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Abstract

Along with some known and less known results, we discuss new insights relating combinatorics of
words and the ordering of the rationals from a dynamical systems point of view, somehow continuing
along the path started in [5]. We obtain in particular a set of results that structure and enrich the
correspondence between the Stern-Brocot (SB) ordering of rational numbers and the corresponding
ordering of Farey-Christoffel (FC) words, a class of words that, since their appearance in literature at
the end of the 18th century, have revealed numerous relationships with other fields of mathematics.
Among the results obtained here is the construction of substitution rules that act on the FC words in a
parallel way to the maps on the positive reals that generate the permuted SB tree both vertically and
horizontally. A complete correspondence is obtained between the vertical and horizontal motions on
the SB tree and the geodesic motions along scattering geodesics and the horocyclic motion along Ford
circles in the upper half-plane, respectively.

Keywords: Stern-Brocot tree; continued fractions; sturmian words; interval maps,; horocycle flow;
Ford circles

1. Preliminaries

The Stern-Brocot (SB) tree T is binary rooted tree which provides a way to order (and thus to
count) the elements of Q, the set of positive rational numbers, so that every number appears (and
thus is counted) exactly once (see [5,7,12,22]). To begin with, we say that a pair of nonnegative fractions
3 < 5 is a Farey pair if the unimodular relation bc — ad = 1 holds (so that their distance is 1/bd). The
basic operation needed to construct 7 associates to each Farey pair their mediant

a+c

o<
d b+d

a
b
One readily sees that the child § © 5 always lies somewhere in between its parents § and 3, forming
Farey pairs with them. Moreover, among all the fractions lying strictly between § and § it is the one
(and only one) with the smallest denominator, and is always in lowest terms whenever the parents do
(see [25]).

Remark 1. Note that the mediant operation arises naturally in the following way: let L be the vertical half-line
{x = 1,y > 0} in R?, and denote by U the subspace of R* given by of all vectors u = (q, p) with positive
integer coordinates. Let T : U — Q. be the map given by T(q, p) = p/4q, that is the ordinate of the intersection
of u with L. Each reduced fraction on L is thus the image with T of a vector of U with coprime coordinates.
Finally, given uy,uy € U, we have

T(uy +uz) = T(u1) © T(u2)

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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Now, taking as initial pair % and %, we take their mediant % as the root of the tree. Then one writes
one generation after the other using the above operation (a portion of this structure is depicted in
Figure 1). As already observed, Q1 and 7T are in bijection. To a given x € Q, we associate its depth,
as the level of 7 it belongs to.

Lemma 1. ([5], Lemma 1.2) Let x € Q. then

n
x = lag;a,..., 4] = depth(x) =) 4
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Figure 1. The first five levels of the Stern-Brocot tree.

Remark 2. Note that the sub-tree S of T having % as root node and vertex set Q. N [0, 1] (sometimes called
Farey tree) can be obtained exactly in the same way as T taking as initial pair % and % instead of % and %.
One easily sees ([5], Lemma 1.1) that ¢(T ) = S where ¢ : [0,00) — [0,1] is the invertible map defined by
¢(00) =1and p(x) = ﬁ

One can also construct an equivalent tree whose vertex set is formed by binary strings, each
fraction p/q € T corresponding to a binary word wp obtained by concatenation of its left and right
q

parent as follows!.

Definition 1. (Farey-Christoffel (FC) words) Set

! Defining FC words by reversed concatenation does not really change matters. In particular, it is easy to show by induction

that FC words defined as above (resp. by reversed concatenation) are also Lyndon words, i.e. they are minimal (resp.
maximal) w.r.t. cyclic permutations. We should also notice that what we call here Farey-Christoffel words, to emphasize their
relation with the Farey order of the rationals, are commonly called just Christoffel words [2] since they have been studied for
the first time by Christoffel in 1875, see [9].

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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Some notations: fors € {0,1} set§ =1 —s. Then, forw € {0,1}* givenby w = s1...s, we set

N

Ww=28...8, and W =s,...5

Also denote by |w| the length of w and by |w|s the number of occurrence of the symbol s € {0,1} in w.

The above construction establishes a one to one correspondence between Q4 ~ 7 and the set F
of FC words.

Theorem 1. We have the following properties:

_ |wh
[wlo

1. givenw € F, we have w = wyp with% (so that |lw| = p+q);
q

given % € T with p+q > 1 we have wp = 0c1 for some c € {0,1}* satisfyingc =¢;
q

4

2

3. givenwp =0cl, wehavewq =0¢1;
q

4.  given w € F with |w| > 1, it can be uniquely factorized as w = uv, where u and v are non-empty

o then |u| = p"” 4+ q" and |v| = p' +¢'.

palindrome words. Moreover if w = wp = w, w
q a 77
q

7

=

Proof. The first assertion follows from the definition, whereas the third easily follows from the second.
Let us then prove 2. We proceed by induction in the depth. For the root node % we get ¢ = ¢, the empty
word, so that the assertion is trivial. Suppose it is true up to depth n > 1, and consider ¢y € T with
depth(y) = n. We have w, = 0c1 with ¢ = ¢. On the other hand 1 is obtained as the child of a left and
right parent, say & and j, one of depth n — 1 and the other of depth n — k, for some k = 2, ..., n (the
case in which one parent is an ancestor is left to the reader). Set w, = 0a1 and wp =0 bl,witha=a
and b = b. Thereforec = a10b = b014. Now consider a child § of . If § is the right child then by
construction ws =0c10b1=0a10b10b1=0d1withd =a10b10b = b01410b, which is clearly
palindromic. If 6 is the left child, the same argument yields ws = 0d’ 1 withd’ =a10b014.

To show the last statement, we note that from the above it follows that forw = 0c1 € F, the
palindrome c has always the structure ¢ = a10b = b014, with a = @ and b = b. Therefore we can
write w = u v with u = 060 and v = 14 1, which are both palindrome words. As for the uniqueness,
let w = uv = ts with 1, v, t, s all palindromes. Assume without loss that |u| > |t|, so u = thand hv = s,
with /1 # e. Since they are all palindromes, we have vu = st, so that vth = hvt. Then it readily follows
that w = h¥ for some positive k € N. But this is absurd, since it should be |w|q = k|h|o and |w|; = k|k|1,
but we already know that |w|y = p and |w|; = g with p and g coprime, and the case k = 1 would
imply w = u = s = h, absurd since |w| > 1 and it couldn’t be palindromic. This holds true for each
w € F, except for the leftmost and rightmost nodes at each level, for which the uniqueness of the
factorization is trivial since w = 0...01 or w = 01...1. [

Remark 3. The last statement of the above theorem yields two factorizations for w € F with |w| > 1: the
palindromic factorization w = u v, with u and v both palindromes, and the so called standard factorization

w=wp =w, w,n,in terms of FC sub-words. Both of them are unique.
q a aT

Q
-

Remark 4. It follows from the definition that given a word with standard factorization w = uv, withw , = u
ra

and w » = v, then u(uv) and (uv)v are Christoffel words; in particular they are the children of w with the

7
indicated standard factorization. Moreover, if |w| > 3, then either u is a proper prefix of v, and v = uv' is the
standard factorization of v, or v is a proper suffix of u, in which case u = u'v.

