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ABSTRACT. In the paper, by virtue of a Lévy-Khintchine representation and an alternative in-
tegral representation for the weighted geometric mean, the authors establish a Lévy—Khintchine
representation and an alternative integral representation for the Toader—Qi mean. Moreover, the
authors also collect an probabilistic interpretation and applications in engineering of the Toader—
Qi mean.

1. PRELIMINARIES AND MAIN RESULTS

In this section, we prepare some necessary knowledge and state our main results. We organize
this section as three subsections.

1.1. Toader—Qi mean. For a,b > 0 and ¢ # 0, denote

L[ 2 0 sin?
= (o [ v a0)
27(— 0
It is easy to see that

2 [m/2 , 1/q 9 (/2 '
Mq(a,b) = |:/O\ (ac0529b51n2 e)qd9:| _ |:/0 (aq)COSQ 9(1)‘1)5“129(19

™ ™
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In [37], it was remarked that

Mo(a,b) = lim M, (a,b) = G(a,b) = Vab,

but it was not known how to determine any mean M, for ¢ # 0. In [38, p. 382, Section 5], the
connection

M,(a,b) = G(a,b) [J()(—igln ‘b‘)] v (1.1)

was underlined, where i = y/—1 is the imaginary unit, the Bessel function of the first kind J,(z)
can be defined [9] p. 217, 10.2.2] by

[e's) 2k+v
=27 ;
1/+k‘—|-1)<2> ’

k=0

and the classical Euler gamma function I'(z) can be defined [12] by
e C\{0,~1,-2,...}.

In [23, Lemma 2.1] and [24] Lemma 2.1], the relation

M,(a,b) = G(a, b) [10( In b)} v (1.2)

was established, where the modified Bessel functions of the first kind I,,(z) can be defined by

1 2 2k+v
Z): O]M(y-i—k—i—l)(Z) s |argz|<’ﬂ', VE(C

Since

00 2k
) z
a=i2) = 1) = 3 (5 )
k=0
the formulas (1.1)) and (1.2]) are essentially the same one.
With the help of (1.2), the mean M,(a,b), the modified Bessel function of the first kind Iy, and
the arithmetic-geometric mean M (a,b), which can be defined [5l 25|, 26] by

1
\/@2 cos? 6 + b2 sin® 0

were bounded in [23] 24] [40] 4T], 42] successtully.

We remark that the mean M,(a,b) can be traced back to [5] [6, B7, B8] and the closely related
references therein. See also [2, pp. 401-403].

In the papers [40 (41l 42], the mean M;(a,b) was denoted by T'Q(a,b) and was named the
Toader—Qi mean after a Romanian mathematician, Gheorghe Toader, and the first author of this
paper. For the sake of convenience, we still adopt in this paper the notation and terminology.

In Section [ of this paper, we will collect a probabilistic interpretation and applications in
engineering of the Toader—Qi mean T'Q(a,b).

de,
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1.2. Lévy—Khintchine representation. For stating our main results, we need to recall the fol-
lowing notion and conclusions.

Definition 1.1 ([39, Chapter IV]). An infinitely differentiable function f on an interval I is said
to be completely monotonic on [ if it satisfies

(=" @) =0
for x € I and n € N, where N stands for the set of all positive integers.

Definition 1.2 ([4, Definition 1.2]). An infinitely differentiable function f: I — [0, 00) is called a
Bernstein function on an interval I if f’(¢) is completely monotonic on I.

Proposition 1.1 ([36, Theorem 3.2]). A function f : (0,00) — [0,00) is a Bernstein function if
and only if it admits the representation

fx) —a—{—ﬂm—i—/ooo(l—e”)dp(t), (1.3)

where a, B > 0 and p is a positive measure satisfying fooo min{1, ¢} d pu(t) < oco.
In particular, the triplet (o, B, 1) determines f uniquely and vice versa.

The integral representation for f(x) is called the Lévy-Khintchine representation of f(z).
The representing measure p and the characteristic triplet («, 3, 1) are often respectively called the
Lévy measure and the Lévy triplet of the Bernstein function f(z).

It was pointed out in [36l Chapter 3] that the notion of the Bernstein functions originated
from the potential theory and is useful to harmonic analysis, probability, statistics, and integral
transforms.

