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Abstract: Formal Calculation provides formulas for computing nested sums, offers results for all
three forms, and explores the connections between them. It is a powerful tool for studying various
numbers in a unified manner, making special numbers of many kinds appear ordinary. Additionally,
this paper generalizes Wilson’s theorem, Wolstenholme’s theorem, and the Eulerian polynomial,
demonstrating that they are merely special cases.
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1. Calculation Formula
Definition 1.1. Recursively define VP, p € Z,
VOf(n) = f(n), Lo VIf(n+1) = f(N), 5,55 f(n+1) =V f(N), V! = V.

Definition 1.2. Recursively define SUM( ) = SUM(N,PS,PT),K;,D; € C, T; € N.
SUM(N, [K; : D], [Ty = 1]) = L350 (Ky +nDy).
SUM(N, [Ky : D1,Ka : Dy, [Ty, To = Ty + 2 — p]) = LN} (Ko + nDp) VPSUM(n + 1, [Kq = Dy), [Th]).

Abbreviations: [Kl D K2 D.. KM N D] = [Kl,Kz...KM] ZD, [Kl,Kz...KM] 1= [Kl,Kz...KM].

SUM(N, PS, [1,2..M]) = YN H (K +nD;).
SUM(N, PS, [1,3..2M —1]) = zn Lo (Kt + npD) - Sy (Ko + n2Da) Y (Ky + 11 Dy).
SUM(N, PS, [1,2,4]) = Y~ (Ks + n3D3) Y52 (Ky + 1Dy ) (Ka + nDy).
SUM(N, PS,[1,3,4]) = ZN ' (1<3+n3D3)(1<2+n3D2)z o (K1 +nDy).
1,

SUM(N,PS ]) = n3 0(K2+113D2) an Oznl 0(K1+H1D1).

In this paper, the default PS = [Kl D1, Ky : Dy.. Ky DM], PT = [Tl, Tz...TM], T; < Tiqq.
Use K to represent the set {K;}, T to represent the set {K;}.

(K1 + T1)(Kz + T2)..(Kyg + Tm) = ETIM, X, X; = T; or K;.

Definition 1.3. X(T)=Number of {X1, X5.. X} € T.
Definition 1.4. X7_1=Number of {X1, X5..X;_1} € T, Xg_1=Number of {X1,X5..X; 1} € K.
Obviously, X7_1 + Xg_1 =i — 1. Use the auxiliary form and each X; cannot be exchanged:
Theorem 1.1. H = Tyy — M, SUM(N, PS,PT) =
N+H M N-+H T;i—Xk-1)Di, Xi=T;
Formy — Z —oHi(g) (Nfl_g) =Y =o Hi1(8) (Hil+g> , Bi= {§<i+XTK,111%,., Xi=K;
N-+H+ N+H+ T;—Xg_1)Dj, X;i=T;
Formp — Z ~o H2(g) (N—l g) Z ~o H2(8) (H+1+gg) » Bi= {§<+(XI,<< 11) T;)D;, X;=K;’
N+Ty— N+Ty— Ki+(Ti—Xr_1)D;, Xi=T;
Forms — Y31y H3(g) (N_lfg g) = Lo Hs(g) (TM+11\4 g) , Bi = {K +X§ 1D,,TX1)K
H;(g) = Hi(g, PS,PT) = H;(g, M), is defined as LX(T)=¢ Hf\il B;.

Proof. Hi(g) = Hi(g— 1, M —1)(Tpy — [(M —1) — (¢ — 1)])Dpm + H1(g, M — 1) (Kpg + D).
D () = D ko) (57%) + a0 (57%) = 1) (35) -+ - 50 (3.
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M =1, it holds. Suppose that holds when M, PS1 = [PS,Kyy1 @ Dpya), PT1 = [PT, Ty =
Ty +2 - pl.
SUM(N PS1,PT1) = YN-1 (Kyrp1 + nDaryr) VPSUM(n + 1)

14Ty —M—
=y (KM+1+7’1DM+1)):g 0 Hi(8) (?M Mi14g— Z)
N+1+TM—M—p>

T,
= Y20 (Kys1 + gD Ha(8) (N+1J1\r/1+Mz+g p ) +X80 (Tm = M +2+¢ — p)Dpi1Hi(g) (TM7M+3+gfp
N+T, —(M
= XM (Kusr +8Du) Hi(8) (3 ™M G0, ) + 50 (Twen — (M =)D i (9) (3 ™0 0 )

Tpm+1 Trm+1

= 281}4:-61 Hy(g, M +1) (¥;+];1\£+(}\/I—i(-%ii)—i-g) Proof of Formy completion.

jg_oln (37%) = M+ 1) (N5 = (1=K (M) = = K) (NEETT) + (14 K) (375 Prove
Formy 3 through it. O

For example: Form = (14 T1)(2+ T2)(3+ T3), Lx(1)=1[1Xi = 1 x 2 x T3 + 1 x Ta x 3+ Ty %
2 x 3.
Hi(1) =1x2x (T3 = Xg-1) + 1 x (To = Xg 1) X 3+ X7_1) + T1 x (24 X7-1) x (3+ X11)
=1x2x(5-2)+1xB3-1)xB+1)+1x(2+1)x(3+1)=26.
SUM(N, [1,2,3],[1,3,5]) =1x3 x5 (N+2) 435 (N+2) +26 (N+2) +1x2x3 (N+2)

