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Abstract

We develop a method for constructing Lyapunov functions via Semidefinite Programming (SDP) that
certifies the stability of oscillatory systems with both Cartesian and angular variables. We utilize the
theory of hybrid polynomials (also called mixed trigonometric-polynomials) introduced by Dumitrescu.
We use this theory to convert Lyapunov and dual Lyapunov stability conditions for oscillatory systems
into SDP problems. Solving these problems using standard convex programming solvers leads to
expressions of Lyapunov densities and local Lyapunov functions for these systems, even without
apriori knowing the invariant attracting set. To illustrate the applicability of our method, we consider
the analysis of Kuramoto models and the state feedback design problem for an inverted pendulum
on a cart. Specifically, we establish certificates of almost global synchronization (phase locking) for
second-order Kuramoto models. The paper concludes by developing an SDP certificate that enables
the design of a swing-up control for an inverted pendulum on a cart. For the analysis, we use our
program vSOS-hybrid, based on CVX in MATLAB, openly available on GitHub.

Keywords: almost global synchronization; almost global stability; hybrid real-trigonometric polynomials;
stability certificates; swing-up control

1. Introduction
Dynamical systems on different types of manifolds appear as models of electric systems such as

power grids [1,2], electronic systems such as Josephson junction arrays [3], mechanical systems such
as pendulums on a cart [4], coupled systems of synchronizing units [5–7], and quantum dynamical
systems [8]. Such systems usually admit both Cartesian and angular state variables.

Stability [9] and synchronization [10] are critical properties of these systems, as they determine
whether the dynamics converges to a coherent operating regime or exhibit undesirable oscillations
and loss of coordination. They, thus, determine the reliability, efficiency, and functionality of complex
dynamical networks. For the same reason, designing a control to achieve a desired dynamics also
becomes an important problem to consider for such systems [11–14].

In this paper, we consider a particular state space structure, a hypercylinder, namely the Cartesian
product of an Euclidean space (for Cartesian variables) and a hypertorus (for angular variables), which
serves as the state space of most of the dynamical systems mentioned above. In particular, we strive to
ensure convergence of trajectories of such systems to some predetermined or unknown attractor by
means of Lyapunov certificates in the form of hybrid polynomials [15] defined on the hypercylinder.

Lyapunov certificates ensuring local/global stability [16], or almost globally stability [17] are
notoriously difficult to obtain in general. However, the research community has been able to overcome
this challenge for certain classes of systems by employing Semidefinite Programming (SDP), which
enables the construction of Lyapunov functions with the same “structure” as the class of the system. For
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instance, quadratic Lyapunov functions for linear systems on Rn [16], polynomial Lyapunov functions
for polynomial vector fields on Rn [18], polynomial Lyapunov functions for recasted non-polynomial
vector fields on Rn [19], and Lyapunov densities as rational functions for polynomial vector fields on
Rn [20]. The construction of Lyapunov certificates (including dual-Lyapunov certificates) for systems
on a hypertorus Tn was recently achieved by the authors in [21], where a stereographic projection
is used to map the dynamics on Tn to a dynamical system on Rn, and in [22], where trigonometric
polynomials are used directly as Lyapunov certificates for trigonometric polynomial vector fields on
Tn. The latter approach, introduced in [22], can provide less conservative stability certification for
systems on a hypertorus than the technique used in [21].

This paper extends the approach in [22] to systems on a hypercylinder using hybrid polynomials
as Lyapunov certificates. Hybrid polynomials are proposed by Dumitrescu [15] as tools for the design
of adjustable FIR filters and delay-independent absolute stability problems. This type of polynomials
has been used to control discrete-time systems in [23] where it goes by the name “mixed trigonometric
polynomials”. However, to our knowledge, hybrid polynomials have not been leveraged for Lyapunov
certification. Here, we obtain sufficient conditions in the form of an SDP problem and illustrate how
hybrid certificate construction can be performed for dynamical systems defined on hypercylinders.

The contributions of this paper are as follows:

• We develop a novel method, based on semidefinite programming, for constructing Lyapunov
densities (Theorem 1) and local Lyapunov-like functions (Theorem 2) for oscillatory systems.

• The construction of Lyapunov certificates can be achieved through any convex programming
solver. We have developed a program vSOS-hybrid using CVX [24], which is openly available in
GitHub [25].

• The stability results can be utilized to establish various synchronization behaviors of coupled
oscillators as illustrated in Section 5.

• The methodology can be used to design control for oscillatory systems as showcased in Section 6.

In the sequel, we will present some preliminaries and the problem statement in Section 2, the
theory of hybrid polynomials in Section 3, the main results for almost global stability (Theorem 1)
and for local stability (Theorem 2) in Section 4. We apply the methodology to second-order Kuramoto
models in Section 5 and to the swing-up control problem of an inverted pendulum system on a cart in
Section 6.

2. Preliminaries and Problem Statement
Consider a dynamical system on the product space Rc ×Td, where Rc denotes the c dimensional

Euclidean space and Td := [0, 2π)d is the d dimensional hypertorus, given by

(
ω̇, θ̇

)
= f (ω, θ) =

(
f (1)(ω, θ), . . . , f (c+d)(ω, θ)

)
, (1)

where the flow is defined for all time. An invariant set I is said to be almost globally stable for
the system (1) if lim

t→∞
(ω(t), θ(t)) ∈ I for almost all initial conditions (ω(0), θ(0)) ∈ Rc × Td. An

equilibrium point p ∈ Rc × Td for the system (1) is said to be locally stable [16] on an open set U
containing p if lim

t→∞
(ω(t), θ(t)) → p for all (ω(0), θ(0)) ∈ U.

A sufficient condition for almost global stability is the existence of a Lyapunov density, or the
so-called dual Lyapunov function, first introduced by Rantzer [17]. The theorem has been subject to
several generalizations, as mentioned in the introduction. We present a recent form that accommodates
almost global stability to invariant sets.

Lemma 1 (Adapted from [26, Theorem 4.2]). Let I ⊆ Rc ×Td be a compact invariant set for the system (1).
If there exists a continuously differentiable function ρ :

(
Rc ×Td

)
\ I → R satisfying

1. ρ(x) > 0 for almost every x ∈
(
Rc ×Td

)
\ I,
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2. ρ is integrable away from I, that is, if Iϵ = {x ∈ Rc ×Td : miny∈I dist(x, y) < ϵ},

∫
(Iϵ)c

ρ(x) µ(dx) < ∞ for all ffl > 0,

3. div(ρ f )(x) > 0 for almost every x ∈
(
Rc ×Td

)
\ I,

then almost all solutions of (1) converge to I as t → ∞.

