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Abstract

The ability to accurately predict future time series behavior in multiple steps, known as multi-horizon
forecasting, is a vital aspect in various industries, including retail sales, energy consumption, server
load, healthcare, weather, and others. We have proposed, in this paper, the use of statistical forecasters
as covariates in a Deep Neural Network (DNN) model and evaluated its impact on forecast metrics.
Our analysis covered four diverse datasets: M5, Stallion, Stock Market, and Synthetic. The results
demonstrated that the inclusion of statistical predictors in the DNN model led to varying degrees of
improvement in forecast performance, depending on the dataset and the evaluation metric chosen.
In general, our findings suggest that the incorporation of statistical prediction as a covariate can be a
valuable approach to improving multi-horizon prediction, especially in scenarios with data scarcity
and intermittence.

Keywords: forecast; time series prediction; retail; LSTM; hybrid forecasting

1. Introduction
Time series forecasting assumes a critical role across diverse domains such as finance, retail,

energy [1], and healthcare, wherein precise anticipations of future values serve as imperative inputs for
informed decision-making [2], strategic planning, and optimization endeavors [3]. However, the task
of time series forecasting is not without its challenges. Many real-world time series exhibit intermittent
[4], erratic, and short-term behavior, making them particularly difficult to predict [5,6]. Traditional
statistical methods have been widely used, but they may struggle to capture the complex patterns and
irregularities present in such time series [7].

In recent years, machine learning techniques have been popularized as powerful tools for time
series forecasting [8,9]. Some deep learning models, such as recurrent neural networks (RNNs)
and convolutional neural networks (CNNs), have shown promise in capturing intricate temporal
dependencies and patterns in time series data [10–12]. Furthermore, these models can automatically
extract relevant features from the input, eliminating the need for manual feature engineering, and
have the capacity to handle large-scale and high-dimensional data [13,14].

Despite the success of deep learning in time series forecasting, challenges persist, particularly
when dealing with intermittent and erratic time series. These challenges include handling missing data,
modeling seasonality and trend, and accounting for the uncertainty inherent in forecasting [15–17].
Additionally, selecting the appropriate architecture and hyperparameters for a deep learning model
can be a complex and time-consuming process [18].
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This paper introduces a novel approach to address the challenges of forecasting intermittent,
erratic, and short time series. Our proposed method combines deep neural networks (DNNs) with
statistical forecasters as covariates. The hypothesis we aim to test is as follows:

[Ha]: Incorporating statistical forecasters as covariates in a DNN model will improve forecast
metrics.

[H0]: Incorporating statistical forecasters as covariates in a DNN model does not improve its
forecasting metrics.

To validate this hypothesis, we will conduct extensive experiments using real-world time series
data and compare the performance of our proposed method against traditional statistical methods,
pure DNN models, and state-of-the-art forecasting techniques. By leveraging the strengths of both
statistical and deep learning approaches, we aim to provide a more robust and accurate solution for
forecasting challenging time series data.

2. Related Work
In this section, we provide a comprehensive overview of previous work on time series forecasting

and how it has influenced the development of this study.

2.1. Statistical Models

Researchers and practitioners have used statistical prediction methods for centuries to predict the
future of a set of observations [19]. These methods comprise a collection of equations and algorithms
that generate predictions for the subsequent time steps in the sequence when applied to a set of
observation points. Because well-formed equations or instructions can easily describe statistical
methods, they are widely used and well-accepted in business environments. Additionally, this
deterministic form facilitates the interpretability of the model. In other words, it is easier to understand
why the model has given the said prediction.

However, statistical models often can only be used on one time series and require fine-tuning their
parameters. As stated in Section 1, this is a problem in many modern uses. To mitigate this problem,
authors have developed tools for forecasting several time series automatically, such as the R packages
AutoARIMA [19] and AutoETS [20], and the Python package statsforecast.

These tools facilitate and enable statistical methods to remain relevant forecasting tools to this day.
However, statistical models are frequently outperformed by DNN models when the dataset is noisy,
non-linear, and non-stationary [9]. However, to make a prediction, the statistical model needs to obtain
some information about the time series. This is one of the motivations for the proposed model in this
paper; we expect to harness the different ways each statistical model interprets the original time series
and use it to enhance the capabilities of DNN-based models, improving their forecasting metrics.

