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Abstract: In this paper, we introduce and investigate a new family of sequences called the generalized
Fibospinomials (or the generalized Fibonacci polynomial spinors or Horadam polynomial spinors).
Being particular cases, we handle with (7, s)-Fibonacci and (7, s)-Lucas polynomial spinors. After
a short history on spinors and quaternions, we present Binet’s formulas, generating functions
and the summation formulas for these polynomials. In addition, we obtain some identities of
generalized Fibonacci polynomial spinors, (r,s)-Fibonacci polynomial spinors and (r,s)-Lucas
polynomial spinors. Moreover, we give some special identities such as Catalan’s and Cassini’s
identities and we present matrices related with these polynomials.
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1. Introduction

Classical mechanics, whose laws were given by Newton in the late 1600s, was not sufficient to
interpret the discoveries concerning the electronic structure of atoms and the nature of light. It has
become a necessity to develop a different type of mechanics known as quantum mechanics or wave
mechanics to explain such situations [19]. Heisenberg and Schrédinger discovered matrix mechanics
and wave mechanics, respectively. Later, Schordinger and Eckart tried to prove that these two theories
are mathematically equivalent. In Heisenberg’s mechanics, a physical quantity is represented by
a matrix, while in Schrodinger’s mechanics it is represented by a linear operator [1]. In quantum
mechanics, three different equations, often called Dirac, Pauli, and Schrédinger equations, are used to
describe the movement of an electron [16]. Schrodinger defined a wave equation in 1925 based on the
suggestion of the famous physicist Peter Debye and the work of de Broglie. The equation did not match
the real atom observations, as Schrodinger did not include electron spin in his work, which began with
trying to find wave equation that would characterize the behaviour of an electron in hydrogen [2]. In
1926, Schrodinger presented his papers in which he wrote the full mathematical basis of non-relativistic
quantum mechanics [19]. Klein, Fock, and Gordon in 1926 independently discovered the relativistic
Schrodinger equation for the free spin-zero particle, while Dirac discovered for the free electron the
relativistic wave equation, spin-1/2 particle, in 1928 [15]. According to Bandyopadhyay and Cahay,
the eigenvectors of Pauli spin matrices are examples of spinor, which are 2 x 1 column vectors that
represent the spin state of an electron [1]. Spinors were first used in the field of quantum mechanics by
physicists under this name. But this concept in their most general mathematical form, were defined
much earlier, by Cartan in 1913. In four-dimensional space, spinors appear in Dirac’s famous electron
equations, and the components of a spinor are four wave functions indicated by Cartan [5]. The most
important reason for spinors to enter physics is the existence of spin. Spinors, a concept that is not
yet fully understood [13] and needs to be studied a lot, is a concept that mathematicians focus on
algebraic and geometrical studies, and physicists carry out deep studies on quantum physics. When
the literature is examined, the fact that spinors have been studied without any geometrical meaning
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has led to the complexity of attempts to extend Dirac’s equations to general relativity and spinors
to be an incomprehensible concept [5]. Spinors and Dirac equations in general relativity theory on
Riemannian spaces have been studied independently by Weyl [38], Schrodinger [31] and Fock [14],
and then many studies have been done in terms of space-time geometry [9]. Vaz and Rocha advocated
three fundamentally different definitions of spinor, each of which was defined by different researchers,
each emphasizing a different perspective. Two of these are more widely accepted, and the third is just
beginning to be recognized in the literature [35]. They made this classification into algebraic, classical
and operatorial.

Now the definition of SU(2) as given in Westra’s notes [37] will be reminded. Let U be a 2 x 2
type matrix and let U represent the conjugate transpose of U. SU(2) is the group that provides the
following properties:

a b

p ,utu=uUt =1 and detU = 1 where a,b,¢,d € C.

u:

Then the most general element of SU(2) is written as

Ury)=| % ] x4 y? = 1.137]

-y

The elements of the representation space of SU(2), obtained with the help of Cayley-Klein
parameters, which are the inputs of a unitary matrix A belonging to the SU(2), are called classical
spinors [35]. In Quantum Mechanics, particle spin, defined in Lie Group theory as n—dimensional
Spin(n) with elements known as spinors, is used to represent quaternions. Because spinors change
sign when rotated 360°, it is advantageous to use spinors instead of vectors and tensors to describe the
spin angular characteristic of the electron. Three-dimensional spinors of group Spin(3) is SU(2). The
most important application of spinors in quantum physics is to provide mathematical representations
of energy transfer in EM fields [30].

Now, let’s give the definition of spinor in this sense with the notations used in the book written by
Nagashima [25]. In two-dimensional complex variable space, the spinor is defined as the base vector
of the group representation SU(2).

Two-component column vector ¢ =

1 , where ¢4, ¢ are in general complex numbers is a
¢2

notation for spinors. On the other hand, the representation matrices are stated as 2 x 2 unitary matrices
with unit determinants. ¢ transforms under SU(2) as follows:

p — (p, =Ugp,ie., 1l =u (x,y) 1 (1.1)
P2 $2
where U (x,y) € SU(2) and
91 = X1+ Y92, 92 = —yg1 + X2, (12)

Furthermore, there are three independent parameters in SU(2) [25].

In the algebraic definition, in physics, the spinor space is defined as a member of the minimal left
ideal of Clifford’s algebra [35]. Cartan created the mathematical form of spinors while investigating
linear representations of simple groups [5].

The concept, which was first called by the quantum physicist P. Ehrenfest, has been an important
tool in many physical theories, especially in the mechanics of solids [3].

In addition, there are important studies in which spinors are used in the applications of
mathematics in the field of physics. On the other hand, spinors, also studied geometrically by E.
Cartan, are elements of complex vector space and are used in mathematics and physics to extend the
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concepts of rotation and space vector. Spinors, which consist of two complex components in terms of
vectors, were obtained in three-dimensional Euclidean space by Cartan [5]. The properties of spinors
have been studied in different dimensions by different authors. In 2004, Castillo and Barrales gave
some main properties of spinors in three-dimensional real space [9]. Later, Castillo defined spinor
formulation in four-dimensional space [10].

Let’s explain this concept better with the representation of spinors established with the help of
orthonormal base. The homomorphic groups SO(3) and SU(2) are the rotation group around the
origin in R® and unitary complex 2 x 2 matrices group with unit determinant, respectively. Here, the
elements of SU(2) move on two vectors with complex structure named spinors [9].

Every spinor ¢ = [ ZZl ] defines vectors d, ¢, f € R3 through d + ie = ¢'cg, f = pog. Here 7 is
2

a vector whose 01, 0, 03 components are the complex symmetric 2 x 2 matrices and ¢ denote conjugate

of ¢ where i
&1:[(1) _01],62:“ ?],&3: _01 _011 (1.3)
and B _- B
R G [N T
On the other hand d, ¢, f € R3 vectors are defined with
d+ic= (g} - g3i (9} +03), —20192) (15)
and
f = (@291 + 91021201 — igi02 |91 — |92 ) - (1.6)

Also, |d| = |e] = |f| = ¢'p and d x e.f > 0. Let ¢ and ¢ be two arbitrary spinors and d, ¢ be
complex numbers. In this case, godp = —q;ta(,b? ,(d cp/—:egb) = d$ + 2y and ¢ = —¢. Furthermore for
nonzero spinor ¢, {¢, ¢} is linear independent and the spinors corresponding to {d,e¢, f},{e, f,d},
{f,e,d} are different [9].

Now let’s give place to one of the important concepts in this field: Pauli matrices. Hermitian,

involutory and unitary Pauli matrices are 2 x 2 type matrices. However, all of the Pauli matrices can
be compacted into a single expression. In addition, every 2 x 2 Hermitian matrix is uniquely written
as a linear combination of Pauli matrices where all coefficients are real numbers. Now, we remember

the Pauli matrices:
0 1 0 —i 1 0
01—[1 O]’Uz_[i 01103—l0 _1]' (1.7)

Clearly, 01, 07, 03 matrices in (1.3) are obtained by multiplying

-1 0
the behavior of an electron by taking the spin of the electron into calculate in quantum mechanics.
In physics, spinors arose as a product of Pauli’s theory of non-relativistic quantum mechanics (1926)
and Dirac’s (1928) theory of relativistic quantum mechanics [11,28]. These matrices, which appear
in the Pauli equation, that takes into calculus the interaction of a particle’s spin with an external
electromagnetic field, are named after the physicist Wolfgang Pauli[28] and these matrices have a very
important place in nuclear physics studies. Dirac gave important formulas about Pauli matrices [11].
The space of Dirac spinors is a complex four-dimensional vector space, and turns out to split as the
sum of a complex two-dimensional vector space S, called a spin space, also its complex conjugate

0 1 . . . . .
[ matrix and the Pauli matrices. Pauli used spinors, thought to be elements of C?, to reveal

S. Since spinors are complex objects, both the space of complex conjugate spinors and its dual must
be given. Vivarelli [36] involved in this area in geometrical aspect. He showed a injective and
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linear correspondence between spinors and quaternions and in three-dimensional Euclidean space he
gave spinor representations of rotations. Thus, a more concise and simpler depiction of quaternions
can be reached by the concept of spinors. Quaternions being applied to the fields of mathematics,
physics, robotics, engineering and chemistry can be worked through spinors with the help of the
correspondence given by Vivarelli [36].