The original statement of Lemma 1 in [26] is about systems on Rc, but the proof works for any
normal topological space which is equipped with a σ−finite measure. Note that the condition C3
implies that the integral of the density, ρ, increases along the flow of positive measure sets ([27],
Theorem 3.1). Also, a density satisfying C3 inevitably has a singularity near I ([26], Remark 3).

Let 0 denote the vector of zeros of a suitable size. For local stability in an invariant set U, a
sufficient condition is the existence of a local Lyapunov-like function on U (or on a larger set), as a
consequence of LaSalle’s invariance principle ([16], Theorem 4.4).

Lemma 2. Given a vector field
(
ω̇, θ̇

)
= f (ω, θ) with f (0, 0) = 0. If Kinv ⊆ Rc × Td is a compact

invariant set containing the origin, and v : Rc × Td → R is a continuously differentiable function such that
− grad v(ω, θ) · f (ω, θ) is positive definite in Kinv (meaning it is positive on Kinv \ {0} and 0 at the origin),
then every solution starting in Kinv approaches to the origin.

Proof. Since v̇(ω, θ) = grad v(ω, θ) · f (ω, θ) is negative definite in the invariant set Kinv, {(ω, θ) ∈
Kinv : v̇(ω, θ) = 0} = {0}, hence the result follows by the LaSalle’s invariance principle.

Lyapunov densities and functions are well-established tools for certifying stability properties of
dynamical systems. However, as mentioned in the introduction, for vector fields that admit matrix
representations (for example, Gram matrix representations in the case of trigonometric polynomial
vector fields), the sufficient conditions in Lemmas 1 and 2 reduce to solving linear matrix inequalities
(LMIs). Consequently, we can employ SDP solvers to construct both Lyapunov densities and local
Lyapunov functions. The main question addressed in this paper is therefore: what is an adequately broad
class of systems on Rc ×Td for which each system admits a tractable matrix representation?

A natural choice is the class of systems representable by hybrid polynomials (Section 3), originally
introduced by Dumitrescu [15], as these carry a Gram matrix representation (Section 3.1). As a
consequence of Stone-Weierstrass Theorem for product spaces, given any compact set K ⊂ Rc ×Td,
the set of restrictions of hybrid polynomials (to K) is dense in the set of smooth functions on K. We will
formally define these polynomials in Section 3. Before that, we introduce some notations that will be
used throughout the paper: 0 (respectively 1) for a vector of zeroes (respectively, ones).

3. Hybrid Polynomials
A hybrid polynomial v(ω, θ) on Rc ×Td is defined as

v(ω, θ) =
degvω

∑
η=0

degvθ

∑
k=−degvθ

vη,k ωη e−i k·θ

:=
degvω (1)

∑
η1=0

. . .
degvω (c)

∑
ηc=0

degvθ
(1)

∑
k1=−degvθ

(1)
. . .

degvθ
(d)

∑
kd=−degvθ

(d)
vη1,...,ηc , k1,...,kd

ω
η1
1 . . . ω

ηc
c e−i (k1θ1+...+kdθd),

(2)

where the hybrid polynomial coefficients satisfy vη,−k = vη,k so as to make the polynomial real-valued, [15].
Here, the nonnegative integers degvω and degvθ are taken as minimal and degv = (degvω , degvω) is
called the degree of hybrid polynomial v.
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3.1. Gram Matrix Representations

Hybrid polynomials have a matrix representation with respect to any basis of hybrid monomi-
als [15]. A standard basis for a hybrid polynomial of degree degv = (degvω , degvω) is given as columns
of the vector

ψnv(ω, θ) =

 1⊗
j=c

[
1 ωj . . . ω

nvω (j)
j

]⊗

 1⊗
j=d

[
1 ei θj . . . ei nvθ

(j) θj
], (3)

where nvθ = degvθ and nvω = ⌈degvω /2⌉; and nv = (nvω , nvω) is called the representation-size vector of v.
The Kronecker product notation is to be read as the lower index (that is c or d, respectively) appearing
in the leftmost position. This makes (3) have the vector

[
1 ωc . . . ω

nvω (c)
c

]
at the leftmost position and[

1 ei θ1 . . . ei nvθ
(1) θ1

]
at the rightmost position. A Gram matrix representation V [15] associated with

the hybrid polynomial v(ω, θ) is defined as a Hermitian matrix of size JnvK := ∏c+d
k=1(nv(k) + 1) =(

∏c
i=1(nvω (i) + 1)

)(
∏d

j=1(nvθ
(j) + 1)

)
satisfying

v(ω, θ) = ψnv(ω, θ)† V ψnv(ω, θ). (4)

Assumption 1. Each component f (l) : Rc × Td → R of the vector field f in (1) has a hybrid polynomial
expansion

f (l)(ω, θ) =

deg fω

∑
η=0

deg fθ

∑
k=−deg fθ

f (l)η,k ωη e−i k·θ. (5)

This class is polynomial in Euclidean variables and trigonometric in toroidal variables, and it
frequently appears in systems with both angular and non-angular variables.

3.2. Trace Parametrization

An important characteristic of hybrid polynomials is their trace parametrization [15]: every
hybrid coefficient can be expressed as the trace of any Gram matrix representation via a tensor
product of Hankel factors (corresponding to the Euclidean part) and Toeplitz factors (corresponding
to the toroidal part). This representation places the polynomial within a framework favorable to
semidefinite programming.

The kth elementary Toeplitz matrix of size n, denoted by Tn
k , is a (0, 1)−matrix with ones on the

kth diagonal, meaning
(
Tn

k
)
(i,j) = 1 if and only if j − i = k. The kth elementary Hankel matrix of size n,

denoted by Bn
k , is a (0, 1)−matrix with ones on the kth anti-diagonal, meaning

(
Bn

k
)
(i,j) = 1 if and only

if i + j − 2 = k. Define

H
nvω+1,nvθ

+1
η,k =

 1⊗
j=c

Bnvω (j)+1
ηj

⊗

 1⊗
j=d

T
nvθ

(j)+1
kj

. (6)

The relation between the coefficients of the hybrid polynomial (2) and the elements of the associated
Gram representation (4) is given by trace parametrization [15] as

vη,k = Hη,k(V) := tr
[

H
nvω+1,nvθ

+1
η,k V

]
, (7)

where the term nvω + 1, nvθ + 1 in the definition of the linear operator Hη,k(·) is determined by the
representation-size vector nv := (nvω , nvθ) of V.
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3.3. Gram Representation of Partial Derivatives of Hybrid Polynomials

For a hybrid polynomial v(ω, θ), the partial derivatives vωl (ω, θ) and vθl (ω, θ) are hybrid poly-
nomial. In this section, we will obtain a Gram representation of derivatives in terms of Gram represen-
tations of the original polynomial. Along with the trace parametrization property, these rules will be
essential in converting the Lyapunov density condition to matrix inequalities. We define the derivative
matrices as

Dθl
:=

 1⊗
j=c

Invω (j)+1

⊗

 l+1⊗
j=d

Invθ
(j)+1

⊗ diag(0, i, 2 i, . . . , nvθ
(l) i) ⊗

 1⊗
j=l−1

Invθ
(j)+1

,

Dωl :=

 l+1⊗
j=c

Invω (j)+1

⊗


0 0 0 · · · 0
1 0 0 · · · 0
0 2 0 · · · 0
...

