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Abstract: Lévy walks represent important modeling tools for variety of real life processes. Their natural
scaling limits are known to be described by the so-called material fractional derivatives. So far these
scaling limits were derived for spatially homogeneous walks, where Fourier and Laplace transforms
represent natural tools of analysis. Here we derive the corresponding limiting equations in the case of
position depending times and velocities of walks, where Fourier transforms cannot be effectively applied.
In fact, we derive three different limits (specified by the way the process is stopped at an attempt to
cross the boundary), leading to three different multi-dimensional versions of Caputo-Dzherbashian
derivatives, which correspond to different boundary conditions for the generators of the related Feller
semigroups and processes. Some other extensions and generalisations are analysed.
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1. Introduction

1.1. CTRWs, Lévy walks and Lévy flights

Letters P and E will be used everywhere to denote probability and expectation. The indicator
function of a set M will be denoted 1(M).

The CTRWs (continuous time random walks) found numerous applications in physics. The scaling
limits of these CTRW were analysed by many authors, see e.g. [14], [17], [21] and references therein. The
crucial points (realised initially by physicists, see [27] or [19]) were as follows: (i) the limits of scaled
CTRWs yield Markov processes time-changed by inverse stable subordinators and (ii) these limiting
processes solve fractional in time partial differential equations (PDEs). For general properties of fractional
PDEs we can refer to [9] and [20].

The simplest CTRWs in RY are specified by an i.i.d. sequence {W;} of positive random variables
(representing waiting times) with a distribution Q(dw) and an i.i.d. sequence of random variables {X;}
in R? (representing sizes of jumps) with a distribution P(dx). This pair of random sequences defines
the following process in RY. A particle starting at a point x € R¥ at a time w waits a random time W; in
x, then the particle makes a jump to a random point x + Xj, then it waits at x 4+ X; a random time Wp,
and then jumps to a random point x + X; + X», etc. The total position and waiting time to the time ¢ are
therefore

[1] [f]
X(H=x+) Xi, WH=w+) W,
i=1 i=1
respectively, where [t] denotes the integer part of t. The pair (X, (t), Wy (t)) is a Markov chain in R? x R
with the transition operator

UF(x,w) = /Rd /O°° F(x +y,w +5)Q(ds) P(dy).

© 2023 by the author(s). Distributed under a Creative Commons CC BY license.
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The CTRW is then defined as the first (spatial) coordinate of this pair subordinated by the inverse process
Nk = sup{t : W(t) < K} to the second coordinate, that is, as the process x + Z]I-\JzKl X;. In physics
such processes are usually referred to as Lévy flights. Notice that the process N can be equivalently
defined by the property that Nx = n <= W(n) < K < W,4; or yet equivalently by the property that
NK2n<:>W(n)§K.

One can naturally extend these simplest CTRWs to the case when the variables X;, W; are not
independent. For instance, they may have position dependent jumps with dependent X;, W;. In such
cases the transition operator of the corresponding Markov chain takes the form

UF(x,w) = /Rd /(;OO(F(x+y,w+s) — F(x,w))Q(x; dsdy),

with some transition stochastic kernel Q. Of course, they can also depend on t. The natural general
extension leads us to look at the processes of type X(Nx), where (X, W)(t) is some Markov process in
R? x R with an increasing second coordinate W (t) and Nx = sup{t: W(t) < K} is the inverse process
to the second coordinate.

Specific new feature of the limiting equations for dependent (X;, T;) is that the corresponding
fractional derivatives do not separate in time and spatial additive terms, but appear in a certain mixed
form. Moreover, as was found in seminal papers [5], [18], in case of dependent times and sizes of jumps, it
is natural to distinguish two versions of subordination defining CTRWs: X (Nk) and X (Nk + 1), referred
to as lagging and leading CTRWs, or, in a different terminology, undershooting CTRWs (or just CTRWs)
and overshooting CTRWs.

Popular examples of processes arising from dependent X;, T; represent the Lévy walks, which are
the main objects of the present study. We refer to [3], [4], [7], [22], [28] for recent results and up-to-date
reviews of mathematical and physical literature on these processes.

When moving according to a simple Lévy walk, the particle, instead of waiting a random time W; in
a certain location X;_1, is moving during the time W; with some constant velocity V; chosen from a given
distribution, thus arriving at X; = X;_1 + V;W;. In the simplest case one assumes the sequences of pairs
{(V;, W;) } to be i.i.d. with also independent V; and W;.

Strictly speaking, Lévy walks are quite different from Lévy flights, as the former have continuous
trajectories (particles move at constant velocities), while Lévy flights are jump-type processes with
discontinuous (piecewise constant) trajectories. In the modern literature, however, it is a standard
convention to ignore the behavior of Lévy walks between the switching times, thus (mentally) substituting
periods of motion with a constant velocity by the corresponding waiting time and an instantaneous
transition (a jump). From this point of view one can look at Lévy walks as examples of general CTRWs
with 1.i.d. sequence of pairs (X;, W;), where X; and W; are dependent. Namely, X; = V;W;. The transition
operator of the corresponding Markov chain gets the following form:

UF (x,w) = /Rd /000 F(x + vs,w + 5)Q(ds) P(dv), ()

with a finite measure Q(ds) and a probability measure P(dv).
In case of position depending Lévy walks, the transition operator takes a more general form

UF(x,w) = /Rd /OooF(x—i-vs,w+s)Q(x;ds)P(x;dv), ()

with some stochastic kernels Q(x; ds), P(x; dv). To simplify exposition we will not consider the extension
when these kernels are time-dependent. As for general CTRWs with dependent distribution of jumps
and waiting times one distinguishes the lagging Lévy walks X, (Nx) and the leading (or overshooting)
walks X (Ng +1).

As was mentioned, an appropriate scaling of CTRWs leads to a subordinated Markov process with
averages evolving according to certain fractional (pseudo)differential equations. The general scheme for
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deriving such equations in case of i.i.d. sequences (X;, T;) with dependent X;, T; was given in [1] based
essentially on the method of the Fourier and Laplace transform. The concrete version of this scheme for
Lévy walks was performed in [23], [16], [24], which led to the so-called material fractional derivatives.

The general scheme for deriving fractional equations for scaling limits for CTRWs with position
dependent jumps was developed in [10] and [11]. For position dependent jumps the methods of Fourier
transform cannot be effectively applied, and completely different method had to be used. Modifications
and extensions of this method were applied in [15] and [13] for equations with variable orders and kinetic
equations. Here we apply this method to derive the equations for the scaling limit of Lévy walks for
position dependent distribution of times and velocities (including variable orders of stability for the times
of walks) leading to new general equations with fractional material derivatives.

