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Abstract. In the paper, by virtue of a Lévy–Khintchine representation and an alternative in-

tegral representation for the weighted geometric mean, the authors establish a Lévy–Khintchine

representation and an alternative integral representation for the Toader–Qi mean. Moreover, the
authors also collect an probabilistic interpretation and applications in engineering of the Toader–

Qi mean.

1. Preliminaries and main results

In this section, we prepare some necessary knowledge and state our main results. We organize
this section as three subsections.

1.1. Toader–Qi mean. For a, b > 0 and q 6= 0, denote

Mq(a, b) =

(
1

2π

∫ 2π

0

aq cos2 θbq sin2 θ d θ

)1/q

.

It is easy to see that

Mq(a, b) =

[
2

π

∫ π/2

0

(
acos2 θbsin

2 θ
)q

d θ

]1/q

=

[
2

π

∫ π/2

0

(aq)cos2 θ(bq)sin2 θ d θ

]1/q

.
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2 F. QI AND B.-N. GUO

In [37], it was remarked that

M0(a, b) = lim
q→0

Mq(a, b) = G(a, b) =
√
ab ,

but it was not known how to determine any mean Mq for q 6= 0. In [38, p. 382, Section 5], the
connection

Mq(a, b) = G(a, b)

[
J0

(
−i q

2
ln
a

b

)]1/q

(1.1)

was underlined, where i =
√
−1 is the imaginary unit, the Bessel function of the first kind Jν(z)

can be defined [9, p. 217, 10.2.2] by

Jν =

∞∑
k=0

(−1)k

k!Γ(ν + k + 1)

(
z

2

)2k+ν

,

and the classical Euler gamma function Γ(z) can be defined [12] by

Γ(z) = lim
n→∞

n!nz∏n
k=0(z + k)

, z ∈ C \ {0,−1,−2, . . . }.

In [23, Lemma 2.1] and [24, Lemma 2.1], the relation

Mq(a, b) = G(a, b)

[
I0

(
q

2
ln
a

b

)]1/q

(1.2)

was established, where the modified Bessel functions of the first kind Iν(z) can be defined by

Iν(z) =

∞∑
k=0

1

k!Γ(ν + k + 1)

(
z

2

)2k+ν

, | arg z| < π, ν ∈ C.

Since

J0(−iz) = I0(z) =

∞∑
k=0

(
z

2k!

)2k

,

the formulas (1.1) and (1.2) are essentially the same one.
With the help of (1.2), the mean Mq(a, b), the modified Bessel function of the first kind I0, and

the arithmetic-geometric mean M(a, b), which can be defined [5, 25, 26] by

1

M(a, b)
=

2

π

∫ π/2

0

1√
a2 cos2 θ + b2 sin2 θ

d θ,

were bounded in [23, 24, 40, 41, 42] successfully.
We remark that the mean Mq(a, b) can be traced back to [5, 6, 37, 38] and the closely related

references therein. See also [2, pp. 401–403].
In the papers [40, 41, 42], the mean M1(a, b) was denoted by TQ(a, b) and was named the

Toader–Qi mean after a Romanian mathematician, Gheorghe Toader, and the first author of this
paper. For the sake of convenience, we still adopt in this paper the notation and terminology.

In Section 4 of this paper, we will collect a probabilistic interpretation and applications in
engineering of the Toader–Qi mean TQ(a, b).
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LÉVY–KHINTCHINE REPRESENTATION OF TOADER–QI MEAN 3

1.2. Lévy–Khintchine representation. For stating our main results, we need to recall the fol-
lowing notion and conclusions.

Definition 1.1 ([39, Chapter IV]). An infinitely differentiable function f on an interval I is said
to be completely monotonic on I if it satisfies

(−1)n−1f (n−1)(t) ≥ 0

for x ∈ I and n ∈ N, where N stands for the set of all positive integers.

Definition 1.2 ([4, Definition 1.2]). An infinitely differentiable function f : I → [0,∞) is called a
Bernstein function on an interval I if f ′(t) is completely monotonic on I.

Proposition 1.1 ([36, Theorem 3.2]). A function f : (0,∞) → [0,∞) is a Bernstein function if
and only if it admits the representation

f(x) = α+ βx+

∫ ∞
0

(
1− e−xt

)
dµ(t), (1.3)

where α, β ≥ 0 and µ is a positive measure satisfying
∫∞

0
min{1, t} dµ(t) <∞.

In particular, the triplet (α, β, µ) determines f uniquely and vice versa.