SUM(N, [2,3],[3,5]) = 3 x5 (3'*3) + (2 x 4+ 3 x 4) (¥¥2) +2x3 (9.
Hi(g) = Hi(g =1L, M —1)(Tp — [M = g])Dym + Hi(g, M — 1)(Kp + §Dm)-
Hy(g) = Ha(g —1,M —1)(Ty — [M — g)]) Dy + Ha(g, M — 1)(Kpg + [M — 1 — g — Ty | D).

H3(g) = Ha(g =1, M = 1)(=Knm + (Tm — [§ = 1])Dm) + Ha(g, M = 1)(Kn + gDm)-

They can be unified as: H(g) = H(g—1,M —1)B+ H(g,M — 1)A.

Hz(g),B = Bm + (g - 1)DM,A = Am —gDM, Apm =Ky + (M —-1- TM)DMr By = TpmiDy — (M -
1)Dy.

Hs(g),B = By — (§ —1)Dm, A = Ay + gDm, Am = Ky, By = =Ky + TyD-

Consider the general two-dimensional second-order linear recursive equations:

R(M,g) =RM—1,§—1)(Bm+ (§—1)Epm) + R(IM — 1,9)(Arm + ¢Dpm). It can be calculated in a
similar way to H(g). H(g) itself requires |D;| = |E;| and can’t change the sign, so that 3-forms exist.

2. Property

Theorem 2.1.

(1). Hi(8) = T, Ha(k) (§) = £E_ Ha(k) (M75).

(2). Ha(g) = Xty (~1)FHi (k) (£), Ha(g) = o (—1)* ki (k) (M2F)-

B Hilg) = (M- ST g Ha(k) (51 ) Ha(g) = (~08 T Ha (M — k) (%)
(4). Tlo Hi(8)gs (1 — M8 = 10l Ho(g) (1 — )M 8 = Z%iﬁs((gg)qg

(5. Lalo Hi(9) (¥g) = To Ha(®) (¥7°) = EiLo Ha(e) (2 %), Y €N

Recursive relations yields (1), inversion yields (2), (4) and (5) can be obtained from (1). (5)

shows Formy = Formy = Formz. If we ignore the practical significance, T, € C. g% =

Yo (CDFA =R (5), (1= q)X = T, (-1)Fg" (¥) and (4) yields (3).

Theorem 2.2.

(1). H1(g,[AD : D,PS],[A,PT]) = AD(Hy(g) + Hi(g — 1)).

(2). SUM(N, [Ly, Ly...Ly, PS], [Ly, Ly... Lq,PT]) = 1%, L; x SUM(N, PS, PT).
(3). SUM(N, PT,PT) = T1T; (Y, 1}')  Ha(g) =TI T, ( ).

(4). In SUM(N, [...PS...],[..T, T + 1. T—I—M—l 1), K; : D; can exchungeorder

(5). If D; = 1and Kiyq — K; = Topq — T; = 1, Hy (g)= (y) Kgi1--Ky.
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(1) is obvious, (2) and (3) is derived from (1), so T; can great than 1. (3) is the promotion of

Z <”+M ) = (1]\\]/111;4 ) (4) comes from the definition. (5) can be proved by induction.

. ey 12..N
Definition 2.1. FX = ¥y o, oy <m Ky Kiy Ky B =1, BN = BP0

. ege 1,2..N
Definition 2.2. EX = Y1y, <y, <1 <um Kn Kag K, EX = 1, EY = EJ2 N

FJ\I\/IIJFM_I = 51(N+M,N), S; is unsigned stirling number of the first kind.
EN, = S7(N + M, N), S, is stirling number of the second kind.
SUM(N, [1,1..1),[1,2..M]) = SUM(N, [1,1..1],[2,3.M]) = IM + 2M + 4+ NM,
SUM(N, [1,1..1],[1,3..2M — 1]) = SUM(N, [1,1...1], [3,5..2M — 1]) = S(N + M,N),
SUM(N, [1,2..M], [1,3..2M — 1]) = SUM(N, [2,3..M], [3,5..2M — 1]) = S;(N + M, N).
They can be used to calculate S;(N,N — M) and S»(N,N — M).
In the calculation of H(g), [TX; = (ITX;, X; € T)(I'1X;, X; € K).

Definition 2.3. H(g,©.T) = H(g,X.T,PS,PT) = H(§, LT, M) = YllxerB, H(g, LK) =
Y. IIxex Bi

Obviously, Hy (g, ©K, [1,1.1], PT) = E{; . PT1 = [T, T+1..T+ M —1],PS1 = [K+ M —1,K+
M—2..K],
D; = 1,Hy(g,PS,PT1) = [T|$H(g, LK), Hy (g, PS1, PT) = [K + M — 1,H(g, X T).

