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Article
An Approximation to Riemann Hypothesis

Li An-Ping

Beijing 100086, P.R.China; apli0001@sina.com

Abstract: In this version, there is an improvement on Theorem 1.1, the error term of (1.2) is reduced to
O(T'3(log T)7/3). This is achieved mainly by dividing function w(s, Ty, T») into two parts, the one is
dominant, and the other one is minor, and the argument of the dominant one is relatively small (see
Corollary 2.1), so the final result is improved.

Keywords:

1. Introduction

Riemann zeta-function {(s) is originally defined as

= 1
’(s) = Zﬁ, for Res > 1.
n=1

and it also can be expressed as the product form

1
g(s)zlzll——l/ps' for Res > 1.

This formula is called Euler’s product formula, which indicates the relation between {(s) and prime
numbers. About {(s) there is a well-known Riemann hypothesis, states that all the non-trivial zeros
of {(s) are on the critical line Res = 1/2. The researches on the conjecture are no doubt a most
time-consuming one in mathematics, refer to see the survey paper [3].

The so-called trivial zeros of {(s) are s = —2, —4, - - -, and nontrivial zeros of (s) are known all in the
critical strip 0 < Res < 1.

Denote by N(T) the number of zeros of { (¢ + it) in the region 0 < ¢ < 1,0 <t < T, and by Ny(T) the
number of zeros on the critical line ¢ = 1/2,0 < t < T. Riemann hypothesis is that

No(T) = N(T).
For N(T), it is known that
T T T
_ _ , 1.1
N(T) = log Tl O(logT) (1.1)

And for Ny(T), Hardy firstly shown that there are infinity many zeros on the critical line, and then he
and Littlewood [5] and Selberg [8] proved that
No(T)
= ——= >0.
K N(T) >
Levinson [6] proved

K>

Q| =

and then this result has been improved successively. Conrey [2], Feng [4] proved respectively

x > 0407, x > 0.412.
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In this paper, we will prove that

Theorem 1.1.
N(T) = No(T) + &. (1.2)

where & < T'/3(log T)”/3.

The main arguments in this paper are based the papers [6],[7] and [1], but instead of using
Riemann-Siegel formula, it will be applied an auxiliary function w(s, Ty, T») defined in Lemma 2.1,
which will play a role of mollifier and ferry, it firstly used in [7] but here with a small modification.

2. Some Lemmas

Lemma 2.1. Suppose that T < Ty < T, < 2T, A = T2/3(10g T)5/3, s1 = A+c+iu(c >0),s =

2/\ 12 /\

Let o = A+c—v, 1 =min{|x — t||x € [Ty, T]}, there is
|w(s, Ti, T2)| < exp(—((c = v)* +1%)/20) 22)
Let A = (20Alog T)V/2, ift € [Ty + A, Ty — A, then
lw(c+it, Ty, To) —1| < T (2.3)
Andift <Ty —A,ort > Ty + A, then
lw(c+it, Ty, To)| < T (2.4)
If |t — u| = o(0?/3), then

t—u (t—u)d
20 602

arg(T'(sg —s)A* ") = +e. (2.5)

Proof. By Stirling’s formula, it has

1> log(o? + (u —t)?)

Re(logI'(o + (u —t)i)) =<(7'— 7 7 -0+ %log(Zn)

—(u—1t) arctan(uT_t) +0(1/0)

And
Re(log(T (o + (u —t)i))) + Re(log(/\_(‘”‘(”—f)i))) +A
c—v? (u-t? (u-t? 1 1
= _( 20) | 402) ( 20) _ElogU'-l-ElOg(Zn)—f—O(l/g-)
Hence,
lw(s, Ty, T2)| < 67(67”)2/2"& " e~ =t2/20 g,  o=((e=0P+n?) /20
o B NoY i
Besides, it is familiar that
1
—A [ — _ 5—S1
e 27Ti /r(sl S)A ds
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Hence,
1 —w(c+it,T1,T2) = R1 +R2,
where N
_e " A A=t g
Ri= o /Tz T(A+ (u— )i)A ",