2.2. Deep Neural Network Models

DNN models have gained significant popularity in time series forecasting due to their ability to
capture complex patterns and relationships within data [9]. Unlike statistical models, DNN models can
effectively handle noisy, nonlinear, and nonstationary datasets [21]. Various types of DNN architecture
have been applied to time-series forecasting, including recurrent neural networks (RNNs), long-short-
term memory (LSTM) networks [22], and Convolutional Neural Networks (CNNs), and models based
on transformers [23].

RNNs, in particular, are well-suited for sequential data and have been widely used in forecasting
tasks [24]. As observed by [25], LSTMs tend to perform better compared to other DNN architectures,
mainly because they can learn time-dependent features without suffering from the vanishing gradient
problem, unlike vanilla RNNs.

One of the main advantages of DNN models is their ability to learn and train on different time
series [26]. This makes them suitable for scenarios where a single model is needed, which can predict
a wide variety of time series [9]. Despite their advantages, DNN models can be computationally
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intensive and require a large dataset to achieve optimal performance [27–29]. Another problem is
overfitting, where the model memorizes the training data and performs poorly on unseen data [30].

As presented in [31] DNN models can be applied for medical applications, especially considering
time series [32]. It also is applied to violence recognition [33], power systems [34–36], industry
applications [37,38], and so on. The use of hybrid methods for time series forecasting is increasing [39]
given its potential to denoising high frequencies [40] and a combination of more advantages of several
techniques [41], where ensemble learning methods are outstanding [42].

2.3. Dropout

To address the problem of overfitting, most DNN models apply a regularization technique called
Dropout, which randomly sets the input elements to zero with a specified probability (λ) [43]. The
remaining elements are multiplied by 1/(1 − λ) to maintain the sum of all elements in the time series.
The primary purpose of the dropout layer is to prevent overfitting and improve the generalizability of
the model, in other words, to improve the accuracy of the model when forecasting unseen data [44].
This is possible because setting previous random inputs to zero ensures the model cannot over-rely on
specific input data.

As discussed in [45], most DNN models use dropout layers only during the training phase and
leave them inactive during inference. This is done to reduce the probability of overfitting and improve
generalization but at the same time to get consistent inferences. However, another way of using the
dropout normalization is to place it after each layer of the DNN, and not turn it off during inference.
As a result, after running the model forward several times, we get a Gaussian distribution centered
on the model prediction. This is due to the random nature of dropout normalization [45]. As can be
observed in Figure 1, the resulting prediction after a thousand forward passes for a prediction in one
step follows a Gaussian distribution.

Figure 1. Gaussian distribution of the one-step-ahead prediction of a stacked LSTM model with in-between
dropout layers, the resulting distribution was obtained after a 1000 inferences with dropout.

The spread of this Gaussian distribution could be interpreted as the uncertainty of the model
[45]. In other words, it would represent how confident the model is about its prediction. We have
incorporated this technique into the proposed model, not only because it significantly improves the
generalization ability of the model [44], but also makes it easier to interpret the predictions.

2.4. Hybrid Models

Hybrid models occupy an intermediate position between the two preceding classes [46]. Here,
the model uses both neural networks and statistical forecasters, usually in a meta-ensemble model.
The concept is that ensemble methods can mitigate the weaknesses of each individual forecaster, and
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therefore improve the overall accuracy. This technique was proven to work during the M4 Kaggle
competition, where the most successful submissions involved some kind of hybrid model [47].

In addition to assembling methods, statistical forecasters can also be used to perform data
augmentation or even as direct input to the DNN [48]. As stated in the initial hypothesis, the idea is
that the modeled behavior of the time series that each statistical forecaster creates may contain useful
information that the DNN can learn, and therefore generate more accurate predictions [49]. Section 3.3
provides comprehensive details on the architecture of the proposed model.

3. Methodology
In this section, we will discuss our methodology for testing the hypothesis and provide a detailed

overview of the DNN used and each of its layers.

3.1. Datasets

This research utilized three real-world datasets and one synthetic dataset, as described in the
following items:

• M5 competition: This dataset contains monthly sales data for 3049 SKUs and 10 stores. It can be
downloaded at https://www.kaggle.com/c/m5-forecasting-uncertainty.