Some rather immediate consequences of the above properties are formulated in the following
corollaries (see also [2]).

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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Corollary 1. Let w = 0c 1 be a FC word associated to some element of T. The FC words associated to its left
and right children are given by

0(0c)"1=0(c0)*1 and 0(lc)"1=0(c1)"1
where u~ and u™ are the shortest palindrome with suffix, respectively prefix, given by u.

Corollary 2. Let w = 0c1 be a FC word associated to some element of T. The maximum among all its cyclic
permutations is realized by the word W = 1¢0.

Corollary 3. The number of FC words of length n is given by Euler totient function ¢(n) = [{0 <i < n:
ged (i,n) =1},

Proof. From Theorem 1 we have that |w|; = p, |w|, = g. The totient function gives us the number
of distinct p which are relatively prime with 7, which coincides with the number of possible pairs
(p,q = n — p) which are relatively prime. [

0 1
/ 01 \
001 011
0001 00101 01011 0111

/N /N /N /N

00001 0001001 00100101 0010101 oO101011 01011011 0110111 01111

Figure 2. The first four level of the Christoffel words tree.

2. Relation with Cutting and Sturmian Sequences

Now, given w € F we call |w|;/|w|y the slope of w. This is motivated by the following facts. To
a given binary word w = u; - - - u, we can associate a stepwise walk on the lattice Z? constructed by
moving by a vertical step upwards (resp. horizontal step oriented on the right) for each occurrence of
the symbol 1 (resp. 0). Clearly, the walks corresponding to w = 0c1 and @ = 1¢0 meet at the origin
(0,0) and at the point (|w|o, |w|; ). Moreover, letting & = |w|1/|w|o, the central sequence c¢ is nothing
but the cutting sequence of the ray having slope «, where one writes 0 each time the ray cuts a vertical
line, and 1 each time it cuts a horizontal line, on the open interval (0, |w|o).

By the way, the FC word of slope p/q can be defined from the very beginning as a sequence of
unitary steps joining points of integer lattice from (0, 0) to (g, p) so that (i) the corresponding path is
the nearest path below the line segment joining these two points; (ii) there are no points of the integer
lattice between the path and line segment (see [2]). When the slope is irrational, a similar definition
leads to the notion of (infinite) Sturmian sequence.

In Figure 3 we report the case with slope 3/5 (with r(w) = ).

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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Figure 4 shows the cutting sequences of the two parents of 3/5, namely 1/2 and 2/3 (when
concatenating two finite cutting sequences, one has to interpose the word 10, which corresponds to a
cut with a corner).

Figure 4

Remark 5. The standard factorization w = wp = wy w » in terms of FC sub-words (cf. Remark 3), can
1 7

be obtained geometrically by cutting the walk corresponding to w at the lattice point (q',p’) closest to the
segment joining (0,0) with (q, p). The last property implies that pqg' — qp’ = 1 and therefore p(p’ +q') =
p'(p+4q)+1=1(modp+q). In the same way, we can show that q(p" +q"") = 1 (mod p + q). We therefore

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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see that the lengths of the factors |w | = p' + q" and |w | = p" + q" are the respective multiplicative inverses

aT

i
! q

q
in{0,1,...,p+q—1} of pand q.

Now, putting together Remark 6 and, e.g., [6], Section 1 (or else [19], Chap. 6), one sees that the
FC word w = w, can also be characterized as the symbolic representation of the orbit { R’[3 (0) }'kl;é w.rt.
the partition §' = [0,1 — ) U [1 — B,1), with n = [w| and Rg : S' — S the rotation of angle f = ¢(«),
sometimes also called the Sturm sequence of B. More specifically, set

e(x) =

0, 0<x<1—p
1, 1-B<x<1

and note that x + 8 = Ry (x) + €(x), which can be iterated to give
x+np = Ri(x) + e(szl(x)) + e(Rl’;*Z(x)) + -+ e(x) = Rg(x) + [np]
Setting w = uy - - - u, we then have
uk:e(Rlé(x)) =[kp]—-[(k—1)B] , k=1,...,n (1)

Note that, since B € (0,1) we have u; € {0,1}. More precisely, if « > 1 (8 > 1) in w the symbol 0 is
always isolated and between any two 0's there are either [a] or [a] + 1 1's. If instead « < 1 (8 < 1) inw
the symbol 1 is isolated and between any two 1’s there are either [1/a] or [1/a] + 1 0’s. The opposite
plainly happens to .

The above generation rule can be further rephrased as follows (closely mirroring the original
construction by Christoffel). Let p/q € T and set n = p + q. Define the group translation T), : Z, — Zj,
as

Ty :x+— x+ p(modn)

Lemma 2. Letw = uy ---u, € F, withn > 1, and s = % (so that |w| = n = p + q) be the corresponding
element of T Consider the partition Z, = Qo U Q1 with Qo = {0,1,...,q—1}and Q1 = {q,9+1,...,n —
1}.
w=t—=T15V0)eQ, ({01}, k=1,..n

Proof. From the geometric interpretation of the FC words given above, one deduces the following rule:
foranyk =1,...,nwehave uy = 0if k- p (modn) > (k—1) - p(modn) and u; = 1 in the opposite
case.

Now note that, setting (k — 1) - p (mod n) = ¢, if k- p (mod n) = ¢ + p then u; = 0, whereas if
k-p(modn) = ¢ — g then uy = 1. In other words, u; = 0 if and only if (k — 1) - p (mod n) € Qp and
up =1lifand onlyif (k—1) - p (modn) € Q;. O

Remark 6. If one works with the sub-tree S instead of T (see Remark 2), assigning the initial symbols 0 and
1t00/1 and 1/1 (instead of 1/0), then the above conclusions are unchanged provided p/q is replaced by
o(p/q) =p/(p+q)(and q/p by q/(p + q)), so that the denominator of the corresponding fraction always
equals the length of the FC word. Moreover, the algorithm of Lemma 2, remains unchanged provided we let T,
act on Zg instead of Zy 4 and we set Qo = {0,1,...,q—p—1}and Q1 ={g—p,g—p+1,...,9—1}.

Finally, we note that the map ¢ induces the substitution map on FC words given by 0 — O and 1 — 01. A
short reflection shows that this rule can be used to obtain the FC word w, = uq - - - uy constructed above from
the Sturm sequence of  itself, that is the word wy, = vy - - - vy, with q = |wlg and vy = [ka] — [(k — 1)a].