Definition 1.3 ([36, Chapter 2, Definition 2.1]). A Stieltjes function is a function f : (0,00) —
[0,00) which can be written in the form

f@)=2+b+ /OOO H%dﬂ(s), (1.4)

xT

where a,b > 0 are nonnegative constants and u is a nonnegative measure on (0, 00) such that

>~ 1
/0 1_‘_sd,u(s)<oo.

The integral appearing in (1.4]) is also called the Stieltjes transform of the measure u. For more
information on this kind of functions (transforms), please refer to the monographs [36, Chapter 2],
[39, Chapter VIII] and the closely related references therein.

1.3. Main results. The aims of this paper are to establish an integral representation and the
Lévy—Khintchine representation of the Toader—Qi mean TQ(z 4 a,x +b) for b > a > 0 and to verify
that the Toader—Qi mean T'Q(x,z + b — a) for b > a > 0 is a Bernstein functions and the divided
difference of TQ(z,x + b — a) is a Stieltjes function on (0, co).

Our main results can be stated as the following theorems.

Theorem 1.1. For b > a > 0, the Toader—Qi mean TQ(x + a,x +b) for x > —a has the integral
representation

b .
TQ(x+a,x+b):TQ(a,b)+x[1+71T/ Mtixdt (1.5)
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and the Lévy—Khintchine representation

TQz+a,z+b) = TQ(a,b) + 3+ -—2 / H(@.0:9) —as(y _ =2y g, (1.6)
s 0 S
where
2 [T/ 2 2
h(a,b;t) = —/ sin(mcos? 0) (t — a) (b — )™ d6, te€ [a,b],
T Jo
2 7\'/2
H(a,b;s) = 7/ sin(m cos? 0) F (cos? 0, (b — a)s) d6, s € (0,00),
T Jo
and
L1 A A
F(\,s) :/ ( - 1) (1 - >eS"du, (A, 8) €(0,1) x (0,00) (1.7)
o \U 1—-u

are positive. Consequently,
(1) the Toader—Qi mean TQ(x,x + b — a) is a Bernstein function of x on (0,00),
(2) the divided difference
TQ($, T+b— a) — TQ(G,, b)

Tr—a

is a Stieltjes function of x on (0,00).

Corollary 1.1. Forb > a >0 and x > —af?, we have

1% ha?,b%t) 1
q q) — q 14+ = i)
TQ(z + a?,x + b?) = [My(a,b)] —|—m{ +7r/aq ; t+xdt

and
be;
bs)

S

b? —a? [°° H(a? q
TQ(z +a, x4 b?) = [My(a,b)]? +x + a4 / (a (1 —e" ") ds.
n 0

Consequently, the divided difference
TQ(z,z + b1 — a?) — [My(a,b)]?
xr —al

;470
is a Stieltjes function of x on (0,00).
2. LEMMAS
For proving our main results, we need the following lemmas.
Lemma 2.1. Let A € (0,1) and b > a > 0. The principal branch of the weighted geometric mean
Gawn(2) = (a+ 2)M b+ 2)*
for z € C\ [—b, —a] can be represented by
N sin(Ar) [P (t—a)b—t)'N 1

Gapn(z) — a bt B 1 dt, z#0;

_ i @ t t+ 2z 21
z (1—XNa+ Xb 2.1)
BT 2=0

Proof. This follows from letting n = 2 in [29] Theorems 3.1 and 4.6], rearranging, and taking the
limit z — 0. See also [13] Remark 4.3], [I7, eq. (2.1)], [I8] eq. (2.1)], [2I], p. 728, Section 4, eq. (4.1)],
[22] Section 4, eq. (4.1)] and the closely related references therein. O
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Lemma 2.2. Let A € (0,1) and b > a > 0. The principal branch of the weighted geometric mean
Gapa(2) for z € C\ [=b, —a] has the Lévy—Khintchine representation

Gapa(z) = a2+ sin(Ar) (b—a) /00 Me““(l —e *)ds, (2.2)
0

™ s
where F()\, s) is defined by (L1.7).