The integral representation (1.3) for f(x) is called the Lévy-Khintchine representation of f(x).
The representing measure µ and the characteristic triplet (α, β, µ) are often respectively called the
Lévy measure and the Lévy triplet of the Bernstein function f(x).

It was pointed out in [36, Chapter 3] that the notion of the Bernstein functions originated
from the potential theory and is useful to harmonic analysis, probability, statistics, and integral
transforms.

Definition 1.3 ([36, Chapter 2, Definition 2.1]). A Stieltjes function is a function f : (0,∞) →
[0,∞) which can be written in the form

f(x) =
a

x
+ b+

∫ ∞
0

1

s+ x
dµ(s), (1.4)

where a, b ≥ 0 are nonnegative constants and µ is a nonnegative measure on (0,∞) such that∫ ∞
0

1

1 + s
dµ(s) <∞.

The integral appearing in (1.4) is also called the Stieltjes transform of the measure µ. For more
information on this kind of functions (transforms), please refer to the monographs [36, Chapter 2],
[39, Chapter VIII] and the closely related references therein.

1.3. Main results. The aims of this paper are to establish an integral representation and the
Lévy–Khintchine representation of the Toader–Qi mean TQ(x+a, x+b) for b > a > 0 and to verify
that the Toader–Qi mean TQ(x, x + b − a) for b > a > 0 is a Bernstein functions and the divided
difference of TQ(x, x+ b− a) is a Stieltjes function on (0,∞).

Our main results can be stated as the following theorems.

Theorem 1.1. For b > a > 0, the Toader–Qi mean TQ(x + a, x + b) for x > −a has the integral
representation

TQ(x+ a, x+ b) = TQ(a, b) + x

[
1 +

1

π

∫ b

a

h(a, b; t)

t

1

t+ x
d t

]
(1.5)
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4 F. QI AND B.-N. GUO

and the Lévy–Khintchine representation

TQ(x+ a, x+ b) = TQ(a, b) + x+
b− a
π

∫ ∞
0

H(a, b; s)

s
e−as(1− e−xs) d s, (1.6)

where

h(a, b; t) =
2

π

∫ π/2

0

sin
(
π cos2 θ

)
(t− a)cos2 θ(b− t)sin2 θ d θ, t ∈ [a, b],

H(a, b; s) =
2

π

∫ π/2

0

sin
(
π cos2 θ

)
F
(
cos2 θ, (b− a)s

)
d θ, s ∈ (0,∞),

and

F (λ, s) =

∫ 1

0

(
1

u
− 1

)λ(
1− λ

1− u

)
e−su du, (λ, s) ∈ (0, 1)× (0,∞) (1.7)

are positive. Consequently,

(1) the Toader–Qi mean TQ(x, x+ b− a) is a Bernstein function of x on (0,∞),
(2) the divided difference

TQ(x, x+ b− a)− TQ(a, b)

x− a
(1.8)

is a Stieltjes function of x on (0,∞).

Corollary 1.1. For b > a > 0 and x > −aq, we have

TQ(x+ aq, x+ bq) = [Mq(a, b)]
q + x

[
1 +

1

π

∫ bq

aq

h(aq, bq; t)

t

1

t+ x
d t

]
and

TQ(x+ aq, x+ bq) = [Mq(a, b)]
q + x+

bq − aq

π

∫ ∞
0

H(aq, bq; s)

s
e−a

qs(1− e−xs) d s.

Consequently, the divided difference

TQ(x, x+ bq − aq)− [Mq(a, b)]
q

x− aq
, q 6= 0

is a Stieltjes function of x on (0,∞).

2. Lemmas

For proving our main results, we need the following lemmas.

Lemma 2.1. Let λ ∈ (0, 1) and b > a > 0. The principal branch of the weighted geometric mean

Ga,b;λ(z) = (a+ z)λ(b+ z)1−λ

for z ∈ C \ [−b,−a] can be represented by

Ga,b;λ(z)− aλb1−λ

z
=


1 +

sin(λπ)

π

∫ b

a

(t− a)λ(b− t)1−λ

t

1

t+ z
d t, z 6= 0;

(1− λ)a+ λb

a1−λbλ
, z = 0.