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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3. Relation with Continued Fractions

We have already seen (cf. Lemma 1) how the depth of each element x € 7T is related to the partial
quotients of its continued fraction expansion (c.f.e.) x = [ag; a3, ..., a,]. This connection can be further
expanded. One starts by constructing a matrix representation of the positive rationals as follows: given

z€Cand X = ( rtl " ) € SL(2,Z) set X(z) := (nz +m)/(tz +s) and identify
s

n—+m
t+s

X <= X(1) = €Q+ )

Clearly m/s and n/t are but the parents of x. We have

1 1 0 2 11

- = = A - = =:B 3
2 (1 1) €1 (0 1) ®)
n m 1 0 m+n m m m-+n

= <— — P

t s 1 1 s+t s s s+t
n m 1 1 n m-+n m+4+n n
t s 01 t s+t s+t t

Hence the matrices A and B, when acting from the right, move downwards on 7, respectively to
the left and to the right.

and moreover

and

Putting together the above, along with Lemma 1, we get:

Proposition 1. Each g = lag;a1,...,an) € T, with depth(s) > 1, corresponds to a unique element
X € SL(2,Z), for which there are only two possibilities:

hd neven — X = BW0AY ... Aﬂnleﬂn—l

hd nodd = X:B“OAﬂlBﬂz,,,Aan—l

! /!
Moreover, let s = % @ % and wp = w, w,» be the corresponding FC word, then
q P

=
=

For a given element x € 7T, the matrix product X can be used to code the descending path which
reaches x starting from 1 as a binary string o'(x) € {0,1}*, where each symbol 0 corresponds to an
occurrence of A (down left move) and each symbol 1 to an occurrence of B (down right move).

We may now ask what kind of relation can be established between ¢ (x) and its FC word w(x) € F
(a reverse relation yielding the c.f.e. of x from the corresponding FC word w is discussed in Section 4
below).

The sought relation can be readily obtained from Corollary 1. Indeed, given a palindromic word

u € {0,1}* and asymbol a € {0,1}, we set
@y (u) = (ua)" = (au)” 4

For example we have ®((0110) = 01100110 and &4 (0110) = 011010110. Note moreover that ®,(¢) = a.
A direct consequence of Corollary 1 is now the following rule.

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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Proposition 2. Let 0(x) = oy - - -0 € {0,1}* be the path of x € T, and w(x) = 0c 1 its FC word. Then we
have
€= Dy, 0Dy, 0+ 0Dy, () 5)

EXAMPLE. Taking x = 3/5 = [0;1, 1, 2], from Proposition 1 we have o(x) = 010. Thus, applying
rule (5) we get
¢ = By o Py 0 Dy(e) = Dy oDy (0) = Pp(010) = 010010.

Finally w(x) = 0c1 = 00100101 (to be compared with the portions of the trees 7 and F reproduced
above).

Remark 7. The maps (4) have been introduced by Aldo de Luca in [13], who called them palindromic closures.
More generally, in combinatorial word theory literature the transformation mapping the word o (x) to the central
palindrome c of w(x) is usually encoded by a function Pal : {0,1}* — {0,1}* defined recursively as follows
[4]: set Pal(e) = €. If u = vz € {0,1}* for some z € {0,1} then Pal(u) = (Pal(v)z)". Although the two
approaches are of course equivalent, the one outlined above seems more transparently connected to the present
construction.

3.1. Reversals and Duality

If we let A and B act on the left we get

1 0 n m n m n+m
= =
1 1 t s n+t m+s n+m+t+s
1 1 n m n+t m+s n+m+t+s
= =
01 t s t S s+t

That is, they move a fraction % respectively to its left and right descendants % and ’%q on 7. Now, if

we associate to a given fraction x € 7 a matrix product X = Hle M; where d = depth(x), as above,

and

then we can consider the involution x — £, where £ is the rational number represented by the reversed
matrix product X = ]_[11: 4 M;. This map acts as a permutation on Q4 and the corresponding permuted
tree 7 can be constructed starting from the root node 1 and writing under each vertex g the set of its

descendants {7, ’%‘7 }.

Note moreover that, according to Proposition 1, the following rule is in force: let x =
[ag;a1,. .., a4, then

o neven —> X = BW—1Afn-1... A%1 B

e nodd = X = A%1BW-1... A% B%
and therefore,

e neven — 2= |a,—1;a, 1, - ,a1,a0+1]
e nodd = £=1[0;a,—1,a,1,- - ,a1,a0+1]

Definition 2. Let 0(x) = 01 -- -0y € {0,1}* be the path of x € T, and w(x) = 0c 1 its FC word. The FC
word W = 0¢ 1 associated to X, for which

¢ = Pgy 0 Pgy o---oCI)Uk(e)
is called the dual word to w. In the same vein, x and X will be referred to as dual elements in T

It turns out (see [4]) that whenever w and w* are dual words associated to the irreducible fractions

X = % and £ = %, we have p+q = p + 4 and p and § are the respective multiplicative inverses in

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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{0,1,...,p+g—1} of pand g, thatis pp,qj = 1 (mod n) with n = p + q (these inverses exist because
p and g are relatively prime and therefore are also relatively prime to n = p 4 q. Therefore p and 4 are
relatively prime). A straightforward consequence of this property and the content of Remark 5 is the

following:

Lemma 3. Let x = 5 and £ = g be dual elements in T . Then
p_v v . L P_P 9
q = ?@? if and only if 7 = W@?

3.2. Motions on T and F.

We start recalling some results discussed in [5] about dynamics on T". We start observing that the
descendants of a fraction % are just its pre-images w.r.t. themap F : Ry — R, given by

Y 0<x<1
Fix—{ 1—x (6)

x—1, x>1

The map F can thus be used to generate “vertically” the permuted tree 7. Moreover, according to ([5],
Proposition 2.3), 7 can also be generated “horizontally” by means of the map R : Ry — R, given by

R(0) =1, R(c0) = 0and
1

RO = T332y

x e Ry @)

More precisely, denoting with r,, the n-th rational number obtained by ‘reading” 7 row by row, from
left to right, starting from the root, and letting r,,~ be the element of the permuted tree 7~ corresponding
tor, € T,itholds r; = R"~1(1) (or else r, = R*~1(1)).

Turning now to consider the permuted FC tree F, an easy consequence of the construction
outlined above (see also [2], Lemma 2.2) is the following;:

Lemma 4. Let w be the FC word associated to some element % € T . The FC words associated to its descendants

ﬁ and PTH are obtained by applying to w the substitution rules:

So : (0,1) — (0,01)
S1:(0,1) — (01,1)
Now note that any FC word w of length n can be written in the form
p
w=0"10"---0"1, m;>1, Y ni=gq (8)
i=1
whenever its slope |w|1/|wy| = p/q € (0,1), or else
9
w=01M01"--.01", m>1, Y n=p )
i=1

whenever p/q > 1. As noted before (cf.remark after eq. (1), see also [21]) the integers #n; may get
only two values. They are [q/p] or [q/p] + 1, if the slope p/q is smaller than one; [p/q] or [p/q] + 1,
otherwise. Following [21], we call the exponent [g/p] > 1 (or [p/q]) the value of w.

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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This naturally induces a decomposition of F (or F) as F = Fq U F>1 (with obvious meaning of
the notations), so that So : 7 — F<q and Sy : ' — F>1, in particular F.; consists of all the left nodes
of F, while F-1 consists of all the right node, plus the root.