Theorem2.3. S={T; - K;—i+1},D; =1
_rK 8 K 8 K8
(1). Hi(g, LK) = Hy(g, LK) = Ff_ E§ + FMfngl/IEl o+ FEES,
(2). Hy( = Hy(g, L T) = FJE) S — FT B ™S .+ (—1)8EJEg" %,
(3). Ha(g, LK) = (—1)M~8(Fy_ Ej + ..+ FSE} o)
(4). Hy(g, £ T) = (-1)SFSEy g+( 18 1ES. EM S+ FSEY
(5). Hi(g, LK) = ZH?ﬁlg (Kipa, +Ai),0 < A1 <A< < AM_g <g
6). H(g X T) =TI, (Tign, —Ai),0< A €A <o <Ag <M —g.

Proof.

PS1 = [PS,Kpi+1], PT1 = [PT, Tp141)- Using induction to prove (2).

Hi(g, X T M+1)=Hi(g,XT) + Hi(§— L, LT)(Tm+1 — (M —g+1)).
{PTI} in H1(g, Y. T, M + 1) has three sources.

_ —(g—1
— 1 FLEYS (1 F] BT T (1D BT (- (M- g+ 1)
= (—1)*Fy- <Mg+EM“ g<M+1—g>>+< DL BT Ty ()
= (~1)%FL BV 4 (- 1>xP§,x,1Ei”“*gTMH—<—1>XE£“1 ST
Y g+EM+1 g(M+1—g)
=5(M— g+x,M—g)+(M+1—g)SZ(M—g+x,M+1—g)
— S (M—g+x+1,M+1—g)=Ey 8 5.
(5) and (6) are definitions. [

Definition 2.4. Fr(N + M, N) = F{I/TH-THNIML By 4 v Ny = B{FTH-TINT,

Obviously, Fy(N + M,N) = S;(N + M,N),E{(N + M,N) = Sy(N + M,N), Fp(M +1,¢ +
) = BT = (T4 M)Fr(M,g +1) + Fr(Mg), Er(M+1g+1) = Eyi T =
(T+gQ)Er(M,g+1)+Ep(M,g).
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Definition 2.5. <7>T =(T—-1+n —j)<7:11>T+ (j+1)<771>T, Hr=T,1); =0, <7>T =0,j <
0,j>n.

Obviously: ({), =T, (i) =0.1n >0, <]”>1 = <;’> is Eulerian number.

Definition 2.6. <§4>JT = Z]l::() (_1)i<1g\47—1j7i>T (é),O <j<gl0<g<M

Theorem 2.4.

(1). PT = [T, T +1.. T—|—M—1] Ha(g, £K) = Lt58 (—1)M-s TERE T4,

M- T—K; T,T4+1..T
@. TR, = S ()RR T |
(3). PT = [T,T+1..T+M— 1],H3(0 <g<MLK) =M <M>’ o+ (-1 (M) B
(4. PS = [K,K—1.K— M+1], Hp(0 < g < M, T) = Tt = (M g>’ FT o+ (—1)M2 (M) B,
(5). PS = [K,K—1..K— M+1], Hy(8, L T) = ©¥_ (~1)8~ JFTE{K]K LoK= M+g}
M— K;—T _ M T,T-1..T—
6. o EN TR = (- M 8zj:0g(f1) FKE& AT

Proof. PT = [T, T+ 1..T + M — 1], H(g, Y K) must be is a symmetric function = Z 1o A% ()X
H>(0,1) = Ky — T,Hy(1,1) = T. It's holds when M = 1.
Hy(gM)=(Ky—T—-gHy(gM—1)+(T+g—1)Ha(g—1,M—1). )
A9(0) = =T, A}(0) = T. A3;(0) = —(T + §)A3,_1(0) + (T + g — 1) A%, (0) —

_ _ T,T+1..T
A54(0) = ()M ST+ g — gEr(M+ 1,8 +1) = (~1)M8[T + g — 1 Ep LT+,
The rest only need to consider terms that multiply with K.
AN () = Ay (= 1) = A _(0) = (=DM 8T+ g — 1gEr(M +1—j,g +1).
Ha(g) = [T+g— 1) Tty (_1)M—g—fF}<E§};gt§"'T+g} — (1). [Theorem 2.3(3)] and (1) — (2).
Using the same method to prove (3), (4), (5), (6). O

j

Theorem 2.5.

(1. Fr(N+ M,N) = SUM(N,[T,T +1.T + M — 1],[1,3.2M — 1]), Er(N + M,N) =
SUM(N, [T, T..T],[1,3.2M = 1]). 2). (x + T)(x + T+ 1)..(x + T+ M — 1) = ©M  Fr(M, k)x, (x +
T)M =y M Er(M+1,k+1)[x]y

3 LM, (~1)FEr(M +1,8+1) = (T - 1M, M, <§4>T = [T]M.

(4). <§4>T = Hs(g, [T,1..1], [T..T+M—1]) = T x Hs(g, [1..1], [T + 1..T + M — 1)).