...
. . . . . .

...
0 0 · · · nvω (l) 0

⊗

 1⊗
j=l−1

Invω (j)+1

⊗

 1⊗
j=d

Invθ
(j)+1

.

The sizes of tensor factors of the derivative matrices coincide with the sizes of the corresponding
vectors in (3). Since (A1 ⊗ . . . ⊗ An)(w1 ⊗ . . . ⊗ wn) = A1w1 ⊗ . . . ⊗ Anwn, we can conclude that
∂ψnv
∂θl

= Dθl ψnv and ∂ψnv
∂ωl

= Dωl ψnv . Since v = ψ†
nv V ψnv , we have vθl =

∂ψ†
nv

∂θl
V ψnv + ψ†

nv V ∂ψnv
∂θl

=(
Dθl ψnv

)† V ψnv + ψ†
nv V Dθj ψnv = ψ†

nv

(
D†

θl
V + VDθl

)
ψnv . We, thus, have the result.

Proposition 1. A Gram representation of vθl (ω, θ) is given by D†
θl

V + VDθl . Moreover, a Gram representa-
tion of vωl (ω, θ) is given by D†

ωl
V + VDωl .

3.4. Gram Representation of Product of Hybrid Polynomials

The product of hybrid polynomials is also a hybrid polynomial. In this section, we will obtain a
Gram representation of the product in terms of Gram representations of individual polynomials. Let
v(ω, θ) and p(ω, θ) be two hybrid polynomials as defined in (2) with representation-size vectors nv

and np. Define a (0, 1)–matrix X as

Xi,j =

1, if (ψnv ⊗ ψnp)i = (ψnv+np)j

0, otherwise
. (8)

The matrix satisfies ψnv ⊗ ψnp = X ψnv+np , hence v(ω, θ)p(ω, θ) = (ψ†
nv V ψnv)(ψ

†
np P ψnp) = (ψnv ⊗

ψnp)
†(V ⊗ P)(ψnv ⊗ ψnp) = ψ†

nv+np
X†(V ⊗ P)X ψnv+np , and we have the following result.

Proposition 2. A Gram representation of the product of hybrid polynomials v(ω, θ) and p(ω, θ) is given as
X†(V ⊗ P)X, where X is the matrix defined in (8).

The trace parametrization property (7), Propositions 1 and 2 will be utilized in the following
section to obtain semidefinite programming certificates.

4. Obtaining SDP Certificates Using Hybrid Polynomials
In this section, we obtain semidefinite programming certificates to establish almost global stability

and local stability of oscillatory systems.

4.1. Certificates for Almost Global Stability

We now present a sufficient condition for obtaining a Lyapunov density of (1) in terms of a hybrid
polynomial. We set the notation Bε := {ω ∈ Rc : ∥ω∥ ≤ ε}.
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Lemma 3. Given a vector field (1), if there exist nonzero hybrid polynomial v(ω, θ) ≥ 0; nonzero hybrid
polynomial w(ω, θ) ≥ 0; and R > 0 such that

w(ω, θ) = − grad v(ω, θ) · f (ω, θ) + v(ω, θ) div f (ω, θ), (9)

and v−1(0) ⊂ BR ×Td is an invariant set under the flow of (1); 1/v(ω, θ) is integrable on Bc
r ×Td for some

r > R, then almost all solutions of (1) converge to v−1(0) as t → ∞.

Proof. We will use Lemma 1 to prove the result. We first prove that µ(w−1(0)) = 0 using a proof
inspired by [28]. Since w is a continuous function, w−1(0) is Lebesgue measurable. Thus, its char-
acteristic function χw−1(0) is nonnegative and measurable. Note that Rc × Td is a σ−finite space.
Without loss of generality, fix ω1, . . . , ωc ∈ R and θ1, . . . , θd−1 ∈ T, then w(ω1, . . . , ωc, θ1, . . . , θd−1, x)
is a nonzero trigonometric polynomial of degree nvθ

(d) and has at most 2nvθ
(d) + 1 zeroes. Hence,

the set {x ∈ T : (ω1, . . . , ωc, θ1, . . . , θd−1, x) ∈ w−1(0)} has measure 0. Thus by Tonelli’s theorem,
µ(w−1(0)) = 0. Let I = v−1(0). Taking ρ(ω, θ) = 1/v(ω, θ), we have

div(ρ f ) =
w(ω, θ)

v(ω, θ)2 > 0 for a.e. (ω, θ) ∈ Ic

where the equality follows due to equation (9) and positivity follows since w is positive almost
everywhere, hence C3 is satisfied. Also ρ(ω, θ) > 0 for every (ω, θ) ∈ Ic since v is nonnegative, hence
C1 is satisfied. For any ϵ > 0, we have

∫∫
Rc×Td\Iϵ

ρ(ω, θ)dω dθ =
∫∫

(Td×Bc
r)\Iϵ

∣∣∣∣ 1
v(ω, θ)

∣∣∣∣dω dθ+
∫∫

(Td×Br)\Iϵ

∣∣∣∣ 1
v(ω, θ)

∣∣∣∣dω dθ < ∞,

due to the integrability hypothesis and the integrability of a positive function on a compact set. Hence,
C2 is satisfied. Since all hypotheses of Lemma 1 are satisfied, the result follows.

Using Gram matrix representations of hybrid polynomials, Lemma 3 can be used to obtain
sufficient conditions for the existence of a hybrid polynomial Lyapunov density as an SDP problem.
We now present the main theorem of this section.