We are now ready to introduce a map T on words which generates the “horizontal” motion on F,
namely the displacement row by row, from left to right, starting from the root, in a similar way to how
R does it for 7.

Theorem 2. The map T that moves from a given word w € F to the next one, can be written as T = Ty U Ty,
where the maps Ty : Fey — F>1and Ty : F>1 — F<q act as follows:

To @ (0KF11,051) — ((01)F1, (01)%~11)
Ty : (01%F1,01%) — (0F1,011)
where k is the value of w.

Proof. Letw = 0M10"2...0" with:
4

nj=kork+1 fori=1,...,p, and ni=4q.

i=1
Let w’ be the parent node of w and T(w), we have that w’ is given by S L(w) and, recalling that 0° = e,

we have:
w =0m~110m .. 0" 1.

Then, thanks to S1, we have
T(w) = S1(w') = (01)"~11(01)"2~11...(01)" 11,
and we have shown T = T‘ F o
<1
Now we will show that T = T F by induction on the depth m of the word w. For m = 1, that
>1

T(01) = T;(01) = 001 is trivial. Let’s then assume it holds true for each w at depth m, and we will
prove it for m + 1. Let w = 01"101"2. .. 01" with:

9
nj=kork+1 fori=1,...,q, and ) n;=p.
i=1
Let w' be the parent node of w, and w” = T(w') the parent node of T(w). Then T(w) = Sp(w”).
Clearly, w’ is given by
w' =S (w) =011t o1,

Now, let us consider the g subwords 0171 individually, and we call 7; the complement of #; in the set
{k,k+1}. Then, if k > 1, we have, by the induction hypothesis, that w” = T;(w’) and so, by the action
of Ty, the subword 01" ~! becomes 0" 11, and applying Sy, we get:

T(w) = So(w”) = 0M10™1...0™1

which we wanted to show.
On the other hand, if k = 1, then the subword 01" ! is either 0 or 01, so that w’ € F.q and T(w') =
To(w'). Thus, applying T, it is clear? that Vi = 1,. ..,q for which n; —1 = 0, we get 01, while

2 The definition of Ty given by the theorem is equivalent to saying that for each subword 0”1 we substitute each of the first
n — 1 zeros with 01, while what remains, i.e. 01, we substitute with 1.

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202603.0815.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 10 March 2026 d0i:10.20944/preprints202603.0815.v1

11 of 26

Vi=1,...,q for whichn; —1 = 1, we get 1. And, applying Sg, we get that 01 becomes 001, while 1
become 01. So, putting it all together, we have

-1 _ _
01 S o1t Ly grim1p 20, g7
which is what we needed to prove. O

The map T, defined for FC words, can be used to generate “horizontally" the tree  as the map R
can be used to generate “horizontally" the tree 7. Since R is defined on R we would like to find an
extension of T such that the correspondence with R is not limited to Q.

Conjecture 3. The map T, defined in Theorem 2, can be extended to the set of Sturmian sequence53 (cf. Section
2) and it corresponds to the map R, in the sense that if w is the Sturmian sequence of slope x € R, then u,
obtained as Ou = T (0w) is the Sturmian sequence of slope R(x).

By analyzing the frequencies of the letters 0 and 1 of Ou = T(0w), one finds that the ratio of 1’s
and 0’s corresponds to R(x). The problem is to show that T(w) is indeed a Sturmian sequence or,
equivalently, that the set of Sturmian sequences is closed wrt T.

Remark 8. (Connection with S-adic systems)

On the permuted tree T one can introduce a symmetric random walk (Zy)y>1 in the following way: set
Zy=1andif Z; = 5 then either Zy, 1 = % or Zyy, = pTJrq, both with probability §. In [5] it is proved that
this process enters any non empty interval I = (a,b) C Ry almost surely (Thm. 1.12) and, more specifically, it
does it with asymptotic frequency p(I) = | Hb dp(x) (Corollary 3.7), where p : Ry — [0,1] encodes the infinite
path of x € R by interpreting it as the binary expansion of a real number in [0, 1]. Differently said, p(0) = 0,
p(o0) = 1and, if x = [ag;a1,az, . ..], then

p(x)=0.11...100...011...1 --- (10)
| g . o N’

ag ;1/_ a2
A similar study can be pursued on the permuted tree F, starting from the observation that the substitutions So
and Sq defined in Lemma 4, whose incidence matrices coincide with A and B, define a so called S-adic system
(see [20], pp. 87-109, and [3]), which, however, are rarely considered as generating a random process. For
an interesting analysis of the spectral properties of S-adic random system arising from an i.i.d. sequence of
unimodular substitutions, see [23]. Besides, it would be also interesting to study the dynamics induced by the
map T defined in Thm. 2 from a statistical point of view (see the next Section for some results for the map R).

Remark 9. (FC words and musical scales)

FC words that are dual to one another deserve an important role in the theory of well-formed scales in
music theory [8] (see also [14]). Loosely speaking, we first say that a scale is generated if its elements can
be obtained by an iterated application of a generator”, i.e. a fixed transposition on a given pitch class, and
then we say that a generated scale is well-formed, if each generating interval spans the same number of
scale steps (including the return to origin interval). A remarkable property brought into light by the recent
developments in music and combinatorics on words [11] starts from the observation that, for example, the
FC word w = 0001001, corresponding to the fraction 2/5, is the sequence of intervals corresponding to the
ancient mixolydian (descending) mode B’-A-G-F-E-D-C-(B) (or else to the ascending lydian mode as a medieval
ecclesiastical mode), where 0 stands for a tone and 1 for a semi-tone. If we now take the slope 4/3, where 4
and 3 are the multiplicative inverses of respectively 2 and 5 modulo 7, the dual Christoffel word @ = 0101011

3 A Sturmian sequence is defined as a billiard sequence, and to apply T one must add a 0 as a prefix, which corresponds to
considering the path on the lattice Z? instead of the cutting sequence.
4 Western music, since its Greek origins, has primarily used the fifth interval as a generator of harmonic systems.
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corresponds to the same mode B’-E-A-D-G-C-F-(Bb) but in a different presentation, where now 0 stands for a
descending perfect fifth (the generator) and 1 for an ascending perfect fourth (the generator’s complement within
the octave), so that the pitches reached thereby all lie within the octave under the initial B’. The two presentations
are respectively called the scale-step pattern and the scale folding of the mode. The other seven diatonic modes
forming of the diatonic 7-notes family can be obtained from this mode by conjugation, where we say that two
elements w and w' of {0,1}* are conjugate if there exist words u and v such that w = uv and w' = vu (or
equivalently if they are conjugated in the free group < 0,1 >). In the same vein can be treated other musical
scales, such as the pentatonic scales (starting from the scale-step pattern 01011, whose dual is 00101), or the
so called “tetractys’ (starting with 011, which is self-dual). This quick sketch can hopefully give a sense of the
richness lying in the folds of the interaction between these domains. One interpretation of this richness may come
from thinking of the FC words as divisions into “almost equal” parts (cf. section 17.3 in [24]), in the following
sense: if d < n are relatively prime, then n = dq + r with positive remainder r. Therefore n is not divisible into
d equal integer parts. On the other hand, the second-best solution is to divide n into d — r equal parts of size q,
and the remaining r parts of size q + 1. By writing these parts as a word of length d, as evenly as possible, one
obtains a FC word (cf. the geometric interpretation presented at the beginning of Section 2 and in Figure 3).