Proof. (1) is obvious. VSUM(N, [T, T...T}, [1,2..M]) = (T + )M = LM glEr(M +1,g +1) (g) =
the latter half of (2). [Theorem 2.1] — (3). (4) is derived from the definition of H3(g). O

Definition 2.7. E} ® ([I, ...Inm], C)
= L Ag bt dg=p 20 1112207 (I + A1.C) (I + A1C + A2C).e(Ig-1 + A1 C + A€ + .. + A1),

From the calculation formula: H3(g, [1,1...1], [1,2..M]) = Eﬂ_lg_l ® ([1,1...1],1). From Worpitzky

identity: NM = ]:gol <£,/I> (?Tg ) ,s0 H3(g) = <§A > <§4 > is Eulerian number, this is a new expression.

It is the result of [1]. For example: (3) = Y1, 1, 1a,=2 11124238 (1 + A1) (1+ Aq 4 A3) = 66.

Associated Stirling Numbers of the first kind Sy , (1, k) is defined as the number of permutations

of a set of n elements having exactly k cycles, all length > r. S ,(n,k) = Z—,’ i+ Hig=nij>r ﬁ
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Si,(n+1,k) = nSy,(nk)+ (n),—1S1,(n —r+1,k—1),n > kr. From the recurrence
relation, Hi(g,[2,3.M),[3,5.2M —1]) = Sy,(M + g+ 1,8 + 1), Hy(g,[1,1.1],[3,5.2M — 1]) =
(-1)M-17851,(M+ g+ 1,8 +1).

Associated Stirling Numbers of the second kind Sy,(n,k) is defined as the number of
permutations of a set of n elements having exactly k blocks, all length > r. Sy,(n,k) =
u Yy totig=m iy ﬁ Sop(n+1,k) = kSy,(n, k) + () Soy(n —r+1,k—1),n > kr. From the
recurrence relation, Hy (g, [1,1..1],[3,5..2M —1]) = Sop(M+ ¢+ 1,9+ 1), H2(g, [2,3..M], [3,5..2M —
1) = (—1)M 1785 ,(M+g+1,g+1).

Definition 2.8. Iy = 1,111 —[; = 1o0r 2, I;1 1 — I; = 2 is defined as continuity, 1,1 — I; = 2 is defined as
discontinuity.
MINg(M) = I; x Y Ip X I3... X Ipg, Number of discontinuities=g.

It is easily understood by adding g holes in consecutive numbers. Easy to know:
MINgM) = YW < i) < iy < .. < ig < M+g -1 —i; > 2. This is the

iy ig =
conclusion of [2]. From the calculation formula: Hi(g, [2,3..M], [3,5..2M — 1]) = MINy(M). So
MINg(M) = S1,(M+g+1,8+1).

From the definition of H(g):

Theorem  2.6. A1 + .. + Agyq = M — gA > 0, <M>T =
TY.1M2%2 (g4 1) (T + A) (T + A+ A2)eee(T+ A+ o+ Ag).

PS = [T,T..T],PT = [1,3..2M — 1].

Hi(g) = LTM(T+1)" 2. (T+ g) s+ (1 4+ A1) (B+ A+ A2)ee(2g — T+ Ap + oo 4 Ay).
Hy(g)=Changed MINg_1(M) + MINg(M). Select X; € K from M factors, change i to (T-i).
PS=[T,T+1.T+M—1],PT = [1,3..2M — 1].

Hy(g)=Changed MINg_1(M) + MINg(M). Select X; € K from M factors, change i to (T+i-1).

Hy(g) = L (T = D)M(T —2)"2. (T — g = 1)"# 1 (1 4+ A1) (B+ Ay + A2)ee(2g — T+ Ap + oo+ Ag).

For example, express the product in terms of ():
MINy(3) +MIN1(3) = (123) + (124) + (134),Hy(1) =(T—1,T—2,3) +(T—-1,2,T—4)+ (1, T - 3,T — 4).
MIN;(3) + MIN;,(3) = (124) + (134) + (135), H1(2) = (T, 2,4) + (1, T+2,3) + (1,3, T+ 4).
From the definition of nested sum, there exists classification principles:

Theorem 2.7. SUM(N) =
SUM(N, PS,[.T;, Tisq — 1..Tag — 1)) + SUM(N — 1,[...K; : D, Kiq + Diry : DitgoKpi + Dt

D, PT).
Table 1. Table of H(g)
PS PT Hi(g) Hy(g) Hs(g)
1,1.1]  [1,2..M] QUES =81 (M+1,g4+1)  (-1)M8g155(M, g) M
1,1.1]  [2,3..M] (g+1)1S3(M, g +1) (—1)M=1=8(g +1)!1S,(M, g + 1) e
n1.] [L3.2M-1) B o (PT1) (~1)M=8MIN,_1(M) E5 L ©([0,1.],2)
[1,1.1]  [3,5.2M—1] Syp(M+1+gg+1) (—1)M-1-8 MIN, (M) B 0(23.],2)
[1,2.M] [1,3.2M —1] MINg_1(M) + MINg(M) Ix (-)M$Ef,  ©([3,5..1)  1x Ey 0 ([2,3.],2)
2,3..M] [3,5.2M —1] MINg(M) (~)M185,,(M+1+g,¢+1) Ey f©([2,3.],2)
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3. Number Analysis
From the relations between H(g) [Theorem 2.1], it’s easy to get.:

M M

L) = ML CDMEgs(Mg) = 1 R (C)MSSpMtgg) =
g: =

1, Tty (~)M855(M +g,8) = ML.