• Stallion competition: This dataset contains monthly sales data for 24 SKUs and 58 agencies. It
can be downloaded at https://www.kaggle.com/datasets/utathya/future-volume-prediction.

• Stock market: This dataset contains daily stock data (Volume, High, Low, and Closing Price)
for all NASDAQ, S&P500, and NYSE listed companies. It can be downloaded at https://www.
kaggle.com/datasets/paultimothymooney/stock-market-data.

• Synthetic data: This dataset is generated by the sum of four components, namely; (i) seasonality,
modeled by a sine wave with random amplitude, phase, and frequency. (ii) trend, modeled by
a random linear coefficient, either positive, negative, or null. (iii) noise, modeled by Gaussian
white noise. The dataset contains 500 time series with 60 time steps each. And lastly, (iv) gain,
which is a random scalar value that multiplies the entire series.

Those datasets have been selected because they contain all the problems stated in Section 1,
namely: intermittence, high gains and variance, and non-linearities. Making it a challenging and
realistic scenario for training and evaluating the performance of the model.

3.2. Preprocessing

The first step in the proposed model process is to generate the statistical predictions that will be
used as covariates. To organize this step and make it easier to use. A Preprocessor() class has been
implemented. This class has a function make_dataset() that takes as arguments the following items:

• forecast_horizon: How many time steps ahead will be predicted;
• season_length: The expected length of the seasonality, for instance, in a monthly aggregated, a

reasonable seasonality length would be 12 time steps;
• date_freq: The pandas string to represent the frequency of the dataset, for instance, "MS" for

monthly aggregated time series;
• train_split: The portion of the data that should be used for training.
• models: A list of statistical models that will be used to generate the covariates, any model that

implements a fit() and predict() method can be used.
• fallback_model: If an error happened when trying to predict with one of the models, the class

will fall back to this model instead;
• verbose: If the process should verbose the progress.

In this research, the following statistical forecasters were used: ARIMA [19], ETS [20], and Linear
Regression [50]. These models have been selected based on their broad acceptance and usage in
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various domains of time series forecasting. Implementing these models was carried out with the
statsforecast and scikit-learn [50] libraries.

3.2.1. ARIMA

The ARIMA (Autoregressive Integrated Moving Average) method is a widely used time series
forecasting technique [51]. It combines the concepts of autoregressive (AR), differencing (I), and
moving average (MA) models to capture the temporal patterns and predict the future values of a time
series.

The AR component represents the autoregressive part and models the relationship between
the current observation and a linear combination of the previous observations. It is defined by the
equation:

Xt = c + ϕ1Xt−1 + ϕ2Xt−2 + · · ·+ ϕpXt−p + εt (1)

where Xt is the current observation at time t, c is a constant term, (ϕ1, ϕ2, . . . , ϕp) are the autoregressive
coefficients, and εt is the random error term.

The I component represents differencing and is used to remove the trend or seasonality from the
time series. It is defined by the equation:

∆Xt = Xt − Xt−1 (2)

where ∆Xt represents the differenced series.
The MA component represents the moving average part and models the relationship between the

current observation and a linear combination of past forecast errors. It is defined by the equation:

Xt = µ + θ1εt−1 + θ2εt−2 + · · ·+ θqεt−q + εt (3)

where µ is the mean of the time series, (θ1, θ2, . . . , θq) are the moving average coefficients, and εt is the
random error term.

The ARIMA method combines these components to model the time series, the values of p, d,
and q are automatically calculated using the statsforecast library. In summary, the ARIMA method
provides a flexible and reliable approach for time series forecasting, capturing both autoregressive and
moving average patterns while handling trends and seasonality through differencing.

3.2.2. ETS

The ETS (Exponential Smoothing) method is a widely used time series forecasting technique
that applies a weighted average of past observations to predict future values [52]. It is based on the
assumption that recent observations are more important in forecasting than older ones. The ETS
method includes three main components: level, trend, and seasonality.

The level component represents the current estimated level of the time series and is denoted by
Lt. It is updated on the basis of a weighted average of the previous level and the recent observation.
The equation for updating the level is:

Lt = αXt + (1 − α)(Lt−1 + Tt−1) (4)

where Xt represents the current observation at time t, Tt−1 is the estimated trend at time t − 1, and α is
the smoothing parameter.