4. Ordering and Dynamical Systems

We shall now discuss some further aspects of the relation between the c.f.e. of a given element of
x € T and its FC word w € F. To this end we recall that any FC word w of length 1 can be written in
the form shown in (8) or (9) depending on its slope (cf. Section 3.2).
Then, we can construct a derived word w’ via the following algorithm: suppose that the slope p/q of w
is smaller than one and its value is k (that is [g/p] = k). Then the symbol 1 is isolated and we perform
the substitution 0 — 0 and 01 — 1. If, instead, the slope p/q is larger than one, and [p/q] = k, then
the symbol 0 is isolated and we perform the substitution 1 — 1 and 01F — 0. We keep iterating this
procedure until we end up with a single symbol, 0 or 1, while recording the values ag, a1, . . ., a,, of the
derived sequences”. We have the following:

Proposition 3. Let x € T and w € F be the corresponding FC word. The values of the successively derived
words w',w", ... coincide with the partial quotients of the c.f.e. of x.

Proof. The proof amounts to noting that the reduction procedure corresponds to repeated applications
to the slope of the map F : Ry — R given by

X

, 0<x<1
Fixm—{ 1-x (11)
x—1, x>1

whose action of c.f.e.’s is®

[0;a0 —1,a2,...], ap=0

F: [610,‘111,612,...] — (12)
[a0 — L ay,a0,...], ap>0

More precisely, if w has slope x and value k then the derived sequence w’ has slope F¥(x), and value
either [F¥(x)] or [1/F¥(x)]. O

EXAMPLE. For p/q =3/5=[0;1,1,2] and w = 00100101 we get the following table.

5 If the slope of the initial sequence w is smaller than one we set ag = 0. On the other hand the value of a single symbol can be

taken to be co (as it seems natural when passing to infinite sequences by indefinite repetition of the finite string).
6 In the first case, if a1 = 1 one sets [0;a; — 1,a2,...] = [ap; a3,44,...].
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derivation step | FC word | slope | value
0 00100101 | 3/5 1
1 01011 3/2 1
2 001 1/2 2
3 1 1/0 co

Now, any g € T of depth d > 11is the descendant of another fraction Z—: € T of depthd — 1, which
we call its antecedent, given by the following rule: if p > g then g’ = gand p’ = p — g; if instead g > p
then p’ = p and q’ = q — p. Differently said, Z—: =F (%) Therefore, according to what we have said in
Section 3.1, the binary coding o(x) = 07 - - - 0% of an element x € T of depth k + 1 can be computed in
terms of the symbolic orbit of x with the map F:

0, F~l(x)<1,

oi(x) = ’ i=1,...,k (13)
1, Fl(x)>1,

This rule can be immediately checked for the already discussed example x = 3/5. For a less trivial
example consider the fraction x = 65/19, whose c.f.e. is [3;2,2,1,2]. Ithas depth3+2+2+1+2 =10
and from Proposition 1 its symbolic coding is o(x) = 111001101. Without knowing the c.f.e. this binary
sequence can be obtained from the antecedents, i.e. the F-images of x till the root of 7. They are

66 46 27 8 8 8 5 2 2 (1
19° 190 190 190 11 3 3 3 1 \1

and one easily checks that the sequence obtained applying rule (13) is just o(x) written above.

We have said that the tree 7 enumerates the positive rationals, but what is the ordering induced
on Q4? Denoting again with r,, the n-th rational number obtained by ‘reading’ 7 row by row, from
left to right, starting from the root, we have

r =

2 1 2 3
, 12 = 173:T/r4:§/7’5:§/r6:§/r7:

—_ =
N =

The general rule is in the following;:

Theorem 4. Given 1 # x € T, let 0(x) = 01 - -0} be its binary coding. Then we have x = r, with
n=2k4 5 g2k

EXAMPLE. The number x = 65/19 yields n = 2° 4 28 427 4 26 + 23 4+ 22 + 20 = 973, namely
65/19 is the nine hundred seventy-third rational number in the Stern-Brocot ordering.

Proof. Let r; be the element of the permuted tree 7 corresponding to r, € T (or else r, and r; are
dual elements in 7). Then n = 2k + ZLl 0;2k="if and only if 7 = 2K 4 Zé‘zl 0;2!=1. According to the
above, it holds r; = R"~1(1) (or else r, = R"~1(1)), where R is the map defined in (7). Furthermore,
an easy adaptation of ([5], Theorem 2.3) shows that R is topologically conjugated with the dyadic
odometer (or von Neumann-Kakutani transformation [26]) K : [0,1] — [0, 1], given by K(1) := 0 and

1 1 1 1
K(x):x+2117_1+27—1 ’ 1—F§x<1—27 ’ 7’121,
via the map p defined in (10), i.e.
R=p loKop. (14)
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Finally, it is well known (see, e.g., [17]) that the map K can be used to generate the Van der Corput
sequence w = (t,), defined as follows: set first t; = 1/2. Then, givenn > 2,letn = 2k 4+ ZLl 5121’1
be its dyadic expansion and set t, = 271 4 Zé‘zl 5;27". The first terms of w are

| U1
<
-~
o
I
I
-~
N
I
I
-
®©
I

, 5=

x| =

3
, b=~ t3:1’t4:

N —

Accordingly, we have t, = K"~1(1/2),n > 1, and one readily gets the claim. [

Remark 10. Note that the forward orbit of 1 with R is dense in R, but it grows only logarithmically, as
R?'~2(1) = n. Moreover, according to [10] and [18], the following representation is in force: R"(1) =
b(n)/b(n+1), n > 0, where b(n) is the number of hyperbinary representations of n, that is the number
of ways of writing the integer n as a sum of powers of 2, each power being used at most twice. For instance
8§=23=22422=2212+42=2242+1+1and thus b(8) = 4.

The two maps F and R introduced above satisfy the following remarkable commutation rule:
Proposition 4. For all x € R we have
R"oF'(x) = F"oR*™(x), n,m>1

Proof. For the case n = m = 1 the proof amounts to a straightforward verification, either by direct
inspection or through the action of F and R on c.f.e.’s, that is (12) and

[1,‘(11—1,612,...], Llo:O
R: [ao;al,az,...] — (15)
[O;{lo,l,al—l,az,...], ag >0

The general case easily follows by induction. O

Note that the map R is invertible, with inverse

1 1
R x)=1- S T2 M (16)
On the other hand, the map F is two-to-one, with
Flx) = {x,x—i—l} (17)
x+1
In particular, the set of F-pre-images of x = g coincides with the set of the descendants {ﬁ, pTJrq

considered above (cf. Section 3.1).

