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Abstract

Model evaluation metrics play a crucial role in hydrology, where accurate prediction of continuous
variables such as streamflow and rainfall-runoff is essential for sustainable water resources manage-
ment and climate resilience. Among these metrics, the Nash—Sutcliffe efficiency (NSE) is the most
widely adopted, while the Root Mean Squared Error (RMSE) is also widely used because of its clear
and intuitive interpretation. Although both metrics are functions of the sum of squared errors (SSE),
their different normalizations can lead to subtle differences in model ranking under certain conditions.
This study systematically investigates three scenarios: (i) both models are evaluated on the same
dataset, (ii) both models are re-evaluated after adding new data, and (iii) one model is evaluated on
the original dataset while the other is evaluated on the expanded dataset. For each case, we derive the
mathematical conditions that determine whether one model can have simultaneously lower RMSE
and NSE, or vice versa. The results demonstrate that RMSE and NSE always align on the same dataset
in terms of model performance, but discrepancies can emerge when dataset expansion changes the
total variance and models are compared across unequal evaluation bases. These findings clarify the
interpretation of NSE and RMSE in hydrological model assessment and provide guidance for their
use in broader machine learning applications. An important implication is that NSE can be artificially
inflated: a model may appear to perform better simply by appending new data with high variance,
even if its prediction errors remain large. This insight supports more reliable evaluation of hydrological
models, contributing to better water management decisions under SDG 6 (Clean Water and Sanitation)
and SDG 13 (Climate Action).

Keywords: Nash-Sutcliffe efficiency (NSE); root mean square error (RMSE); sum of squared errors
(SSE); hydrological model evaluation; performance metrics; dataset expansion; machine learning

1. Introduction

The evaluation of predictive models is a central concern in hydrology and related environmental
sciences. Accurate assessment of model performance is essential for tasks such as streamflow fore-
casting, rainfall-runoff simulation, and soil erosion prediction, where decision-making often depends
directly on the reliability of hydrological models. Among the many performance metrics that have
been proposed, the Nash—Sutcliffe efficiency (NSE) [1] remains the most widely adopted in the hy-
drology community. Defined as a normalized measure of squared error relative to the variance of
observations, NSE provides a convenient and interpretable scale: a value of 1 represents a perfect
model, 0 corresponds to predictions no better than the observed mean, and negative values indicate
performance worse than the mean benchmark.

Despite its popularity, NSE is closely related to another widely used error metric: the Root Mean
Squared Error (RMSE). Both metrics are functions of the same underlying quantity, the sum of squared
errors (SSE), but they differ in normalization. RMSE reports error in the same units as the observations,
whereas NSE expresses model skill relative to observed variability. This duality leads to non-trivial
behaviors when comparing models, particularly under dataset expansion or distributional shifts.
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Understanding these relationships is critical for fair model comparison and for interpreting results
across different studies.

Beyond hydrology, the role of NSE is growing in the machine learning and deep learning literature
[2-5], where it is increasingly used as a performance measure for models dealing with continuous
target variables. Machine learning practitioners are drawn to NSE for its ability to contextualize model
error against a baseline predictor, complementing traditional metrics such as mean squared error
(MSE) and mean absolute error (MAE). As machine learning techniques are increasingly applied to
hydrological problems, careful scrutiny of how NSE behaves relative to RMSE becomes especially
relevant. Recently, a study of surface water velocity prediction demonstrated that a model can achieve
a higher NSE while simultaneously exhibiting a higher RMSE compared to another model, highlighting
an inconsistency between these two metrics [6,7].

In hydrology, numerous studies have critiqued NSE and related metrics, emphasizing their limi-
tations and sensitivity to data characteristics. Gupta et al. [8] provided the well-known decomposition
of mean squared error (MSE) into correlation, bias, and variability terms, clarifying how variance
inflation can elevate NSE values without genuine error reduction. Subsequent work has shown that
such dependence on local variability undermines cross-site comparisons: Williams [9] argued that NSE
and the Kling-Gupta Efficiency (KGE) are unsuitable for this purpose, while Melsen [10] reviewed
the widespread but problematic reliance on NSE within hydrological practice. Onyutha [11] further
demonstrated that efficiency criteria can shift rankings under changing variability, bias, or outliers,
underscoring that the choice of metric itself introduces calibration uncertainty. Methodological re-
finements, such as the probabilistic estimators proposed by Lamontagne et al. [12], aim to improve
NSE and KGE performance, yet their structural sensitivities remain. Related paradoxes have also been
observed for other error measures, with Chai and Draxler [13] showing that RMSE and MAE rankings
can diverge depending on error distributions. Together, these critiques highlight the limitations of
current practices and frame the need for a formal characterization of when and why contradictions
arise between RMSE and NSE.