1.2. Scaled Lévy walks with various boundary conditions

In paper [12] it was suggested to look for various scaling limits for general CTRWs specified by the
way the particles are considered to cross the boundary at the final jump (including leading and lagging
processes as particular cases) and leading to equations with different multi-dimensional extensions
of Caputo-Dzherbashian fractional derivatives. Here we argue that, specifically for Lévy walks, the
most natural crossing rule is neither lagging nor leading process (where the last jump is included or
not, respectively, in the final spatial position). In fact, as was already noted above, CTRWSs are only
approximations to Lévy walks, where particles are supposed not to jump, but to move with constant
velocities between switching times. Thus the natural stopping time should be not before or after the
final jump, but in the intermediate time, when the crossing of the boundary really occurs. This version
of stopping was considered in some detail in [12] for general CTRWs and the corresponding fractional
derivatives were derived under certain technical assumptions. Here we analyse in detail the equations
governing the lagging, leading and intermediate limiting processes concretely for Lévy walks and
construct the underlying limiting processes and Feller semigroups.

The distribution of waiting times T; in basic CTRWSs (or moving times in Lévy walks) are assumed
to have heavy tails with power decay at infinity and with unbounded expectation. In order to take into
account possible position dependence, our main assumption will be that the time of moving T when
started from a position x will have the power law

P(T > t) ~ th*ﬂ("% t— oo, 3)

with some positive function B(x) bounded from above and from below. To make formulas more
transparent we shall make (3) more precise (though this simplification is not very important). Namely,
we assume that these distributions have continuous densities Qx(r) such that

Qy(r) = r 1P for r > B, and Qx(r) <1 forall r, 4)

where B(x) is some continuous function such that f; < B(x) < B, with some constants B > 0 and
0 < B1 < B2 < 1such that ,BlBﬁl > 1 (the latter condition ensures that f];o r 1P dr < 1 for all x).

In the usual CTRW scaling (see e.g. [17], [16], [11]) one scales the transition times of the Markov
chains (1) or (2) by some small parameter 7 and the times of walks by T in the power that equals the
inverse value of the stability index of their distributions. Thus the natural scaling of jumps depends on
the tails of jump distributions. Here we study Lévy walks without scaling velocities, so that the spatial
scaling of jumps arises exclusively from the scaling of moving periods. The corresponding scaled version
(X7, WT)xw(t) of the Markov chain (2) can be defined by its governing transition operator

UF(x,w) = /Rd /000 F(x +0ot/P®s,w + /P s)Q(x; ds) P(x; dv). (5)
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Here

WE (1) =t 3 7y
i=1
and the scaled inverse process is Nf = sup{t: Wy, (t) < T}.
The lagging and leading scaled CTRWs are then defined as the processes

X;’Tlug XT (N]T-), XTTlead XT (N%—i—’f), (6)

respectively.

As was mentioned, both these processes effectively neglect the fact that Lévy walks, strictly speaking,
are not jump processes. Away from the boundary, this discrepancy is not essential, but for jumps
crossing the boundary it becomes essential. In reality, if at a time 7(i — 1) the process was at (X7 ,,(T(i —
1)), Wi, (t(i —1))) and a new moving period, say W;, was revealed, which turned out to be final (that
is, crossing the boundary{w = T}, or equivalently, such that Wy ,,(7i) > T), then simultaneously a new
velocity, say V;, was revealed. Then the process starts moving from X7 ,,(t(i — 1)) = X;g'lag with the
velocity V;, until it reaches the spatial position of the intermediate exit point

X'L' T,int XT (Nznt) X;g/w(’l'(i —1)) + STl/‘[;(XT(T(Fl))WiVi, ?)

at the time NI = (i — 1) + 7s, when the process W reaches the boundary {w = T}, that is, where
s € (0,1) solves the equation

W (NIT) = WT (T(i — 1) + 8) = W, (T(i — 1)) + st/ PXTDDW, = T,

In other words, the position (XZ ,(Ni*), WT ,(Ni*)) in R? x R is the point, where the straight line
connecting (X7 ., (T(i — 1)), Wy ,,(t(i = 1))) and (X% ,,(77), Wy ,(Ti)) crosses the hyperplane {w = T}:

T - W;,w(T(i B 1)) ( ;T lead _ XT;T,lug)
T/ BXT (i)W, e

X, W

XT ;T int XT T,int +

_ Wx w(ﬂ) T XT;T,lag T— W;—,w(T(i - 1)) X-[;T,lead
/BT (x(i=1))w, “ T/ BX (i =1)) W, ’

The transition operators for lagging, leading and intermediate stopped processes are the
modifications of the transitions (5) for the initial Markov chain that take into account the chosen way of
stopping at the boundary. Namely, they are defined for w < T and take the following forms:

Uz:,lﬂgp<x’w) = /d/
R JO

F(x+01(t"/PWs < T — w)tV/POs, w + min{t"/P®s, T — w})Q(x; ds)P(x; dv), 9)

(8)

ulted g (x, w) = /Rd /Ooo F(x + vt/ P®s,w + min{t"/P®)s, T — w})Q(x; ds)P(x; dv), (10)

UL E (x, w / / F(x +omin{t"/P®s, T — w},w + min{t"/ P, T — w})Q(x;ds)P(x;dv). (11)

We shall use the unified notation U%r * for these three operators, with * denoting either lag, or lead,
or int. It is seen that all U!"* do not take the process away from any band R? x [a, T] for any a < T.
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Choosing a = 0 without loss of much generality we shall consider, from now on, the corresponding
processes as taking values in the band R? x [0, T] with some fixed T. Notice also that

UM F(x, T) = UL F(x, T) = F(x,T),
so that the corresponding processes are automatically stopped when reaching the boundary {w = T}.

1.3. Objectives and content of the paper

The objective of the present paper is to analyse the limits of the discrete Markov chains (uli/,
as T — 0, and the corresponding subordinated processes (first coordinate subordinated by the
inverse process to the second coordinate), to derive multidimensional Caputo-Dzherbashian-type and
Riemann-Liouville-type fractional equations (with fractional material derivatives of variable order) that
govern the evolution of the limiting processes, and to show well-posedness of these equations in natural
functional spaces. Our approach is to avoid any difficulties arising from non-Markovian processes by first
incorporating stopping rules in the Markov processes (5), identify the corresponding limiting generators
and then look at the distributions of the final non-Markovian process as at the stationary distributions of
the corresponding stopped Markov process.

We shall also discuss certain modifications of the model, namely when there can be additional waiting
times between the walks, and when the walks are performed with parameter depending velocities.