Therefore, as an ordered set, the tree 7 can be generated both “horizontally’, as the set of suc-
cessive R-images of 1, and “vertically’, as the set of successive F-pre-images of 1: 7~ = U,>oR" (1) =
Un>0F " (1), and, more specifically,

Ui R (1) = Ui F (1), vnx1
Regarding the ergodic properties of these maps, we start observing that F possesses an absolutely

continuous invariant measure v , which can be computed explicitly: first the invariance means that
v = vF~! where the latter is the measure which assigns to each measurable set A C R the number
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v(F~1(A)). Second, expressing this measure as v(dx) = h(x)dx, the invariance property translates
into the following functional equation for the density h:

T T S U — h( x )+h(x+1)

Je o T~ T T

and one immediately checks that a continuous solution is /(x) = 1/x. Note that h ¢ L' (R, dx), that
is v is an infinite F-invariant a.c. measure. On the other hand, as the function p establishes a topological
conjugacy between R and the dyadic odometer K (see (14)), it provides a topological conjugacy also
between F and the doubling map D : [0,1] — [0, 1] (as shown in [5]), i.e.

F=pltoDop , D(x)=2x(mod1) (18)

The map D acts as a shift on binary expansions and preserves the Lebesgue measure on the unit
interval’.

Since Lebesgue measure is preserved also by the invertible map K, the conjugacies (14) and (18)
ensure that both F and R leave invariant the probability measure dp.

On the other hand, all orbits {R(x) : i > 0}, x € R, being dense, the dynamical system (R, R)
is uniquely ergodic and therefore dp is its unique invariant measure. In a different guise, the map F
possesses several invariant measures, two of which are dv and dp, which are of course singular with
respect to one another. In particular, as the entropy of the doubling map D with respect to the Lebesgue
measure is log 2, this same value is also the entropy of F with respect to the probability measure dp,
which is therefore called the measure of maximal entropy for F.

4.1. An Alternative Ordering

Proposition 4 can be viewed as expressing the fact that the "horizontal" action of the map R
respects the order induced by the "vertical" action of the map F on the tree. Moreover, the conjugation
(18) between F and D can be obtained in two steps, passing via the map ¢ through the orientation
preserving Farey map H, so that F = ¢! o H o ¢. We can ask whether there is an orientation reversing
version of the above constructions. For instance, if we consider the standard Farey map H, then the
map G = ¢~ o Ho ¢, given by

G:xs - (19)

is conjugated via p with the tent interval map T, i.e. (18) is replaced by G = p~! o T o p. Therefore, dp
is the measure of maximal entropy for G as well. In addition, one easily verifies that G preserves also
the a.c. measure with density 1/ (x(1 + x)). We also note that G(®) = ® where ® = (/5 +1)/2 is the
golden mean. Since |G'(®)| = 1 + @ is a repelling fixed point.

7 This in particular entails that F is chaotic: is topologically transitive, its periodic orbits are dense and has sensitive dependence
on initial conditions.
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Now, what is the map S : R — R which plays the role of R in this orientation reversing setting?
A close inspection based on continued fraction expansions leads to the following expression:

S:x=lag;ay,az,...|——

[O;n+1,an —1,ﬂn+],...] , apg=m = =a,_1= 1, a, > 1
——_— [al;a2/a3/"-] ’ apg — 0
[0;¢+2], x=[1,...,1,2]
N——
-1

We also set S(0) = o0, S(o0) = 1 and S(®) = 0. Now note that

F
(1;1,...,1,2] = 2
o

where F; be the ¢-th Fibonacci number, given by
Fi1=1,F=0 and F,=F_1+F_, , {>1

We then construct the sequence (xy)x>o as xx := F/F_1, whose first elements are

3
X(]:O, X1 =00, x2:1/ x3:2/ X4:§,X5:§,

and observe that S is continuous everywhere but at the points x;, k > 1, where it is right-continuous.
An alternative expression for S is thus the following:

Fiex — Fei
S:xr> , xeC 20
(kFy — Fe_1)x — kFiq + Fy , 20)
where
Cor = [x2r, X2r42) ,  Corg1 = [X2r43,X2041) , 720 (21)
One checks that for all x € R it holds
S"oG"(x) =G"o Sznm(x), n,m > 1. (22)

5. Motions on the Modular Surface

F can be obtained as the factor map of a first return map for the geodesic flow on the modular
surface. Let us briefly recall what does this mean.

LetH = {z=x+1iy : x € R, y € Ry} be the upper half-plane, viewed as a Riemmanian man-
ifold with hyperbolic metric ds> = (dx? + dy?)/y?. Set moreover M = T'\ H = {Iz : z € H}, with
I' = PSL(2,7Z), endowed with the quotient topology. We recall that the Fuchsian group I has two

-1
It holds moreover U? = V3 = [ (so that T is not a free group).

generators U and V, which can be chosen as U = < 0 (1) ) andV=UB ! = AU = < 01 1 >

Let ¢; : SM — SM be the geodesic flow on the unit tangent bundle of M, and let us construct a
subset of SM which is met infinitely many times by each ¢;-orbit. To this end set

I={z=x+iy : x=0,yeR"} CH

and consider the section C made by the projections on SM of all vectors of SH having base point on
7 and right-oriented, that is vectors of the form v = (z,60) withz € 7 and 6 € (7,27). One easily
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sees that the elements thus selected are all distinct. There are however ¢;-orbits which do not visit
C infinitely often. These are exactly the projections of geodesics which either start or end in a cusp
of PSL(2,Z), that is a rational point on the real line. On SM these orbits converge towards (or come
from) the cusp at infinity and for this reason they are called scattering geodesics. They form of course
a set of zero measure.

Now, a vector v € SH whose projection lies in C can be described by the two asymptotic
coordinates u and w which identify the geodesic (v, f) having tangent vector v at t = 0. Whence,

C={(u,w) : u<0<w}
In turn C can be decomposed as C = C; U C; where
CG={(ww) :u<d<w<l} , CG={(ww):u<0, w>1}

The next figure shows a geodesic <y such that the projection on SM of y N Z belongs to Cs.

-1 u o 1 2 w 3
Figure 5

We now construct the first return map T : C — C which sends each intersection of a ¢;-orbit
with C to the next one. To this end, we consider the geodesic triangle G with vertices 0, 1 and oo, that is

1 1
G:{ZEH|O<Rez<1,|Z—§|>§}

Its three sides are equivalent w.r.t. PSL(2,7Z): 01 and 1co are mapped to Z by the transformations
Uvl=A"':z—z/(1-z)and UV = B~! : z 5 z — 1 respectively. Now, suppose that the projection
of v € SH lies in C and has coordinates (u, w). There are two possibilities: if the projection of v lies
in C; (so that the geodesic v determined by v leaves G through 1c0), then it is mapped by B~! to
(u —1,w — 1); if instead the projection of v lies in C; (so that -y leaves G through 01), then it gets
mapped by A~! to (14, ¥

14, 1% ). Therefore the first return map on C = C; UCs is

u w

—— ], ww)ecC

Tc : (u,w) — (1—u 1—w> (ww) €
(u—lLw—-1) , (u,w)eC

(23)

The action of T on the second coordinate finally yields the factor map F : Ry — R4 given by (11).
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Figure 6