The present study directly addresses this gap by systematically analyzing three scenarios in which
RMSE and NSE can exhibit different comparative behaviors between models. We show that while both
metrics are monotonic with respect to SSE on a common dataset, discrepancies may arise when models
are evaluated on different data subsets or when additional variability is introduced. By deriving
precise mathematical conditions for these cases, we clarify the circumstances under which NSE and
RMSE rankings agree or diverge. Importantly, these insights not only advance the methodological
understanding of model evaluation but also support sustainable water resources management and
climate adaptation strategies, aligning with the United Nations Sustainable Development Goals,
particularly SDG 6 (Clean Water and Sanitation) and SDG 13 (Climate Action).

2. Materials and Methods

This section outlines the analytical framework used to examine the relationship between RMSE
and NSE. We first describe the models under consideration and how their prediction errors are
represented. Next, we define the datasets and how they are expanded across cases, followed by the
formal expressions of RMSE and NSE that form the basis of our derivations. Together, these elements
provide the foundation for the comparative analysis presented in the Results section.

2.1. Models

Two generic predictive models are considered and denoted as Model A and Model B. The internal
structures of the models are not specified because they are irrelevant to the analysis, which focuses
solely on error behavior under different evaluation scenarios. The predictions of Model A and Model B
at time step i are denoted by 7 4 ; and #p ;, respectively, while the observed value is denoted by y;.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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2.2. Datasets
Let X denote the original dataset consisting of n observations,
X = {]/1;]/2, e ryn}-

A second dataset block of equal size 7 is introduced,

Z=A{Yni1,Yn+2,- - Yon},

and the combined dataset is denoted by
Y=XUZ.

The mean of X is denoted by i/x, and the mean of the combined dataset Y is denoted by jy.

2.3. Evaluation Metrics

The analysis considers two standard metrics of model performance: RMSE and NSE. For a dataset
with N observations, these are defined as

RMSE = (1)

=1
Zzlil(yi - yAi)2
Zfil(%‘ —7)?

NSE =1 — , ()
where 7J; denotes the model prediction and  is the mean of the observed series. Both metrics are

functions of the SSE, but RMSE reports error in the same units as the observations, whereas NSE
normalizes error relative to the total variance of the observations.

2.4. Evaluation Scenarios
Three scenarios are investigated to examine the comparative behavior of RMSE and NSE:

1.  Case I: Same Dataset Evaluation. Both models are evaluated on the dataset X.
Case II: Expanded Dataset with Both Models Re-Evaluated. Both models are evaluated on the
combined dataset Y.

3. Case III: Unequal Dataset Evaluation. Model A is evaluated on X, while Model B is evaluated
onY.

These three scenarios are designed to clarify the mathematical relationship between RMSE and NSE,
showing conditions where their rankings are consistent and conditions where contradictions may
arise.

3. Results

The results are organized into three cases that represent different ways of evaluating and com-
paring models. Case I considers both models evaluated on the same dataset, Case II examines the
situation where both models are re-evaluated on an expanded dataset, and Case III addresses the
unequal evaluation scenario in which one model is tested only on the original dataset while the other
is tested on the expanded dataset. Together, these cases make it possible to identify conditions under
which RMSE and NSE provide consistent rankings and those under which discrepancies may emerge.

3.1. Case I: Same Dataset Evaluation

Definition 1. Let X = {(y;, 7, UB,)}!, be the common evaluation set, with mean fjx = %Z?:l y; and

total sum of squares
n

SSTx = Y (vi — 7x)* (3)
i=1
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Define the models’ sums of squared errors (SSE) on X as
- 2 - 2
SSEx =) (yi—1a)>  SSEp=)Y (vi—J5i)" 4)
i=1 i=1
Then
SSEm SSEum
RMSEy =/ —— Ev=1— ——

SEm =\ — "  NSEum STy’ )
for M € {A, B}, with the usual caveat that SSTx > 0 (i.e., the observed series is not constant) for NSE to be
defined.