Recent studies using special numbers like Fibonacci and Lucas numbers have brought a different
perspective to the use of spinors in mathematics. Erisir and Giing6r [12], in 2020, introduced Fibonacci
and Lucas spinors with the help of the Fibonacci quaternions. Later, in 2023, Kumari et. al [24].
examined the k—Fibonacci and k—Lucas spinors via k—Fibonacci and k—Lucas quaternions which has
been worked by Ramirez [29]. Horadam [20] first introduce the Fibonacci and Lucas quaternions which
are worked in several areas. Soykan [32] exhibited the generalized Fibonacci polynomials in many
aspects. Trying to see the beauty of these sequences in quantum mechanics will be interesting and worth
to be examined. In our paper, we will work with generalized Fibonacci polynomial spinors through
the correspondence between generalized Fibonacci spinors with generalized Fibonacci quaternions
as Erisir and Giingor [12] did. We will investigate several properties of this new polynomial spinor
sequence such as Binet’s formula, etc. In addition, as particular cases, we will obtain this features for
(r,s)—Fibonacci polynomial spinors, (7, s) —Fibonacci-Lucas polynomial spinors, Fibonacci polynomial
spinors and Fibonacci-Lucas polynomial spinors and we will reveal the relations between these
polynomial spinors.

2. Preliminaries

The Horadam polynomial sequence, or the generalized Fibonacci polynomial sequence, { W, (x)}
was introduced by Horadam [21] with

Wn(x) = T’(X)Wn_l (x) + S(x)wn72(x)/ n=2 (2-1)

where Wy(x), Wy (x) are arbitrary complex (or real) polynomials with real coefficients and r(x) and
s(x) are polynomials with real coefficients with r(x) # 0, s(x) # 0. See also the paper [32].

Binet’s formula of generalized Fibonacci (Horadam) polynomials can be calculated using its
characteristic equation which is given as

22 —r(x)z—s(x) =0. (2.2)
The roots of characteristic equation are

- r(x) + \/rzz(x) +4s(x)l B(x) = r(x) — \/1?(x) + 4s(x) 23)

a(x 2

and the sum and product of the these roots are as follows:

a(x) + p(x) = r(x), (24)
a(x)B(x) = —s(x). (2.5)

If a(x) # B(x) then r?(x) +4s(x) # 0 and if #(x) = B(x) then (2.2) can be written as

22 —r(x)z—s(x) = (z—a(x))> =22 —2a(x)z+a?(x) =0 (2.6)
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and, in this case,
r(x) = 2ua(x), (2.7)
2 r(x)
s(x) = —a(x)=-— 1 (2.8)
r?(x) +4s(x) = 0. (29

The Horadam polynomial sequence can be expanded to negative subscripts through defining

Won(x) = =W (,1)(x) + S(lx)W(nz) (x) (2.10)

forn =1,2,3,... where s(x) # 0. Thus, recurrence (2.1) holds for all integers n. Soykan examined the
Horadam polynomials in detail with many aspects [32].

Now, we define two special cases of the generalized Fibonacci polynomials Wy, (x) in according
to their first two values denoted by G, (x) and H,(x), respectively, via the second-order recurrence
relations

Gua2(x) = 7(x)Guya(x) +5(x)Gu(x), Go(x) =0,Gi(x) =1, (2.11)
Hyi2(x) = r(x)Hpi1(x) +s(x)Hu(x), Ho(x) =2, Hi(x) = r(x). (2.12)

The (sequences of polynomials) {Gy,(x)},>0 and {H,(x)},>0 are named (r,s)—Fibonacci
polynomial sequence and (r,s)—Fibonacci-Lucas polynomial sequence. We can obtain Fibonacci
polynomial sequence {F;(x) },,>0 coming from {G(x) },>0 and Fibonacci-Lucas polynomial sequence
{Ln(x)}n>0 coming from {Hy(x)},>0 when r(x) = x and s(x) = 1 as a special case as follows:

Fuia(x) = xF,11(x) +Fi(x), Fy(x)=0F(x)=1, (2.13)
Lyta(x) = xLyy1(x) +La(x), Lo(x) =2,L1(x) = x. (2.14)

Furthermore, the sequence of polynomials {W,(x)},>0 which is the generalized Fibonacci
polynomial sequence becomes the sequence of numbers {W, },>0 which we call with the generalized
Fibonacci numbers if (x) and s(x) are the sequence of numbers as in the following;:

Wy =rW,_1+sW,,_p, n>2 (2.15)

with initial values Wy, Wj not all being zero integers where r,s are integers with r # 0, s # 0. As
a special case, (r,s) —Fibonacci numbers denoted by {G, },>0 and (r, s)—Fibonacci-Lucas numbers
denoted by {H, },>0 are given by the following recurrence relations with regarding inital values.

Gz = 1Gup1+8Gy, Go=0,G; =1, (2.16)
Hy+» = rHpp1+sHy, Hoy=2Hy=r. (2.17)

In particular, the sequence of polynomials {F,(x)},>0 and {L,(x)},>0 are the extensions of
Fibonacci and Fibonacci-Lucas numbers, respectively, so that if 7(x) = 1 and s(x) = 1 then we have
Fibonacci numbers {F, } and Fibonacci-Lucas numbers {L, } as follows:

Fro = Foit+F R=0F =1, (2.18)
Ln+2 = Ln+1 + L,, Lo=2,L1=1. (219)
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As we indicated above, the sequence of polynomials generalize the sequence of numbers. Now,
let us have a look at the generalized Fibonacci quaternion polynomials and the generalized Fibonacci
quaternions. For this, let us take a quick look at the definiton of quaternions.

Quaternions extend the complex numbers and are defined in the form g = g + ig1 + jg2 + kg3,
where qo, 41,42, 93 are real numbers and 1,1, j, k are basis vectors satisfying i? = j?> = k* = ijk = —1,
ij =k = —ji, jk =i = —kj, ki = j = —ik. We denote the set of quaternions by H. Multiplication of
quaternions is not commutative. Hamilton defined that quaternions consist of a scalar part given
above as gp above and and a vector part given above as ig; + jg2 + kq3. The conjugate and norm of a

quaternion g is given with g* = gy — igy — jg2 — kg3 and ||g|| = \/ % + 43 + g5 + g3, respectively.

Catarino defined the h(x)—Fibonacci quaternion polynomials generalizing the k—Fibonacci
quaternion numbers and examined this polynomial sequence with its several properties [6,7]. Then,
Ozkog and Porsuk [26] examined the generalized Fibonacci quaternion polynomials generalizing the
generalized Fibonacci quaternion numbers defined by

QWi (x) = Wy (x) + iWyp1(x) + jWiy2(x) + kWy3(x) (2.20)

where {W,,(x)} is a Horadam polynomial sequence and they presented the Binet’s formula, generating
function and some identities for this polynomial sequence.

From this point of view, it can be easily seen that the generalized Fibonacci quaternion polynomials
sequence { QW (x)} can be written with second order recurrence relation as in the following;:

QW (x) = r(x)QW,,_1(x) + s(x) QWy_2(x), n > 2. (2.21)

It can be noted that the characteristic equation for generalized Fibonacci (Horadam) polynomial
quaternions will be the same that of generalized Fibonacci (Horadam) polynomial since they have
same linear recurrence relation. In addition, while changing the coefficients  and s, we obtain that
a generalization of different sequences such as Fibonacci quaternion polynomials, Fibonacci-Lucas
quaternion polynomials, Pell quaternion polynomials, Pell-Lucas quaternion polynomials, Jacobsthal
quaternion polynomials, Jacobsthal-Lucas quaternion polynomials which are among the most
well-known sequences.

The Horadam quaternions polynomial sequence generalize also the sequence of numbers which
we will recall for Horadam quaternions below.