A T .
Ry= o L ; T(A+ (1 — £)i)A~ =D gy,

Hence, if t € [T + A, T; — A], then

IRy| < /T j‘&r()\ + (4 — i) A~ A0 | gy
< AT1/2 /Too exp(—(u—t)2/2\)du
<TI0 2
and similarly
|Ry| < A™1/2 /_T:o exp(—(u—1)%/2A)du < T,

ift <Ty —A,ort>T,+ A, then

T:
w(c+it, Ty, T)| < A‘l/z/ *exp(—(u — £)2/2A)du < T~
Ty
If |t — u| = 0(c?/3), then

t—u  (t—u)® (t—u)d

—g)*751)) = —
(t—u)  (t—u)
5 T 4t €
Ct—u (t—u)®  (t—u)
T 20 602 | 2004 1€
O
Corollary 2.1. Divide w(s, Ty, Tp) into two parts,
w(s, Ty, To) = wi(s, T, Tp) + wa(s, Ty, Ta), (2.6)
eA S—S
wi(s, Ty, Tn) = T T'(s1 —8s)A°"1dsq,
[u—t|<A
wy(s, T1, Tn) = ¢! T(s1 —s)A°"1ds
2\, 11, 142) — 27 1 1-
u—t]>A
Then
lwa(s, Ty, To)| < O(T™19), 2.7)
and
(2.8)

|arg(wi(s, Ti, To))| < O(A%/A%).

This indicates w (s, Ty, T») is the domination of w(s, Ty, T), and its argument is small.
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Lemma 2.2. Let {1(s),a2(s) be {(s) or {'(s) and
= Eann*s, for Res > 1,
n
=Y bun~°, for Res>1.
n
Asameasin Lemma 21,0 <a <1/2,s1 = A+c+iu, c > 0, define
et _
g(u) = i /T(Sl —s)ATIL(5) Lo (s)ds (2.9)
a)
Thenfor T <u <2T,1 < B < A+c, thereis
Ao o @by (BT ~10
h=1k=1
Proof. We move the integral path from (a) to (B), the residue at the pole s = 1is
R« e)\r()\ +ec—1 + iu))\*(/\+cfl+iu) < T*lO
Hence,
_°° ooﬂkbhe / s (Y
g(u)—h iyl lkﬁh527r I(s1—s) p ds +O(T~10)
:ZZ—Z—/Fsl—s sl+s(%> ds + O(T~19)
h=1k=1 2mti
(B)
o0 0o 1 A
_y Yy Wb e / T(w)A‘“’(E) dw + O(T 1)
oo bR 2m k
(A4c—pB)
" i i @ E e~ Mi/k +O(T—1O)
i PPNk
O
Lemma 2.3. Let 6 = (201og T//\)l/z, A as before, 0 < ¢ < A/10, then
I = / ANy « T8)1/2, .11
+6
1-6
I, = / ANy « 10 2.12)
0
1-6
I3 :/0 eMog(j/v)vM e Mdo < (logj+60)T 10, (j >1). (2.13)

Proof. For (2.11), by the integration by parts
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A A+c,—Av |® )
n=-r | 4 M/ A1, g,
A 146 A Jive
exp(—26%A/5) hh
< BN T
< 1 +(1+9/10)1+9
That is,
S0 o (—26%A/5) < T8
101+t =P =
and
]1 S T_SA_l/z.
For (2.12),
Jo <M1 —0)re M0 < exp(—624/2) < T10.
For (2.13),
Js < eMlog(j/(1—0))(1—0)M e 179 « (logj+6)T 10,
O
3. The Proof of Theorem 1.1
Proof. Let i(s) = /2T (s/2), then the functional equation of {(s) can be written as
h(s)g(s) = h(1—=5)(1—s) (3.1)
By Stirling’s formula, it has
logh(s) = ~(s —1)log = — S + o+ 0( 1 (3.2)
©°8 2 8o 20 s '
Let f(s) = logh(s), then
W) 1 s 1
! = = — JR— —
fi(s) = ns) —210g27_[+0<s> (3.3)
and for larger ¢
! ! _ _ i 1
fiis)+f(1 s)—log2ﬂ+O<s) (34)
Taking logarithm of equation (3.1), and then derivative, it follows
h(s)Z(s)(f'(s) + f(1=5)) = —h(s)Z'(s) = h(1 =)' (1 =) (3.5