Proposition 1. If RMSE 4 < RMSEp on the same dataset X, then NSE 4 > NSEp.
Proof. Because the square root is strictly increasing and 7 is identical for both models,
RMSE, < RMSEp <= /84 < /5
SSE SSE

= AL

<= SSE, < SSEg.
Now consider the NSE difference:

SSE SSE SSEp—SSE
NSE, — NSEj = (1- 14 ) — (1 - $f2 ) = Sgea. (6)

Since SSTx > 0, the sign of NSE 4 — NSEp matches the sign of SSEg — SSE 4. From SSE4 < SSEp we
obtain SSEg — SSE4 > 0, hence

NSE4 — NSEp = S5SE4 > 0 — NSE4 > NSEj.
This proves the claim. [

Proposition 2 (Equivalent linear relation). On a fixed dataset X, NSE is a strictly decreasing linear function
of RMSEZ,

Proof. Since MSE = RMSE? = SSE/n, one can write

1 RMSE?
E=1—-——"— 7
NS SSTx @
Therefore,
RMSE, < RMSEp <= RMSE% < RMSE} <= NSE, > NSEp.
O

Interpretation. On the same dataset, RMSE and NSE always produce consistent rankings: whichever
model achieves lower RMSE necessarily achieves higher NSE. Ties occur only if SSE 4 = SSEp, while
NSE becomes undefined if SSTx = 0. This confirms that for hydrological model evaluation under
fixed datasets, RMSE and NSE cannot yield contradictory conclusions.

3.2. Case II: Expanded Dataset with Both Models Re-Evaluated

Definition 2. Let the original dataset X contain n observations, with Model A and Model B errors measured by

n

n
SSEa1 = Y _(vi—ai)®  SSEpi =Y (vi— 95" 8)
i-1 ‘

Il
—_
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Assume that SSE 41 < SSEp1, so Model A initially has lower RMSE and higher NSE. Define the deficit of
Model B as
A1 = SSEg1 —SSE 41 > 0. 9)

A new block of n observations, denoted Z, is added, producing the expanded dataset Y = X U Z with 2n points.
Model errors on Z are

2n 2n
SSExx= Y. (yi—9a:)%  SSEp= Y (vi—9pi)> (10)
i=n+1 i=n+1

Thus, on'Y the total squared errors are
SSE4 = SSE 41 + SSE 42, SSEp = SSEp; + SSEp,. (11)

Proposition 3 (Consistency on expanded dataset). When both models are evaluated on the expanded dataset
Y, RMSE and NSE always produce consistent rankings:

RMSE, < RMSE; <= NSE4 > NSEj. (12)

Proof. Both RMSE and NSE are monotonic functions of SSE when evaluated on the same dataset.
Therefore, comparing RMSE 4 and RMSEp is equivalent to comparing SSE 4 and SSEg, which in turn
determines the sign of NSE4 — NSEp. Hence, contradictory outcomes such as RMSE4 < RMSEp
together with NSE4 < NSEp are impossible. [

Proposition 4 (Condition for reversal). For Model B to surpass Model A on'Y, the requirement is
SSEp < SSE4. (13)

Equivalently,
SSEp1 + SSEpy < SSE 41 + SSE4p <= SSEa» — SSEp, > Aj. (14)

Proof. Substituting the blockwise decompositions SSE 4 = SSE 41 + SSE 42 and SSEg = SSEp; + SSEp»,
the inequality SSEp < SSE 4 rearranges to (14), where A; = SSEp; — SSE 41. This condition means that
Model B must outperform Model A on the added block Z by more than its initial deficit on X. O

Interpretation. On the expanded dataset Y, RMSE and NSE remain consistent in their ranking of
models. Model B can only overtake Model A if its relative improvement on Z outweighs its earlier
disadvantage A; from X. Otherwise, Model A continues to be superior on both metrics. Thus, when
both models are assessed on the same expanded dataset, RMSE and NSE cannot yield conflicting
conclusions.