Theorem 1. Let nvω ∈ Zc
≥0; nvθ ∈ Zd

≥0; ψnv as in (3); Hη,k(·) as defined in (7); Dθl , Dωl and X as defined in
Section 3; and a vector field (1) satisfying Assumption 1 with degree not more than (2n fω

, n fθ
). If there exist

1. a nonzero Hermitian matrix V ≥ 0 of size JnvK,
2. a nonzero Hermitian matrix W ≥ 0 of size

q
nv + n f

y
,

such that the zero set of v(ω, θ) = ψnv(ω, θ)† V ψnv(ω, θ) is forward-invariant under the flow of (1),
v−1(0) ⊂ BR ×Td, 1/v is integrable on Bc

r ×Td for some r > R, and

Hη,k(W) = Hη,k

(
X†

(
c+d

∑
l=1

V ⊗
(

D†
zl

F(l) + F(l)Dzl

)
−

c+d

∑
l=1

(
D†

zl
V + VDzl

)
⊗ F(l)

)
X

)
, (10)

for all 0 ≤ η ≤ 2(n fω
+ nvω) and −(n fθ

+ nvθ) ≤ k ≤ n fθ
+ nvθ , where zi = ωi, when 1 ≤ i ≤ c and

zi = θi−c, when c < i < c + d, then almost all solutions of (1) converge to v−1(0) as t → ∞.
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Proof. Using trace parametrization (7) followed by Propositions 1 and 2, we have

w(ω, θ) = ψ†
nv+n f

W ψnv+n f

= ψ†
nv+n f

(
X†

(
c+d

∑
l=1

V ⊗
(

D†
zl

F(l) + F(l)Dzl

)
−

c+d

∑
l=1

(
D†

zl
V + VDzl

)
⊗ F(l)

)
X

)
ψnv+n f

=
c+d

∑
l=1

(
v(ω, θ) f (l)zl (ω, θ)− vzl (ω, θ) f (l)(ω, θ)

)
= − grad v(ω, θ) · f (ω, θ) + v(ω, θ) div f (ω, θ).

Hence, (9) is satisfied for almost every (ω, θ) ∈
(
Rc ×Td

)
\ v−1(0). Since v−1(0) ⊂ BR ×Td and 1/v is

integrable on Bc
r ×Td for some r > R, all hypotheses of Lemma 3 are satisfied and the result folows.

Theorem 1 is a novel method to construct Lyapunov density for oscillatory systems. The inte-
grability of ρ(ω, θ) = 1/v(ω, θ), on Bc

r × Td for some r > R, cannot be imposed as an SDP and has
to be manually checked for. The condition, however, can be simplified when there is exactly one real
variable, as given below.

Remark 1 (Integrability of ρ for c = 1). For systems on R×Td, the hybrid polynomial v(ω, θ) obtained via
Theorem 1 has the form

v(ω, θ) = ωL

(
vL(θ) +

L

∑
l=1

1
ωl vL−l(θ)

)
(11)

where L = degvω . Since v(ω, θ) ≥ 0 and v−1(0) ⊂ BR ×Td, it follows that vL(θ) > 0 for all θ ∈ Td. Choose
r > R such that

1
2
|vL(θ)| ≥

∣∣∣∣∣ L

∑
l=1

1
ωl vL−l(θ)

∣∣∣∣∣, ∀ (ω, θ) ∈ [−r, r]c ×Td.

Using
∣∣v(ω, θ)/ωL

∣∣ ≥ |vL(θ)| −
∣∣∣∑L

l=1
1

ωl vL−l(θ)
∣∣∣ ≥ |vL(θ)|/2, we have

∫
Td

∫
Bc

r

∣∣∣∣ 1
v(ω, θ)

∣∣∣∣dω dθ =
∫
Td

∫
Bc

r

∣∣∣∣ 2
ωLvL(θ)

∣∣∣∣dω dθ = K
∫
Bc

r

∣∣∣∣ 1
ωL

∣∣∣∣dω,

which is integrable if and only if L = degvω > 1. Thus, for systems on R× Td, the integrability of ρ = 1/v
sufficiently far away from the zero set is automatically established if degvω > 1.

In the following section, we obtain a result to construct local/global LaSalle’s function for a given
oscillatory system.

4.2. Certificates for Local Stability

The local stability of (1) can be established using LaSalle’s Invariance Principle (Lemma 2). We
now discuss certain domains D that can be expressed as the common region of positivity of a fixed set
of hybrid polynomials. Hybrid polynomials that are positive in such domains have a characterization
in terms of the fixed set of hybrid polynomials. Furthermore, this characterization can be used to
find a continuously differentiable function v such that v̇ is negative definite in this domain by using
semidefinite programming.
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Lemma 4 (adapted from Appendix C of [15]). Let qℓ be hybrid polynomials for ℓ = 1, . . . , L − 1 and
qL (ω, θ) = ρ2 − ω2

1 − . . . − ω2
c . Let D be the bounded domain

D = {(ω, θ) ∈ Rc ×Td : qℓ(ω, θ) ≥ 0, ℓ = 1, . . . , L }. (12)

If a hybrid polynomial r(ω, θ) is positive on D (that is, r(ω, θ) > 0 for all (ω, θ) ∈ D), then there exist
sum-of-squares polynomials sℓ(ω, θ) for ℓ = 0, . . . , L such that

r(ω, θ) = s0(ω, θ) +
L

∑
ℓ=1

sℓ(ω, θ)qℓ(ω, θ). (13)

If the polynomials r(ω, θ) and qℓ(ω, θ) have real coefficients, then the sum-of-squares polynomials sℓ(ω, θ) also
have real coefficients.

We now provide a sufficient SDP condition for local stability of a vector field in the set D defined
in (12).

Theorem 2. Given a dynamical system (ω̇, θ̇) = f (ω, θ) satisfying f (0, 0) = 0, where each component
function f (l) : Rc × Td → R is a hybrid polynomial (5); qℓ are hybrid polynomials of degree at most nq

with Gram representations Qℓ for ℓ = 1, . . . , L with qL (ω, θ) = ρ2 − ω2
1 − . . . − ω2

c ; D is the bounded
domain (12); nv ≥ nq; Hη,k(·) as defined in (7); Dθl , Dωl and X as defined in Section 3. If there exist

1. a Hermitian matrix V of size JnvK;
2. a Hermitian matrix S0 ≥ 0 of size

q
nv + n f

y
; and Hermitian matrices Sℓ ≥ 0 of sizes

q
nv + n f − nq

y

for each ℓ ∈ {1, . . . , L } such that

(a) ψnv+n f (0, 0) is an eigenvector corresponding to 0 eigenvalue for Sw
0 ,

(b) ψnv+n f −nq(0, 0) is an eigenvector corresponding to 0 eigenvalue for each Sw
ℓ ,

(c) at least one of the Sw
ℓ has nullity 1; and

Hη,k

(
Sw

0 +
L

∑
ℓ=1

X†(Sw
ℓ ⊗ Qℓ)X

)
= −Hη,k

(
c+d

∑
l=1

X†
((

D†
zl

V + VDzl

)
⊗ F(l)

)
X

)
(14)

for each −(nvθ + n fθ
) ≤ k ≤ nvθ + n fθ

and 0 ≤ η ≤ 2 (nvω + n fω
), and where zi = ωi, when 1 ≤ i ≤ c

and zi = θi−c, when c < i < c + d; then all solutions of system (1) originating in any compact invariant subset
Kinv ⊆ D converge to the origin.