We note that the right side of (3.5) is a sum of two conjugative complex numbers as s = 1/2 + it, so the
zeros of the right side of (3.5) occur if and only if

arg(h(s){'(s)) = /2 mod 7t (3.6)
On the left side of (3.5), clearly, h(s) is never zero, and by (3.4), so these zeros are just the zeros of
C(1/2+it).
Moreover, let x(s) = h(1 —s)/h(s), then {(s) = x(s)Z(1 —s), and

J'(s) = =x(H{(f () +f(1=5))0(1—5)+7'(1-5)} (3.7)
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By (3.6), the zeros of (1/2 + it) are the ones
arg(h(1 —s){(f'(s) + f'(1-5))f(1—s)+'(1—s)}) =n/2 mod 7
on o = 1/2, equivalently,
arg(h(s){(f'(s) + f'(1 —5)){(s) + ' (5)}) = /2 mod 7 (3.8)
ono =1/2. Write L(s) = f'(s) + f(1 —s), and denote by
G(s) ={(s) +'(s)/L(s) 3.9)
The investigation above means
No(T) = %Ag arg(hG(1/2 + it)) (3.10)
By(3.2), it can be known that
Af arg(h(1/2 +it)) = glog % - g +O(log T) (3.11)

So, the main task to determine Ny(T) is to calculate Al arg(G(1/2 + it)).
Let L =1log(T/2m), U < T, and let D be the rectangle with the vertices 1/2 4 iT, c +iT, c+i(T + U),
1/2+i(T+U),(c > 3). First of all, we might as well assume there are no zeros of G(s) on the boundary
of D, then by the principle of argument, the change of arg G(s) around D is equal to 27t times Ng (D),
the number of zeros of G(s) in D.
On the right side of D

|G(c+it)—1] < Y n°+0(1/L) <1/3

n>2

so, arg G(s) change less than 7t. On the lower side and the upper side of D, by a known result [9, §9.4],
a extension of Jessen’s theorem, taking account on the order of G(s), we can know that arg G(s) = O(L)
as0 <o <3,and argG(c +it) = O(277) as ¢ > 3, hence, for any 0 < b < ¢, it has

/bc arg G(o + iT)do, /bc arg G(o + i(T + U))do < O(L) (3.12)

So,
AT arg(G(1/2 +it)) = —2nNg(D) + O(log T) (3.13)

Now the work is turned into to evaluate Ng(D).
Takea = 1/2 — 1/L, and let Z be the rectangle with vertices a + iT, c +iT,c +i(T+ U), a+i(T + U).
Taking the integral [ log G(s)ds, by the Littlewood’s Lemma [9, §9.9], it has
9
T+u T+u c
/ log |G (a + it)|df — / log |G(c + it)|dt + / arg G(o + i(T + U))do
T T a

C
- / arg G( + iT)do = 27 Y dist (3.14)
a

where Y dist is the sum of the distances of the zeros of G(s) from the left.
By (3.9), it is easy to know