The paper is organised as follows. In Section 2 we obtain preliminary results on the limiting Feller
process for the scaled Markov chains (5) governing the sizes and times of jumps. Section 3 is the main
one. It is devoted to the presentation of our main results concerning fractional equations that govern
the scaling limits of the Markov chains (9) -(11), as well as the related process killed at an attempt to
cross the boundary {w = T}. The latter turns out to be described by a multidimensional version (19)
of the Riemann-Liouville fractional operator with material derivative, while the former are given by
3 different multidimensional versions (23) -(26) of the Caputo-Dzherbashian fractional derivative. We
derive the corresponding equations and obtain their well-posedness. These results are contained in
Theorems 3.4 and 3.5. Last Subsection 3.5 touches briefly on some modifications arising when using
constant accelerations (rather than constant velocities) between the switching times, or even more general
model with parameter depending velocities. The proofs of the main results are also essentially given
in Section 3, up to some technical results, Theorems 3.1 - 3.3. The latter theorems, on the existence of
the limiting Feller processes interrupted on an attempt to cross the boundary, are only formulated in
Subsection 3.3. In order not to interrupt the main arguments, their proof is postponed and given in special
Section 4. Section 5 is devoted to modifications arising from the inclusion of additional waiting times.

1.4. Notations for basic spaces

We conclude the introduction with certain notations that will be used in the paper without further

reminder.
For a set ), which is either R? or the band R x [0, T] in R*! (with some T > 0) let C(Q) denote
the spaces of bounded continuous functions on (), equipped with the standard sup-norm ||.||. For k € N,

let CK(Q)) denote the spaces of k times continuously differentiable functions on Q (in the case of a band,
the corresponding one-sided derivatives are meant on the boundary) with bounded derivatives equipped
with the standard norm

k m
IFllce = max{l 1, max £},

where || f") | denotes the maximum of sup-norms of all partial derivatives of f of order m. Let Co(Q2)
denote the closed subspaces of C(Q) consisting of functions vanishing at infinity, CX (Q) the closed
subspace of C*(Q)) N Co(Q) consisting of functions such that all its derivatives up to order k belong to
Coo ().
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2. Preliminary results

Here we provide some auxiliary results on the limiting Feller process for the scaled Markov chains
governing the sizes and times of jumps. These results are obtained by combining the method of proving
well-posedness of processes generated by operators of order at most one (from [11]) with general
convergence results from [5].

Our main assumptions are as follows:

Condition (A) on the distribution of times: the family Qx(r) is given by (4) with 1 < B(x) < B2
with some constants 0 < f; < B2 < 1,and B(x) € C1(RY);

Condition (B) on the distribution of velocities: P(x;dv) is a family of probability laws on R¥ such
that the family of measures |v|P(x; dv) is tight (in particular, uniformly bounded);

Condition (C) on the first order regularity of spatial distributions: the derivative of P(x;dv) with
respect to x, VP (x;dv) exists as a family of signed vector-valued uniformly bounded measures such
that the family |0| VP (x; dv) is tight;

Condition (D) on the second order regularity: the second order derivatives of P(x; dv) with respect
to x exist as uniformly bounded and tight families of signed measures, and B(x) € C?(R%).

It is known (see e.g. Theorem 19.28 of [8] or Theorem 8.1.1 of [11]) that if the chains with transitions
UKT (with a family of transitions given by (5)) converges to a Feller process (X, W)y (t), as kT — t, then
the generator A of the corresponding limiting semigroup can be obtained as the limit

AF = lim — (LITF F). (12)
By (5),
(LITF F)( /Rd/ (x 4+ 0t'/P¥s, 00 + T/FX)s) — F(x,w)]Q(x; ds)P(x; dv)

We shall need the following simple result (a proof can be found e.g. in [13] or [15]):

Lemma 2.1. Let p(y) be a probability density on R such that p(y) = y~ =P for y > B with some p € (0,1)
and B > 0 such that BBP > 1 (the latter condition comes from the requirement that [;° p(y)dy < 1). Then for
any Lipschitz continuous f € C(R) vanishing at zero, it follows that

[ 1/By) fly 141/8
‘h /Of(h )p dy/ 1+ﬁ‘1_ﬁh L (13)

where L is the Lipschitz constant of f.

Applying this result, yields

lim — P IF(x + 0t/ B0s, w4+ 71/BDg)) — F(x,w)]Q(x; ds)
=0T JOo
= [T+ os,0+5)) - Fx )] oo
=/, x+vs,w+s Y 0) T
Consequently,
.1 _
111}16 ;(UTPf F)=LF
with p
0 S
LF(x,w) = /Rd/O [F(x 4+ vs,w+s) —F(x,w)]mp(x,dv). (14)

The next simple proposition is our first (preliminary) result.
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Proposition 2.1. Assume conditions (A) - (C) hold. Then operator (14) generates a Feller process (X, W) (t)
in R and a corresponding Feller semigroup in Coo(R4*1), which has CL, (RY*1) as an invariant core.

The conditions are just slightly different from that of Theorem 5.1.1 from [11] (or Theorem 5.14.1
from [13]). The proof is exactly the same. We omit it, but will show the arguments below in a more
involved case of processes with a boundary.

Thus the limit (12) exists for functions F from the core of the limiting process. Hence the standard
results (Theorem 19.28 of [8]) implies the following direct consequence of Proposition 2.1:

Proposition 2.2. Assume conditions (A) - (C) hold. Then the chains with transitions ll[t/ R
converge in distribution to the Feller process (X, W)xw(t), as T — 0.

arising from (5)

Let us define the right continuous inverse process to Wy, () by the formula
Er =sup{t: Wyo(t) < T} =inf{t: Wy (t) > T}. (15)

As usual, by ET— we denote the left continuous modification of Et.
Once Propositions 2.1 and 2.2 are obtained, the fundamental Theorem 3.6 from [5] can be applied to
conclude the following:

Corollary 1. The leading (or overshooting) and lagging CTRWs, X{(NT. + T) and XT(N 1), from (6) converge

in distribution to the process XT lead _ = Xyw(ET) and, respectively, to the process Xxw , which is the right
continuous version of the process Xy (ET—).

By (8), this implies the following;:
Corollary 2. The intermediate CTRWs XTI converge to X1, which is the spatial coordinate of the point of

intersection of the line, joining (X x w 8 Er—)and (XL dead B, with the boundary hyperplane {w = T}.

Our aim is to introduce and to analyse the fractional pseudo-differential equations that govern the
evolution of the processes xTlag xTlead xTint

3. Main results

3.1. Material derivatives

Integrating by parts, (14) can be rewritten as

(x,w) /Rd/ B sﬁ (BF 3F>(x+vs,w+s)P(x;dv).