, - -1 _1-

§152(M,g) = DL (DM rsa(m, k) (501) = 550 (M) (Mp ) 1< g <M.

From H(g,Y"K), H(g, Y. T) [Theorem 2.3], it’s easy to get:
Theorem 3.1.
(1), Mt @4) = g YM S (M+1,8+1+1)S2(g+1i,8) = M —

NS SIM+1L,M+1—i0)S(M—i,M—g).

(2). Sy(M+1,g+1) = M 85, (M i, g) (M).

(3). g! (Qﬂ) =Y 0SIM+1,M+1—g+0)S(M—g+i,M—g)(—1)"

4. T gy (Ki=1) (M) = FE_E§ + .+ FFEy o K= {K,K+1.K+M—1}.
(5). T, (T+i—1) (é‘ﬂ) = FTE)" 8 4 o4 (~1SETEY 8, T={T, T+ 1..T+ M —1}.
Proof.

PS = PT = [1,2..M], i (g) = M (M) — (1).

PS = [1,1..1], PT = [1,2.M], "1 = (M) 5 (2).

PS = [M,M —1..1], PT = [1,2..M], H(g) = M! @4) — (3).
PS=[K,K+1.K+M—1],PT=[T,T+1.T+M—-1] - (4),(5). O

Theorem 3.2. SUM(N, [1,1..1,PS],[1,1..1, PT]) = SUM(N). Number of 1 added=X,
Ty — M — X > 0,SUM(N, [1,1..1, PS], [1,1..1, PT)) expands Y31 (...) to T3 5% ().

Any ZgI:O ag (¥+g) can be converted to 4 VISUM(N + p, [Ky,Ks...Kpm], [1,2...M]), relations
between H(g) [Theorem 2.1] provides necessary and sufficient conditions for:

Theorem 3.3. f(g) is an integral polynomial of degree equals X, 0 < X < K.
Leoas (1) = Dh5 () (FK.) & Do (F1)agf(g) = 0.
Proof. The conditionis Hy(g) = H3(M —g) =0,0<g < K. O

Define (M + 1) x (M + 1) matrix, A1,3(P,Q, M) =
@ - @) @ - @) [E") - (6w
Gy ) L e ) e o @)

P=N+Ty—M, Q=N —1,List SUM(N)...SUM(N+M) from top to bottom, g increases from left to
right, they correspond to Formj ;3. It is easy to prove by Gaussian elimination:

Theorem 3.4.
| A1(P,Q,M) ||=|| A2(P,Q, M) ||=|| A3(P,Q, M) ||, || A(P,Q,M) ||=| A(P,P—Q,M) |.

P+M—g
-1
| A@OM) =1, 1| A1 M) = (Z1). 1 APRQ > 1,M) =183 G )

()’
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If SUM(N) or VSUM(N) is easy to obtained, consider H(g) as variables, use Cramer’s law:

Theorem 3.5.

(1). Hi(g) = K51y (—)s 1k (o) sum(i) = o5 (—1)sHiH (i ) vsumk).
(2). 2(k) = £y (1) (£) VSUM(K), Ha(g) = T, (—1)s 1 (51) (k).

(3). Hy(g) = T{ (-~ (G110 ) sum(k) = Dy (~s ek () vsum(k).

VSUM(N, [1, 1 1],[2,3..M]) = NM, the following classical formula can be obtained.
(1) = S2(M,g) = F Ty (-1 (£) kM = A xE, (~1F(F) (e -0
(3)—>< > Zgﬂ( 1)l+s+k (Q/IJrl )kM Zk o (= 1)k (M+l) (g+1— kM.
TeNE(M+1g¢+1) = g, Y8, (—1)8tk <g) (T+ kM = ZM £ Tk (M) ES, .. The latter equation
comes from [Theorem 2.3(1)].
TEN, <§A>T - (Til)! Z:(1%:0 (_1)g+k (§+M) [T+ Kr(k+1)M1
k

—_ M-2 /[ M-1 M-1 _1\8 (M—-1 . .

T x (52, <g >T+1 (k ) +(-1) (g )),0 < § < M — 1. The latter equation comes from
[Theorem 2.4].

Theorem 3.6. <g >] T 1)' Y8, (—1)8tk (;*M) [T+Kr(k+1)M-1=/, T € N.

Proof. From Hf\il (x+K;) = Zl\io F]KxM’f, it’s easy to get: Zj]\io (—1)]kM’]'F]M =0,M>k ‘2 1.
PS =[0,~1..~ (M~1)],PT = [T, T+1.T+ M1}, Hy(g < M) = 0 — £} (~1)f <{2V1>]T FM1 =
0,0<g <M.

L i 0
From these two equations it is clear that < g[ > and < §4>
T T

0 i . .