T+U T+U
/T logG(c+it)dt:/T log {(c + it)dt + O(1/L)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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and it is familiar that Aln)
—A(n
log{(s) = L o
So
T+U
/ log|G(c+it)|dt < 1.
T
With (3.12), the rest is to calculate the first integral of (3.14).
By the concavity of logarithm, it has
T+Uu 1 pT+U
/ log |G(a + it)|dt = E/ log |G(a + it)|dt
T T
< Yutog (L [ (Gla 4 it) 2t 3.15
< jutog (g [ Gl +inpar) 615
At first, we simplify G(s) as
/
Go(s) = {(s) + ¢ f)- (3.16)
Then
G(s) = Go(s) + E(s).
(L 1\ Lo
E6) = (g5~ 1)76) < 56
And
I N2 T SN2 T . .
/ G(a +it)] dt:/ |Go(a + it)] dt+2Re/ Gola +it)E(a — it)dt
T T1 T
T, .
+ |E(a + it)|~dt
Ty
By Cauchy inequality

T2 T2 Tz 1/2
/ Gola+it)E(a — it)dt < (/ |Go(u-|-it)|2dt/ |E(u+it)|2dt>
T T T

The third integral in the right side of (3.16) is much smaller than the first one, which will be actually
calculated later, hence

T T,
/ IG(a +it)2dt = (1 —I—e)/ |Gola + it) [2dt.
Tl Tl

Moreover, let
¢(s, Ty — A, Ta+A) = w’?(s, Ty — A, Ta + A). (3.17)

By (2.8), we can know that on the upper side and the lower side of 2, there is
arg(¢p(s, Ty — A, T+ A)) < O(A%/A?) (3.18)
and

/ Carg(@(o+ Ti, Ty — ATy + A))do < O(cA3/A2), (j=1,2). (3.19)

a
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It is assumed that ¢ < A/10.
Moreover, by Lemma 2.1, there is

/TT2 log [¢(c +it, Ty — A, To + A)|dt < T°. (3.20)
!
(3.19) and (3.20) indicate that function ¢(s, Ty — A, T, + A) may be used as a mollifier. Let
G(s) = Go(s)p(s, Ty — A, To + A). (3.21)
By (2.8), for Res < ¢, it has
[ 1660 = [ 7 Ga(o)Pigls, T - &, T2+ 4) P
T,
= [ 1Gol)Pler(s, T =, Ta - )t
< (14+0(I3/2)) /Tsz 1Go(s)Pwr (s, Ty — A, To + A)dt
< (1+0(L3/7)) /Tsz |Go(s)[*w(s, Ty — A, To + A)dt + O(T™8) (3.22)

In the next is mainly to calculate the last integral.
By Lemma 2.1, it has

T:
/ fw(atit, Ty — A, T + A)|Go(a + it) | dt

T1
Tr+A
= /2 F(Sl a+zt)) (s1—(a+it)) du|G0(a—|—zt)|2dt
T+A ‘
= 27_[/ ’ / ‘1+lt))/\f(sr(aﬂt)”(}o(a—I—it)|2dtdu
Tr+A )
< 27_[/ 2 / a+lt))A—(sl—(a+lt))|GO(u_I_it)|2dtdu+€

= Iin+ho+ Iy +In+e.

where

T+A
hfvn/zw/F@ (a+ it))A~ G0 7 (0 4 if) Pt

To+A )
= — i —(s1—(a+it)) CNA(
hz 27TL / (a+it))A~ C(a+it){'(a—it)dtdu
T2+A ‘
= _ i —(s1—(a+it)) Y .
I 27TL / (a+it)) A= {(a—it){'(a + it)dtdu
T2+A ' '
I = anZ / / a + lt)))L_(sl—(ﬂ-*'ll‘))M/(a + lt)|2dtdu.