(2.1)

Proof. This follows from letting n = 2 in [29, Theorems 3.1 and 4.6], rearranging, and taking the
limit z → 0. See also [13, Remark 4.3], [17, eq. (2.1)], [18, eq. (2.1)], [21, p. 728, Section 4, eq. (4.1)],
[22, Section 4, eq. (4.1)] and the closely related references therein. �
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LÉVY–KHINTCHINE REPRESENTATION OF TOADER–QI MEAN 5

Lemma 2.2. Let λ ∈ (0, 1) and b > a > 0. The principal branch of the weighted geometric mean
Ga,b;λ(z) for z ∈ C \ [−b,−a] has the Lévy–Khintchine representation

Ga,b;λ(z) = aλb1−λ + z +
sin(λπ)

π
(b− a)

∫ ∞
0

F (λ, (b− a)s)

s
e−as(1− e−zs) d s, (2.2)

where F (λ, s) is defined by (1.7).

Proof. This is a slight reformulation of those results in [15, p. 131, Lemma 3.8], [20, Lemma 2.2],
[30, Theorem 3.2], and [32, Theorem 1.1] and the closely related references therein. �

3. Proofs of main results

Proof of Theorem 1.1. Applying (2.1) gives

TQ(x+ a, x+ b) =
2

π

∫ π/2

0

(x+ a)cos2 θ(x+ b)sin2 θ d θ

=
2

π

∫ π/2

0

[
acos2 θbsin

2 θ + x+
sin
(
π cos2 θ

)
π

x

∫ b

a

(t− a)cos2 θ(b− t)sin2 θ

t

1

t+ x
d t

]
d θ

= TQ(a, b) + x+
2

π

x

π

∫ π/2

0

sin
(
π cos2 θ

) ∫ b

a

(t− a)cos2 θ(b− t)sin2 θ

t

1

t+ x
d t

]
d θ

= TQ(a, b) + x+
x

π

∫ b

a

1

t

[
2

π

∫ π/2

0

sin
(
π cos2 θ

)
(t− a)cos2 θ(b− t)sin2 θ d θ

]
1

t+ x
d t.

The integral representation (1.5) is thus proved.
Applying (2.2) yields

TQ(x+ a, x+ b) =
2

π

∫ π/2

0

(x+ a)cos2 θ(x+ b)sin2 θ d θ

=
2

π

∫ π/2

0

[
acos2 θbsin

2 θ + x+
sin
(
π cos2 θ

)
π

(b− a)

∫ ∞
0

F
(
cos2 θ, (b− a)s

)
s

e−as(1− e−xs) d s

]
d θ

= TQ(a, b) + x+
2(b− a)

π2

∫ π/2

0

[
sin
(
π cos2 θ

) ∫ ∞
0

F
(
cos2 θ, (b− a)s

)
s

e−as(1− e−xs) d s

]
d θ

= TQ(a, b) + x+
b− a
π

∫ ∞
0

1

s

[
2

π

∫ π/2

0

sin
(
π cos2 θ

)
F
(
cos2 θ, (b− a)s

)
d θ

]
e−as(1− e−xs) d s.

The Lévy–Khintchine representation (1.6) is thus proved.
Since F (λ, s) is positive on (0,∞), comparing the representation (1.6) with (1.3) readily reveals

that the Toader–Qi mean TQ(x, x+ b− a) is a Bernstein function of x on (0,∞).
Reformulating (1.5) as

TQ(x+ a, x+ b)− TQ(a, b)

x
= 1 +

1

π

∫ b

a

h(a, b; t)

t

1

t+ x
d t

and comparing with (1.4) immediately shows that the divided difference (1.8) is a Stieltjes function.
The proof of Theorem 1.1 is complete. �

Proof of Corollary 1.1. This follows from replacing a and b in Theorem 1.1 respectively by aq and
bq for q 6= 0. �
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6 F. QI AND B.-N. GUO

4. An interpretation and an application

In this section, we collect a probabilistic interpretation and applications in engineering of the
Toader–Qi mean TQ(a, b). For more detailed information, please refer to the closely related posts
at the ResearchGate and the paper [7, 8].

4.1. An probabilistic interpretation. It is not difficult to see that

TQ
(
1, e−4z

)
=

2

π

∫ π/2

0

e−4z sin2 x dx =
2

π

∫ π/2

0

e−2ze2z cos(2x) dx

= e−2z
∞∑
n=0

(2z)n

n!

2

π

∫ π/2

0

(
e2ix + e−2ix

)n
2n

dx = e−2z
∞∑
k=0

(
2k

k

)
(2z)2k

(2k)!
=

∞∑
k=0

(
e−z

zk

k!

)2

.