3.3. Case III: Unequal Dataset Evaluation

Definition 3. Let the original dataset X contain n observations, with sums of squared errors SSE 41 and SSEp
for Model A and Model B, respectively. Assume SSE 41 < SSEp1 so that Model A initially outperforms Model B.
Model A is evaluated only on X, while Model B is evaluated on the expanded dataset Y = X U Z, where Z is a
new block of n observations. For Model A,

n
RMSE, = /3041, NSE4 =1- %,  SSTx =) (yi — 7x)% (15)
i=1

while for Model Bon Y,

SSEg = SSEpy +SSEgy,  RMSEY = |/SEmfSSEm  Nsp() = 1 — SSEnsSSEm (1)
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where SSTy is the total sum of squares of the combined dataset.

Proposition 5 (RMSE condition). For Model B to have larger RMSE than Model A on 'Y, it is necessary and
sufficient that
SSEpq 4+ SSEpy > 2SSE 4. (17)

Proof. The inequality RMSE](BY) > RMSE 4 expands to \/ SSEBlz';SSEBZ > \/ SSEAl. Squaring both sides
and multiplying through by 2n gives the stated condition. [

Proposition 6 (NSE condition). For Model B to have larger NSE than Model A, it is necessary and sufficient

that
SSTy
SSE SSE —o— SSE41. 18
B1+S5Ep2 < oo SSEa (18)
Proof. The inequality NSE](BY) > NSE4 expands to 1 — % >1- SSSSF{;; Rearranging yields

the stated condition. O

Proposition 7 (Combined conditions). Both conditions hold simultaneously if and only if

T
2SSE 41 < SSEpy + SSEpy < SSTy SSE 41. (19)
SSTx
Equivalently, the feasible interval for SSEp; is
SSTy
max (O, 2SSE 1 — SSEBl) < SSEpp < SST+ SSE 41 — SSEg1. (20)
X

Proof. Combining the RMSE and NSE inequalities (17) and (18) gives the stated two-sided bound.
The equivalent expression follows by solving for SSEg,. [

Proposition 8 (Variance decomposition). For equal block sizes, the variance ratio satisfies

SSTy ssT,  n .
. _ 21
SSTy 55T, T 285T, WX ~9z)% 1)

where SSTz = Y7, 1 (y; — §iz)? is the within-block variance of Z and iz is its mean. Hence the feasible

interval is nonempty if and only if Sgg > 2.

Proof. Letjx = Y7 y;, 7z =1 Z?ﬁnﬂ yi, and Jiy = 1 (7x + 7z). By definition,

2n n 2n
SSTy =) (vi—9v)* =Y (vi—9)*+ Y} (vi—9v)*
i=1 i=1 i=n+1
For block X, write y; — 7y = (y; — ¥x) + (¥x — Jy) and expand:
. 2 _ v 2 2
Y (i —gv)* =Y (vi = 7x)" +n(Fx = 7v)*,
i=1 i=1
SSTx

where the cross term vanishes because }_}' ; (y; — 7x) = 0. For block Z, similarly,

2n

Y (yi — 9y)* =SSTz +n(jz — iiv)*
i=n+1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Adding both parts gives
SSTy = SSTx +SSTz + n(ix — Jy)* + n(yz — ¥v)*.
Since 7y = 3(§x + 7z), we obtain
S 5\2 G a N2 (g o)\2
n(@x —Jy)" +n(fz —9v)° = 3(Ix — ¥z)".

Hence
SSTy = SSTx + SSTz + 2 (¥x — 72)*,

which yields (21) after dividing by SSTx. O

Interpretation. In the unequal dataset case, contradictions between RMSE and NSE become possible.
Specifically, Model B may have larger RMSE yet simultaneously larger NSE than Model A, provided
that the variance of the combined dataset more than doubles relative to X. This inflation of SSTy arises
when Z exhibits high within-block variability, a substantial mean shift from X, or both. In such cases,
the enlarged denominator in the NSE formula reduces the relative penalty for Model B’s higher errors,
allowing NSE to rank it above Model A even though RMSE confirms that Model A remains superior in
absolute error.