In the following specify Ty = T, T, = T + U.
We first calculate 11, by Lemma 2.2,

T2+A ) )
L1 = / ptexp(—Ap)du, p=j2/j1
Jl J2 ]2

= I+ hig+ Lo + Lz

where

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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T2+A
Lip = / Lexp(—Ap)du,
]1 =ja ]2

e/\ Th+A s
hip= ), 2_[%/ 0" exp(—Ap)du
p=1+0 Jp JT17A

I Z e Tr+A 5 ( A )d
112 = BT 0" exp(—Ap)au
PS1—9]§'B hi=A

e/\ Th+A
Lig= ), z_;s/ Pt exp(—Ap)du
1-60<p<1+46 J, /Ti—A

h#h
Clearly

1110— (U+2A Z 2B —C11(U+2A)
2 T2

By Lemma 2.3,

9_1 A j2 Ate . .
111,1<<ZE Y e <—) exp(—Aj2/j1)

2 ]2 j2/j121+86 J

2/ (146) .\ Atc ‘
< Z T et (%) exp(—Ajp/x)dx

““exp(—Av)dv

And,

-1 .\ Atc
Ly < Z T Z et <]—2> exp(—Aj2/j1)
2 ]2 j2/1<1-6

A ]2 A+c
< 2 “Aja/x)d
[J?]zﬁ h/(1-6) <x> Pp{—Ain/x)dx

1-6
<<Z]2/5 1/ MM 2 exp(—Av)do
2 )2

< Z ] L
2 12

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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And

I3 < (U+2A)Z = Y. e <—) exp(—Aja/j1)
o Ja 1-6<p<ite \J1

h#
<(U+21) Y 1ﬁ<1]29 1j29>T1/10
2>1/6 ] N +
26
<(U+28) ) o T1/10

WSy (1 62)
< (U 420071710 <« 7710 (B > 1010g T).

For I13, by Lemma 2.2,

T2+A —
112— / D gh 0° exp(—Ap)du
J1/ja ]2

=Ip0 + lip1 + L2 + L123.

where
1 —etlogj, [TtA
Ipo = + —— / p°Lexp(—Ap)du
L ]'1;2 5 hi=a
1 —eMogjy [Toth
Lop =1 Y —ﬁg]z / Pt exp(—Ap)du
p>146  Jp h-
1 —etlogjp, [Toth
Ipp =+ —/ p*t exp(—Ap)du
L p<12—9 o Ti-A
1 —etlogj, [T2tA
Loz =+ Tg]z/ p°t exp(—Ap)du
1-6<p<1+8 ] -
h#i2
Clearly,
1 —1lo
hoo = (U+28); ¥ =382 = cip(u+28)
22
By Lemma 2.3,

lo AV ..
g < 2# ) 3A<]~_2> exp(—Aj2/j1)
J2 J2 J2/j12146 n
A+c

1108]2 RIATO) 5\ (2 ,
< LZ /1 e (;) exp(—Aja/x)dx

1 9‘1log]2 2 A2
< Z%]gﬁ—_l /1+9 v exp(—/\v)dv

log]z —84y-1/2 -8
—Z zﬁ > A < T78.
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and
0~ 1logj ..
Ipp < Z% <]2> exp(—Aj2/j1)
o /=i N1
1«0 'logjn /°° /\(jZ)/\+C .
< =y —-°8k M E exp(—Ajy/x)dx
LY 3 oo \x pI=AR/)
1
<<% %/ M2 exp(—Av)do
2 I 0
1 I
< ZZ%T 10 <70,
2T
and
1 logj AV ..
hps < T(U+28) ) 82 (]2) exp(—Aja/j1)
2 J 1-6<p<i+e N1
72
1 10gjz< J2 2 > 1/10
< —(U+20) ) — T
L W 2 \1-0 140
1 2610g]2 1/10
=170y (1—62)
< (U 424)2P~1T1/10 7710,
For I1, by Lemma 2.2,
To+A
121— /2 lghPSleXp( Ap)du
Juj2 ]2
=D+ D11+ b1z + s,
where
1 —etlogj; [TotA
big=+ Y, T/ Pl exp(—Ap)du
Lf1:jz ]215 h=A
1 —eMogj; [T2tD
biy=1 —’Zﬁgh/ Pt exp(—Ap)du
PSRN » hi-
1 —erlogijy [TetA
ba=7 ¥ "Bl [ g exp(-ap)au
p<1-0  Ja -4
pv i To+A
Iz = 1 %/ ’ p°t exp(—Ap)du
1-6<p<1+6  Jp hi-A
n1#)2
Clearly,