Proof. Using equation (14), trace parametrization (7) along with Propositions 1 and 2, we have

w(ω, θ) := sw
0 (ω, θ) +

L

∑
ℓ=1

sw
ℓ (ω, θ)qℓ(ω, θ)

= ψ†
nv+n f

(
Sw

0 +
L

∑
ℓ=1

X†(Sw
ℓ ⊗ Qℓ)X

)
ψnv+n f

= ψ†
nv+n f

(
−

c+d

∑
l=1

X†
((

D†
zl

V + VDzl

)
⊗ F(l)

)
X

)
ψnv+n f

= −
c+d

∑
l=1

vzl (ω, θ) f (l)(ω, θ)

= − grad v(ω, θ) · f (ω, θ)

Note that w(ω, θ) ≥ 0 on D by construction; sℓ(0, 0) = 0 by the eigenvalue condition; and at least one
sℓ(ω, θ) > 0 elsewhere due to the nullity condition elsewhere. Hence, w(ω, θ) is positive definite. The
result follows from LaSalle’s invariance principle (Lemma 2).
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In the following sections, we exhibit the utility of the semidefinite programming certificates
obtained in this section via some examples of second-order coupled oscillators (in Section 5) and via a
feedback design problem for an inverted pendulum on a cart (in Section 6).

5. Application to Kuramoto Models
In this section, we will apply the results obtained in Section 4 via our vSOS-hybrid program, [25],

which was built using CVX in MATLAB R2025b, to study synchronization properties of first and
second-order Kuramoto models. A system (1) is said to exhibit

• almost global synchronization if for almost all (ω(0), θ(0)) ∈ Rc ×Td, we have lim
t→∞

(θi(t)− θj(t)) =

0, for all i, j ∈ {1, . . . , d}, and lim
t→∞

(ωi(t)− ωj(t)) = 0, for all i, j ∈ {1, . . . , c}.

• local synchronization if there exists a neighborhood U ⊂ Rc ×Td containing the origin such that
lim
t→∞

(θi(t)− θj(t)) = 0, for all i, j ∈ {1, . . . , d}, and lim
t→∞

(ωi(t)− ωj(t)) = 0, for all i, j ∈ {1, . . . , c}
and for all (ω(0), θ(0)) ∈ U.

We first showcase a brief comparison of the density obtained via Theorem 1, for a system without
Cartesian coordinates, with an SDP-based method for obtaining densities exclusive to systems on a
hypertorus [22].

Example 1 (Comparison with earlier results). Consider a system of three first-order oscillators coupled using
a sinusoidal function, given by

θ̇j =
3

∑
k=1

sin 2(θk − θj), θi ∈ T, i = 1, . . . , 3. (15)

Note that this is a system on T3. Taking phase-difference variables φ1 := θ1 − θ3, φ2 := θ2 − θ3, we obtain the
reduced phase-difference system on T2 as

φ̇1 = sin 2(φ2 − φ1)− 2 sin 2φ1 − sin 2φ2,

φ̇2 = sin 2(φ1 − φ2)− 2 sin 2φ2 − sin 2φ1.
(16)

The almost global stability of (16) is equivalent to almost global synchronization of (15). The system (16) was
analyzed in [22] to obtain a Lyapunov density. As discussed by the authors, the density obtained via [22] blows
up at an invariant set (which attracts almost all trajectories) and is not minimal. However, using Theorem 1 with
c = 0 and nvθ = (2, 2), we obtained a feasible result via vSOS-hybrid program [25]. We obtained v(φ1, φ2) =

−0.7969 sin 2φ1 sin 2φ2 + 0.0714 cos 2φ1 cos 2φ2 − 2.9016 cos 2φ1 − 2.9016 cos 2φ2 + 5.7318. The plot
of the density ρ(φ) = 1/v(φ) is given along with the dynamics of the phase-difference system in Figure 1. It
is evident that the set where ρ is unbounded is the set of stable equilibrium points. This shows that Theorem 1
may give a more precise solution than [22], possibly due to the constraints being more similar than [22] to a
standard LMI.

arctan ρ

0

π /2

π /4

Figure 1. Phase portrait of the phase-difference system corresponding to the multistable system on the hypertorus in
Example 1. The density ρ obtained via vSOS-hybrid [25] blows up precisely at the locally stable equilibrium points.
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The second-order Kuramoto model [29] is widely used to understand the behavior of coupled
phase oscillators [1,2]. It is given by the set of d coupled second-order differential equations

θ̈i(t) = −αθ̇i(t) + ω0
i + K

d

∑
j=1

Aji sin(θj(t)− θi(t)), (17)

i = 1, 2, . . . , d, where α > 0 is the dissipation factor, ω0
i is the natural frequency of the ith oscillator, K is

the coupling strength, and
(

Aji
)

accounts for the underlying topology. Here, Aji = 1 if jth oscillator
influences the ith oscillator; and Aji = 0 otherwise. A second-order phase-difference system of (17) can
be defined by removing the phase-shift symmetry (θ1, . . . , θd) 7→ (θ1 + ϵ, . . . , θd + ϵ) and the angular
velocity-shift symmetry (θ1, . . . , θd) 7→ (θ1 + βt, . . . , θd + βt) from the system (17). One way of doing
this is to introduce phase-difference variables φi = θi − θd for i = 1, . . . , d − 1. Then the difference
system can be rewritten as a system on Rd−1 ×Td−1

φ̈i(t) = −αφ̇i(t) + φ0
i + K

(
d−1

∑
j=1

Aji sin(φj(t)− φi(t))−
d−1

∑
j=1

Ajd sin(φj(t))− Adi sin(φi)

)
. (18)

Note that (17) is almost global phase synchronized if and only if the phase-difference system is almost
globally stable to the origin. We now establish almost global phase synchrony for one such system
using Theorem 1. The densities obtained can be verified using vSOS-hybrid, [25], on GitHub. In the
sequel, we will write their expressions by neglecting coefficients smaller than 0.1, but use the original
expression for plotting purposes.

Example 2 (Almost global phase synchronization). Consider the second-order Kuramoto model with
uniform natural frequency ω0

1 = ω0
2 = ω0, that is

θ̈1(t) = −0.8 θ̇1(t) + ω0 + 5 sin(θ2(t)− θ1(t))

θ̈2(t) = −0.8 θ̇2(t) + ω0 + 5 sin(θ1(t)− θ2(t)).