4. Discussion

The preceding mathematical analysis considered three distinct scenarios for comparing models
under the RMSE and NSE metrics. While the Results section established precise conditions under
which the two metrics agree or diverge, it is equally important to interpret these findings in the broader
context of hydrological model evaluation and machine learning practice. This section discusses
the implications of each case, emphasizing when the metrics remain consistent and when apparent
contradictions can arise.

4.1. Case I and Case 11

When both models are evaluated on the same dataset, either the original dataset X (Case I) or the
expanded dataset Y (Case II), the ranking of models by RMSE and NSE is always consistent. Since
both metrics are monotonic functions of the sum of squared errors (SSE) relative to the same variance
baseline, we obtain the equivalence

RMSE, < RMSEg <+ NSE, > NSEg. (22)

Therefore, no contradictions can arise: whichever model achieves a lower RMSE necessarily achieves
a higher NSE. This alignment ensures that, in practice, evaluations on the same dataset leave no
ambiguity about which model is superior.

4.2. Case III

In contrast, when the two models are evaluated on unequal datasets, it is possible for the rankings
to diverge. Specifically, Model A may be evaluated only on X, while Model B is evaluated on the
expanded dataset Y = X U Z. In this situation, Model B’s NSE is normalized by SSTy, the variance of
the combined dataset. If SSTy is much larger than SSTx, Model B’s relative error ratio can shrink even
if its absolute error (and thus its RMSE) remains larger. The necessary and sufficient condition for this
outcome is

T
2SSE; < SSEp; + SSEpy < 221X SSE 1, (23)
SSTy
with feasibility requiring
SSTy
STy~ 2 (24)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Using the pooled variance decomposition,
SSTy SSTz noo,_ 9
=1 — - , 25
S5Ty | 85Ty | 255Ty VX ~V2) 29)

this condition can be satisfied if the added block Z has either very large internal variability (large
SST7), a substantial mean shift relative to X (large |7x — 7z|), or both. Under such conditions, it
becomes possible for Model A to achieve a lower RMSE yet a lower NSE than Model B, thus producing
a genuine contradiction between the two metrics.

4.3. Implications and Potential for Inflated NSE

The results highlight that contradictions between RMSE and NSE rankings only arise when
models are evaluated on different datasets. In hydrological and machine learning practice, such
situations can occur when models are trained or tested on unequal time periods or spatial domains.
In machine learning in particular, it is common for models to be benchmarked on entirely different
datasets. In these settings, direct comparison of NSE values across studies or regions is not meaningful:
a higher NSE in one study does not necessarily indicate a better model than one with a lower NSE in
another, because the underlying datasets may have very different variance structures, mean levels,
or event distributions. Without controlling for dataset characteristics, NSE alone is unsuitable for
comparing models across independent experiments. Case III further emphasizes that NSE can be
artificially inflated by adding new data with sufficiently high variance or shifted means. A weak model
may therefore appear superior under NSE simply because the denominator in the NSE formula grows
faster than its errors.

Beyond variance inflation, other potential forms of NSE manipulation include: (i) selectively
extending the dataset with extreme events that dominate the variance without proportionally increas-
ing the error; (ii) rescaling the observed series (e.g., through unit changes or aggregation choices) so
that the variance baseline increases; and (iii) cherry-picking evaluation periods with naturally high
variability (such as wet seasons in rainfall-runoff studies). Each of these strategies can make a weak
model appear competitive under NSE, while its absolute accuracy as measured by RMSE remains
poor. Importantly, RMSE is not subject to these distortions, since it directly reflects the magnitude of
prediction errors without reference to the variance of the observations. Unlike NSE, RMSE cannot
be inflated by dataset characteristics such as variance shifts or mean differences. As a result, RMSE
provides a more stable and accurate measure of absolute model performance, making it a valuable
complement to NSE when comparing models.

These findings suggest that NSE should always be interpreted with caution, especially in compara-
tive studies involving datasets of different scales or variability. For hydrology and related sustainability
fields, the broader implication is that rigorous model assessment requires transparency in dataset
selection and metric reporting, ensuring that apparent performance gains are not merely artifacts of
evaluation design.