Now, referring to the figure above, one can produce a tessellation of H by taking all the images of
the geodesic triangle G with the isometries A and B (acting as Mobius transformations). Moreover,
a direct consequence of the generating rule (13) is that, given x = p/g, the matrix product X dealt
with in Proposition 1, as well as the corresponding binary sequence ¢(x) € {0,1}*, are in a one-to-one
correspondence with the coding w.r.t. the above tessellation of the scattering geodesic c,,, which
converges to p/q, the central cusp of the geodesic triangle X(G) (see [16]).

e E=L
W - ¢
ol N
SIS
ol w
Wl ¢
N
el Bk

=

Figure 7

In a similar fashion as finite paths on 7" correspond to scattering geodesics on H, we can establish a
correspondence between FC words and Ford circles. These are a countable family of circles orthogonal
to the sides of the just mentioned geodesic triangles. Each of them, denoted Cp, is tangent to R in some

q

rational point p/q, and has diameter 1/4?. The largest circles have thus unit diameter and correspond
to Cy, n € Z (the following picture shows Cy, C%, C%, C% and C7).
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Figure 8
Clearly, each Ford circle Cp with % > 0 corresponds to a unique FC word w with s = %, and
q
vice versa.
Ford circles and scattering geodesics are related as follows:
first, the image with X = 1: ") e SL(2,7Z) of the vertical geodesic I = {z = ie" : T € R}
q s
is a geodesic connecting Xp (0) = % and Xy (c0) = %. X (G) is a Farey triangle with central cusp in
b man q q q
q — s+t
If, instead, we apply X, to the positive and negative horocycles of v = (i,0) € TH, namely the
q .
horizontal line H" = {z = i+ 7 : T € R} (B-invariant) and the circle H~ = {z = {3 : T € R}

(A-invariant) we obtain two Ford circles:

e C 1, of diameter tlZ and tangent to R in %,

. C m, of diameter le and tangent to R in ﬂ

which touch each other at the point X (i). The “child" circle C r touches the cusp at , and the
“parents"” circles C» and Cu at X 2 B(i) a171d X ; A(i), respectively. Flnally, the geodesics that cross C 2

perpendicularly (in particular cp) converge at the cusp.
q

EXAMPLE. X% =A= ( 1 (1J ), C% = A?2(H") = AB(H™) (see the figure above).

/
One easily checks that two Ford circles Cy e C,/, with p < P are either tangent to each other or
y q g
q
q
they do not intersect, and the former situation occurs whenever 'g — pg’ = 1. Moreover, three Ford
Yy P4q-—prq

circles Cp,
q

Theorems 5. 6 and 5. 7 in [1]).

We can say more, but first we briefly present the classical correspondence between a matrix X €
PSL(2,R) and v = (z,0) € SH. Givenv = (z,{) € SH, withz € Hand ¢ € TH ~ C, we can identify
SH with PSL(2,R) by corresponding v to the unique element ¢ € PSL(2,R) such that z = g(i) and
¢ = dg(Co) = §'(z)o, where {j is the unit vector tangent to the imaginary axis. One can also write
the unit tangent vector as { = Im(z)e'(®+7) where 6 is the angle formed by { with the vertical line,

// / /) /
p/ and C o w1th p ,, < % are tangent to each other if and only if % = g & % (see, e.g.,
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measured counterclockwise. By identifying { with 6, we obtain the parametrization v = (z, 6) for the
points in SH, and

(z,6) = (8(0), B5(0))
where ¢ = (i Z) is given by

_b+ia

2=g(i) = o 0= Psl0) = ~2arg(d+ic) = —2tan " 5) (24)

d
In this way, the action of the positive and negative horocyclic flow h;” and h; on PSL(2,R) corresponds to
the right multiplication by one-parameter subgroups of matrices

1 t _ 1 0 _ _
nj:(() 1>,ht+<—>gn;r and 7, :<t 1>,ht > gn (25)

This also assures us of the commutativity between isometries and flows, since the former act from the
left while the latter act from the right. Finally we can say the following: consider the correspondence
between an element x € 7 and X € SL(2,Z), given by (2), and the correspondence between a matrix
X € SL(2,Z), viewed as an element of PSL(2,R), and v = (z,0) € SH, given by (24). This gives a
correspondence between elements in 7 and points z € H, as follows:

: ’”) — v = (X(0), Bx (1)) — X(i) 26)

x = % @ % — X = (
recalling that Bx (i) = —2tan!(t/s).
However, this correspondence is not a bijection since the same point in H can be associated to multiple
point in SH and hence to multiple X € SL(2,Z) which are not even associated to some x € 7. But
considering the direction from x € 7 to z € H, which is well defined, we get a correspondence between
x and z = X(i).

Moreover, for our scope, we just need to prove that:

X1 = e and X2 = e
t s s —t
correspond to vy, v; € SH with z; = z; and opposite vectors 8; and 65.

But this is easily shown considering:

—n+mi_—n+mi —i_m+ni
—t+si  —t4si —i s+t

and, recalling that tan ! (x) +tan"1(1) = +7%,

—2tan"! (t) +2tan! <S> =-2 <tanl <t> —|—tan1(s)> = +71.
s —t s t

So, we have a direct way to determine both x and z from X € PSL(2,Z), where z is obtained in the
canonical way, and

m
A== @ =D — = — D — (27)

EXAMPLE. As in the previous example, we have C 1= A%2(H*) = AB(H™), which indeed is the

negative horocycle for vy = (z1,60;), with z; «+» A? « % and the positive horocycle for v, = (zp,6,),
with z, <+ AB < % (see Figure 8).
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With the elements presented thus far, we can show that the horizontal movement on 7 corre-
sponds to horocyclic flows along Ford circles. To this end we present first the following.

Lemma 5. The horocyclic flow with unit time on a Ford circle moves from a tangency point with another Ford
circle to the next one.

Proof. From the content of this section, we know that the Ford circles associated with % (the horizontal
line) and % can be mapped to any other Ford circle Cy via an isometry. We can consider the Ford circle

Cy associated with g and the tangency point with another Ford circle C,s associated with Z—: Then,
both horocyclic flows, with either negative or positive unit time, are mapped to the respective flows on
the Ford circles C; and Cy. For these, it can be directly checked that, moving with unit time (positive
or negative), we are movirllg from the starting tangency point z = i to the next one in the corresponding
direction along the corresponding horocycle. This proves the lemma. O

To state the next result, for any positive integer t we set:

At:_<1 (1)>zh;, Dt:—B_t—<é _1t>5ht+

so that, in particular, A' = h;_; = Aand D=D'=h  =B"L

Then, the horocyclic flows with time # correspond to either A or Bf, as in (25). Moreover, as shown in
(26) and (27), we recall that each fraction x in 7 (and 7") corresponds to the tangency point between
the parents of the Ford circle Cy, and vice versa.