The trend component represents the estimated trend of the time series and is denoted by Tt. It
is updated on the basis of a weighted average of the previous trend and the difference between the
current level and the previous level. The equation for updating the trend is:

Tt = β(Lt − Lt−1) + (1 − β)Tt−1 (5)

where β is the smoothing parameter for the trend component.
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The seasonality component represents the seasonal pattern in the time series and is denoted by St.
It is updated on the basis of a weighted average of the previous seasonal component and the recent
observation. The equation for updating the seasonality is:

St = γ

(
Xt

Lt

)
+ (1 − γ)St−m (6)

where m is the length of the seasonal cycle and γ is the smoothing parameter for the seasonality
component.

The forecasted value for the next time period is calculated by combining the level, trend, and
seasonality components:

X̂t+1 = (Lt + Tt)St−m+1. (7)

The ETS method can handle different variations and combinations of the level, trend, and sea-
sonality components, such as additive or multiplicative models, the parameters for the model are
also automatically found with the statsforecast library. In summary, the ETS method provides a
flexible and intuitive approach for time series forecasting by dynamically adjusting the weights of past
observations based on their recency and importance.

3.2.3. Linear Regression

Linear regression is a widely used supervised learning algorithm for modeling the relationship
between a dependent variable and one or more independent variables [50]. It fits a linear equation to
the given data by minimizing the sum of squared residuals.

The linear regression model assumes a linear relationship between the dependent variable y and
the independent variables X, and it can be represented as:

y = β0 + β1X1 + β2X2 + · · ·+ βnXn + ε (8)

where y is the dependent variable, (X1, X2, . . . , Xn) are the independent variables, (β0, β1, β2, . . . , βn)
are the coefficients to be estimated, and ε is the error term.

In this research, we applied the LinearRegression class from scikit-learn library to fit the
linear regression model by estimating the β coefficients using the Ordinary Least Squares (OLS) method.
It minimizes the residual sum of squares between the observed and predicted values.

Once the model is fitted, it can be used to make predictions for new input data by simply comput-
ing the dot product between the input variables and the estimated coefficients. Linear regression is
widely used for various applications, including predictive modeling, trend analysis, and relationship
exploration.

3.3. Model Architecture

The different interpretations of the data by each of the statistical forecasters are expected to
improve the stability and accuracy of DNN. Because of this, the proposed model consists of several
input-branches, where each branch receives as input either the original data, or the statistical forecast of
one of the selected models. Each branch has a single fully connected layer, referred to as a dense layer
in this paper. Then each branch is multiplied by a trainable parameter called weight, and averaged,
essentially performing a weighted average of the branches. By applying this approach, the model can
learn which input is the most influential for prediction [15].

After all the branches have been consolidated into a single tensor, this resulting tensor is forwarded
to a stack of convolution and max-pooling layers, followed by an LSTM layer. An overview of the
model is represented in Figure 2 and the detailed formulae of all the layers are explained in the
following sections.
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Figure 2. Model Architecture with n input branches.

3.3.1. Dense Layer

As implemented in the Keras Python package, dense layers are conventional fully connected
neural network layers. They consist of a set of weights W ∈ Ra× hidden_size and biases B ∈ Rhidden_size,
where a denotes the input size and hidden_size represents the output size [14]. The forward pass of a
Dense layer can be described as follows:

Dense(X) = σ(XW + B) (9)

where X ∈ Rξ × a, with ξ representing any dimension, and σ represents an activation function. The
primary role of an activation function is to introduce non-linearity between the input and output of the
Dense layer. Several functions, such as Sigmoid [14], Hyperbolic Tangent (tanh(.)) [53], Rectified Linear
Unit (ReLU) [54] and Scaled Exponential Linear Unit (SELU) [55], are commonly used as activation
functions. Their effectiveness varies depending on the application and network architecture.

The proposed model uses Dense layers in three different parts of its architecture. The first is at
the root of each branch, as described in Section 3.2. The last dimension of each input X is 1. Since the
Dense operates on the last dimension, the output of this last layer will be batch_size × t × hidden_size.

3.3.2. Convolutional Layer

Convolutional layers are the fundamental building block of convolutional neural networks
(ConvNets), widely used in image and video analysis tasks. A convolutional layer applies a small filter
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to the input data, sliding it over to compute the dot product between the data and the filter weights.
The filter applies the same weights to every position in the input data, resulting in a new sequence. In
this sequence, each element represents a weighted combination of a local region from the input data
[56].

