t, for the initial condition |+−⟩, when: a) β = 0.1, b) β = 0.2,c) β = 2.
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(a) (b) (c)

Figure 5. Time-dependence of the concurrence in the LMSZ scenario, as a function of the dimensionless
time τ =

√
α t, for the initial condition (|++⟩+ |+−⟩)/

√
2, when: a) β = 0.1, b) β = 0.2, c) β = 2.

The differences between the cases related to β = 0.1 and β = 0.2 in the three figures are only
quantitative. The system starts indeed from a vanishing concurrence (since the considered initial
conditions are separable) and then, after the inversion of the field, an amount of entanglement is
generated between the two qubits.

A qualitatively different behaviour is instead obtained for the plots with β = 2. In this case, for
the three initial conditions, the maximum level of entanglement is generated at or near the central
point (the inversion point of the field). At large times the concurrence tends to zero again, meaning
that the system comes back to a separable state. This can be seen by explicitly writing the evolved
states at time t, obtaining

|ψ1(t − ti)⟩ = U4(t − ti)|ψ1(ti)⟩ =b3|++⟩+
√

3a∗b2|+−⟩+
√

3(a∗)2b|−+⟩+ (a∗)3|−−⟩,

|ψ2(t − ti)⟩ = U4(t − ti)|ψ2(ti)⟩ =
√

3a2b|++⟩+ a(|a|2 − 2|b|2)|+−⟩

− b∗(2|a|2 − |b|2)|−+⟩+
√

3a∗(b∗)2|−−⟩,

|ψ3(t − ti)⟩ = U4(t − ti)|ψ3(ti)⟩ =
1√
2

{
(a3 +

√
3a2b)|++⟩+ [a(|a|2 − 2|b|2)−

√
3a2b∗]|+−⟩

−[
√

3a(b∗)2 − b∗(2|a|2 − |b|2)]|−+⟩+ (
√

3a∗(b∗)2 − (b∗)3)|−−⟩
}

,
(13)

and by taking into account that for adiabatic dynamics (β > 1) a(t ≫ t) → 0 and b(t ≫ t) → 1. In
this limit it is possible to see that |ψ1(t ≫ 1)⟩, |ψ2(t ≫ 1)⟩, and |ψ3(t ≫ 1)⟩ obtain a separable form,
namely

|ψ1(t ≫ 1)⟩ = |++⟩, |ψ2(t ≫ 1)⟩ = |−+⟩ |ψ3(t ≫ 1)⟩ = |−+⟩+ |−−⟩√
2

, (14)

justifying the vanishing concurrence at large times. We note that, such a kind of dynamics practically
consists in the fully state-inversion, that is in flipping the spin-states. Contrarily, for non-adiabatic
dynamics (β < 1) the state at large times is not separable presenting a non-vanishing level of entangle-
ment.

However, it is interesting to show that it is possible to generate entanglement also through adia-
batic dynamics. In this case it is sufficient to modify the procedure of application of the magnetic field;
namely, it deserves only to modify the time window, leaving unchanged the linear time-dependence
of the ramp. Indeed, for a half-ramp, that is, a magnetic field initially vanishing and then linearly
increased, the production of of entanglement can be appreciated in Figure 6. We see that in the three
cases the concurrence, starting from a vanishing value, asymptotically tends to a (almost) constant
value, namely 0.5. In the transient, for the cases in subplots 6(b) and 6(c), high level of entanglement,
corresponding C ≈ 0.9, are reached by the two-qubit system during the adiabatic dynamics.
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(a) (b) (c)

Figure 6. Time-dependence of the concurrence in the LMSZ scenario, as a function of the
dimensionless time τ =

√
α t, for the initial condition: a) |−−⟩, b) |+−⟩, and c) (|++⟩+ |+−⟩)/

√
2,

and for adiabatic procedures, namely β = 2.