We can now state the following;:

Theorem 5. The horizontal displacement on T, starting at the root 1 and moving from left to right on each level,
corresponds to clockwise motion along Ford circles. More precisely, assume that we reached x = 1y, the m-th
element of T, as in Theorem 4, with depth(x) = n. Then, the move to the next element y = r,,,1 corresponds
to the following displacement (via horocyclic flow) on Ford circles:

o if xis the rightmost element in a level, i.e. m = 2" — 1, then moving to y corresponds to applying D"~ A™
for n even, and An—1pn for n odd;

o if, instead, x is either the leftmost or an inner element in a level, i.e. m = 2"~ + (k — 1) for some
1<k<2"vandk =2P~1(mod 2F), with 1 < p < n — 2, then moving to y corresponds to applying
A=Y if p = k(mod 2), D'*2(P=1) otherwise.

Proof. Firstly, it is important to note that when considering the horocyclic flows, each time we move
from one Ford circle to another tangent to it, the vector switches direction from inward to outward,
or vice versa. This means that, since the movement is clockwise, we transition from the positive
horocyclic flow with negative time h™, = D' (to the left of the vector) to the negative horocyclic flow
with positive time i, = A’ (to the right of the vector), or vice versa, from h; = A’ to h't, = D*. Since
each level n > 1 of the tree contains an even number of elements, as we move along the level, we
perform an odd number of swaps between horocycles before reaching the last element 7 € 7. This
element corresponds to z = (n — 1) +i € H, i.e. the point of tangency between C; and C = (the
parents of Cx). As a result, the vector v will point in the opposite direction compared to v 11 WL C 1.

Therefore, when moving from one level to the next, say from n to n 4 1, we alternate between Dn1An,
when 7 is odd, and A" 1D~", when n is even. In this way, the direction of the vector v is reversed two
more times, and the next level n + 1 start from %—‘rl with the vector in the opposite direction compared
to 1. Thus, the horocyclic flow that begins at the start of a level 7 of the tree correspond to A if  is
odd, and to D if n is even.

Now let x = r,,, where m = 2"~1 4 (k — 1),with 1 < k < 2"~1, 50 that it is the k-th element of the n-th

level of 7. If we want to move horizontally to the next element r,,;1, we have two possibilities: either
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k < 2"1 in which case we move to position k 4+ 1 on the same level, or r,,, ;1 is the first element of the
next level n + 1. However, we have already discussed this case, so, from now on, we will consider
k<21,

If k is odd, then x is the left child of its parent node x’, and ry,11 is the right child. In H, each of these
two corresponds to the tangency points between the Ford circle C,s of x” and the Ford circle of the
other parent. Therefore, as in Lemma 5, moving from one point to the next along C,s corresponds to
the horocyclic flow with || = 1, which, depending on the orientation of the vector v, corresponds to A
if nis odd, or D if n is even.

If, instead, k is even, then we have a right child, and its parent is different from the parent of r,,41.
Indeed, we need to go back at least two levels to find a common ancestor. Considering the structure
of the tree, one can see that fork = 1,2,3,...,2"2,...,2" 1 the number of steps needed to reach the
common ancestoris 1,2,1,3,1,2,1,4,...,1,n—1,1, ..., 1. In general, for k = 2r—1 (mod 27), for
1 < p < n—2weneed p steps. This can be easily proven by induction on the level of the tree. For
n = 2, it is trivially true. Assuming the formula holds for levels up to 7, it follows that, by construction,
for all the new left children, which correspond to k = 1 (mod 2) = 2° (mod 2!), the formula holds.
For a given right child x, the common ancestor with the node directly to its right, which coincides with
the common ancestor of its parent x’ with the node to its right, is one step further than the number
of steps required from its parent x’. By induction, from x/, corresponding to k' = 2°~! (mod 2F), we
need p steps, so from x we will need p 4 1. From one level to the next the nodes duplicate, and x will
be at the position k = 2k’ so that k = 27 (mod 2P *1), as required.

We have that both r, and r,,1 correspond to points on the Ford circle associated with the (nearest)
common ancestor y € T, specifically to the points of tangency with their respective parent. On the
horocycle, between them, there are 2(p — 1) points, where p is the number of steps required to reach
the common ancestor. Indeed, all the nodes traversed while moving up from r;, to the ancestor form a
Farey pair with y, as do the nodes traversed to reach down to 7,1, and, by the properties of 7 and
the Ford circles, these are all and only the points that lie between them. Thus, following the ideas in
the proof of Lemma 5, this movement corresponds to the horocyclic flow with time [t| =1+ 2(p —1).
The exact one, A or D, depends on m, and, more directly, on n and k. As we have seen, for n even, odd
k corresponds to D and even k corresponds to A, while the reverse is true when n is odd. O

We already showed how the scattering goedesics in H are correlated with the vertical movement
on the Stern-Brocot tree 7. With this theorem, we established a parallel between Ford horocycles,
which are orthogonal to the geodesics defined in the Farey tessellation, and the horizontal movement

on7T.

Remark 11. The repeated horizontal movement on T can be interpreted geometrically as a cyclical movement
along the upper arcs of the Ford circles and, dynamically, as a repeated composition of horocyclic flows. This
corresponds to a repeated right multiplication of matrices, expressed as:

(A)D

(AD?*)AD3A

(D*A3)DA’DA’DA3D

(ASDYH)AD*AD>AD?AD’ AD*AD>AD?A

(D*AY) ...

where the brackets correspond to the jump to the next level on T, or equivalently, to the return to i in H and

; 1
subsequent descent towards X E. (i) < 737
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Remark 12. If one want to consider the horizontal movement on the n-th level of T as composition of horocyclic
flows but always resetting and starting from (i,0) € SH, we would have

(I2)
(A)D
(A2)DAD
(A®)DASDA’DA3D;
(AY)DA’DA’DASDA’DA’DA’DA3D

which more clearly show the palindromic and symmetric nature of the movement along a level of T, obviously
already present in Theorem 5.

To conclude, we provide figures to visualize the motions described in Theorem 5. In the first
figure, we indicate the direction of traversal of the circles, which will be omitted in the subsequent
figures, as it remains the same, i.e., clockwise. Additionally, clockwise is considered the negative
direction along the horizontal line C 1. After the first two figures we will omit vectors and points
to reduce clutter. Moreover, in all figures, we color-code the horocyclic flows: red for the negative
horocycle H™, associated with positive time, and blue for the positive horocycle H*, associated with
negative time. Specifically, red represents Af, and blue represents D!, where t — 1 denotes the number
of tangent points that must be surpassed to reach the end of the arc. A note is due: in the figures
showing the movement on the n-th level, we have added, for completeness, the descent from % to
the first element of the n-th level, which would not be included in the movement through the level.
Visually, it correspond to the leftmost colored arc, descending from i along C 0.

=lo
N |-
==
[l =}
N =
=

Figure 9. Movement on the second level of 7 and transition to the third.

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202603.0815.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 10 March 2026 d0i:10.20944/preprints202603.0815.v1

24 of 26
— o~
— - - e
0 1 1 3 2
1 2 1 2 1
Figure 10. Movement on the third level.
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Figure 11. Transition to the fourth level.
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Figure 12. Movement on the fourth level.
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