1 —logj
121/0 = (U+2A)Z2 2‘Bg]2 = C21(U+2A)
2 )2
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By Lemma 2.3,
o~ P\ o
b < =~ Z 28 Z e log]1< ) exp(—Aj2/j1)
]2 ]2 i/ j1>1486
j2/ (146) N A Ac ’
< LZ 2/5 e logx<;) exp(—Aj2/x)dx
< LZ 7 1/ e*log(ja/v)v* 2 exp(—Av)do
10g]2 -84 —1/2 -8
<7 Z 2/3 1 A LT "
]2
and
61 i . ja Ate
121’2<<ZE Z e’ log (-) exp(—Aj2/j1)
j2 Jo jo/ji<1-6 it
1 9_1 (]'2>/\+C ‘
L=+ ) 57 M log x exp(—Aja/x)dx
L%jgﬁ e’ 08 p(—=Aja/x)
1 1o A4c—2
< ZZ T 1/ M log(ja/v)v exp(—Av)do
2 ]2
1« 0710 +1logja) .. 10 S
CTL o Tt
2 Iz
and

1 (2 \MT .
bis < + (U+2A)Z 5 ), e 10g]1<]-—2) exp(—Aj2/j1)
2 Jo 1-0<p<1+6 n

h#j2
logjp [ j2 2 1/10
(u +24) ) < - T
LSS 2P \1-0 7 1+96

1 20log 7
< Z(U‘*‘ZA) ) 251 B2 pi/i0
p>1/0j3  (1—62)

< (U +420)%P~1T71/10 7710,

For Iy, by Lemma 2.2,

/ LA 10g ]1 108 2 s

122— —8L 022 0% exp(—Ap)du

]1 g2
=Ipo+Ipni+ 122,2 + Ing,
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where
erlogjilogj, [Tt
20 =13 Z f/ "t exp(—Ap)du
L h=h ]zﬁ -4
1 ¢Mogjilogj, [T+A
= 3 IS [ oo
1 eMogjylogj, [Tt
Inpy == —/ p°texp(—Ap)du
L2 PSlZ—Q ?ﬁ Ti-A
1 Mog jilog iy [Tt
s =1 #/ 1 exp(—Ap)du.
1-6<p<1+6 J2 hi-A
h#i2
Clearly,
1
I = (U +24) 12 Z Og ]2 coo (U +2A).
By Lemma 2.3,
10 . Ac ‘ ‘
Iny < 12 Z# Z e log]1(]> exp(—Ajp/j1)
2 I2 j2/j1>1+0 n
1 — 0 tlogij, i/(1+0) .\ Atc .
< ﬁz#/l e/\logx(%> exp(—Aja/x)dx
i I2
6110 ) B
Lzz 2 %]2 /1+ e*log(j»/v) v T2 exp(—Av)do
log ]2 —84-1/2 —8
Lz 2 2/3 1 A < T°°.
and

lo i \ e ..
Inpy K — 12 ZJ Y, e 108]1(] ) exp(—Aja/j1)
2 ]2 j2/j1<1-6
A+tc

1log]z (]2) .
<< — " log x exp(—Aj/x)dx
Z /]/(H) 8 xp(—Aj2/x)

1 -1 10 1-6 . B
< ﬁ Z .2‘37§]2 /0 e/\ log(]z/v)v/\+c 2eXp<—AU)dU
2o
1 6~ (logjp +6)1ogjn .. 10 9
<L 251 T79 <17,
J2 2

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202506.0303.v2
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 18 June 2025 d0i:10.20944/preprints202506.0303.v2