Proof. This is a slight reformulation of those results in [I5] p. 131, Lemma 3.8], [20, Lemma 2.2],
[30, Theorem 3.2], and [32], Theorem 1.1] and the closely related references therein. O

3. PROOFS OF MAIN RESULTS
Proof of Theorem[I1. Applying (2.1]) gives

2 [/ > 2
TQ(x +a,z+0b) = f/ (z+a)* (x4 b %de
0

T
s : s? sin?
— 2/ /2 |:acos29bsin29 +r+ Sln(ﬂ- cos” 0) x/b (t — a)co G(b — t) o 1 dt:| do
T Jo T @ t t+x
94 [T/2 b (t— a)cos20(b _ t)sin29 1
=TQ(a,b == i 20 dt|de
Q(a, )+x+7rﬂ'/0 sin( cos )/a ; P }

a (P12 [/? 2 in? 1
:TQ(a,b)+x+;/a t[”/o sin (7 cos? 0) (t — @) (b — )™ HdO]t+xdt.

The integral representation (1.5)) is thus proved.
Applying (2.2)) yields

2 [7/2 > -
TQ(z +a,x+b) = ;/ (x4 a)® Yz + b 0 dg
0

_ z /77/2 |:acos20bsin29 + x4+ M(b — a) /oo F(C082 0, (b — a)S) e_as(l - e_ws) d8:| do
o 0

™ ™ S

_ ~/ 00 _
=TQ(a,b) +z + y / i [sin(w cos® 0) / F(cos” Q,S(b @)s) e" (1 —-e*)d s] de
0 0

_ oo /2
=TQ(a,b) + = + b-a / ! [2 / sin (7 cos® @) F'(cos® 0, (b — a)s) dQ} e (1 —e*)ds.
s 0 ST Jo

The Lévy—Khintchine representation is thus proved.

Since F'(\, s) is positive on (0, 00), comparing the representation with readily reveals
that the Toader-Qi mean T'Q(z,z + b — a) is a Bernstein function of x on (0, c0).

Reformulating as

TQ(x+a,x+b)TQ(a,b)1+1/b hia,bst) 1

T T J, t t+x

and comparing with (|1.4) immediately shows that the divided difference (1.8)) is a Stieltjes function.
The proof of Theorem [I.1]is complete. O

Proof of Corollary[1.1 This follows from replacing a and b in Theorem [I.] respectively by a¢ and
b? for ¢ # 0. O
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4. AN INTERPRETATION AND AN APPLICATION

In this section, we collect a probabilistic interpretation and applications in engineering of the
Toader—Qi mean T'Q(a,b). For more detailed information, please refer to the closely related posts

at the and the paper [7, §].

4.1. An probabilistic interpretation. It is not difficult to see that

2 [7/2 9 9 [7/2
TQ(1,6_4Z) _ 7/ e—4zsm Ty = 7/ 6—22622005(235) dz
0 0

i v
00 T T —2iz\"™ 00 0 2
s (2z)"2/ /2 (% 4 e 2im) Y 2k (22)% 2"
= _— —d = —_— = R .
¢ n;o ST A on ree ,;O k) 2k kZ:O <R

For the probabilistic interpretation, let N7 and Ny form a pair of independent identically distributed
random variables with Poisson distribution parameter z. Then

P{Ny = Np} =) P{N; = N, = k}
k=0
k

e} o’} 2
S PN =k}P{No=k} = <e;> =TQ(1,e7%).
k=0 k=0

The formulas (1.1) and (1.2)) imply directly the following probabilistic interpretation. If N; and
N3 are two independent Poisson distributed random variables both with the same parameter % for
z > 0, then Iy(z) is the probability that N3 = Ns. A simple proof is

P{N; = Na} = i P{N, = Ny =k} = i P{N; = k}P{Ny = k} = Iy(2).

4.2. Applications in engineering. In [7, Section 2] and [8, Section II], the mean and the mean
square over one period T of a continuous (and periodic) signal x(t) were defined by

1 2 1 2
k(z) = T/Tx(t)dt and  rk(2?%) = T/Tx (t)dt.
It is easy to see that

1 27 . .
TQ(a,b) — 7/ (acosebsma)Qdo _ ﬁ((aCOS9b51n0)2)7
27T 0
where T' = 27 and z(t) = a®'b*" !, In [7], the root of the mean square values of sampled periodic
signals was calculated by using non-integer number of samples per period. This implies that the
Toader—Qi mean T'Q(a,b) can be applied to engineering.

5. REMARKS

Finally we give several remarks on some related thing, including several inequalities for bounding
the Toader—Qi mean T'Q(a,b).