5. Algorithmic Demonstration of NSE Inflation

The preceding analysis shows that contradictions between RMSE and NSE rankings arise only
when models are evaluated on unequal datasets. In particular, increasing the variance of an expanded
evaluation set Y = X U Z can raise the NSE even when absolute errors remain large. This section
provides an explicit constructive algorithm which, for a given dataset X = {(y;, 7;) }}_; and desired
margin § > 0, produces a block Z such that

NSEy = NSEy -+ 4. (26)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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5.1. Algorithm Outline
Let
3 )2 . 2 SSEx
SSTX = Z(yl *yx) , SSEX = Z(yl — yz) , NSEX =1- —=.
i=1 i=1 55Tx
We target (26), which is equivalent to the required squared error of the added block Z:
SSEx
SSEy; = [ === — ¢ | SSTy — SSEx. 27
z <S STy ) Y D' (27)
Write the variance ratio ky,y := SSTy/SSTx > 1. Then (27) becomes
SSEy = [(1 — NSEx — 6) kyar — (1 — NSEX)] SSTx. (28)
To keep SSEz > 0, the minimal variance inflation factor must satisfy
1 — NSEy
>
Kvar 2 37 NSEx — 6 @)
For equal block sizes |Z| = | X| = n, the pooled-variance identity is
SSTY SSTZ n _ _ \2
=1 = .
55Ty ~ 1 55Ty T 285Ty X T V2) (30)

Hence any desired kyar can be realized by choosing a within-block spread SSTz and/or a mean shift
|7z — 7x|- Two canonical constructions are provided below: (i) All Spread (no mean shift), and (ii) All
Shift (minimal spread). A short “Mixed” version is also included.

Proposition 9 (Guarantee). Fix X, choose 6 with 0 < 6 < 1 — NSEx, and select kyar satisfying (29). If
Z is constructed to realize SSTy = kyar SSTx via (30), and its prediction errors satisfy (27), then NSEy =
NSEx + 6. Moreover, if SSEz is strictly smaller than (27), then NSEy > NSEx + 6.

5.2. Practical Notes and Constraints

e Valid range: 0 < § < 1 — NSEy; otherwise NSEy would exceed 1 or feasibility fails.

e Larger 6 demands larger kyar per (29), achievable through SSTz and/or mean shift |7z — 7x| in
(30).

e If the right-hand side of (27) is negative, the chosen kyar cannot deliver the target J; increase kyar
or reduce 6.

*  Error assignment on Z: construct a vector ¢ € R" with |3 = SSEz, then set j; = y; — ¢; for
j=mn+1,...,2n. This can be done deterministically (equal-magnitude entries with alternating
signs) or stochastically (i.i.d. random draws rescaled to the exact norm).

5.3. Minimal Worked Algorithms
All Spread (no mean shift)

This construction achieves the required variance inflation entirely by enlarging the within-block
spread of Z while keeping its mean identical to that of X. It demonstrates how NSE can be raised
through variance inflation alone.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Algorithm 1 Variance-Only Construction (All Spread).

1: Input: X = {(y;,9;)},, target margin ¢ € (0,1 — NSEx)
2: Compute SSTx, SSEx, NSEx.
1 — NSEx
1-NSEx -6
: Set iz <+ ¥x. > No mean shift
: Set SSTy «+ (kvar — 1) SSTx.
: Construct y,,41.2, with mean 7x and variance SST7.
: Compute SSTy < kyar SSTx.
: Compute SSEy from (27).
: Build error vector e with |le||5 = SSE; set i< yj—e.
10: Output: Y = X U Z with NSEy = NSEx + 6.

3: Set kyar +—

O 0 NI O Ul W

All Shift (minimal spread)

This construction achieves the required variance inflation almost entirely by shifting the mean of
Z, while keeping its internal variance negligible. It illustrates that even a simple mean displacement
can artificially inflate NSE.

Algorithm 2 Mean-Shift-Only Construction (All Shift).

1: Input: X = {(y;,9;)},, target margin ¢ € (0,1 — NSEx)
2: Compute SSTx, SSEx, NSEx.
1 — NSEx
1—-NSEx -6
: Set S5Tz =~ 0. > Minimal variance

: Set Ay \/ 25X (kyar — 1).