Its phase-difference system (18) takes the form[
Ω̇
φ̇

]
=

[
−0.8 Ω + 5 i (ei φ − e−i φ)

Ω

]
. (19)

The vSOS-hybrid program [25] establishes the feasibility of Theorem 1 with nv = (5, 3). The program returns
a 24 × 24 matrix V, which corresponds to the hybrid polynomial v(φ, Ω) given by

v(Ω, φ) =Ω3(0.1784 sin φ − 0.1576 sin 2φ) + Ω2(−0.8612 cos φ + 0.9636) + Ω(3.4328 sin φ

− 2.5336 sin 2φ + 0.552 sin 3φ)− 1.7358 cos φ − 3.606 cos 2φ + 1.7358 cos 3φ + 3.606.
(20)

Note that v−1(0) = {(0, 0), (0, π)} is an invariant set. Also, ρ(Ω, φ) = 1/v(Ω, φ) is integrable sufficiently
far away from v−1(0) as per Remark 1. Thus, ρ(Ω, φ) = 1/v(Ω, φ) is a Lyapunov density for the system (19)
and almost all solutions of (19) converge to v−1(0) by Theorem 1. This can also be verified through Figure 2
(left). However, (0, π) is a saddle and attracts only a zero measure of initial conditions, hence almost all initial
conditions of (19) converge to (0, 0). Thus, the original system exhibits almost global phase synchronization.
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Figure 2. Phase portrait of the phase-difference system in Example 2 (left) and Example 3 (right), and the
logarithmic plot of the density ρ = 1/v where v given in (20) and (22), respectively, is obtained using Theorem 1
via vSOS-hybrid [25]. The density blows up at {(0, 0), (0, π)} in the left figure and at (0, π/2) in the right figure.

When all the natural frequencies are not equal, the coupled oscillator cannot exhibit almost global
phase synchronization. In such a case, the system might exhibit almost global phase locking, meaning
lim
t→∞

(θi(t)− θj(t)) = θij for all i, j ∈ {1, . . . , d} and lim
t→∞

(ωi(t)− ωj(t)) = 0 for all i, j ∈ {1, . . . , c}.

Example 3 (Almost global phase-locking). Consider the non-uniform second-order Kuramoto model with
ω0

1 = 1.2, and ω0
2 = 0.4, that is

θ̈1(t) = −5 θ̇1(t) + 3 + 5 sin(θ2(t)− θ1(t))

θ̈2(t) = −5 θ̇2(t)− 7 + 5 sin(θ1(t)− θ2(t)).

Its phase-difference system (18) takes the form[
Ω̇
φ̇

]
=

[
−5 Ω + 10 + 5 i (ei φ − e−i φ)

Ω

]
. (21)

The vSOS-hybrid program [25] returns a 24 × 24 matrix V satisfying ψ5,3(Ω0, φ0)
† V ψ5,3(Ω0, φ0) = 0 for

(Ω0, φ0) = (0, π/2), which is the unique equilibrium point of the system. The expression of v is given by

v(Ω, φ) =Ω2(0.1227 sin φ − 0.1053 sin 2φ + 0.2446 cos φ) + Ω(1.5342 sin φ + 0.1459 sin 2φ − 0.2534 cos φ

+ 0.2149 cos 2φ − 1.3244)− 5.6995 sin φ − 0.5793 sin 2φ + 0.2824 sin 3φ + 0.7224 cos φ

− 2.0605 cos 2φ − 0.1453 cos 3φ + 3.9215.
(22)

Also, ρ(Ω, φ) = 1/v(Ω, φ) is integrable sufficiently far away from (0, π/2) as per Remark 1. Thus, almost all
solutions satisfy φ → π/2 and φ̇ → 0 as can be verified by Figure 2 (right). This implies that θ1 − θ2 → π/2
and θ̇1 − θ̇2 → 0, hence the original coupled oscillator system is almost globally phase-locked.

In the next example, we obtain local and global LaSalle’s function for an oscillatory system using
Theorem 2.

Example 4 (Local phase synchronization). Consider the second-order Kuramoto model in Example 2.
Consider the Putinar domain (12) with q1(Ω, φ) = cos φ and q2(Ω, φ) = 16 − Ω2. Both matrices can be
represented by Gram matrices of common size J(1, 1)K = 4. Note that D = {(Ω, φ) ∈ T×R : |Ω| ≤ 4, |φ| ≤
π/2}. Solving Theorem 2 for c = 1, d = 1 and nv = (1, 1) = nq, we obtained a feasible solution through the
vSOS-hybrid program, [25]. The program returned positive definite matrices Sw

0 , Sw
1 and Sw

2 of sizes 9 × 9,
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4 × 4 and 4 × 4, respectively, each having nullity 1; a matrix V of size 4 × 4; satisfying the hypothesis of
Theorem 2. Using (13), we obtained the hybrid polynomial

v(Ω, φ) = 0.237 Ω2 + 0.115 Ω sin φ + 5.041 − 4.642 cos φ,

w(Ω, φ) = Ω2 (−0.118 cos φ + 0.380) + 0.208 Ω sin φ + 0.576 (1 − cos 2φ)

satisfying − grad v(Ω, φ) · f (Ω, φ) = w(Ω, φ) ≥ 0 in D. The local stability of the phase-difference system in
the largest invariant subset Kinv of D follows, which is depicted in Figure 3 (left).

In fact, Theorem 2 with nv = (1, 1) and {Qℓ : ℓ = 1, . . . , L } = ∅, returns a feasible solution with

v(Ω, φ) = 1.5205 Ω2 + 0.8727 Ω sin φ − 29.2313 cos φ + 35.1297 ≥ 0,

w(Ω, φ) = Ω2(−0.8717 cos φ + 2.4328) + 1.8769 Ω sin φ + 4.3639 (1 − cos 2φ) ≥ 0.

Computations show that w−1(0) = {(0, 0), (0, π)}. Thus, by LaSalle’s invariance principle, global attraction
to this set can be established. However, since (0, π) is a saddle, only a measure zero set of trajectories converge
to it. This gives an alternate way to prove almost global stability of the origin, which was earlier proved using
densities in Example 2.

log (1+w)

0.

0.5

1.0

1.5

2.0

log (1+w)

0

1

2

3

4

5

Figure 3. Phase portrait of the phase-difference system in Example 4. The existence of a local Lyapunov function
in the region D (left) is established using Theorem 2 via vSOS-hybrid, [25]. Existence of a global LaSalle’s function
(right) is established which implies attraction to {(0, 0), (0, π)}. The plot of lie derivative is provided.

In the following section, we obtain a result which allows us to find a swing-up control for a class
of inverted pendulum system on a massless cart using the technique developed in the paper.