For the probabilistic interpretation, let N1 and N2 form a pair of independent identically distributed
random variables with Poisson distribution parameter z. Then

P{N1 = N2} =

∞∑
k=0

P{N1 = N2 = k}

=

∞∑
k=0

P{N1 = k}P{N2 = k} =

∞∑
k=0

(
e−z

zk

k!

)2

= TQ
(
1, e−4z

)
.

The formulas (1.1) and (1.2) imply directly the following probabilistic interpretation. If N1 and
N2 are two independent Poisson distributed random variables both with the same parameter z

2 for
z > 0, then I0(z) is the probability that N1 = N2. A simple proof is

P{N1 = N2} =

∞∑
k=0

P{N1 = N2 = k} =

∞∑
k=0

P{N1 = k}P{N2 = k} = I0(z).

4.2. Applications in engineering. In [7, Section 2] and [8, Section II], the mean and the mean
square over one period T of a continuous (and periodic) signal x(t) were defined by

κ(x) =
1

T

∫
T

x(t) d t and κ
(
x2
)

=
1

T

∫
T

x2(t) d t.

It is easy to see that

TQ(a, b) =
1

2π

∫ 2π

0

(
acos θbsin θ

)2
d θ = κ

((
acos θbsin θ

)2)
,

where T = 2π and x(t) = acos tbsin t. In [7], the root of the mean square values of sampled periodic
signals was calculated by using non-integer number of samples per period. This implies that the
Toader–Qi mean TQ(a, b) can be applied to engineering.

5. Remarks

Finally we give several remarks on some related thing, including several inequalities for bounding
the Toader–Qi mean TQ(a, b).

Remark 5.1. Lemmas 2.1 and 2.2 are equivalent to each other. For the outline to prove this
equivalence, please refer to [19, Remark 4.1] and [31, Theorem 1.1].
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LÉVY–KHINTCHINE REPRESENTATION OF TOADER–QI MEAN 7

Remark 5.2. By the arithmetic-geometric-harmonic mean inequality, we have

a cos2 θ + b sin2 θ ≥ acos2 θbsin
2 θ ≥ 1

cos2 θ
a + sin2 θ

b

.

Integrating on all sides on
(
0, π2

)
gives

A(a, b) =
a+ b

2
> TQ(a, b) >

a+ b

2ab
= H(a, b)

and
q
√
A(aq, bq) > Mq(a, b) >

q
√
H(aq, bq) ,

where A(a, b) and H(a, b) denote respectively the arithmetic and harmonic means. Comparing the
geometric mean G(a, b) and the Toader–Qi mean TQ(a, b), which mean is bigger? The answer is

TQ(a, b) <
A(a, b) +G(a, b)

2
<

2A(a, b) +G(a, b)

3

did in [23, Remark 4.1] and [24, Remark 1]. Consequently, we have

Mq(a, b) <

[
A(aq, bq) +G(aq, bq)

2

]1/q

<

[
2A(aq, bq) +G(aq, bq)

3

]1/q

, q 6= 0.

Remark 5.3. In [10, Theorem 1.1], it was derived that

[λa+ (1− λ)b]− aλb1−λ < sin(λπ)

π

(
(2λ− 1)(b− a) + [(1− λ)b− λa] ln

b

a

)
(5.1)

for b > a > 0 and λ ∈ (0, 1). Replacing λ by cos2 θ and integrating over
(
0, π2

)
on both sides of (5.1)

arrives at

2

π

∫ π/2

0

[
a cos2 θ + b sin2 θ

]
d θ − 2

π

∫ π/2

0

acos2 θbsin
2 θ d θ

<
2

π

∫ π/2

0

sin
(
π cos2 θ

)
π

(
(2 cos2 θ − 1)(b− a) +

[
b sin2 θ − a cos2 θ

]
ln
b

a

)
d θ

which can be simplified as

TQ(a, b)−A(a, b) > − 2

π

∫ π/2

0

sin
(
π cos2 θ

)
π

(
(2 cos2 θ − 1)(b− a) +

[
b sin2 θ − a cos2 θ

]
ln
b

a

)
d θ

= −2(b− a)

π2

∫ π/2

0

sin
(
π cos2 θ

)
cos(2θ) d θ − 2

π2
ln
b

a

∫ π/2

0

sin
(
π cos2 θ

)[
b sin2 θ − a cos2 θ

]
d θ

= − 2

π2
ln
b

a

∫ π/2

0

sin
(
π cos2 θ

)[
b sin2 θ − a cos2 θ

]
d θ = −J0

(π
2

)b− a
2π

ln
b

a
,

where ∫ π/2

0

sin
(
π cos2 θ

)
cos(2θ) d θ =

∫ π/2

0

sin

[
π

1 + cos(2θ)