Recalling the expression for the standard (right) fractional derivative of an order § € (0,1):

D ) = 2 w) = gy [+ ) — f(w)l 5

’(w—l—s)ﬂ,

one can say that the integral

Dﬁ( //3 g (aF aF)(x—i—sv,uH—s), (16)
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represents (up to a positive multiplier that we shall neglect) the fractional material derivative, where the
material derivative (in the direction v) is defined as

oF OF
D,F(x,w) = (vax + aw> (x, w).

Thus we can write down the generator L in the form
LF(x,w) = — /d DEYF(x, w)P(x; dv), (17)
R

where the r.hs. is the averaged (over v) fractional material derivative.

Continuing the analogy, let us note that if f € C!(R) vanishes at w = T, then the right
Riemann-Liouiville derivative can be defined as the restriction of D to the space of functions vanishing
for w > T, that is, as the operator

p _ o ds f(w)
D flw) = gy ) (o +5) = flw)) 555 — s

__t 1 Tﬁw’w s)s Pds
“TpEh St

Similarly, operators (16) and (17), reduced to the space of smooth functions vanishing for w > T, take the

T T ds Fx,w)
D+ F(x,w) = — /0 [F(x+wvs,w+s) — F(x,w)] wEwIey + B (T — )P®
_ /()wa '3(;)1;8(:0 <vg§ + gi) (x +sv,w +5s), (18)
and
LrFlxw)=— [ DY) F(x, w)P(x; dv). (19)

Thus Lt_ represents a multidimensional analog of the standard Riemann-Liouville fractional derivative
(of variable order in our case), so that the inverse of this operator (if well defined) will represent a
multidimensional analog of the standard Riemann-Liouville fractional integral.

When looking for a probabilistic interpretation of fractional derivatives in [12], it was noted that
the Riemann-Liouville derivative is obtained from the free (without boundary) fractional operator by
restricting it to the space of functions vanishing identically beyond the boundary, which in terms of the
underlying stochastic process means its killing on the attempt to cross the boundary. In its turn, the
Caputo-Dzherbashian derivative is obtained from the free fractional operator by restricting it to the space
of functions that are constant beyond the boundary, which in terms of the underlying stochastic process
means its stopping on the attempt to cross the boundary. This interpretation of fractional derivatives
led to the natural extension of the fractional derivatives not only to a two-sided case, but to a variety of
multidimensional settings. However, while killing on the boundary has always clear meaning, stopping
for a multidimensional jump-type process really depends on the way one projects the result of the
final jump (that crosses the boundary) to the boundary, which leads to several different version of the
Caputo-Dzherbashian fractional operators. Three of them are analysed in this paper.

3.2. Stopped and killed limiting generators

Using Lemma 2.1 allows us to conclude that the limits of

LI*F(x,w) = 1(w < T)%(UTT'*F — F)(x,w),
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as T — 0, exist for F € C!(R? x [0, T]) and equal, respectively,
LT,lugP , _ / /oo
(x, w) i Jo
[F(x+0vs1(s <T—w),w+min{s, T —w}) — F(x,w)] 1iP(x; dv), (20)
s1+B(x)
© ds
T, lead _ : _ _ .
L F(x,w) = /Rd/o [F(x +vs,w+min{s, T —w}) F(x,w)]sHﬁ(x)P(x,dv), (21)
LTAME(x,w) = / /
R4 Jo
[F(x + omin{s, T — w}, w +min{s, T — w}) — F(x, )] %P(x; o). 22)
s

Remark 1. Let us comment for clarity that the processes described by these three generators differ only by the last
jump, that is, by the jump that is meant to cross the boundary. Saying more precisely, the last jump means really
the last period of motion with a constant velocity. In LTS the last jump (when s > T — w) just does not occur at
all (hence the shift vs is multiplied by the indicator 1(s < T — w)). In LT the last jump occurs in full (thus
confirming the term overshooting). In LT™ the last period of motion with constant velocity is interrupted exactly
on crossing the boundary {w = T}, which makes this process the most natural one from author’s point of view.

One can rewrite these expressions in the following equivalent forms:

LsE(w) = [ [ IRk s+ s) Pl w)] g p(ado)

g1+B(x)
1
+1(w < T)[F(x, T) — F(x,w)]m, (23)
LTlesdp(x ) = /Rd /T w[F(x—i—sv,w—i-s) —F(x,w)]slfﬁp(x;dv)
ds
/Rd/T PG+ 05, T) = Flxw)] 55 Plxido), (24)
LT p(x, w) = /Rd /OTiw[F(x—f—sv,w—i—s) — F(x, w)]slf% (x;dv)
1
Y 1w < T) /Rd Feo(T =) T) = Fla )] o Plasdo) (25)
Integrating by parts yields
T,in T oF ds .
LTt (x, w) / /Rd [ ] (x +sv, w+s)WP(x,dv), (26)

which is exactly the averaged fractional material derivative (18).

We shall denote by LT* the general operators with * denoting either lag, or lead, or int. Our
main technical results, given below, concern the existence of well defined Feller processes in RY x [0, T]
generated by LT,

To work with these operators let us denote by Co, o(R? x [0, T]) (or sometimes shorter by Ce, ) the
subspace of Cos(R? x [0, T]) of functions vanishing at the boundary {t = T}, and by C;,O(Rd x [0, T]) the
subspace of CL (R? x [0, T]) N Ceo(RY x [0, T]) with all partial derivatives belonging to C.o(R¥ x [0, T]).

The elementary properties of LT* are collected in the following proposition, its proof being obtained
by a direct inspection that we omit.
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Proposition 3.1. Assume conditions (A)-(B). Then all three LT are bounded operators from CL(R? x [0, T]) to
Coo(R? x [0, T]). Moreover, the image of LT/%8 and LT belong to Ceo0(R? x [0, T]).

We are also interested in the versions of these processes killed on the boundary {w = T}. The
semigroups arising from killed processes act on the space Co, o(R? x [0, T]). It is seen that in this space all
three operators LT* coincide. Let us denote them by LT#!':

A T-w ds
T kill _ _ .
LM F(x,w) = /R"’ /0 [F(x +sv,w+s) — F(x,w)] EwIey P(x;dv)
o
B (T —w)P)

As expected, this is nothing else, but the operator (19), which represents (up to a sign) a
multi-dimensional analog of the Riemann-Liouville fractional operator.