<§VI>T =m1¥ 4+ a2¥ + ..., <§4>T =a11"77 4+ a,2Y7) + ... Complete the proof from the expression of
M

<8—1>T' =

4. Combinatorial Identities

= <§{ 1>T have the same thing:

Formal Calculation provides many ways to obtain an identity, and here are some of the methods.

Theorem 4.1. Y . zkf_“ TP T2, VSUM(k), PS,[1,2..M]) = VI "SUM(N, PS, PT = [T; =
i+ji—1)).

Proof.
PS1=1[1:0,1:0..1:0,PS], PT1=[1,3.2(j—1) = 1,14+2(j —1),2+2(j — 1)..M+2(j — 1)].
It can be obtained: Hy(g > M, PS1,PT1) =0, Hy(g < M, PS1,PT1) = Hy(g).

. k
SUM(N, PS1, PT1) = £ Hi(g) (N5 71) = o), VSUM(k)... o 1k2211.Theremainingstepis
=

obvious. O

For example: Y, .. X0 Y2, ( ) — L VITSUM(N +1,[0, 1. — (M= 1)), [T =i+j—

1)).

_ _(MADE, 1 g (ML (NADAGD)Y (MY (N4
H(g < M) = 0, Hy(M) = (G — gy v (RER0Y) = (177) () =
M+j—1 .
() i)
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Theorem 4.2. ZQ/I:O (i}’l) (iJrTﬂI) (§+g) = Z?:o (?jTT) (%I?h&') (§iﬁ:£+g>, A>0M>A+1.
Proof. SUM(N,[T+1,T+2.. T+M],[T+A+1,T+A+2.. T+A+M])
= Tt (¥) T+ A+ glslT+ Mg (FAT ) = 0" Zebo (§1) (377%) (FAts) ©

= ATEMLGUM(N, [T+ A+1.T+MT+1,T+2.T+A,[T+A+1L.T+MT+M+1,T+M+

(T+A)!
2. T+ M+ Al
CEIOISUM(N,[T + 1L,T + 2.7 + AL[T + M + 1L,T + M + 2.T + M + A]) =
(THM)t A (A)W(HA)! (N+T+M )
(T+A)! ~g=0 (T+M)! (T+g)! \T+M+1+g )

% vM (M) (A+T+8\ (N+T+A T+M+g) (T+A)! A1 1 (N+T+M
Compare with (*): Zg:(] (g ) (A ) <T+Ail+g) Z TF M) (TTg)! (A—g)igl AT <T+M+1+g)'

Y=T+A+1,X =N+ A+T then proves completlon The two sides correspond to merging and
unfolding. [

Theorem 4.3. SUM(N,[A,A+1...A+M-1]:2,[1,3..2M-1])= (ﬁw —1) [A+M+N -2y

Proof. PS=[A,A+1.A+M—-1].
Expand by definition : Hy(g,Y.K) = SUM(¢g+1,[A,A+1. A+ M—-1—-¢]:2,[1,3.2(M—g) —1)).
Form [Theorem 2.2(5)], H1(g,Y_K) = (é\,ﬂ) [A+ M — 1]y Just compare the results. [

Special:SUM(N, [1,2...M] : 2,[1,3..2M — 1]) = M'<N+M 1) , 143+ ..+ (2N —1) = N2

5. Congruence

In this section, P is prime, K;, D; is any integer, (P, D;) = 1.
The following congruences are based on P. DZ-Di_1 =1,K;+Din= DZ-(K,-DZ._1 +n).

Definition 5.1. IfK;D; ! = T;,0 < i < X, define PTS = X,0 < PTS < M.
1

Theorem 5.1. 0 <Y < Ty — M + PTS,

Ty < P—1,SUM(P —Y) =0 (mod PTIYE T;D;).

Ty =P —1,SUM(P -Y) =[1T;D;.

Ty =P, SUM(P —Y) = Hi(M — 1) = Hy(M —1). PT = [1,2...P}, SUM(P) = — [ D; LK;D; 1.

Proof. H=Ty;—-M,0<H<Ty <P.0O<Y<H.

suM(P) = Hy(M) (F4H,) + ..+ Hi(0) (BH) = T Ha(g) (D1 )-

Ty <P—-1—-SUM(P-Y)=0.Tyy=P—-1— SUM(P-Y) =H; (M) =TIT;D;.
Tv=P— H(M)=0— SUM(P-Y)=SUM(P)=H;(M-1).

Prove the part of PTS through [Theorem 2.2(2)].

PT = [1,2..P], [Theorem 2.3](1) = Hy(M —1) = (P —1)!T] D;(F,
—~IID;LK:D; . O

{KD B {KDl}

+EV1 = —TID;F, =

Remove products= 0, it can derive many congruence equations. Wilson’s Theorem (P — 1)! = —1
is a special case.

Theorem 5.2.

(1).P>38(P+M-2ZP-2)=S(P+M—-ZP-2)=00<Z<MI1<M<P-2

(2). $1(P,K) = $»(P,K) =0,2 <K< P— 1.

(3).S{(N+P—1,N)=—A,S(N+P—1,N)=A,A=[(N—1)/P]+1,N > 0.