6. Application to Swing-Up Control of Inverted Pendulums
Consider the inverted pendulum system inspired by [4], given by θ̈ = a sin θ + u k(θ) for some

a > 0. The system can be rewritten as a first-order system[
ω̇

θ̇

]
=

[
a sin θ + u k(θ)

ω

]
:= f (ω, θ). (23)

The uncontrolled system (when u ≡ 0) is a Hamiltonian system with Hamiltonian e(ω, θ) = 0.5ω2 +

a(cos θ − 1). Since e does not change along system trajectories, the level curves of e are invariant sets
under the flow. More specifically, the level curve e(ω, θ) = 0 is a heteroclinic cycle containing the
unstable equilibrium (0, 0) when u ≡ 0. The swing-up of the inverted pendulum can be established if
u is constructed such that almost global stability to the zero level curve is established. For the same, we
can look for control of the form u(ω, θ) = e(ω, θ) ũ(ω, θ) such that ρ(ω, θ) = 1/e(ω, θ)2 is a Lyapunov
density for the system.

Proposition 3. Given the control system (23) such that e(ω, θ) satisfies e(0, 0) = 0, and is the Hamiltonian of
the system with u ≡ 0; S and R are Gram representations of s(ω, θ) = e(ω, θ) k(θ) and r(ω, θ) = −ω k(θ),

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 26 February 2026 doi:10.20944/preprints202602.1723.v1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202602.1723.v1
http://creativecommons.org/licenses/by/4.0/


13 of 18

respectively, of sizes JnsK each. There exists a swing-up control ũ(ω, θ) if, for some nũ ∈ Z2
≥0, there exist

Hermitian matrices W̃ ≥ 0 and Ũ of sizes Jns + nũK and JnũK, respectively, such that

Hη,k

(
X†
(

S ⊗
(

D†
ωŨ + ŨDω

)
+ R ⊗ Ũ

)
X
)
= Hη,k

(
W̃
)

, (24)

for each 0 ≤ η ≤ nsω + nũω and |k| ≤ nsθ
+ nũθ

.

Proof. We will show that the conditions imply that almost all solutions approach the level curve
e(ω, θ) = 0 containing (0, 0). Note that (24) can be rewritten as

w̃(ω, θ) = ψns+nũ(ω, θ)† W̃ ψns+nũ(ω, θ)

= ψns+nũ(ω, θ)†
(

X†
(

S ⊗
(

D†
ωŨ + ŨDω

)
+ R ⊗ Ũ

)
X
)

ψns+nũ(ω, θ).

Using Propositions 1 and 2, we have

w̃(ω, θ) = s(ω, θ) ũω(ω, θ) + r(ω, θ) ũ(ω, θ)

= e(ω, θ) k(θ) ũω(ω, θ)− ω k(θ) ũ(ω, θ)

= k(θ)(uω(ω, θ)− eω(ω, θ) ũ(ω, θ))− ω k(θ) ũ(ω, θ)

= k(θ) uω(ω, θ)− 2 ω k(θ)
u(ω, θ)

e(ω, θ)
.

It follows that

w(ω, θ) :=
w̃(ω, θ)

e(ω, θ)2 =
k(θ)

e(ω, θ)2

(
uω(ω, θ)− 2 ω

u(ω, θ)

e(ω, θ)

)
=

e(ω, θ)2 div f (ω, θ)− 2 e(ω, θ) (grad e(ω, θ) · f (ω, θ))

e(ω, θ)4 = div
(

1
e(ω, θ)2 f (ω, θ)

)
.

For v(ω, θ) := e(ω, θ)2 ≥ 0 and w(ω, θ) ≥ 0, v−1(0) is forward-invariant under the flow of the control
system (23); and satisfies (9) for almost all (ω, θ) ∈ (R×T) \ v−1(0). Also, 1/v(ω, θ) is integrable by
Remark 1 as v(ω, θ) has degree 4. The result follows from Lemma 3.

Example 5 (Swing-up of an inverted pendulum). Consider the inverted pendulum control system (23) with
a = 1 and k(θ) = cos θ as in [30–32]. Then the Hamiltonian e(ω, θ) = 0.5ω2 + cos θ − 1 satisfies e(0, 0) = 0.
Our program vSOS-hybrid, [25], confirms the feasibility of (24) for nũ = (1, 1) with Gram matrices S and
R corresponding to s(ω, θ) = (0.5ω2 + cos θ − 1) cos θ and r(ω, θ) = −ω cos θ. The program returns a
12 × 12 matrix W̃ and a 4 × 4 matrix Ũ with Ũ1,4 = Ũ1,4 = −8.4328 and 0 elsewhere, which corresponds to
the hybrid polynomial ũ(ω, θ) = −4.2164 ω cos θ as per (4). Substituting u(ω, θ) = e(ω, θ)ũ(ω, θ) in (23),
the phase portrait is given as in Figure 4, which confirms that almost all trajectories of the controlled system
approach the level set e(ω, θ) = 0.

Figure 4. Phase portrait of the inverted pendulum with the swing-up control found in Example 5. Almost all
trajectories approach e(ω, θ) = 0.
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A control law for the system (23) was earlier found in [32] by using a recasting of the system, which
increases the system dimension in the first step, performs a Sum of Squares (SOS) programming in the second
step, and then removes the extra variables produced by recasting in the third step. The technique developed in
this paper, on the other hand, skips the first and the third steps altogether.

Example 6 (Swing-up control on a cart). The model is analogous to balancing a stick on a finger. The model
for a planar inverted pendulum on a cart [4] is given by[

M + m mlc cos θ

mlc cos θ J

][
r̈
θ̈

]
+

[
0 −mlc θ̇ sin θ

0 0

][
ṙ
θ̇

]
=

[
F

mglc sin θ

]
,

where M and m are the mass of the cart and the pendulum, respectively, lc is the distance between the joint and
the center of mass of the pendulum, J is the rotational moment of inertia of the pendulum, and F is the input
control force acting on the cart in the horizontal plane (refer Figure 5). The system can be rewritten in terms of
[r, s, ω, θ]⊤ ∈ R3 ×T as

ṡ =
mlc Jω2 sin θ + JF − m2l2

c g sin θ cos θ

(M + m)J − m2l2
c cos2 θ

ṙ = s

ω̇ =
mlcg

J
sin θ − mlc

J
ṡ cos θ

θ̇ =ω.

(25)

Figure 5. The cart-and-pendulum setup used in Example 6.