Essentially, by learning essential features with the filter, the model is no longer bounded by spatial
dependency. In other words, the model can locate important features anywhere in the input data [56].
This property is particularly advantageous in image analysis, where it is crucial to recognize objects
like water bottles regardless of their position within the image. However, it is also beneficial in time
series forecasting, as it enables the recognition of recurring patterns, such as seasonal patterns, at any
point along the temporal axis.

In image analysis tasks, the convolutional layer typically operates in two dimensions, representing
the width and height of the image [57]. In video analysis tasks, the convolutional layer commonly
operates in three dimensions, including an additional dimension for the temporal axis. However, a
one-dimensional convolution (Conv1D) is used for time series data with only one axis.

Given an input X ∈ Rt× n to a Conv1D layer, where t is the length of the time series, and n is the
number of channels in the input data, and a filter of size kernel_size. The Conv1D layer computes the
dot product of the filter weights W ∈ Rn× kernel_size and the input X at each position, adds a bias term
B ∈ Rn, and applies an activation function σ to the result, as shown in the following equation:

Conv1D(X)i = σ

(
kernel_size−1

∑
j=0

WjXi+j + B

)
, (10)

where i ranges from 0 to t − kernel_size, additionally, the Conv1D layer has two more parameters:
padding and stride. The padding parameter allows for padding the starting and leading data points out
of the input data. In contrast, the stride parameter controls the increment of the filter position during
the sliding process [56].

Typically, after a convolutional layer, there is a pooling layer. Its primary purpose is to downsam-
ple the feature maps by retaining only the most critical information while discarding the rest [56]. The
approach to performing the pooling operation can differ between models. However, recent studies
have shown a preference for MaxPooling over other pooling methods due to its superior results and
more stable training process [58]. MaxPooling performs a sliding operation of a fixed-size window on
the input feature map, retaining the maximum value within each window while discarding all other
values.

By retaining only the maximum value, MaxPooling ensures the preservation of the most vital
feature within each window. This process effectively reduces the dimensionality of the feature maps
and improves the computational efficiency of ConvNet by reducing the number of parameters that
need to be learned. Recent studies have favored MaxPooling over other pooling methods due to its
superior results and more stable training process [58].

3.3.3. Long Short-Term Memory

LSTM is a Recurrent Neural Network (RNN) architecture widely used in sequence-to-sequence
tasks [10]. Unlike traditional RNNs, LSTMs have a mechanism to handle the vanishing gradient
problem, which is the tendency of gradients to decrease exponentially as the number of layers in a
neural network increases. Because of this, LSTMs are a popular choice for time series forecasting due
to their ability to capture long-term dependencies and patterns in sequential data [24].

A traditional LSTM cell, as shown in Figure 3, has three inputs: the Current Input Xt ∈ R, the
Previous Hidden State Ht−1 ∈ R1× h, where h is the number of units in the hidden state, and the
Previous Cell State Ct−1 ∈ R1× h. The hidden and cell states are updated at each time step, allowing
the LSTM to remember information from the previous steps [10].
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Figure 3. LSTM cell diagram, with omitted bias component to improve readability

In addition to the inputs, the LSTM cell incorporates four gates. The first gate is the Forget Gate
ft, which is described by the equation:

ft = σ(W f × (Ht−1 + Xt) + B f ) (11)

here, the Sigmoid activation function denoted by σ is used. The weight matrix of the Forget Gate is
represented by W f ∈ Rh,×,1, and the bias is denoted by B f ∈ Rh. As implied by its name, the Forget
Gate controls which information should be retained (passed to the cell state) and which should be
forgotten. This gate accomplishes this by learning the optimal weight matrix W f . The resulting matrix
ft ∈ Rh,×,h is then multiplied by the Previous Cell State Ct−1. In cases with no previous cell states (i.e.,
the first time step), it is assumed that Ct−1 = 0. The next gate is the Input Gate it, which is defined as
follows:

it = σ(Wi × (Ht−1 + Xt) + Bi) (12)

where Wi ∈ Rh× 1 is the weight matrix of the Input Gate, and Bi ∈ Rh is the bias, resulting in it ∈ Rh× h.
Parallel to the Input Gate is the Cell Gate C′

t defined by:

C′
t = tanh (Wc × (Ct−1 + Xt) + Bc) (13)

different from the previous gates, Wc is a scalar defined by Wc ∈ R1× 1, as well as the bias Bc ∈ R1,
the resulting Cell Gate is C̃t ∈ R1× h. The Input Gate it is then multiplied by the Cell Gate C′

t, and the
resulting multiplication is then summed with the multiplication of the Previous Cell State Ct−1 and
the Forget Gate ft, resulting in the Cell State Ct ∈ R1× h, as follows:

Ct = Ct−1 × ft + it × C′
t. (14)

The Input Gate it and Cell Gate Ct control which part of the input Xt should be retained in the Cell
State and which part should be ignored. Lastly, the Output Gate Ot can be calculated as:

Ot = σ(Wo × (Ht−1 + Xt) + Bo) (15)
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where Wo ∈ Rh× 1 is the weight matrix of the Input Gate, and Bo ∈ Rh is the bias, resulting in
Ot ∈ Rh× h, the function of the Output Gate Ot is to control what goes to the next Hidden State, and,
simultaneously, controls what should be the output of the current cell [22]. Then, the Hidden State Ht

can be calculated as:
Ht = Ot × tanh Ct. (16)

In practice, stacked LSTM cells form an LSTM layer. This set of equations for the states and
gates of an LSTM cell controls the flow of information within the cell and allows the LSTM to decide
which information to store and which to discard. The number of LSTM cells in an LSTM layer and the
number of LSTM layers in a network can be tuned as hyperparameters to optimize performance for a
given task [10].

3.4. Metrics

In this section, we discuss the evaluation metrics used to evaluate the performance of our predic-
tive model. We employ four commonly used metrics: Mean Absolute Error (MAE), Mean Squared
Error (MSE), and Symmetric Mean Absolute Percentage Error (SMAPE). All of these metrics are widely
used in both academic and practical applications [17], and were chosen to evaluate the proposed
hypothesis because each metric prioritizes a different characteristic of the time series.

3.4.1. Mean Absolute Error – MAE

The Mean Absolute Error (MAE) measures the average absolute difference between the predicted
values ŷ and the actual values y. It is defined as:

MAE(y, ŷ) =
1
s

s

∑
i=1

|yi − ŷi|. (17)

MAE is widely used because it provides a simple and intuitive measure of the average prediction
error. It is particularly useful when the magnitude of errors is important and outliers or extreme values
in the dataset should not be severely penalized [17].

3.4.2. Mean Squared Error – MSE

The Mean Squared Error (MSE) calculates the average of the squared differences between the
predicted values ŷ and the actual values y. It is given by:

MSE(y, ŷ) =
1
s

s

∑
i=1

(yi − ŷi)
2. (18)

MSE is a commonly used metric that emphasizes larger errors due to the squaring operation.
It provides a measure of the average squared deviation between the predicted and actual values.
Contrary to MAE, MSE heavily penalizes outliers and extreme predictions [17].

3.4.3. Symmetric Mean Absolute Percentage Error (SMAPE)

The Symmetric Mean Absolute Percentage Error (SMAPE) computes the average percentage
difference between the predicted values ŷ and the actual values y, considering the mean of their
magnitudes in the denominator. It is given by:

SMAPE(y, ŷ) =
1
s

s

∑
i=1

|yi − ŷi|
(yi + ŷi)/2

. (19)

SMAPE is a symmetric variant of the Mean Absolute Percentage Error (MAPE). The main differ-
ence is the denominator, where MAPE uses only y as the denominator, and SMAPE uses the average
between y and ŷ. This is done to avoid a possible division by zero when y = 0 [59]. SMAPE is a useful
metric because it represents the overall error as a percentage, allowing for comparison of the accuracy
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of a model in multiple domains with heterogeneous time series [16]. A general overview of the metrics
is summarized in Table 1.

Table 1. In this table, Sensitivity to outliers refers to how much the metric is impacted by the presence of
an outlier in the dataset; Explainability refers to how easy it is to explain the metric in non-technical terms;
and Interpretability refers to how easy it is to evaluate a model based on this metric alone. All these three
interpretations are qualitative terms defined by the authors to summarize the metrics.