—1(w < T)F(x,w) (27)

3.3. Formulation of the technical results: stopped and killed limiting processes

Theorem 3.1. Under conditions(A)-(C) the operator LT generates a Feller semigroup in the space Coyo(R? x
[0, T]) with CgO,O(Rd x [0, T]) being its invariant core. Moreover, this semigroup is also strongly continuous
in Cio,O(Rd x [0, T]). Finally, the potential operator (LTX!)=1 is well defined as a bounded operator both in
Coo0(R? % [0, T]) and CL, ,(R? x [0, T]).

Theorem 3.2. Under conditions(A)-(D) the operators LT and LT generate Feller semigroups ST48 and
STt vespectively, in the space Coo(RY x [0, T]) such that all points of the boundary {w = T} are rest points for
the corresponding Feller processes. For ST4%8 an invariant core can be taken as the subspace Cio,wO(Rd x [0, T]) of
CL(R? x [0, T]) consisting of functions with the derivative with respect to w vanishing at the boundary {w = T}.
For STt an invariant core can be taken as the subspace CL, (R? x [0, T]) of CL(R? x [0, T) consisting of

c0,m0
functions with the averaged material derivative

/ <3F n ”?)1;) (x,w)P(x; do)

ow

vanishing at the boundary {w = T}. Moreover, these semigroups are also strongly continuous in these cores
considered as Banach subspaces of C&,(R? x [0, T]).

Remark 2. In the case of symmetric distribution of velocities, e.g. if [ vP(x;dv) = 0, the spaces ClO,wO(Rd X
[0, T]) and CL, ,,o(R? x [0, T]) coincide.

Theorem 3.3. Under conditions(A)-(D) the operator LT generates a Feller semigroup ST+ in the space
Coo(RY x [0, T]) with an invariant core Cio,wo(Rd x [0, T]). This semigroup is strongly continuous in this core

considered as a Banach subspace of Coo(R? x [0, T]).

The proof of all these results follow the same line of arguments. We shall give details for Theorem
3.1 in Section 4 and briefly comment on modifications arising in other cases.
The following result is a straightforward but important corollary of the theorems given above.

Proposition 3.2. The semigroups ST/1%8, STint gTlead yopresent different extensions of the semigroup ST¥! from
the space Coop (R x [0, T]) to the space Coo(R? x [0, T]). The domain of the operator LT lies in the intersection
of the domains of the operators LT498, [ Tint T Tlead,

Finally, when working with LT1ead e shall need to use functions from the domain that are not
differentiable up to the boundary. Let us introduce the following functional space He (R? x [0, T]), which
is the subspace of Coo(R? x [0, T]) consisting of functions F(x, w) such that the spatial gradient V. F exists
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and belongs to Cs(R? x [0, T]) and, with respect to the second variable, F is locally Holder in the sense
that the function

He(x) =  sup |F(x,wq) — F(x,wy)|
0<w;—wy <1 |wy — wy|P¥)
is well defined and belongs to Co(RY). It is seen that for any F € H(R? x [0, T]) formulas (20), (21), and
(22) yield well defined functions from Co(R? x [0, T]). Consequently, using the fact that the generator of
any Feller semigroup is a closed operator, and approximating the functions from He (R x [0, T]) by the
functions from the corresponding invariant cores of LT* (given by the above Theorems) we obtain the
following fact.

Proposition 3.3. The space Heo(R? x [0, T]) belongs to the domain of the generators of all semigroups S8,
sTint Tlead  aud the space Heo(R? x [0, T]) N Cooo(R? x [0, T]) belongs to the domain of the generator of the
semigroup STk,

3.4. Main results on the limiting fractional equations
Let us start with the analogs of the Riemann-Liouville fractional operators.

Theorem 3.4. (i) For any F € Coop(RY x [0, T]) there exists a unique classical solution G = (LX) =1 ¢
Coo0(R? x [0, T]) (classical in the sense that G lies in the domain of LTX") to the equation

LTHKIG (x, w) / D ,w)P(x;dv) = F(x,w).
(ii) The solution G has the following path integral (probabilistic) interpretation:
ET
G(x,w) = E / [(X, W) T4l (1)) at, (28)
0
where ET is given by (15).

(iii) If F € CL, o(R? x [0, T]), then G € CL, (R x [0, T]) as well.

Proof. Statements (i) and (iii) are direct consequences of Theorem 3.1. Representation (28) is the standard
probabilistic representation for the potential operator that is routinely derived from the Dynkin martingale
(see detail of a similar derivation in the proof of the next Theorem). [

Theorem 3.5. (i) For any ¢ € CL (R?) there exists a unique classical (in the sense that it belongs to the domain of
L) solution of the multi-dimensional fractional Cauchy problem (with material fractional derivatives)

L™ F=0, F(x,T)=¢(x), (29)

where x in LT denotes either lag, or int, or lead;
(ii) This solution has the following probabilistic representation:

F(x,w) = E¢(X % (ET)), (30)

and where Et is given by (15).
(iii) If ¢ € C%(RY), then, in case of either lag or int, this solution F belongs to the space F € Cgo,O(Rd X
[0, T)).

Proof. (i) We claim that there exists a function ¢* from the domain of the generator LT such that
¢*(x,T) = ¢(x) and LT*¢* (x, T) € Cooo(R? x [0, T]).

For the case of either lag or int such a function can be easily chosen from the space C (R? x [0, T])
(implying, by Proposition 3.1, that LT*¢* € Ce (R x [0, T])). In fact, one can take ¢/ (x,w) = ¢(x),
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and ¢ must be chosen from the requirement that its material derivative vanishes on the boundary
{w=T}.

The case of LT/¢% is a bit more subtle, as ¢'®* cannot be chosen from CL (R x [0, T]). By Proposition
3.3, we can search for an appropriate ¢'*™ in the space Hoo(R? x [0, T]). And this is possible, because, as
follows from (24), if F € He(R? x [0, T]), then

) F(x,T) —F(x,
171 d(x T /Rd/ X+US T (x T)] 1+/3 ) (X d0>+u]]% IB((x)(T)_ w)(‘gx(xz)/i)l

Consequently, for a given smooth F(x, T) = ¢(x), one can choose ¢'®*?(x,w) = F(x,w) such that the last
two terms in the last expression cancel.