2

]
cos(2θ) d θ

=

∫ π/2

0

cos
[π

2
cos(2θ)

]
cos(2θ) d θ =

1

2

∫ π

0

cos
(π

2
cos θ

)
cos θ d θ

=
1

2

∫ π/2

−π/2
cos
[π

2
cos
(
θ +

π

2

)]
cos
(
θ +

π

2

)
d θ = −1

2

∫ π/2

−π/2
cos
(π

2
sin θ

)
sin θ d θ = 0,
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8 F. QI AND B.-N. GUO∫ π/2

0

sin
(
π cos2 θ

)
sin2 θ d θ =

∫ π/2

0

sin

[
π

1 + cos(2θ)

2

]
1− cos(2θ)

2
d θ

=

∫ π/2

0

cos
[π

2
cos(2θ)

]1− cos(2θ)

2
d θ =

1

2

∫ π/2

0

cos
[π

2
cos(2θ)

]
d θ

=
1

4

∫ π

0

cos
(π

2
cos θ

)
d θ =

π

4
J0

(π
2

)
,

and ∫ π/2

0

sin
(
π cos2 θ

)
cos2 θ d θ =

∫ π/2

0

sin

[
π

1 + cos(2θ)

2

]
1 + cos(2θ)

2
d θ

=

∫ π/2

0

cos
[π

2
cos(2θ)

]1 + cos(2θ)

2
d θ =

1

2

∫ π/2

0

cos
[π

2
cos(2θ)

]
d θ =

π

4
J0

(π
2

)
by virtue of the formula ∫ π

0

cos(z cosx) cos(nx) dx = π cos
nπ

2
Jn(z)

in [3, p. 425, item 18]. In conclusion, we obtain

TQ(a, b) > A(a, b)− J0

(π
2

)b− a
2π

ln
b

a
, b > a > 0.

Consequently, it follows that

Mq(a, b) >

[
A
(
aq, bq

)
− qJ0

(π
2

)bq − aq
2π

ln
b

a

]1/q

, b > a > 0, q 6= 0.

Remark 5.4. The papers [1, 4, 10, 11, 14, 16, 17, 18, 19, 23, 24, 27, 28, 29, 30, 31, 32, 33, 34, 35]
belong to the same series for establishing integral representations of several mathematical means.
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LÉVY–KHINTCHINE REPRESENTATION OF TOADER–QI MEAN 9

[5] H. Haruki, New characterizations of the arithmetic-geometric mean of Gauss and other well-known mean values,
Publ. Math. Debrecen 38 (1991), no. 3-4, 323–332.

[6] H. Haruki and T. M. Rassias, New characterizations of some mean-values, J. Math. Anal. Appl. 202 (1996),

no. 1, 333–348; Available online at http://dx.doi.org/10.1006/jmaa.1996.0319.
[7] G. E. Mog and E. P. Ribeiro, Mean and RMS calculations for sampled periodic signals with non-integer number

of samples per period applied to AC energy systems, In: Congresso Ibero-Latino-Americano de Métodos Com-
putacionais em Engenharia–XXV Iberian Latin-American Congress on Computational Methods in Engineering,

Recife, Pernambuco, Brazil, November 10–12, 2004.

[8] G. E. Mog and E. P. Ribeiro, One cycle AC RMS calculations for power quality monitoring under frequency
deviation, EEE Xplore (2004 11th International Conference on Harmonics and Quality of Power (IEEE Cat.

No.04EX951)) (2004), 700–705; Available online at https://doi.org/10.1109/ICHQP.2004.1409438.

[9] F. W. J. Olver, D. W. Lozier, R. F. Boisvert, and C. W. Clark (eds.), NIST Handbook of Mathematical Functions,
Cambridge University Press, New York, 2010; Available online at http://dlmf.nist.gov/.

[10] F. Qi, Bounding the difference and ratio between the weighted arithmetic and geometric means, Int. J. Anal.

Appl. 13 (2017), no. 2, 132–135.
[11] F. Qi, Complete monotonicity of logarithmic mean, RGMIA Res. Rep. Coll. 10 (2007), no. 1, Art. 18; Available

online at http://rgmia.org/v10n1.html.

[12] F. Qi, Limit formulas for ratios between derivatives of the gamma and digamma functions at their singularities,
Filomat 27 (2013), no. 4, 601–604; Available online at http://dx.doi.org/10.2298/FIL1304601Q.
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