Sensitivity to outliers Explainability Interpretability
MAE Low Medium Easy
MSE Medium Hard Easy
SMAPE High Easy Hard

These metrics allow us to quantitatively evaluate the performance of our predictive model from
different angles. MAE and MSE provide information on the magnitude of errors, while SMAPE offers
information on the relative percentage deviations.

3.5. Hypothesis Test

The methodology for testing the alternative hypothesis (Ha) consists of training two seemingly
identical DNN models, where the only difference lies in the input of each model. The first model,
named (Model A), was trained on the dataset as is, without any feature engineering. The second model,
named (Model B), was trained on a dataset with the statistical forecasters as covariates, as shown in
Figure 4. Both models had the same training configuration and parameters.

Each model was evaluated with the three proposed metrics (MAE, MSE and SMAPE) for each
dataset (M5, Stallion, Stock Market, and Synthetic), resulting in 12 evaluation matrices for each model.
Next, we performed a two-sample paired t-test (also known as Student’s t-test). The objective of this
test is to measure whether the mean of two samples with the same origin shows a significant difference
[60]. The two-sample paired test is often used to measure the influence that an event had on the
samples. For example, it could be applied to a group of students to measure their grades before and
after they studied a subject and to determine how effective the study was.

This is achieved by calculating the t-statistic (t) between the observations of the samples, where
t represents the difference in terms of standard deviations (σ) between them. To calculate t, it is
necessary first to calculate the difference between the two paired observations (d), where d = x − y,
with x as the first observation and y as the second. Next, the mean difference between pairs (µd) can be
defined as:

µd =
∑i di

n
. (20)

The next step is to calculate the standard deviation of the differences (σd), defined as:

σd =

√
∑i(di − µd)2

n − 1
. (21)

Finally, t can be defined as:

t =
µd
σd

, (22)

Here, a large and positive value of t indicates that the first observation of the pair is significantly
different from the second, and vice versa. After obtaining the t-statistic (t), a lookup table or specialized
software can be used to find its corresponding p-value. The p-value represents the probability of
obtaining a statistic as extreme or more extreme than that observed in the experiment [60].
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Figure 4. Methodology for the hypothesis test.

3.5.1. Significance Level

It is important to note that the Student t-test assumes that the null hypothesis (H0) is true.
Therefore, the resulting conclusion of the test provides either proof that H0 is, in fact, true or evidence
that H0 is not true, in which case Ha can be assumed to be true [60].

Since the p-value is essentially the probability that H0 is true, if we want evidence that Ha is true,
we need a very low probability that H0 is true. Due to this, it is safe to assume a Significance Level (α)
of 0.05, as demonstrated in Figure 4 [61].

Although, as discussed by many authors over the decades, the meaning of the p-value and its
associated thresholds is abstract and has received many criticisms over the years [62–64]. Because of
this, we will adopt a region of uncertainty where H0 can be neither accepted nor denied, formalized as:

α ≤ 0.05 H0 is denied

0.05 > α ≤ 0.20 H0 can be neither accepted nor denied

α > 0.20 H0 is accepted

(23)

Using the methodology outlined in this section, we successfully tested the proposed model and
assessed the hypothesis presented in Section 1. The results will be detailed in the following section.
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4. Discussion of Results
The results obtained from the evaluation of the predictive model in different datasets are presented

in Table 2. The table shows the metrics (MAE, MSE, and SMAPE) for both Model A (without covariates)
and Model B (with covariates), along with the p-value and the t-statistic obtained from the two-sample
paired t-test. Let us discuss the implications of these results and their significance.

Table 2. Summary of Predictive Model Evaluation Results Across Various Datasets.

Model A Model B p-value t-statistic
MAE 15.66 15.08 0.22072 −1.22
MSE 1.40 · 103 1.18 · 103 0.14772 −1.45M5
SMAPE 0.30 0.29 0.00673 −2.71
MAE 222.15 219.98 0.97329 −0.03
MSE 2.75 · 103 2.50 · 103 0.85111 −0.19Stallion
SMAPE 0.77 0.63 0.15463 −1.43
MAE 776.85 774.02 0.99793 0.00
MSE 3.50 · 103 3.52 · 103 0.99700 0.00Stock Market
SMAPE 0.43 0.29 0.00001 −4.58
MAE 18.44 17.44 0.03292 −2.16
MSE 1.16 · 103 1.08 · 103 0.19359 −1.31Synthetic
SMAPE 0.81 0.55 0.00000 −5.28

4.1. M5 Dataset

For the M5 dataset, Model B with covariates showed slightly lower MAE and MSE compared to
Model A without covariates. However, the performance difference between the two models was not
statistically significant based on the p-value, which is greater than 0.05. The t-statistic is also negative,
indicating that Model B performed slightly better than Model A on average. In particular, the SMAPE
metric showed a statistically significant improvement in performance for Model B. The relatively low
p-value and the negative t-statistic suggest that including covariates in the model resulted in a more
accurate percentage-based error estimation.