Horadam [20] defined the Fibonacci quaternions {QF,} and Fibonacci-Lucas quaternions
{QL,} and showed a few relations regarding the Fibonacci quaternions. Later, Iyer had exhibited
some relations between Fibonacci quaternions and Fibonacci-Lucas quaternions [22] and Swamy
had found new properties between the generalized Fibonacci quaternion sequence and Fibonacci
quaternion sequence [33]. Then, Halici introduced the Binet’s formulas for the Fibonacci and
Fibonacci-Lucas quaternions, and also exhibited generating functions and some sum formulas for these
sequences [17]. Later on, Ipek introduced (r,s) —Fibonacci quaternions [23] and Patel and Ray [27]
introduced (7, s) —Fibonacci-Lucas quaternions and exhibited some identities about (r, s) —Fibonacci
quaternions and (r, s) —Fibonacci-Lucas quaternions such as Catalan’s identity, d’Ocagne’s identity
etc. Then, Cerda-Morales presented these well-known identities for (r,s) —Fibonacci quaternions
and (r,s) —Fibonacci-Lucas quaternions using their Binet’s formula [8] and Szynal-Liana and Wloch
worked on generalized commutative Fibonacci quaternions [34]. Halic1 and Karatas gave the most
generalized version of these series as follows:

The nth generalized Fibonacci quaternion was exhibited by Halic1 and Karatas [18] such that

QW, =W, + Z'an-&-l + jWn+2 + kWn+3 (2.22)
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where {W;,} is a generalized Fibonacci or Horadam sequence satisyfing (2.15). The generalized
Fibonacci quaternion sequence, in another way of saying Horadam quaternion sequence is a second
order linear recurrence relation so that forn > 0

QW2 = rQWy 1 +sQWy, (2.23)

wherer,s € Z.
For the sake of simplicity throughout the rest of the paper, for all integers n we use

Wnr Gnr Hn/ P‘rlr L?Z/ 7,5k, ,B
instead of

Wi (x), Gu(x), Hu(x), Fu(x), Lu(x), 7(x), 5(x), a(x), B(x)

respectively, unless otherwise is stated.

We can see first few values of the sequence of polynomials {W,},{G},
{H,},{F:} and {L,} in Table 1.

Table 1. Some values of generalized Fibonacdi, (,s)— Fibonacci, (¥, s)— Fibonacci Lucas, Fibonacci
and Fibonacci-Lucas polynomials.

n 0 1 2 3
W, W Wy W + sWy Wy +s(r+1)W;
W (Wl —TWO) ((7’2+S)W0—7’W1) (—(73+2TS)WQ+(1’2+S)W1)
—n 2 3
S s S
Gn 0 1 r s+ 72
1 1
G_n - —% = (s+7)
s S S
H, 2 r 25 412 r(3s+ r22
r 25 412 3s+r
s s 5
E, 0 1 x 1+ %2
F ., 1 —x 1+ %2
Ly, 2 X 2+ x2 x3 + 3x
L, —Xx 242 —x3 —3x

Next, we can present the first few values of the sequence of polynomials { QW } as follows:
QW = Wp+iW; —|—j(1’W0—|—SW1)+k(72W0+S(7’+1)W1>/
ow, = W1+i(rW0+sW1)+j(r2W0+s(r+1)W1)

+k ((r3 +rs)Wo + (s2 +7s + rZS)W1> ,
QW, = rQWj+sQW,. (2.24)

We now recall the spinors obtained by the help of the quaternions. Consider a spinor ¢ given by

9= (¢1,p2) = [ Z; ] (2.25)
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where @1, 92 € C. We denote the set of spinors by S. Vivarelli [36] pointed out that there is a

correspondence between any quaternion g = qg + iq1 + jq2 + kg3 and a spinor ¢ = [ Zl ] such that
2

q3 + iqo

‘H—S, +igy + igy + ka3) = )
f f(q0+iq1 + jgz2 + kq3) 01 + i2

=¢. (2.26)

Since f(q+p) = f(q) + f(p), f(Aq) = Af(q) where A € C, p,q € Hand ker f = {0}, f is linear
and injective. Under this correspondence f, the conjugate of g i.e., g* is mapped to ¢* as below:

£(q") = f(q0 — iq1 — jg2 — kq3) = [ TR | _ (2.27)

—q1 — iq2

Given two spinors ¢, = [ Z’;L’ 1 and ¢p = [ Zlb ] , 9a = @p are equal if and only if @1, = ¢4,
a 2
and P2, = P2,-

The product of quaternions g x p has been shown by Vivarelli [36] in relation to a spinor matrix

product as follows:

ps +ipo
p1+ip2

3 +iqo g1 —iq2

. . (2.28)
q +iga —q3+iqo

qxp— —ilf(p) = —i

where U is complex, unitary 2 x 2 type matrix taking in SU(2). Here, U can be written by means of
Pauli matrices (1.7):
F_ | 3t q1—iq

: . = qoil + q101 + g202 + q30" 2.29
G +its —as +id qoil + q101 + 4202 + 4303 (2.29)

where 71,0, and 03 are Pauli matrices and I is the unit square matrix of type 2 x 2. The connection
between a spinor ¢ and a 2 x 2 matrix U is given [36] by

p=U 0

L ] . (2.30)

Conjugate of a spinor ¢ is given by Cartan [5] with ¢ and the mate of a spinor ¢ is presented by

Castillo and Barrales [9] with (\;/) as in the following identites

~ .| 0 1 |_ v 0 1 |_
(p—lll 0](’)'?_[1 O](p (2.31)

respectively, where ¢ is the complex conjugate of ¢.

3. Generalized Fibonacci (Horadam) Polynomial Spinors

Definition 3.1. For integer n, the nth generalized Fibonacci polynomial spinor sequence of W;, is
defined by

(3.1)

swn:l Wiys + W, ]

Wi1 + iWi2
where W, is the nth generalized Fibonacci polynomial.

The generalized Fibonacci polynomial spinor sequence {SW, } satisfy the second order linear
recurrence sequence from the recurrence (2.1). We can see this in the next lemma.
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Lemma 1. The generalized Fibonacci polynomial spinors {SW,, } has the following identity for all integers n:

SWiyo = rSWy 41 +sSWy, (3-2)
Ws +iW, Wy +iW; . o . -
where SWy = Wj i ;WZ ] ,SWy = W; 1 zW; ] are arbitrary polynomial spinors with real coefficients.

Proof. For all integers 7, by using the recurrence (2.1), we can easily have the required identity:

(3.3)

rSWii1 +sSW, = r[W“”ZW"H] s[ Wits + Iy ]

Wipo +iWy43 W1+ iWiio

Wits + iWy42
Wiis + iWy4a

] = SWy42.

O

Theorem 1. Note that first we can define the generalized Fibonacci polynomial spinor sequence {SWy } as (3.2)
then we get (3.1).

We can see a correspondence between the generalized Fibonacci polynomial quaternions and the
generalized Fibonacci polynomial spinors by adapting from the transformation between quaternions
and spinors with the following linear and injective transformation:

f o WS,
fIQWn) = f(Wu+iWyp1 + jWyio + kW) (3.4)
Wn+3 +iWy,
= . = SW . 3.5
l Wit1 +iWyt2 ] " (5-3)

If QW; = W, — iW, 41 — jWyio — kW43 is the conjugate of the nth-generalized Fibonacci
quaternion polynomial QW,, then the nth-generalized Fibonacci polynomial spinor SW,
corresponding to QW;; is

—Wiy3 +iW,
SW; = e 3.6
" [ W1 —iWypo (3.6)
We can write the complex conjugate of SW,, as
= Whi3 —iW,
SW. — n+3 =~ *Hin 3.7
" [ W1 — iWyi 6.7
the spinor conjugate to the SW,, as
ey . 0 1 W3 —iW, Wy + W11
SW,, =i e = TR 3.8
" [ -1 0 ] [ Whi1 — Wyt —Wn —iWyy3 (38)
and the mate of SW,, as
v 0 1 Witz —iW, —Wig1 +iWyi2
SW — n+3 ) n — n+1 ] n-+ . 3‘9
' l -1 0 ] l Wit — Wi Wy — W ¢

Now, we define two special cases of the polynomial spinors SW,,. (r,s)—
Fibonacci polynomial spinors or shortly SG, and (r, s) —Fibonacci-Lucas polynomial spinors or shortly
SH,, are the special cases of (3.1).
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Definition 3.2. For integer 1, the nth sequence of polynomials SG;, are defined by
SGy = | CnraTiGn (3.10)
Gni1 +iGpi2

where G, is a nth (7, s) —Fibonacci polynomial. From Lemma 1, it can be written equivalently by the
second-order recurrence relations

SGpy2 =1S5Gu1 +5SGy, (3.11)
with
2 +s 4+ 2rs+1
SGy = , = . , 3.12
0 1+4ir 1 r+z(r2+s) (3.12)

and the nth sequence of polynomials SH;, are defined by

(3.13)

SH, = [ Hyy3 + iHy ]

Hn+1 + iHn+2

where H,, is a nth (r,s) —Fibonacci-Lucas polynomial. From Lemma 1, it can be written equivalently
by the second-order recurrence relations

SHy o =rSHy,11 + sSHy, (3.14)
with

4r2s 4+ 1* 4+ 252 +ir
25+ 12 +ir (3s +1?)

r(3s+712) +2i

SHo = r+i(2s+1?)