: Set §z < ¥x + Ay; construct ;4 1.2, with mean 77 and negligible variance.
: Compute SSTy < kyar SSTx.

: Compute SSE from (27); build e with |le||5 = SSE7.

: Output: Y = X U Z with NSEy = NSEx + 4.

3: Set kyar +—

O 0 N1 O U1

Mixed Spread+Shift (optional)
Choose any nonnegative pair (SSTz, A, ) satisfying

SST.
Z + n 2

1+SSTX 28STy M Fvar,

then apply (27). For example, fix A, to control the mean of Z and solve for SSTz = (kvar —1)SSTx —
LA2.
25

These constructions serve as stress tests, highlighting NSE’s sensitivity to dataset design under
unequal evaluation bases. By contrast, in Cases I and 1I, where the dataset is fixed, RMSE and NSE
rankings remain strictly consistent.

5.4. Ensuring Larger RMSE Together with Higher NSE

The constructions above guarantee that the NSE of the expanded dataset Y = X U Z can be
increased by any desired margin §. However, this alone does not ensure that RMSEy also exceeds
RMSEy. To investigate this, consider

RMSEy = /2%, RMSEy = y/3Ext55Ez,

We have RMSEy > RMSEy if and only if SSEz > SSEx.
Substituting (28) and using SSEx = (1 — NSEx)SSTy, this condition becomes

2(1 — NSEy)

Kear > T NaE 5 (31)
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which is a stricter requirement than (29).

Interpretation. Inequality (29) establishes the minimum variance inflation needed to raise NSE by
6, but it does not constrain RMSE. The stronger bound (31) guarantees that NSEy > NSEx and
RMSEy > RMSEx. Importantly, when § = 0, (31) reduces to gg% > 2, exactly the threshold identified
earlier for contradictions to be possible. Thus, the simple “greater than two” rule is revealed as a

special case of this general framework.

This result demonstrates that it is possible to construct a dataset Z such that the combined dataset
Y = X U Z yields higher NSE but also higher RMSE compared with X. In other words, an inferior
model with larger errors can nevertheless appear superior under NSE once the evaluation dataset
is artificially expanded, underscoring the vulnerability of NSE as a performance metric in unequal
evaluation settings.

6. Conclusions

This study examined the relationship between NSE and RMSE across three evaluation scenarios.
The key findings can be summarized as follows:

1.  When models are evaluated on the same dataset (Cases I and II), the rankings by RMSE and NSE
are always consistent. A lower RMSE necessarily implies a higher NSE, and no contradictory
outcomes are possible.

2. When models are evaluated on unequal datasets (Case III), contradictions may arise. In this
setting, it is possible for one model to have a lower RMSE but simultaneously a lower NSE. The
necessary and sufficient condition for this outcome is that the total variance of the expanded
dataset more than doubles that of the original dataset, i.e.,

SSTy
2.
SSTy ~

This situation may occur if the new data block has very large variability, a substantial mean shift,
or both.
3. A strengthened bound was derived showing that, for a targeted increase of 6 in NSE, one requires

2(1 — NSEy)
Fuar > T NSEx - 0

which guarantees that the combined RMSE is also larger than the original RMSE. This result

generalizes the > 2 rule: when = 0, the strengthened bound reduces exactly to gg% > 2.

The implication is that an inferior model, already worse in RMSE, can nevertheless appear
superior under NSE once the dataset is artificially expanded. In other words, the model remains
less accurate in absolute terms yet appears better in relative efficiency, exposing a structural
vulnerability of NSE.

In summary, the analysis demonstrates that RMSE and NSE provide fully consistent guidance
when applied to a common dataset, but contradictions emerge once models are compared across
different evaluation bases. The inequalities derived here formalize the exact conditions under which
such paradoxes occur, clarifying the mechanisms that drive apparent improvements in NSE despite
deteriorating RMSE. For hydrological and machine learning applications, this emphasizes the critical
importance of consistent evaluation datasets and cautions against overinterpreting NSE values in cross-
dataset comparisons, where a model may seem improved by NSE even though its RMSE—and thus its
absolute accuracy—has worsened. By making these conditions explicit, the study contributes a rigorous
theoretical foundation for interpreting efficiency metrics and highlights the need for transparency in
evaluation design.
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