With ¢* chosen in the way, required above, we see that the function F — ¢* belongs to Coo0(RY x
[0, T]) and satisfies the equation

LT,kill(P _ 47*) _ LT,* (P _ (p*) _ _LT'*(P*' (31)

Since LT*¢* € Coop(RY x [0, T]), we can conclude by Theorem 3.4, that there exists a unique classical
solution

(LT,kill)—l(fLTf*¢*) c Cgo,O(Rd X [0/ T])

of problem (31). Therefore, by Proposition 3.2, the function
F— (LT,kill)fl(_LT,*(P*) +¢* (32)

belongs to the domain of LT* and represents the unique solution of the original problem.
(ii) Representation (30) is obtained by the straightforward application of the Dynkin martingale.
Namely, since XT* is a Feller process, it follows that the process

M(t) = F((X, W)T2(t) / LT#E((X, W) T (s)) ds

is a martingale for any F € Cio,o(Rd x [0, T]). By (29), M(t) = F((X, W)L7(t)). Then (30) follows from
Doob’s optional sampling theorem and an evident observation (see the end of the proof of Theorem 3.1,
if necessary) that the stopping time ET has a finite expectation.

(iii) This follows from Theorem 3.4 (iii) and the observation that LT*¢ € Cio,O(Rd x [0, T]) whenever
¢ € CL(RY. O

Remark 3. Of course, once Theorem 3.5 or 3.4 are proved, one can use formulas (30) or (28) to define generalised
solutions for the corresponding problems for an arbitrary continuous function ¢.

3.5. Modification: motions with a fixed random acceleration or parameter depending velocity

For a particle in random media a reasonable model is represented by a process that moves with
a constant acceleration between random stops, see e.g. [6]. This suggests to look at a modification
of Lévy walks, that can be called Lévy runs, where, after each switching, the particle starts moving
with some constant acceleration (rather than velocity, as in Lévy walks) drawn randomly from some
distribution. Fractional equations arising in the natural scaling limit of such processes are straightforward
modifications of the above case with constant velocity.

Namely, the corresponding operator (14) of the limiting Markov process without a boundary changes
to the operator

LF(x,w) = /Rd /OOO[F(x +as*/2,w+s) — F(x,w)] P(x;da), (33)

ds
s1+B(x)
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where P(x;da) is the distribution of accelerations chosen at the position x. The Riemann-Liouville-type
operator (27) of the killed process changes to the operator

LTAIUE (x,w) = / /Tﬁw[F(x +as®/2,w+s) — F(x w)]LP(x'dv)
’ R Jo ’ PO\
1
Bx)(T — w)P)”
Similar modifications can be written for the three versions of Caputo-Dzherbashian fractional
derivatives. All results above have straightforward extension to this new model with constant

—1(w < T)F(x,w) (34)

accelerations between switching times.

This model is related to the model with parameter dependent velocity suggested in [26]. To combine
these models we can suggest to substitute vs in (2) by a more general smooth function ¢(v, s) such that
9¢/9s(v,0) = 0 for all v. The theory above can be carried out for this situation with more or less obvious
corrections. Namely, possible growth of ¢ in v should be compensated by the assumption of the existence
of appropriate moments of P(x;dv).

4. Proofs of Theorems 3.1-3.3

4.1. Approximations

To build the processes generated by LT* (including LT*") we shall use appropriate approximations.
For an € > 0 let xc(r) be a smooth function R — [0, 1] such that x.(r) = 0 for r < € and x(r) = 1 for
r > 2e. Let L;;: denote the operator obtained by changing ds to x¢(s)ds in the formula for L;:: . One sees

that all L;’: are bounded operators in the space Co(R? x [0, T]) such that the images of L;’éﬂg and L};:é”t
belong to Coo0(R x [0, T]). Consequently, all L1 generate Feller semigroups Sy in Coo(R? x [0, T])
and hence the corresponding Feller processes in RY x [0, T]. For the cases of L;l'é"t and L;’éﬂg all points of
the boundary {w = T} are rest points for these processes.

We are going to construct the processes generated by LT* as the limits of the corresponding processes
generated by L};:Z . To perform these limits we are going to show that the semigroups S;’Z are uniformly

(in €) bounded as semigroups in certain subspaces of CL, (R x [0, T]).

4.2. Proof of Theorem 3.1

Recall that we consider the operator Lygll as a bounded operator in Ce0(R? x [0, T]). Denoting
[ Xe(s)ds
Foalr) = [T,

we obtain

T—w
T kill _ B Xe(s)ds
Ly F(x,w) = /Rd/O [F(x+sv,w+s) — F(x,w)] B0 P(x;dv)

— F(x,w)Zex(T — w). (35)

Differentiating with respect to w (taking into account that [ P(x,dv) = 1 and that F vanishes on the
boundary{w = T}) yields
%L;"f”l—"(x, w) = Lygﬂl 3—5) (x, w)
+F(x,w) /Rd Xe(T — w)(T —w) " PO p(x;dv) + F(x, w)ZL o (T — w)).
The last two terms cancel yielding

9 T kill T kill
%LX:‘: F(x, ZU) - LX/,e

oF

- (x, w). (36)

d0i:10.20944/preprints202305.0583.v1
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Differentiating with respect to x yields

%L}(":Iecillp<x,w) _ L;:’émgfi(x, )
+ /Rd /OT*W[F(x + 50, w+s) — F(x,w)]%vxp(x;dv)
- /Rd /OT_w [F(x +sv,w+s) — F(x,w)] ﬁ/(X)slisﬁ)(caS(S) dsP(x; 40)
—F(x,w) :w ﬁ/(X)Sllnjﬁ)(%(s) ds

Since |F(x,w)| is bounded by (T — w) times the C'-norm of F, it follows that all terms in this
expression apart from the first one (that generates a contraction semigroup) are uniformly bounded in e.
Moreover, since oF /0x vanishes at the boundary {w = T}, it follows that aL){;’g” 'r /dx also vanishes at this
boundary. Therefore, due to the perturbation theory, the operators Lyéil ! generate strongly continuous

semigroups in Cio,O (R? x [0, T]), which are uniformly bounded in €.

Consequently, we may conclude that the derivatives of S;’Lfi” (t)F are uniformly bounded functions
(at least for t from any compact interval, which is sufficient for our purposes) for any initial F €
Cgo,o(Rd x [0, T]). Therefore, writing

t
T ki T ki T ki T ki T kill\ T ki
STAI(HF — STAI(1)F = [ SERI(e— 5) (LEAV — LA ST (5 P,
we conclude that, for €] < €,
T kill T kill
sup|[[Sye; (H)F — Sye, (H)F](x,w)]

X€2
xX,w

= o1 s6p ISEA" (Pt mixiom) = (DIt mixomy 37
s€|0,t ’ ’

as ey — 0. Hence the functions S;’g” (t)F converge to a function ST (t)F.