Remark 5.1. Lemmas and are equivalent to each other. For the outline to prove this
equivalence, please refer to [I9, Remark 4.1] and [3I, Theorem 1.1].


http://dx.doi.org/10.20944/preprints201703.0119.v1
http://dx.doi.org/https://doi.org/10.7153/mia-2018-21-29

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 16 March 2017 d0i:10.20944/preprints201703.0119.v1

LEVY-KHINTCHINE REPRESENTATION OF TOADER-QI MEAN 7

Remark 5.2. By the arithmetic-geometric-harmonic mean inequality, we have

; 1
acos® 0 + bsin? § > acos” Opsin® 0 > —.
cos? 6 4 sin [%
a b
Integrating on all sides on (O, %) gives
b b
Ala,b) = 20 S 70, b) > a;b — H(a,b)
a

and

Y A(a1,b7) > My(a,b) > ¥/ H(a,b9),
where A(a,b) and H(a,b) denote respectively the arithmetic and harmonic means. Comparing the
geometric mean G(a,b) and the Toader—Qi mean T'Q(a,b), which mean is bigger? The answer is

TQ(a,b) < Ala,b) ;’ G(a,b) - 2A(a7b);_ G(a,b)

did in [23] Remark 4.1] and [24] Remark 1]. Consequently, we have

Alad. bd a_pa)y1/¢ 2 A(ad. b q pa)] /e

o) <« [ O] A Gl
Remark 5.3. In [I0, Theorem 1.1], it was derived that

Aa+ (1= \b] —a*b' = < sin(Am) ((2/\ —1)(b—a)+[(1 = \)b— Aa]In 2) (5.1)

0
forb>a > 0and A € (0,1). Replacing A by cos? § and integrating over (O, g) on both sides of ([5.1)
arrives at
2

w/2 9 /2 . »
7/ [aC0320+bsin20] d6 — 7/ aces Gbs‘.ln 0d0
0 0

™ ™
2 7\'/2 3 2 9 b
<7/ Sm(WCOS)((200829—1)(1)—@)—1—[bsin29—a00829] ln>d9
T Jo 0 a
which can be simplified as

/2 & 29
TQ(a,b) — A(a,b) > 72/ sm(7rcos)<(200829 —1)(b—a) + [bsin® @ — acos® 6] In b> de
T Jo ™ a

2b—a) [T 2,0 My i
=TT /0 sin (7 cos? 0) Cos(20)d0*§1ng/o sin(m cos ) [bsin® § — acos? ] d 6
2 b [ - Ty,
:_ﬁln;/g sln(ﬂ'COSQH) [bsm29—a00529]d9=—a}0(§) o lna,

where

7T‘/2 7|'/2 1 20
/ sin (7 cos? ) cos(260) d 6 = / sin |:7T+C;)S():| cos(20)d 6
0 0

w/2 - 1 T -
= /0 cos[§ cos(29)} cos(20)d 0 = 2/0 cos<§ cos 0) cosfdé

- ;/ﬂﬂ cos[g cos<9+ g)} 008(9 + g) do = —% /W/Q cos(g Sin6’) sinfdf =0,
_ x/2
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/2 /2 1 20)] 1 — cos(26
/ sin (7 cos® ) sin? 0 d g = / sin [ﬂ' + cos( )} cos(29) de
/2 v 1 — cos(20) 1 ("2 v
= /0 cos [5 cos(QH)} — dé = 5 /0 Cos [5 cos(29)} de

= i/owcos(gcose) dé = %Jo(g)y

7"/2 7'r/2 1 2 1 9
/ sin (m cos? ) cos? 016 = / sin [W + cos( 9)] + cos(26) 10
0 0

and

2 2

el a0 [ on om0 =S ()

by virtue of the formula

/ cos(z cos x) cos(nz) dx = 7 cos %Jn(z)
0

in [3, p. 425, item 18]. In conclusion, we obtain

TQ(a,b) >A(a,b)—J0(g>b2_ﬂa mS, b>a>0.
Consequently, it follows that
1/q
q pa) _ b7 —a?, b
Mq(a,b)>[A(a,b) qJO(2) =l b>a>0, q#0.

Remark 5.4. The papers [1 4, 10, [T} 14 [16] (17, 18] 19} 23, 24 27, 28, 29, 30, 31}, 32| 33, 34 [35]

belong to the same series for establishing integral representations of several mathematical means.
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