,SH; = (3.15)

When v = x and s = 1, we have the special case of generalized Fibonacci polynomial spinors,
which is called by Fibonacci polynomial spinor denoting with {SF, } and Fibonacci-Lucas polynomial
spinors denoting with {SL,} as in the next corollary.

Definition 3.3. For integer 7, the nth Fibonacci polynomial spinors SF, are defined by

SE, = | Freot i (3.16)
Foi1+iF1p

where F, is the nth Fibonacci polynomial. From Lemma 1, it can be written equivalently by the
second-order recurrence relations

SF,+2 = xSF,.1+ SF,, (3.17)
with
x2+1 X+ 2x+i
SFy = , = . . 3.18
0 14 ix ! x+i(x2+1) (3.18)

and the nth Fibonacci-Lucas polynomial spinors SL, are defined by

Lyis +iLy 1 319)

SL, = )
" [ Lyt1+iLln2

where L, is the nth Fibonacci-Lucas polynomial. From Lemma 1, it can be written equivalently by the
second-order recurrence relations
SLn+2 = XSLn+1 + SLn, (320)
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with
x* 4?42+ ix
24+ x% +i(3x +x°)

X+ x3+2i

Sko = x+i(24x?)

,SL; = (3.21)

If we take r = x = 1 then the sequence of Fibonacci polynomial spinors {SF, } and {SL, } becomes
the number sequence of Fibonacci spinors and Fibonacci-Lucas spinors, respectively. Erisir and Giingor
exhibited some algebraic definitions for Fibonacci and Fibonacci-Lucas spinors besides giving some
significant formulas like Binet’s and Cassini’s formulas for this sequence of numbers [12]. One can
also see Cartan [5] and Vivarelli [36] for some algebraic properties of spinors.

Now, we list a few values of generalized fibospinomials in Table 2.

Table 2. The first few values of generalized Fibonacci polynomial spinors with negative and
positive subscripts.

+(r3s 4+ 2rs?) Wy
+(Z'YW1 + SW())

(r?+ sg Wy 4 rsW
+i((r° +2rs) Wy
+ (r2s +5%) Wo)

Wi +1%(W0
—5 (W1 —1Wp))

n 0 1 2
(rP+2rs) Wy
(r? +5) Wy + (r’s+s2) Wy
rsWp + iW, W
SW,
Wy rWy1 +sWy
+i (rWy + sWp) +i((r? +5) W,
+rsWp)
rWi 4+ sWy
SW_, +il (W — W)

Wo +iWp

1wy — o)
+iWp

[ (r* +3r%s +s2)W; ]

Next, we present the first few values of the special polynomial spinors of second order with

negative and positive subscripts:

Table 3. The first few values of (r,s) — Fibonacci and (r, s) -Lucas polynomial spinors with negative

and positive subscripts.

n 0 1 2
%+ 3r2s
o R -+ I B
r?+s
+i (r® + 2rs)
56, [ rti% } { 111'5% }
4r2s 414 r(rt+ 5r2s + 552)
SHy [ r (38 +1%) 4 2 } +25% +ir +(2547)
rti(s+r) 25+ 12 r(3s+1?)
+ir (3s 4 12) +i (4r%s + r* + 25?)
SH., [ (2s+7r2) —it } r—i—izss%rz

2+ir

—L+2i

Using the recurrence relation of Fibonacci and Fibonacci-Lucas polynomial spinor {SF,} and
{SL,}, we can write the first few terms of these sequences of polynomials, respectively. See Table 4.
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Table 4. The first few values of Fibonacci and Lucas polynomial spinors with positive and
negative subscripts.

n 0 1 2
x4+ 3x2
oF {x2+1} [ B2 +i } i
. 1+ix x+i(x24+1) 241
+i(x3+2x)
SE., [x—i&-z} {1—11x}
4x2 +x* ] x (x* +5x2 +5)
. . 2
n . 2
x+i(2+x%) 242 x (3+x%)
| +ix (3+x2) | +i (4% + x* +2)
S [ (24 x2) —ix ]| x+i(2+x2)
" 2 +ix —x+2i

We can show the product of unitary complex matrix SW,, obtained by SW,, with a generalized
Fibonacci polynomial spinor sequence SW;, as follows:

SW.SW,  — Whis +iWy Wy —iWyio Wiz +iWy
e Wit +iWpio  —Wygs +iW, Wit1 + W2
Wr%—&-l + W£+2 + Wrzl+3 +i (W"W"+3 + W") (3_22)
—2W, Wy 42 + 22W, Wy, 14
Considering this product it can be easily seen the following identities:
Lemma 2. For all integers n, the next identities hold:
(i) e e
SW, SW,; = SW;i SW,,. (3.23)
(ii)
SWy SW,; = —(SW,, SWy,)™. (3.24)
(iii) S
SW,, SW,, = SW,, SW,,. (3.25)
(iv) N
SWy SWyy = —SWyy SWi. (3.26)
(v)
v v
SW,SWy, = —SW,SW,. (3.27)
(vi)
v S
SW,,SW;, = iSW,,SW,,. (3.28)
Lemma 3. The following equalities are true:
(i)
s (SGOSG1 - sc;lsco) — 5G,5G; — 5G15Gy. (3.29)
(ii)

r (sTc?Oscl _ STCTlSG(J) — 5GoSGy — 5G,5G. (3.30)
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(iif)
s (SHOSHl - SH15H0> — SH>SH, — SH,SH,. (3.31)

(iv)
r (SHOSHl - SHlsHo) — SHySH, — SHySHy. (3.32)

Proof. Once we take the value of # as 0,1 and 2 in Table 3, we can easily obtain the required equalities
by (3.22). O

It can be noted that the characteristic equation for generalized Fibonacci (Horadam) polynomial
spinors is the same that of generalized Fibonacci (Horadam) polynomial.

Now, we can give the Binet’s formula of SW,, using the roots «, § in (2.3) and recurrence relation
(3.2) as follows:

Theorem 2. For all integers n, the Binet's formula for the generalized Fibonacci (Horadam) polynomial spinor
SW,, is given by the following formula:

1 ((SW1 - ,BSWO) at — (SWl — DCSWO)'BH), 0 75 ‘3
SW,={ &= P ) (3.33)
(SWo + (; (SWp — aSWy) n)a™, a=p.

Proof. When the roots «, B of the characteristic equation (2.2) are distinct, one can write the general
formula of SW,, as follows:
SWy = p1a”" + q1 8" (3.34)

where the coefficients p; and q; are determined by the system of linear equations

SWo = pi1+q (3.35)
SW1 = pia+qp.

Solving these two simultaneous equations for SWy and SWj, we obtain

1
P = m(swl—/sswo) (3.36)
-1

=

If the roots «, 3 are equal, then we can write SW,, as follows:
SW, = (Pz + E]zl’l) ol (3.37)

where the coefficients p, and g, are the polynomials whose values are determined by SWy and any
other known value of the sequence. By using the values SWy and SW;, we obtain

SWO = p2 (3.38)
SW1 = (p2+4q2) e

Solving these two simultaneous equations for SWy and SWj, we obtain

p2 = SWy (3.39)
1
qz = &(SWl — lXSWO).
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Now, let us calculate the values of SW; — BSWy and SW; — aSWj, which are in the Binet’s formula,
by using (2.1), (2.4) and (2.5) as in the following:

B Wy +1W B W3 + iWy
SWi = PSP Wo+iws | Pl wy+in,
a3 (Wy — BWo) + (W — BWo)
a (Wy — BWp) + ia? (W — BWp)
a4
= (W7 — BW, 3.40
( 1 IB 0) ‘X_i_i“z ( )
and
- . W4 + lW1 B W3 =+ ZWO
SWi—asWo = | i, Wi + iW, ]
_ | B(Wi—aWo) +i(Wy — aWp)
B(Wy — aWp) + i (Wy — aWp)
B3 +i
= (W7 —aW, 3.41
(Wq — aWp) B4 if? (3.41)

We can also find the Binet’s formula of the generalized Fibonacci polynomial spinors {SW,, } by
using the Binet’s formula of the generalized Fibonacci polynomial {W, } given by Soykan [32] as

Wn_{ e —cp), «# p

(3.42)
(dy + dyn)a”, a=p.
where
1 = Wl - ,BWO, Cr = Wl — DCWO, (343)
and ,
dl = WQ, d2 = & (Wl - lXWO) . (3.44)

Hence, we present an alternative method for finding the Binet’s formula of SW,, as follows:
For « # B, we obtain that

SW 1 (ca™*3 — B *3) +i(c1a — ")
n (clan+1 _ Czﬁ”+1) 4 i(CltXn+2 _ Czﬁ”+2)

B 1 c1a" 3 icia

1 C2,3n+3 + iCZIBn
06—‘3 C2ﬁn+l _|_1'C2’Bn+2
B +i
B+ ip?

a3+
a + in?