It was established in [33] that if a stabilizing law is known for the two dimensional system (ω, θ) with
basin of attraction A , then it can be used to obtain a stabilizing law on R2 × A for an inverted pendulum
system on a moving cart. Let e(ω, θ) = 0.5ω2 + a(cos θ − 1). Finding control of the form

F =

(
(M + m)J − m2l2

c cos2 θ
)

ve
J

+
m2l2

c g
J

sin θ cos θ − mlcω2 sin θ (26)

reduces the (ω, θ) system to

ω̇ =
mlcg

J
sin θ − mlc

J
ve cos θ

θ̇ = ω,
(27)

which again has the form of the system (23) with a = mlcg/J and k(θ) = − cos θ and u = ũe = (mlc/J)ve,
and Proposition 3 can be utilized to establish almost convergence of solutions to a level set of the Hamiltonian.
For instance, for the inverted pendulum system in [34], we have M = 0.25 kg, m = 0.125 kg, lc = 0.16 m
(half the length of rod), g = 9.81 m/s2, J = 1.06 × 10−3, hence a = 185.094 and ũ = 18.868 v. Also s(ω, θ)

and r(ω, θ) appearing in Proposition 3 take the form s(ω, θ) = − cos θ (0.5ω2 + 185.094(cos θ − 1)) and
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r(ω, θ) = ω cos θ. Our vSOS-hybrid program [25] returns a solution for (24) with nũ = (1, 1), where W̃
is a 12 × 12 matrix and Ũ satisfies Ũ1,4 = Ũ1,4 = 15.698 and 0 elsewhere, which corresponds to the hybrid
polynomial ũ(ω, θ) = 7.849 ω cos θ. Thus, for the control input F in (26) with v(ω, θ) = 0.416 ω cos θ, the
dynamics of the pendulum approaches the zero level set of e(ω, θ).

A control scheme that performs swing-up and smoothly blends into near upright stabilization will now be
implemented. The experimental platform is the ACROME cart–and–pendulum system (Figure 5) composed of
an Arduino Mega 2560-based drive board, a 1600 RPM Pololu DC motor, a 360◦ potentiometric angle sensor,
and power/interface units [35]. The state variable r [m] denotes cart position, s [m/s] the cart velocity, θ [rad] the
pendulum angle, and ω [rad/s] the angular rate. The upright equilibrium is set to θ = 0 while the downward
position θ = π. Near the top, the pendulum position error is defined as

θerr = atan2 (sin θ, cos θ) ∈ [−π, π], (28)

and s is obtained from a low-delay derivative estimate of r. The energy-shaping swing–up force F(θ, ω) is
softened near the top by

wtap(θerr, ω) = clip[0,1]

(
max

{∣∣∣∣ θerr

θtap

∣∣∣∣2,
∣∣∣∣ ω

ωtap

∣∣∣∣
})

Feff
sw = wtap F,

(29)

where θtap≈22◦, and ωtap≈2.5 rad/s are used in experimental study. Thus, the stabilization algorithm takes
place when the pivot arm enters the region ±θtap with an angular velocity ωtap (or smaller). During the upright
position pass of the pendulum arm, momentum is consumed through a brief brake phase

ucb(t) =

− kb ω(t), if |θerr(t)| < θbrk

0, otherwise
, (30)

t ∈ [t0, t0 + Tcoast], with the choices θbrk ≈ 12◦, kb = 1.2 Ns/rad, and Tcoast ≈ 0.12 s. This brake maneuver
of the cart slows the pendulum’s pass down while it is approaching the top position. The total softened control
input is given by

utotal(t) = (1 − α) Feff
sw(θ, θerr, ω) + α uPD(r, s, θerr, ω), (31)

where uPD (or LQR) is designed from a local linearization around the upright position, θ = 0 [35]. The blending
variable α ∈ [0, 1] follows a first-order filter, which also known as Q-blending [36]

α⋆(t) =

1, if |θerr| < θin and |ω| < ωcap

0, otherwise,
(32)

α̇(t) =
1

τ(α⋆)

(
α⋆(t)− α(t)

)
, τ(α⋆)=

τon, α⋆ = 1,

τoff, α⋆ = 0,
(33)

where α(t) ≡ 1 swing–up effect is removed in total control input. In experiments, θin ≈6◦, ωcap ≈2.0 rad/s,
τon ≈ 60 ms, and τoff ≈ 120 ms are used. Control input (31) is implemented on MATLAB/Simulink 2020b
environment with a fixed sampling rate 0.01 seconds (Figure 6).
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Figure 6. Phase portrait and evolution of θ(t) of the system in Example 6 after applying the global control (26)
followed by the local control (31).

7. Conclusions
We develop a novel technique to obtain Lyapunov density and local Lyapunov-like functions

for vector fields having a hybrid polynomial structure. Using Gram matrix representation of hybrid
polynomials, we obtain semidefinite programming certificates for almost global stability and local
stability of oscillatory systems. The results were used to establish synchronization of second-order
Kuramoto models, as well as to develop a swing-up control for a class of inverted pendulums. The
methodology introduced in this paper could yield results for switched oscillatory systems and for the
design of feedback controllers for nonlinear oscillatory systems.

As with most SDP-based approaches, the method is sensitive to the problem dimension. In
higher dimensions, the number of decision variables increases significantly, which may result in
increased computational burden. These considerations motivate future research to develop more
scalable formulations or to exploit problem structure to reduce computational complexity.

Data Availability Statement: The program supporting the findings of this study is openly available on
GitHub [25].
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22. Tripathi, S.; Kudeyt, M.; Gökçen, A.; İlhan, F.; Şahin, S.; Karabacak, Ö. Certification of Stability for Systems
of Coupled Phase Oscillators. Available at SSRN 5240303 2025. (under review).

23. Han, W.; Jasour, A.; Williams, B. Non-Gaussian uncertainty minimization based control of stochastic
nonlinear robotic systems. In Proceedings of the 2023 IEEE/RSJ International Conference on Intelligent
Robots and Systems (IROS). IEEE, 2023, pp. 8147–8154.

24. CVX Research, I. CVX: Matlab Software for Disciplined Convex Programming, version 2.0. https://cvxr.
com/cvx, 2012.

25. Tripathi, S. Software: Vectorized SOS-hybrid solver, 2026. https://github.com/Swap-Tripathi/V-SOS-
hybrid/, version 1.0.

26. Karabacak, Ö.; Wisniewski, R.; Leth, J. On the almost global stability of invariant sets. In Proceedings of the
2018 European Control Conference (ECC). IEEE, 2018, pp. 1648–1653.

27. Masubuchi, I.; Ohta, Y. A Lyapunov density criterion for almost everywhere stability of a class of Lipschitz
continuous and almost everywhere C1 nonlinear systems. International Journal of Control 2014, 87, 422–431.

28. Bass, R.F.; Gröchenig, K. Random sampling of multivariate trigonometric polynomials. SIAM journal on
mathematical analysis 2005, 36, 773–795.

29. Choi, Y.P.; Ha, S.Y.; Morales, J. Emergent dynamics of the Kuramoto ensemble under the effect of inertia.
arXiv preprint arXiv:1707.07164 2017.

30. Åström, K.J.; Furuta, K. Swinging up a pendulum by energy control. Automatica 2000, 36, 287–295.
31. Rantzer, A.; Ceragioli, F. Smooth blending of nonlinear controllers using density functions. In Proceedings

of the 2001 European Control Conference (ECC), 2001, pp. 2851–2853. https://doi.org/10.23919/ECC.2001
.7076364.
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