(4. $i(N+P-2,N)=$(N+P-2,N) = {{NZ] N >0.
(P

ON#1 ’
(5). S1(P—1,N) =1,5,(P —1,K) = (P — 1 — K)!,K!S;(P — 1,K) = (—1)K*1,K > 0.
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(6). S{(P—2,P—2—N) =2N+1 1.
(7). P >3,5{(P,2) =0 (mod P?).

Proof. PT = [3,5..2M — 1], PS1 = [2,3..M],PS2 = [1,1..1],

Hi(g,PS1,PT) = S10(M+1+¢,9+1), Hi(g,PS2,PT) = Spo(M+1+g,¢g+1).

If 2M —1 > P, SUM(P) = H;(M—1) (P+M) 4+ LHi(P— M —1) (5“‘4) +o =
L Hi(9) (5 ).

If g > P— M —1, in the express of S12(n,8+1),522(n,g+1), n = M+g+1 > P, when the
largest i; is encountered where the number of 2is g. M+g+1—-2¢ = M +1—g, Max(i;) =
M+1—(P—M—1) < P,s0Hi(g) =0 — (1),(2).

M = P —1,SUM(N, PS1, PT), Hy (g > 0) = 0, SUM(N) = — (N+P~ 1)

M = P —1,SUM(N, PS2, PT), H; (g > 0) = 0, SUM(N) = ( 1).

M =P —2,SUM(N,PS1,PT),H;(g > 0) =0,SUM(N) = (NH’ )

M = P —2,SUM(N, PS2,PT),Hy(g > 0) =0,SUM(N) = (NH’ ) — (3),(4).

Ha(g,PS1,PT) = (~1)M~1785,,(M +1+4g,g +1), Ha(g, PS2, PT) = (-1)M 1785 ,(M+1+¢,g +
1).

S)LIM(P ~M-1) = Hy(M-1) (P+M 2) ot Ho(P =M = 1) () + . + Ho(1) (5. 0p) +
H(0) (1k).

Hy(g>P—-M—1)=0— SUM(P— M —1) = Hy(0)(—1)M+1,

H,(0,PS1,PT) = (—1)M~1, H(0, PS2, PT) = (—1)M=1M! — (5).

S1(N,M) =5 (N—-1,M—1)4+ (N —-1)S;(N —1,M) and S1(P — 1, N) = 1, induction shows that (6).
P >3,SUM(2,[2,3.P —2],(3,5..2P — 5]) = Hy (1) (5) + H1(0) (5_;) = S12(P,2) + P(P —2)!.
Hi(1)/P = (P~ 1) (35 + 53 + -+ @) =-1(-22-32. - (I ) =-1- (7).
This is Wolstenholme’s Theory: Y7/ M (mod P?). O

A Direct Proof of Wilson’s Theorem:

PS = PT = [1,2.P — 1], VsUM(2) = Hi (1) (}3') + Hu(0) (Y5') = P/1 =0,
VSUM(2) = 1(Ff JE} + ..+ FY'EL )+ (P— 1)1 =1+ (P—1)!
PS=PT=[1,2.P-2],2<K<P—2,VSUMK+1) = HI(K) (%) + ...+ H1(0) (¥)
Hy(g) =g(Fb2 ES+ .. +F2E5 , V=gl(ES+..+E5 , ).

18) =&Wp_3 ¢ p—2-¢) =& P-2-g
Letf(g) = g!(Ej + ... + ES 2-¢):f(0) = 1. It can be proved by induction: f(g) = (=1)¢(g +1).
PS =[P —2..2,1]. Use Hl (g, Y. T), similar conclusions were reached.

0.

Theorem 5.3.

YP2 5)(M,K) = (=1)K(K+1)(K) L Yhy_pS2(M, K) = (~1)KK(K!)"L,0 < K < P.
Loy (MK, (M, P =2~ K) = (=X (K + 1)

Y o CDMEKS(M,P-2-K) = ((-D)X-1)(K+1),0< K< P-2.

Theorem 5.4.

(1). Cowky i <p ik, KT KS2 K" =0,1 < LG < P—~2,G; >0,

(2). 0 < Kiq — K < 1,]IK; = 192%2.4%,C; < P-2,C; > 0;Tip1 — T; = Kiyy —K; +1,H =
TM - M,

Y SUM(P—-1—H,[K1 =1,K..Kp],[Th =1, T»..Tm]) = 0. For {C;}, sum over all PTs meet the
condition.

(3). In (1) and (2),y.C; =P —2,P >3 then0 = (mod P?).
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Proof. Obviously, g = 1 holds for (1).

g=2ItKi+Ky #p,K (P K3)©2 in the summation term; If Kj + K, = p, K (P Ky)©2 = K1Cl+C2.
ZchlJrCz = O,ZKlCleC2 = PZchl Zchﬁcz,y € (N) — g = 2 holds. Prove by induction that (1)
holds.