= —— (W — BWo)a" — (Wi —aWp)g"

)

(3.45)
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and for « = B by using (2.1), (2.7), (2.8) and (2.9) we obtain that
(dy +da(n +3))a™*3 +i(dy + dyn)a”
W, 4
W (dy +da(n + 1)) +i(dy + da(n +2))a+2 (3.46)
_ (Wo + 3 (W1 — aWp) (n +3))a® +i(Wo + 5 (W1 — aWp) n)
(Wo + 3 (Wi — aWp) (n+1))a + i(Wo + 3 (W1 — aWp) (n +2))a’
1 o3 +i
= 2" ((Wi=Won| 2 | +SWo). (3.47)

We have the next corollary for special cases of generalized Fibonacci polynomial spinors after the
previous theorem immediately.

Corollary 3.4. For all integers n, the Binet’s formula for (r,s)—Fibonacci polynomial spinors {SGy},
(r,s)—Fibonacci-Lucas polynomial spinors
{SHy}, Fibonacci polynomial spinors {SF, } and Fibonacci-Lucas polynomial spinors {SLy} is given by the

following formulas:
(i)
— @ —pp"), a#p
SGp=14 &P (3.48)
(SGo + (;,Bn)zx", x=p.
where
2 1 2 ;
- a(r ‘+s)+rs+z B B(r ‘+s)+rs+1 and
a+i(ar+s) B+i(Br+s)
r+s
SGo = 1+ir
(ii)
(@a" — BB"), a#p
SHy={ *—F (3.49)
(SHy + (&Bn)oc”, a=B.
where
| a(rP+3rs) + 1?5 + 282 +i(—r + 2a)
| ar+2s+i(a(r? +2s) +rs) ’
B B(r® + 51+ 2rs) + r?s + 252 +i(—r + 2B)
| Br+2s+i(B(r* +2s) +1s)
3+ 3rs +2i
and SHo = r4i(r?+2s) |’
(iii)
(@ — Bp"), a # B
SE,=4{ P (3.50)
(SFy + &/Sn)oc", x=2p
where
_ ax> +x+a+ti
Q= ‘ ,
a+i(ax+1)
= Bx> 4+ x+pB+i x?+1
= F =
P=1brigr+1) |™MS0= ] 1 1ix
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(iv)
—— (an” — "), a#p
SL,={ =B . (3.51)
(SLy + ;gn)vc”, a=p.
where
a(x® +3x) + x2 + 2 +i(—x +2a)
= | ax+2+i(a(x®+2) +x) ’
B B(x3+3x) +x% +2+i(—x+2B)
P71 Brt2+i(B2+2) +)
x3 4+ 3x +2i
Lo =
mdSlo =1\ i 42)
respectively.

Next, we give the ordinary generating function Z SWyy" of the sequence {SW,, }.

n=0

Lemma 4. Suppose that fsw, (y) = Yo SWny" is the ordinary generating function of the generalized
Fibonacci (Horadam) polynomial spinors {SWn }, o Then, Y37 o SWny" is given by

SWp + (SWy — T’SWO)]/
1—ry—sy?

2 SWay" = (3.52)

Proof. Using the definition of generalized Fibonacci polynomials spinors, and substracting
ry Y0 o SWuy™ and sy? Yo SWyy" from Y00 SW,y" we obtain

agk

(1—ry —sy?) Y SWuy" = SWuy" —ry Z SW,y" — sy? Y SWyy"
n=0 n=0

n=0

= Y SWuy" —r Z SWuy"t —s Y SWy"t2
n=0 n=0 n=0

= ) SWuy"—r Z SWy_1y" —s ) SWy,_oy"
n=0 n=1 n=2

= (SWO + SW]]/) — TSWO]/
+ Y (SWy — rSWy_1 — sSWy_p)y"

n=2
= SWy+ (SW; — rSW)y. (3.53)

Rearranging the above equation, we obtain (3.52). [

Lemma 4 gives the following results as particular examples.

Corollary 3.5. Generating functions of (r,s)—Fibonacci, (r,s)—Fibonacci-Lucas, Fibonacci and
Fibonacci-Lucas polynomials spinors are given by the following formulas:

(i)
e 1 12 +s+rsy+iy
SGuy'' = —— 3.54
nZ:O : 1—ry—sy? 1+4i(r +sy) (3:54)
(ii)
& 1 P34 3rs+ (282 +r2s) y +i(2 — ry)
SHyy'= ———— . . 3.55
n;) ny 1—ry—sy? r+2sy +i(r? +2s + rsy) (3:59)
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(iii)
L =y | LA (3:56)
(iv)
; SLyy" = 1x1yy2 i +x3i ;:/(i I;(? ZJyr)if 2_) ) ] ' (357)
respectively.

Proof. In Lemma 4, take SW,, as SG;,, SHy,, SF, and SL;, respectively. Use the first two terms of these
sequences of polynomial by taking n = 0,1 in Table 3 and Table 4 for the formula. O

4. Simson’s Formulas

We start with by defining the generalized Fibonacci polynomial spinor matrix with the help of
Fibonacci spinor matrix definition given by Erisir and Giingor (8). In order to define required matrix,
we need to recall the Fibonacci quaternion matrix defined by Halic1 (8) as follows:

QFk Qh
= 41
< l OF OQF @D
where
QF = Rh+iAB+jh+kbB=i+j+2k
QFh = Bk +iF+jF+kFs =1+ 2i+3j+ 5k. 4.2)
From this point of view, we can define generalized Fibonacci quaternion polynomial matrix as
follows:
QW2 QW
W(x) = . 4.3
In addition, we can define the using pattern of the determinant of a given matrix as follows:
ap a
det l 1 12 ‘| = dppa11 — A12421. (44)
a1 a2

We prefer to use this formula of determinant of a 2 x 2 type matrix throughout the paper.

Erisir and Giingor (8) gave the Fibonacci spinor matrix for Fibonacci spinors helping to obtain
the Simson’s identity. Now, we will present the generalized Fibonacci polynomial spinor matrix in
the next theorem and we will denote this matrix with Sy;. Then, we will use the matrix Sy, to find the
several identities such as Simson’s identity, and so on.

Theorem 3. Let QW (x) be the generalized Fibonacci quaternion polynomial matrix. Then, the following
equality holds from quaternion products via spinors:

det QW(x) = idet Sy
where

| sw, sw,
Sy o= — _ 4.5
W=t [ SW, SW, ] (45
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with
S, — Wi +iWy  W; —iW, = | Wa+iWp  Wr —ilV; (4.6)
07l Wy +iW, —Was+iW |77 | Wiy —Wy +iW, ‘
and
Wy +iWg Ws + iW,
SWy = ,SWp = . . 4.7
YT Wy 4imwg 2 W3+1W4] “7)

Proof. Let nth generalized Fibonacci polynomial spinor SW,, correspond to nth generalized Fibonacci
quaternion polynomial QW,. Given a generalized Fibonacci quaternion polynomial matrix QW(x),
we obtain by (2.28) that

detQW(x) = QWoQW, — QW1 QW

—iSWySW, + iSW,SW; = —i(SWySW, — SW;SW;)
SW, SW;
SW;  SW,

= —idet[ ] = idetSy. (4.8)

Hence, we can write the generalized Fibonacci polynomial spinor matrix corresponding to
quaternion version by using the formula of determinant as follows:

| sw, sw,
Sy — — >V 49
W=t [ SW, SW, ] (49)

where S/I/Vo, S/\Wl, SWj and SW, are given in (4.6) and (4.7). Thus, we have the following matrix:

Ws +iW, Wy +iW, W —iW;
W3 4 i, Wr +iWs  —Wy +iW
Sy = —i 3T 2 s . (4.10)
Wy +1W Wi +iWy  W; —ilW,
Wy + iW; Wi +iW, —Ws3+iW,

O

From Theorem 3, we can present the Simson’s identity in two different forms in the next theorem.
Theorem 4. (Simson’s Identity) For all integers n, we have
SWy—1SWir 1 — SWuSWyy = (—5)" (SW_1SW; — SWoSWp). (4.11)
ie.,

det SWatr - SWy = (—s)" det SWi SWo |
SWy,  SWy_1 SWo SW_4

Proof. For a # B, using (3.45), the Binet’s formula of SW,,, and (2.5) we obtain the following identities:

SWy—1SWy 1 — SWySW,,
('B —n— “3ﬁ4 +"4453 - D(Zﬁ?)
+a3p* — af? + a?B+i (a* — pY))
= —(=s)" e (4.12)
(B —ad +a*B —apt + a2 —ap?
—|—DC3[32 _ “2133 4 (“2 _ ﬁZ _ “2134 —|-Dé4132))


https://doi.org/10.20944/preprints202402.0910.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 16 February 2024 d0i:10.20944/preprints202402.0910.v1

19 of 33

where c; = Wy — Wy and ¢ = W; — aW)j. On the other hand,

SW_1SW; — SWpSW
(ﬁ*“*“3ﬁ4+“4ﬁ3*“2ﬁ3
1 +a3p% — af? +a?B+i (ot — BY))
= ——C102 . (4.13)
5 (‘33_a3+a4ﬁ_“‘34_’_“2‘3_06‘32+“3’32
_“2ﬁ3+i(“2_ﬁ2_“2ﬁ4+0‘4ﬁ2))

From (4.12) and (4.13), we have the required identity:

SWy_1SW,11 — SW,SW,

(—s)" s (vailswl - S’VVOSWO)
= (—5)"(SW_1SW; — SWoSWp).

Now, let us see when the roots are equal, i.e., for « = 8, (4.11) holds for all integers n. Using (3.46),
we obtain that

SW,_1SWy11 — SW,SW,,

6 a4 102 3
- _“2nd% l Epjlaz_—f 20_:—2“— 20(? (—i—tff 1)) (414
where d; = Wpand dp = % (Wy — aWWp) . On the other hand,
SW_1SW; — SWoSW,
6 1412 _ 3
= (“2;&:;410;“3 _1:—:—113 ) 1 ' (4.15)
From (4.14), (4.15) and (2.8) we get the required identity as follows:
SW,_1SWyi1 — SW,SW, = a2 (SW\_lsw1 - S/WOSWO)
= (=s)" (vaTlsw1 - S’WOSWO) .
O
The previous theorem gives the following results as particular examples.
Corollary 4.1. For all integers n, Simson’s formula of (r,s)—Fibonacci,
(r,s)—Fibonacci-Lucas, Fibonacci and Fibonacci- Lucas polynomials spinors are given as
(i)
8Gy115Gy—1 — SGuSGy
= (=1)"s"(SG_15G; — 5GoSGo)
— (1) (ir3+2irs—sa+s2 —s—1) (4.16)

(—r%s — 12+ irs® +ir — 2s)
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(ii)

SHy+1SH,—1 — SHuSH,
= (—1)"s"(SH_1SH, — SHySHy)

- e (e[ PrEea e ]

(iii)
SEri1SE,_y — SESF, = (—1)" [ ((__ 2 1221.’;))) 1 - (418)

(iv)
SLy11SLy—1 — SLySLy = (—1)" ! (x2 +4) ((__ zz;ifx; 122;))) ] (4.19)

respectively.

Proof. The proof can be obtained by Equation 3.22, Table 3 and Table 4. [

If one compare the results (i) and (ii) in Corollary 4.1, it can be seen the quick result presenting the
relation between Simson’s identities for SG, and SH,, as follows:

Corollary 4.2. For all integers n, the next identities hold:

(i)
SH,.1SH,_1 — SH,SH, = (r2 +4s) (sénjlscn,l - S/G\nSGn> . (4.20)

(i1)
SLp1SLy_1 — SLySLy = (x2 +4) (SPn+1SFn_1 - SPHSFn) . 4.21)

Next theorem exhibits the relation of generalized Fibonacci polynomial spinor transforms with
different terms.

Theorem 5. For all integers n, the following identities hold:

(i)
SW_SWy — SWoSWp = (—s) ™" (SWoSWay — SWiSW, ) (4.22)

(i1)

SW_,,SW, — SWoSWp

- (w% — SWZ — rW0W1) (s@?nscn - S/G\OSGO) . (4.23)

(1ii)

SW_,SW,, — SWoSW,

- (wf —sW2 — rW0W1) (—s)7" (S/G\OSGZH - S/G\nscn> : (4.24)

(iv)
SH_,SH, — SHySHy = — (r2 +4s) (sc_nscn - SGOSGO) . (4.25)

(v)

SHySHay — SHySHy = —(—s)" <r2 +4s) (sé?nscn - S/G\OSGO) . (4.26)
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Proof. (i) For a # B, using (3.45) and (2.5) we obtain the following identities:

SW_,SW,, — SWoSW
(an —a = Dé,Bn'H + an-&-l‘B _ IXZ‘Bn-i-Z
+1xn+2[32 _ “3'371-&-3 + 0(”+3‘B3
—iaﬁ"“ + ia”*zﬁ _ iﬂé3ﬁn + ia",B3
1 +mn+3 _ i‘Bn+3 4 iazﬁ”“ _ ioc”“ﬁz)
= ——mcca(a” —p")
(—s) (3B — af+3 4 g2 — o B2 4 B2
—0("+2 + aSﬁnJrl _ 0("+1[33 4 ian+1
—i,Bn+1 _ Z'lklen—"_s + ia3[3n+2
_ian-‘rZ'BS + il’én+3‘32 _ iD(,Bn + izx”ﬂ)

(4.27)
where ¢; = W; — fWp and c; = W; — aWj. On the other hand,

S/VVOSWZn - S/answn
B (‘Bn — = “‘Bn-i-l +0€"+1,B _ aZan-&-Z
+0(n+2ﬁ2 _ 0(3,3”+3 + IX?H—SIBB
_iaﬁn+2 + ian+2’3 _ ioc3/3” + iﬂénﬁB
+ian+3 _ ian+3 + iaZ’Bn+1 _ ian+1ﬁ2)
= —cc(a"—B")
(zx”+3ﬁ _ a'Bn+3 + “21371 _ an’BZ
_|_D‘3‘Bn+1 _ an+2 4 ‘BnJrZ _ Dc"+l/33
+i06n+1 _ i‘Bn+1 _ i&2ﬁn+3 + ia3[3n+2
—izx”+2ﬁ3 + izx"+3/52 _ il’(ﬁn + ioc”ﬁ)

= (—9)" (sWinswn -~ s/vx\zoswo) . (4.28)

Now, let us see when the roots are equal, i.e., for « = B, (4.22) holds for all integers n. Using (3.46),
we obtain that

SW_,SW,, — SWoSWp
” l (—n+ na? + 2ina® + na* + na® + 2ia3) ]
= _ndz

4.2
2a (ot + 243 — na + in) (4.29)

where dy = Wy and dp = % (Wy — aWWp). On the other hand,

SWoSWay, — SW,,SW,,
o | (—n+na?+2ina® + na* + na® + 2ia®)
= —nad; .4 3 . .
2u (ia* 4 203 — na + in)

(4.30)
Therefore, (4.29) and (4.30) give us the next required equality:
SWoSWa, — SWuSW, = o' (SW-,SWi, — SWoSWo )
= (=9)" (SVV\_nSWn - S’WOSWO) : (4.31)

(ii) For a # B, since c; = G1 — BGp = 1 and c; = G; — aGp = 1, we can immediately the following
identity from using (4.27) and taking W, = Gy:
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SG_4SGn — 5GoSGy
B (ﬁn R aﬁnJrl —I—Dén+1,3 _ 0‘2‘Bn+2 ]
+l¥"+2,32 _ oc3ﬁ"+3 + an+3[33
—ilXﬁn+2 + iD(n+2,B _ i0(3ﬁn + l'[xnﬁS
—l—l'tanrS _ i'Bn+3 + i“2’8n+1 _ ian+1ﬁ2)

(_S)n (0("+3}3 _ (Xﬂn+3 + aZ’Bn o DCWIBZ
+ﬁn+2 _ ‘X'rlJrZ + a3ﬁn+1 _ “n+1133
_,_l'an+1 _ iﬁnJrl _ iDcZﬁn+3 4 ivc3,3”+2
_Z'{xn+2’B3 + ilX"+3le _ l'lX,Bn + ioc",B)

(4.32)

Hence, the product ¢ ¢y in (4.27) equals (I/\/12 — sW& — rW0W1) by (2.4) and (2.5) and by comparing
the identities (4.27) and (4.32) have the desired identity:

SW_,SW,, — SWySW,
- (w% —sW2 — rW0W1> (sanscn - s/c\osco) .