Convergence for F € C;/O(Rd x [0, T]) extends to the convergence for F € Ce (R x [0, T]) by the
standard density argument. Therefore the family of contraction operators S)?’g” (t) converges to a family
STKIL(t)F, as € — 0. Clearly the limiting family ST (¢)F is also a strongly continuous semigroup of
contractions in Ceo0(R? x [0, T]).

Writing

STHll(HF—F _ SThI(F - SEE(OF | Syl ()F — F
= + ’
t t t
and noting that by (37) the first term is of order o(1)||f|| ;s as€e— 0, allows one to conclude that

Cgoro( R? x [0, T]) belongs to the domain of the generator of the semigroup ST4"(t) in Coo o(R? x [0, T])
and that it is given there by (27).

To show that C, (R? x [0, T]) is an invariant core, we can apply to ST/ (t) the procedure applied
above to Sygll (t). Namely, differentiating LT*" F(x,w) we find that, on the partial derivatives of F, the
operator LT*!! acts as the diagonal operator (with LT*! on the diagonal) plus a uniformly bounded
operator. Thus, again referring to the standard perturbation theory, we conclude that the operators
STKIl(t) act as a uniformly bounded strongly continuous semigroup in Ccl,olo(Rd x 10, T]).

Finally, the potential operator (LT*')~1 is known to be expressed via the semigroup by the following
formula:

(LTKINAE (x, ) = /O STHIL()F(x,w) dt = /0 EF(X, W) (1) dt.
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Since the coordinate W)’c‘%(t) increases faster than certain Poisson process W (t) with the generator
Lpf(w) = Q(f(w+1) — f(w)) with some Q) > 0, one can very roughly (but sufficiently for us) estimate
the probability that Wil (¢) < T by the probability

PWS(H) <T)< Y. o e~ < Tmax{1, ()T e~
Consequently,

|(LTHIY =R (x,w)| < HFH/O Tmax{1, (Qt)T}e~ M dt < £[1+F(T+l)].

Thus the potential operator (LT*)~1 is a bounded operator in Co (R x [0, T]), as was claimed. Quite

similarly, one shows that this operator is bounded in the space C}, (R x [0, T]).

4.3. Proof of Theorem 3.2

Differentiating Lx p S F and L; é”t F with respect to x shows again (as for the case of LT kl”) that the
action of these operators on the spatial derivatives is the same as that of L, éﬂg F and L)T( é”tF , respectively,

up to some uniformly (in €) bounded operators. Moreover, dL, lag F/ox and E)LT M'F /9x vanish at the
boundary for any F € CJ (R? x [0, T]). New features arise when dlfferentlatmg with w. After some

cancellations, similar to the case of L;:?”F we find that, for F € CiO,O(Rd x [0, T)),

d T,lag TlugaF
%LX,E F(x,w) = Ly aw(x,w)
ST w) o)~ [ (B 0T —w), 1)~ Fe D 2T 20 pian), a9
e w) 5 (%, MLICE w), X, T — )b x; dv),
and
dJ T,int _ T,intaF _ _ oF oF _ .
%Lme F(x,w) = Ly %(x,w) Yex(T w)/ 50 T 055 (x+o(T —w), T)P(x;dv).  (39)

It follows that if (dF/dw)(x,T) = 0, then L)T(,’éag F e Ccl,olo(Rd x [0,T]), and thus the subspace

CL (R x [0,T]) is invariant under the action of the semigroup S;’Zg (t). Similarly, if the averaged

o0,w0
material derivative vanishes at the boundary {w = T}, then L)T(,’é”tF € CgOIO(Rd x [0,T]), and thus the
subspace C! oo,m0 R? x [0, T]) is invariant under the action of the semigroup ST i"t( £).

Argumg now as for case of the killed process we find that, for any F € CL w0 (R R? x [0, T]) the

functions SX,G $(t)F converge, as € — 0, in the space Co(R? x [0, T]) to some functions STlag (t)P.

Extending this convergence by the density argument we conclude that the contraction operators Sy Y€ 8 (t)
converge strongly in the space Coo(R? x [0, T]) to some contraction operators ST/%8(t) that form a strongly
continuous semigroup in the space Coo (R x [0, T]) such that the space F € C},o/wo( R? x [0, T]) belongs to
the core of its generator.

Similarly we find that, for any F € CL, mO( x [0, T]) the functions S;;é”t(t)F converge in the space
Coo(R? x [0, T]) to some functions Sx T mt( t)F. Extending this convergence by the density argument we
conclude that the contraction operators S ’mt( t) converge strongly in the space Coo(R? x [0, T]) to some
contraction operators ST (t) that form a strongly continuous semigroup in the space Coo(R? x [0, T])
such that the space F € CL, mO( x [0, T]) belongs to the core of its generator.

However, we cannot complete the proof as for the killed process, because it is not obvious that the
derivatives of LT*8F or LT F with respect to w remain bounded under the action of the corresponding
semigroups. Therefore, in this case, we have to use the second order regularity condition (D), to work
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with the second order derivatives and then show, in the same way as for the first order derivatives, that
the semigroups ST/%8(t) and ST (t) are strongly continuous in the space CL (R? x [0, T]). For instance,
in the case of L7128, we first check that the subspace of CZ (R? x [0, T]) consisting of functions with the
first and the second derivatives in w vanishing at the boundary {w = T} is invariant under S;;é"t (t),and
then show the convergence, as € — 0, of the functions S;:é”t (t)F for F in this subspace, the convergence
being in the space C}, (R? x [0, T]). Then we extend this convergence by the density argument to all F
from C, (R? x [0, T]), and thus complete the proof.

4.4. Proof of Theorem 3.3

We have
T—w
T,lead _ _ Xe (S) ds .
LTAe0d P (x, ) _/Rd/O [F(x+s0,w+5) = Fx,0)| S5 Pl o)
—I—/ /oo [F(x+vs,T)— F(x w)}xe(s)dsP(x'dv) (40)
R JT—w ! ! s1+B(x) ’ ’

Differentiating with respect to x yields

d oF
aL;:ée”dF (x,w) = L;:éeada(x,w)

* . B B Xe(s)ds .
+/Rd/0 [F(x +sv,w +min{s, T —w}) — F(x, w)] e V. P(x;dv)

- /Rd /0°° [F(x+sv,w+min{s, T —w}) — F(x,w)] ﬁ/(x)sllr‘Jrsﬁ?(Cxe)(S) dsP(x; dv).