Finally, it is important to stress that the fast oscillations clearly visible in all of the plots related to
the LMSZ scenario are not due to approximations adopted to obtain the plots. Rather, they are related
to the fast oscillating cylinder functions appearing in the analytical solutions of the LMSZ model, given
in Eqs. (11).

5. Conclusions

In this work a model of two interacting qubits has been presented and studied. The model has
been derived by initially considering the finite four-dimensional representation of the general generator
of the SU(2) group. Such a 4 × 4 matrix can be written in an operatorial form through spin-3/2 Pauli
operators. In this case one simply obtains a model of a single spin-3/2 (a four-level system) subjected
to a magnetic field with, in general, non-vanishing components on the three independent directions.

The same 4 × 4 matrix, however, can be read also in terms of the Pauli matrices of two spin-1/2
(TLSs or qubits). By performing such a ‘translation’ in the new language of the two TLSs, we have
obtained a model of two qubits interacting through both an exchange and a Dzialonshinskii-Moriya
interaction terms. The two qubits are also subjected to different local magnetic fields. Precisely, the first
qubit is subjected only to a longitudinal (z) magnetic field, while the second spin is subjected to both
a longitudinal and a transverse (on the x-y plane) magnetic field. Of course, in order to respect the
SU(2)-symmetry form of the generator, specific relations between the different Hamiltonian parameters
exist. Namely, the longitudinal magnetic field on the first qubit doubles the one on the second qubit,
and the coupling strength of the interaction parameters are closely related to the magnitude of the
transverse magnetic field on the second qubit.

The importance of an SU(2)-symmetric model relies on the fact that we know the general structure
of the operator U generated by the generator H (the Hamiltonian) through U = e−iHt (h̄ = 1); in
physical terms, U is then the time evolution operator. The general structure of the operator U, which
is dependent only on two generally complex parameters (which can be found by solving the related
Schrödinger equation), is valid when the Hamiltonian parameters are both time-dependent and not.
While the time-independent case is of course easily solvable, the time-dependent one depends on
the specific time-dependence of the field and, in general, to find exact solutions is not an easy task.
However, thanks to the SU(2) symmetry, we can obtain exact solutions for our two-qubit problem
from the known solutions of the single-qubit dynamical problem. This circumstance considerably
simplifies our task since several exactly solvable single-qubit scenarios (for which analytical solutions
of the Schrödinger equation can be found) exist in literature [18–30,58]. It means that for all of these
scenarios we can derive the exact dynamics of the two qubits. From a physical point of view, such a
circumstance implies that, for such scenarios, we can have a full control of the evolution of the two-
qubit system. Moreover, we could analogously take advantage from specific applications developed
for single two-level systems [71–76] and applying them in two-qubit scenarios.
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Besides the time-independent case, we have considered the most famous exactly solvable time-
dependent scenarios: the Rabi and the LMSZ ones. The exact expressions of the two parameters
defining the time evolution operator have allowed us to derive the analytical form of the evolved
states of some initial (separable) conditions taken into account. We have analysed, in particular, the
time evolution of the concurrence, being a measure of the entanglement established between the two
qubits. High level of entanglement can be generated through such a kind of interaction model and the
considered scenarios. Further, we have highlighted how it is possible, in the case of the LMSZ scenario,
to generate high values of concurrence in a different way depending on the level of adiabaticity of the
procedure (that is, depending on the slope of the magnetic field).

Finally, it is worth pointing out that the relevance of the present work relies also on the fact that it
opens the possibility to analogously investigate: 1) other possible exactly solvable scenarios for the
same model; 2) other finite representations of the SU(2)-symmetry group which can be interpreted in
terms of more complex systems of interacting qubits [77,78] and/or qudits (N-level systems) [69,79,80].
For example, the 6× 6 representation matrix can be written in terms of a qubit coupled to a qutrit (three-
level system), as well as the eight-dimensional matrix can be expressed in terms of three interacting
qubit operators.
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