14 of 16

and

lOgjz A . ]'2 A+c ‘ ‘
Ins < — (U—I—ZA)Z 26 Z e*logji | = exp(—Aja/j1)
2 Jo  1-8<p<1+6 it
h#j2
2 . .
u+24) y '8 12( R _ P )Tmo

2 —
S 2 \1-0 1496

2 .
< (Utan) Y, 20 g
=170 jy (1 —62)
< (u_'_zA)GZ‘BflTl/lO < T*lO'

Combining all the evaluations above, and recall (3.22), it has

T+U
/T+ |G(a+it)[?dt = co(U +2A0)(1+ O(L3/A)) + €

where

o =cC11 +C12 +C21 +C22

2

:1—|—O( ) (B>10logT)

Let U = T, by (3.15), it follows

T
< A+O(TL3/A). (3.23)

T+U
/ log |G (a + it)|dt < glog<1+ %> +§log(1+O(L3/A)) te
T

With (3.12), (3.14), (3.19),(3.20) and (3.23), and recall thata = 1/2 — 1/L, it follows

A+ O(TL3/A) 4+ O(cA3/A%) + O(L)

1/377/3
T < TV3L7/3,

ZHNG(D)

ie.
Al arg G(1/2 +it) < O(TY3L7/3).

and
(N(2T) = N(T)) — (No(2T) — No(T)) < O(T'/3L7/3).

Thenlet Tbe T/2K,1 < k < log, (T), and summing. This proves Theorem 1.1 in the case that there are
no zeros of G(s) on the boundary of D.

For the rest case, let N7 and N; be the numbers of zeros of G(s) on the left side of D, ¢ = 1/2, and in
D with ¢ > 1/2, respectively. Indent the left side of D with small semicircles with centers at the zeros
and lying in ¢ > 1/2. Let Nj be the number of distinct zeros in the N zeros. Let V; be the variation in
arg G in the jth interval between the successive semicircles. Then by the principle of argument, it has

va — 7Ny = 2tN, + O(L), (3.24)
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Let W; be the variation of argument of

h(s)(f'(s) + f'(1=5))G(s)

in the jth interval, where W; is taken for increasing ¢, while V; is taken for decreasing t. With (3.2) and
(3.24), it has

T+u
ij =Im(f)|; ~ — ZVf
] ]
T+U
=Im(f)|; ~ — (2nNa 4 71N1) + O(L) (3.25)
By (3.8), in the jth open interval, the number of zeros of {(1/2 + it) is at least
(W]/TE) —1.

and in all the open intervals, the number of zeros is at least

1 1 T+U
EZ:V\G—N{—I:—Im(f) — (2N +Np) = N; =1+ O(L)

T T
]
1
= ~Im(f) T _2NG(D) + N; — Nj +O(L) (3.26)

Moreover, by (3.7), we can know that on the side ¢ = 1/2, a zero of G(s) is also a zero of {’(s), and so
a zero of {(s), with multiplicity one greater, so there are Nj 4+ Nj such zeros of {(1/2 + it), adding to
(3.26), in total, it has

No(T + U) — No(T) > %Im(f) T _2Ng(D) + 2Ny + O(L).
By (3.11), we can know
%Im(f) T = N(T+U) - N(T) + O(L).
ie.

(N(T+U) — N(T)) — (No(T + U) — No(T)) < O(T/3L7/3),
O

Besides, we know that on the critical line a zero of G(s) is also a zero of {’(s), and so a zero of
{(s), with multiplicity one greater. Hence

Y (m—1) < Ng(D).

where sum is over the distinct zeros of {(s) on the left side of D, m is the multiplicity of a zero.
And so,
Y m <2Ng(D) < O(T/3L7/3). (3.27)
m>2
This means that the non-trivial zeros of {(s) are all on the critical line, and all are simple, with at most
O(T'3(log T)7/3) ones excepted.
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