Further on,

i T lead _/ /T—w i _i XG(S) ds .
awLX’e F(x,w) = i o [awF(x—i—sv,w—f—s) awl—"(x,w)] ) P(x;dv)

_ /Rd [F(x+ (T — w)o, T) — F(x,w)]mp(x; dv)

T [ P+ o(T ) T) e )P )~ Sen(T ) 2 i)

] PGt s +5) — 2 F )] 2 s P o) — DT~ ) o Flx, )
~ Jrd Jo ow ’ ow T glHB(x) ’ o ow

__7Tlead “ or Xe '
=L o /Rd /wa aw(x +vs,T) e ds P(x;dv).

It follows that the space CL, o (R x [0, T]) is invariant under the action of the semigroup S%’é‘md (1),
as in the case of the semigroup S;;é"t(t). However, unlike the latter, the generator L)?’ée“d does not vanish

on the boundary {t = T}. The rest of the proof is the same as for Theorem 3.2.

5. Extension: including waiting times

In the literature on Lévy walks one often assumes additionally that a particle waits some random

time after a move, before starting a new one.
Allowing for additional waiting time means that the transitions (2) are modified and turn to the

transitions

UF(x,w) = /Rd /Ooo F(x+uvs,w+s+r)Q(x;ds)P(x;dv)R(x; dr), (41)
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with some family of probabilities R(x;dr) with the tails given by some a(x) € (0,1) with 0 < a3 <
a(x) < ay < 1. To be more concrete, we assume, analogously to (4) that R(x, dr) has density Ry(r) such
that

Rx(r) = r 170 for r > A; Ry(r) <1forallr; a1 < a(x) <ap, (42)

with some constants 0 < a7 < ap < 1and A > 0.
Then the scaled version (5) extends to the transitions

UF(x,w) = /Rd /Ooo F(x + ot/ P0s,w + v/ 4 21/8X) 1) Q(x; ds) P(x; do) R (x; dr). (43)

The corresponding prelimiting operator (12) converges on the set of smooth functions to the operator

© ds
LF(x,w) = /Rd/o [F(x+vs,w+s) — F(x,w)]mP(x;dv)

+/0°°[P(x,w+r) —F(x,w)]}/lf%. (44)
To get (44) one just writes down
F(x + ot/ PWs, @ 4 71/B(X)s 4 g1/
= [F(x 4 ot/ PWs, 0 4+ 1V/BX)s 4 1/2(0)p) — F(x 4 01V BX)s, 10 4 71/Bg)]
+ [F(x + ot'/P)s, 00 + 7V/FX)s) — F(x,w)], (45)

and apply Lemma 2.1 to both terms.

Thus, the sequential shift of the second (time) coordinate in (43) turns to the sum of independent
shifts, when passing to the limit.

Straightforward extension of Propositions 2.1, 2.2 yields the following:

Proposition 5.1. Assume that conditions (A) - (C) and (42) hold and «(x) is continuously differentiable. Then
operator (44) generates a Feller process (X, W)y (t) in R4 and a corresponding Feller semigroup in Coo(R4*1),
which has Cgo(Rd“) as an invariant core. The chains with transitions uL” R arising from (43) converge in

distribution to the Feller process (X, W)xw(t), as T — 0.

Let us now write down the corresponding extensions of stopped processes. Since we first wait and
then jump, we will be stopped if either the waiting time is crossing the boundary {w = T} or, otherwise,
if we cross the boundary when moving. Thus the lagging stopped version of (43) will be

—1/a(x) 0

Ra(dr) | Qu(ds)

(T—w—rrl/a(x))7=1/p(x)

utes p —_ree1) | [ R (d (T
T,wait (x’w)_ (x’ ) /(wa).fl/a(x) x( 1’)—{-/0

—1/« 1/a(x)y—1/B(x
—i—/Rd P(x,dv) /O(T_W) " Ry (dr) /O(T_w_” i Qx(ds)F(x—i—vrl/’g(")s,w—i-Tl//g(x)s+T1/”‘(")r).
(46)
Similarly other transitions UI " it are defined by adding additional waiting times to the transitions
of UL,
To find the limiting generator, we are looking for the limit of (L ** 1)/7. By (42),as T — 0,

Twait

1= L e
T /(T_w)Tfl/Dc(X) Rx (dr) — lX(x) (T w) Vi
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—1/al(x)

1 p(T-w)T
“h

(T ) —1/a(x)
N/O o Rx(dr)(T—w—r‘L'l/”‘("))*ﬁ(")L — ﬁl(T—w)ﬁ(").

Ry (dr) / ” Qx(ds)

(T—w—rrl/2(x))7=1/p(x)

B B
Thus
LA Pt ) = lim(UF = ) (50 /7 = 2 (T =) ) 4 (T )P ol (x,),

where

1 (T—w)Tﬁl/a(x) (T_w_rTl/"‘(X))T*l/ﬁ(x)
I(x,0) = — /R P(x,do) /0 Ry (dr) / Qu(ds)

0
X [F(x 4 ot/ P8, 4 £V/BX)s 1 £1/2()p) — F(x,w)].

To deal with this expression we again use (45) and Lemma 2.1 yielding

P(x;dv)

T— w d
Tl s
L F(x,w) / / F(x +sv,w+s) — F(x, )]51+/5(x)
T— w

dr

+/ xw+1’) F(anm

1 n 1
Bx)(T —w)P®) — a(x)(T — w)*)

+1(w < T)[F(x,T) — F(x,w)] { (47)

Similar calculations work for other L1/*

it leading to the following formulas:

dr

wait plta(x)

LI* F(x,w) = LT*F(x,w) + /OT_w[F(x,w +71) — F(x,w)]

1
a(x)(T —w)a®)’
The results for LT* and the corresponding processes ST** extend to the version with additional

waiting times. However, to avoid technical complications, we make additional simplifying assumption:

Condition (E): for the results below concerning LZ]Z’:

+1(w < T)[F(x,T) — F(x,w)] (48)

we assume that the distribution of velocities is

symmetric: [ vP(x;dv) = 0 for all x; for the results concerning LZU ;ffd we assume that either B(x) > a(x)
for all x, or a(x) > B(x) for all x; nothing additional for qulftg and L;flltl L

Theorem 5.1. Under conditions of Proposition 5.1 supplemented by Condztzon (E), the results of Theorems 3.1,
3.2, 3.3, as well as Theorems 3.4, 3.5, extend literally to the operator LL

wuzt

Proof. The extension of all proofs is straightforward. Let us note only that condition (E) for LZ] tht

needed, while otherwise the boundary conditions of spaces C, (R R? x [0, T]) and CL mo( x [0,T])
do not coincide and therefore neither can be chosen as an invariant subspace for LZTU ;l”tt such that the

LI 4o this subspace belongs to CL (R? x [0, T]). The condition (E) for LZ]’;ZM is needed
for choosing 4)l‘md in the extension of the proof of Theorem 3.5. [J

application of
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