Removing the repeated products, it still holds due to symmetry. That’s (2). It can be proven
that: Y n"~2 = 0 (mod P?),P > 3, applying the same method — (3), they’re generalization of
Wolstenholme’s Theory. O

Special: EY; = S,(P+ M,P),E}; 1 =S (P+M—-1,P-1)=01<M<P-2EL ,EL7) =0
(mod P?).
Form classification [Theorem 2.7], H = Ty — M,SUM(P - 1,[1,1..1],[1,3..2M — 1])
=y Thy_x SUM(P—1-X,...).
We can get Y j;_x SUM(P —1—X,...) = 0. For Example: P =7,M =P — 2,
sum(e,[1,1,1,1,1],[1,2,3,4,5)) = Y_,; n°
sum(s,[1,1,1,1,2],(1,2,3,4,6]) + SUM(5,[1,1,1,2,2],[1,2,3,5,6])
+SUM(5,(1,1,2,2,2],(1,2,4,5,6]) + SUM(5,(1,2,2,2,2],(1,3,4,5,6]),
Sum4,(1,1,1,2,3],(1,2,3,5,7)) + SUM(4,[1,1,2,2,3],[1,2,4,5,7])
+SUM(4,[1,2,2,2,3],(1,3,4,5,7]) + SUM(4,[1,2,3,3,3],[1,3,5,6,7])
+SUM(4,(1,2,2,3,3],(1,3,4,6,7]) + SUM(4,(1,1,2,3,3],(1,2,4,6,7]),
SuM(3,1[1,1,2,3,4],11,2,4,6,8]) + SUM(3,[1,2,2,3,4],[1,3,4,6,8])
+SUM(3,1[1,2,3,3,4],11,3,5,6,8]) +SUM(3 [1 2,3,4,4),[1,3,5,7,8]),
SUM(2,(1,2,3,4,5,(1,3,5,7,9]) = Z =L All of them = 0 (mod P?)
In fact,SUM(5,(1,1,1,1,2],[1,2,3,4, 6]) +SUM(5,(1,2,2,2,2],(1,3,4,5,6]) =0 (mod P?). (*)

6. Generalization of Eulerian polynomials

In this section, g # 0, g # 1. By induction it can be shown that:
N+A-1-k

M—A
271;1;01 qn <n+A> q Zk 0( )k ?é kl)k+1) + (1Zq)M+1/O § A S M.

X=Ty—M=p=00<Y <L q"VPSUM(n+Y) = Tilo Hi(9) TN o (11X

N+X+Y-1-k _
= £ Hi(9)(gN Sig T (- 1>k<“;*§);;1)+(1j)i;g).
From [Theorem 2.1 (5)], TgLo H1(8)4% (1 — 9)M~8 = Y31 Ha(g) (1 — 9)M~8 = Y31 H3(g)q8. Define
itas Aq(PS,PT).

n X+1 —1)k _1-
m VPSUM(n+Y> = gV o Hi () D T e (M) +

M N+X+Y—1—k Aq(PS,PT)g ™Y
=q Zk:o W Zg:() Hy(g) (1++x:g_k ) + W-

Aq(PS,PT)q' Y
(1—q)m*>p

Theorem 6.1. Ty — M — p>00<Y<1
Yoty q"VPSUM(n+Y) = gN T, - ))kHVP*kSUM(N—l—Y—l)

Aq(PS PT)g'—Y
(1 q)TM+2 p

Aq(PS,PT)q“Y
(1—g)'m+>p

l9) <1, 0 0q"VPSUM(n +Y) =

Special: PS = [1,1..1],PT = [1,2..M], define Aq(PS,PT) = Aq(M), A;(M) is Eulerian

polynomial
—1)k Ag(M
21]1\[ 0 q nM = qN ZIIcViO (q( 11)3{“ V1+kSUM( - 1) + Il q;)l\ﬁl
gy Aq(M
=Wzk:o<—1>k< — M- kv1+’<SUM<N— )+ AL = (o) + e
VIHSUM(N —1) = VA (N - )M = Tk ( (f) N—1-jM

= o (-1 (£) Tito (1) NS G+ DM (-1
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= Tato (~)Msk (M )Ngzk (- >f+k()<]+1>M 2
We know: Sy(M + 1,k +1) = (e () e L (- E () (+ M.
]:

VIHESUM(n) = TM, (— )M 8- k( )Ngsz(M g+1,k+ 1)k,

N
() = mzk o (~1)F(g = M F LM (—1)M-8K (M) NESH (M — g + 1,k + 1)K,

N
- (qzw - Mo (—)MENS (g = 1)8 (M) T (= 1)MF885 (M — g + 1,k + Dk
=0, N tguM=0— M (—1)M(g - 1)MFS(M + 1,k + 1)kt = —Ag(M)gq(-1)M-1.

qu( ) = Yo (9 = DMKy (M + 1,k + 1)KL, gA;(M — ) =
T8 (g — MRSy (M — g + 1,k + 1)KL
Theorem 6.2.
Ag(M) =g M (g — 1)MKSy (M + 1,k + 1)k!. Together with Ay(PS, PT), there are four expressions.

N+1 o A (M)
TN M = e Tl (—)MUSNS (g — 1)3 (M) Ag(M — g) + .
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