We now prove the identity holds for all integers n for equal roots, i.e, for « = B. By taking
W, = G, in (4.29), since dy = 0and dy = % we arrive the following identity.
SG_uSGy — 5GoSGo
_n | (—n+na? + 2ina® + nat 4 na® + 2iad)
2a (i + 203 — na + in) '

(4.33)

a2

Therefore, the product d3 in (4.29) equals (W7 —riWoW; —sW3) by (2.7) and (2.8) and by
comparing the identities (4.29) and (4.33), we have the desired identity.

(iii) Itis clear from (i) and (ii).
(iv) Considering SW,, = SH, for all integers 1 and setting the value of (W? — sW3 — riWoW ) in (ii)
from Table 1, we reach the desired identity.
(v) Itis obvious from (i) and (iii).
O

Through Theorem 5 by taking SW, = SG;, and SW,, = SH;,, we can see a more general formula
of (r,s)—Fibonacci polynomial spinors SG, and (7, s)—Fibonacci-Lucas polynomial spinors SHj in
the next corollary.

Corollary 4.3. For all integers n, the following equalities hold:

(i)

SG_1SGy — 5GoSGo = (—s) " (s’c?osc;z,1 - s’G\nscn) . (4.34)
(ii)

SH_,SH, — SHySHy = (—s) ™" (SHOSHZn - SHnSHn) . (4.35)

Next corollary is the result of Corollary 4.3 for special cases.

Corollary 4.4. For all integers n, the following equalities hold:
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(i) - - - -
SF_,SE, — SEySFy = (—1)" (SFOSF2n - spnspn) . (4.36)
(i1)
SL_4SLy — SLoSLy = (—1)" (SLOSLZn - SLnSLn) . (4.37)

We can rewrite the Simson’s formula in five different way by previous corollaries and theorem.

Theorem 6. (Simson’s Identity) For all integers n, Simson’s identity of generalized Fibonacci polynomial
spinors can be given with the next five different formulas:

SWi—1SWiy 11 — SWuSW,,
= (=s)"" (SWoSW; — SWiSW4 )
= (=s)" (W2 — sWE — rWoW ) (SG_15G1 — 5GoSGo )
= (—s)"1 (Wf —SWE — rWoW1) (s/c?osc;z - 5/\(;15G1) : (4.38)
and
(r2 + 4s) (SVT/;_lsv\/n+1 . S/I/VnSWn)
= (—s)"! (wl2 — W2 — rW()Wl) (sﬁlsH1 - STEJSHO)
- - (wlz —SWE — rW()Wl) (5’}705H2 - S/\HlSH1> : (4.39)

5. Some Identities

In this section, we obtain some identities of generalized Fibonacci (Horadam) polynomials spinors,
(r,s)-Fibonacci polynomials spinors and (r, s)-Lucas polynomials spinors. Firstly, we can give a few
basic relations between {G,, } and {SW,}.

Theorem 7. For all integers m, n we have
SWitm = SWyGp1 +5SW,_1Gyy (5.1)

ie.,

Proof. For m > 1 and m < 0, we use induction on m. First we assume that m > 1.
The equation is true for m = 1 since

SWyy1 = rSWy+sSW,_4
= SWnGQ + SSWn_l Gl (53)

where Gy = r and G; = 1. For m = 2, the equation is also true which we can see below, because using
definition of SW,, and the values G, = r, G3 = s + 2, we get

SWyio = rSWyi1+SSW, = r(rSWy + sSW,_1) + sSW,,
= (s +1*)SW, 4 rsSW,,_1 = SW,G3 + sSW,,_1 G». (5.4)
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Assume now that the equation holds for all m with 0 < m < k 4 1. Then, by assumption, for
m = k and m = k + 1 we have, respectively,

sSWiyik = S(SWnGk+1 + SSanle), (5.5)

and
rSWytks1 = 7(SWnGk+2 + SSWn—le-H)' (5.6)

By adding up these two equations we get

T’SWn+k+1 + SSWn+k = T(SWnGk+2 + SSWn_1Gk+1) + S(SWnGk+1 + SSWn_le), (5.7)

ie.,

SWitk2 = SWi (rGrya +5Ggy1) +5SWy—1 (rGryr + 5Gy)

= SWyGgyz +3SW,_1Grip (5.8

which yields the equation for m = k 4 2.
Now, we proceed by induction on |m| = —m = v when m < 0. For v = 0, thatis m = 0, the
equation is true because

SWn = SWnG1 + SSWn_1G0 (5.9)
where Gg = 0 and G; = 1. For v = 1, thatis m = —1, it is true because
SW,,_1 = SW,Gg +sSW,,_1G_4 (5.10)

where Gy = 0and G_; = 1. Suppose that it holds for all v = |m| = —m with 1 < v < k + 1. Then, by
assumption, for v = k and v = k + 1 we have, respectively,

1 1
ESWn_k = E(SWnG_kH +sSW,,_1G_g) (5.11)
and ., .,
TSWn—k—l = T(SWnG—k + SSWn,1G_k_1). (5.12)
By adding up these two equations we get
—r 1
Tswnfkfl + anfk
— 1
— T’(swnc,k +5SWy1G 1) + < (SWaG g1 +5SWy1G ), (5.13)
ie.,
r 1 r 1
SWik—2 = SWa(= Gkt Gppr) +85Wy1 (=G g1+ Gi)
= SWyG_j_1 +sSW,_1G_k_o; (5.14)

thus we obtain the equation for v = |m| =k +2. O
We then have next result via Theorem 7 as a corollary.
Corollary 5.1. For n € Z, the following equalities are true:

(i)
SWy = SWoGy i1 + (SWi — rSWp) Gy (5.15)
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(ii)
(4s 4+ r*)SW,, = (2SWy — rSWo)Hyq1 + (—7SWi + (25 4 r*)SWy) Hy, (5.16)
(iii)
(iv)
SGuym = SGuGpy1 +55G,_1Gm (5.18)
(v)
SHy+m = SHuGy41 +sSH;—1Gyy (5.19)
(vi)
SGu = SGoGy41 + (SG1 —1rSGo) Gy (5.20)
(vii)
SH, = SHyGy+1 + (SHy —rSHy) Gy, (5.21)
(viii)
(4s +r%)SH, = (2SH; — rSHy)H, 411 + (—rSHy + (25 +1?)SHy)Hy, (5.22)
(ix)
(4s +1)SG, = (285G — rSGo)Hy 11 + (—7SGy + (25 4 1*)SGo) Hy (5.23)
(x)
SGutm = GnSGy41 +5G,_1SGm (5.24)
(xi)
Proof. (i) If we take m equals 0 in (5.2) then we obtain the required equation.
(ii) If we use the following equations in a) coming from [32]
(r? +45)G, = 2H,.q —rH,,
(12 +45)G, = rH,+2sH, 4 (5.26)

then we have the required equation.
(iii) Take n — 1 instead of n and m + 1 instead of m in (5.2).
(iv)-(v) Take SGy,+;, and SH,, 4, instead of SWy, 4, in (5.1).
(vi)-(vii) Take SG,, and SH,, instead of SW,, in (5.15).
(viii)-(ix) Replace SW,, = SG;, and SW,, = SH,,, respectively in (5.16).
(x)-(xi) Replace SWy 4+ = SGyym and SWy 4 = SHy 4, respectively in (5.17). O

We obtain the next corollary from Theorem 7 and Corollary 5.1 (iii). Next identities will be useful
for us in the last section.

Corollary 5.2. Let n € Z. The following equalities are true:

(i)
SW,y = GuSW; + 5Gp_1SW. (5.27)

(ii)
SWi1 = GnSWs + 5G,_1SWi. (5.28)

(iii)
SWii1 = Gyu11SW1 +5G,SWy. (5.29)

(iv)

SWit2 = Gy11SWs + G, SWy. (5.30)


https://doi.org/10.20944/preprints202402.0910.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 16 February 2024 d0i:10.20944/preprints202402.0910.v1

26 of 33
Theorem 8. (Catalan’s identity) Let n and m be any integers. Then the following identity is true:
W mSWo i — SWSW,, = (—5)" (SW-SWy: — SWoSW ) (5.31)
ie.,

Proof. Letn and m be any integers. Using the Binet’s formula of SW,,, SW;,_;, and SW;,,;, we obtain
the desired identitiy by (2.5) and Equation 4.22 in Theorem 4.3 (i).