4.2. Stallion Dataset

For the Stallion dataset, Model B with covariates exhibited slightly lower MAE and MSE compared
to Model A without covariates. However, similar to the M5 dataset, the performance difference was
not statistically significant, as indicated by the p-value greater than 0.05. The t-statistic is also close
to zero, indicating that there is no significant difference between the two models. It is important to
note that the SMAPE metric showed a notable improvement in performance for Model B. While the
p-value for SMAPE is greater than 0.05, the relatively low value indicates that the difference might be
significant with a larger dataset.

4.3. Stock Market Dataset

Similar to the Stallion and M5 datasets, the improvement in MAE and MSE for the Stock market
dataset was not statistically significant; however, for this dataset the difference was basically negligible.
On the contrary, there was a massive improvement in the SMAPE metric for Model B.

4.4. Synthetic Dataset

The Synthetic dataset showed the most significant improvement when using covariates. Both
MAE and SMAPE exhibited substantial improvements, with p-values close to zero, indicating high
statistical significance. The negative t-statistics further support the conclusion that Model B significantly
outperformed Model A. The large improvement in SMAPE is noteworthy, as it suggests that the
inclusion of covariates allowed for a better representation of the relative percentage error.
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4.5. Overall Implications

The results indicate that the inclusion of covariates in the predictive model showed varying
degrees of impact on performance, depending on the data set and the evaluation metric chosen.
In some cases, such as the Stock Market and Synthetic datasets, including covariates significantly
improved the model’s performance. However, for the M5 and Stallion datasets, the impact of covariates
was not statistically significant.

The varying results could be attributed to several factors, such as the nature of the time series data,
the quality and relevance of the selected statistical forecasters, and the size of the datasets. However,
it could be noted that performance never decreased in all scenarios due to the usage of statistical
covariates. This is due to the weighted average of the inputs, as observed in Figure 2. Due to the
nature of back-propagation in a DNN, the model can learn to ignore inputs that are not contributing to
the overall improvement of the metrics. Issues related to hardware security and performance will be
considered, as per the work described in [65–68].

Another key observation is that the best improvements were observed with the SMAPE metric.
This was not unexpected, since this is the metric most sensible to outliers, therefore, any minor
difference in the outputs results in a large difference in the metric. Finally, we observed that the
performance of Model B over Model A was most prominent in the synthetic dataset.

5. Conclusion
In this paper, we address the challenge of improving multihorizon forecasting in scenarios with

limited data and functional covariates. We proposed the usage of statistical forecasters as covariates
in a Deep Neural Network (DNN) model and evaluated its impact on forecast metrics. Our analysis
covered four diverse datasets: M5, Stallion, Stock Market, and Synthetic.

The results demonstrated that the inclusion of statistical forecasters as covariates in the DNN
model led to varying degrees of improvement in forecast performance, depending on the dataset and
evaluation metric. In general, our findings suggest that the incorporation of statistical forecasters
as covariates in a DNN model can be a valuable approach to improving multihorizon forecasting,
especially in scenarios with data scarcity and intermittence. However, the effectiveness of this approach
may depend on the nature of the data and the specific forecasting task at hand.

In future research, further investigations could explore the selection of different statistical forecast-
ers, evaluate additional neural network architectures, and assess the impact of varying the granularity
of the data. Additionally, the analysis could be extended to include other evaluation metrics and larger
datasets to gain deeper insight into the generalizability and robustness of this approach.

In conclusion, our study contributes to the advancement of multi-horizon forecasting techniques in
challenging real-world scenarios and paves the way for more effective forecasting models in industries
such as retail, finance, and energy, where accurate predictions of future time series behavior are crucial
for decision-making and planning.
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