SWou—nSWi-rm — SWuSWy
B (le — M _ lx'Bm+1 +am+1‘3_a2ﬁm+2 T
+am+2[32 o O(S‘Bm-‘rS + l’(m+3‘33
_ia'Bm+2 + iam+2’8 _ izx3,8”’ + izx’”[%g’
+iam+3 _ iﬁm+3 + ia2’3m+1 _ mm+1’32)
— 7an—m‘3n—mC1C2 (lxm _ ﬁm)
(Dcm+3ﬁ _ “'Bm-&-B + “Z}gm _ am'B2
_’_ﬁerZ _ am+2 + “3ﬁm+l _ Dchrlﬁ?’
—|—i0¢m+1 _ i‘Bm—i—l _ iaZ’Bm+3 + iﬂé3le+2
7l'(xm+2ﬁ3 + iam+3[32 _ i“ﬁm + ux”’ﬁ)

= amgman-mpgn—m (vaimswm - s/vvoswo)

= (=) (svﬁmswm - s’WOst) . (5.33)
When we take S$G,,SH;, SF,;SL; instead of SW,, we have the Catalan’s identity for
(r,s)—Fibonacci, (r,s)—Fibonacci-Lucas polynomial spinors, Fibonacci polynomial spinors and

Fibonacci-Lucas polynomial spinors, respectively. [

Corollary 5.3. Let n and m be any integers. Then the following identities are true:

(i)
SGr-mSGuim — SGnSGy = (—s)" (SamSGm - S/G\OSG0> (5.34)
ie.,
SGn+m S/C;\n n SGm S/C;\O
Gy SGiw | = sqy sT (535
(i) N N N N
SHy yuSHym — SHySHy = (—s)" (SH_mSHm - SHOSHO) (5.36)
1e.,
SHy+m SHy .| sH.  SH,
— = — —_— 5.37
‘ sH, SH- |~ T sm, sa, (-37)
(1ii)
SEy_mSFpsm — SE,SE, = (—1)" (SF,mSFm - SPOSPO) (5.38)
1e.,
SFutm Sk = (-1)" SFn Sk (5.39)
SE,  SE,_m SFy SE_n, '
(iv)

SLu-nSLutm — SLuSLy = (~1)" (SL=uSLyn — SLoSLo) (5.40)
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ie.,
Sl Sk | _ (-1)" SLm SLo (5.41)
SLy, SLu—m SLop SL_m
We next take an example of Catalan’s formula for a speacial n and m.
Theorem 9. We have the Catalan’s identity forn = 2and m =1,
SW,SW5 — SWaSW, = 2 (sWTlsw1 - s/vVOswo) . (5.42)

We can also exhibit the Catalan’s identity in other forms via Theorem 4.3 as in the next corollary.

Corollary 5.4. (Catalan’s Identity) For all integers n and m, Catalan’s identity of generalized Fibonacci
polynomial spinors can be given with the next five different formulas:

SWo—mSWorm — SWuSW,,
(—s)" ™ (S/WOSWZm - s/vV,nswm)

(=s)" (W} — sW§ — rWoWa ) (SG_uSGin — SGoSGo)

(W7 — sW§ — rWoWi ) (SGoSGan — SGuSGin ) (5.43)
and
(r2 + 4s) (svv;mswnm f S/WnSWn)
= —(=s)" (wf — W2 — rW0W1> (sﬁfmSHm - S/EOSHO)

= — (W2~ sW§ — rWoWy ) (SHoSHay — SHuSHy ) (544)

Theorem 10. Due to Theorem 4.3, Catalan’s identity of (r,s)—Fibonacci polynomial spinors,
(r,s)—Fibonacci-Lucas polynomial spinors, Fibonacci polynomial spinors and Fibonacci-Lucas polynomial
spinors can be written in many different ways as a result of Corollary 5.4.

(i)
SGu-mSGuim — 5GnSGy
= (=s)" ™ (s’c?oscm - s’c;\mscm) (5.45)
(#+45) (SGu wSGuim — 5GuSGn )
= —(=s)" (sH?mSHm - sAHOSHO) (5.46)
(r2 n 45) (s@mscﬁm - s?nscn)

— (s’ﬁOSHZm - S/H\mSHm) : (5.47)
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(i)
SHy—mSHy4m — SHySH,
= (—s)"m (s’ﬁOSHZm - S/H\mSHm> (5.48)
Sffn\fmSHner - S/I'TnSHn
= —(=s)" (r2 + 4s) (sé?mscm - s’c?osco) (5.49)
SHy—mSHy+m — SHySH,
- <r2 +4s) (S/G\OSGZm - si;\mscm) . (5.50)
(iii)
Sl:/‘rlthFner - §F\‘nSFn
= (-1 (§FOSP2m - STF\mSPm) (5.51)
(XZ + 4) (anthFn+m - S/F\nspn>
= —(-1" (sffmSLm - §L\05L0) (5.52)
<x2 + 4) (SE\_mSFn+m - §F\nSFn>
- (S/L\OSLM - S/L\mSLm> . (5.53)
(iv)
SLu—mSLu4m — SLaSLy
= (-1 (§L\05L2m - S/I;nSLm) (5.54)
SLy—mSLysm — SLaSLy
= (-1)" <x2 n 4) (Sf_\mSPm - §F\OSFO) (5.55)
SLTnthLner - S/L\nSLn
— (x2 + 4) (§Fosp2m - s’aspm) . (5.56)

6. Sum Formulas

In this section, we present sum formulas of generalized Fibonacci (Horadam) polynomial spinors.

Theorem 11. For generalized Fibonacci (Horadam) polynomial spinors, we have the following sum formula:
If —s —r+1 # 0 then

i S, — (—S — T)SWn —sSW,,_1 +SW; + (1 — T’)SWO ©6.1)
k= —s—r+1 ' '

Proof. Using the recurrence relation
SWy = rSW,,_1 +sSW,, > (6.2)

ie.
—sSW,,_» =rSW,,_1 — SW, (6.3)

we obtain
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—SSWO = TSWl - SW2
—SSW1 = T’SWZ - SW3
—SSW2 = TSW3 — SW4
—sSWy_p = rSWy_1 —SW, (6.4)
If we add the equations side by side, we get
n—2 n—1 n
—S 2 SWk =T Z SWk - Z SWk. (6.5)
k=0 k=1 k=2
Since
n
-3 Z SWy — SW,_1 — SW,
k=0
n n
= r ZSWk—SWn —SWp | — stk—swo—swl (6.6)
k=0 k=0
we get
n
(=s—r+1) ZSWk
k=0
= —sSW,,_1 —sSW,, —rSW,, —rSWy + SWy + SW; (6.7)
and so ;
1
Y SWe=————(—(r+5s)SWy —sSW,_1 + SW; + (1 —r)SWj) . (6.8)
Prar —s—r+1

Corollary 6.1. For (r,s)—Fibonacci, (r,s)—Fibonacci-Lucas, Fibonacci and Fibonacci-Lucas polynomials
spinors, we have the following sum formulas: If —s —r +1 # 0and x # 0 then

(i)
n
Y SGy
k=0
1 r24sr+s4i
= —s——r~|—1((_s — T’)SGn — SSanl + 1+ 1(1’ + S) ) (69)
(i1)
n
Y SHy
k=0
1
= _s_—r_f_l((_s — r)SHn - SSHn_]
3+ 1% +3rs + 252 +i(r — 2) ) (6.10)
r+2s +i(rs + % + 2s) ’ '
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(iif)
G 1 x4
F,=——((-1—-x)SF, — SF,_ . 6.11
Y SFi= = (-1 =)k = SEa+ | TET ) (611)
(iv)
" 1 X3+ x%+3x+2+i(x —2)
Ly=——((-1—x)SL, —SL,_ 12
k;(]Sk ~((=1=x)SLy — SL, 1 + 2 i ta? 1) ) (6.12)
7. Matrices associated with Generalized Fibonacci Polynomial Spinors
Let A = ( ; (s) ) and Ngw = ( ixj gx(l) ) . Then, we know by Soykan[32] that
G sG
Ar = T "o 7.1
( Gy SGn,1 ( )

Hence, we obtain the next theorem from matrix product by using the identities in Corollary 5.2.

Theorem 12. For all integers n, we have

SW, SW,
AN _ n+2 ntl | 7.2
Nsw ( SWyi1  SW, (7.2)

Proof. For all integers 1, we product the required matrices and use the identities in Corollary 5.2.
G sG SW, SW
An N. — n+1 n 2 1
W < Gn  sGuo1 ) \ SWi SWp

Gn+1SW2 + anSW1 Gn+1SW1 + SGnSWO
GnSWZ + an_lswl GnSW1 + SGn_15W0

Swn+2 SWn+l
= . 73
< SWyi1  SW, 73)

O

Note that by taking SW,, as SG,;, SH;, SF; as SL,, we get the following matrices.

Neo — SG, SG;
56— SG; SGo

r* 4+ 3125 + 52 + ir 34 2rs 4 i
r2 45410 (rP +2rs) ] r+i(r*+s)
_ , (7.4)
4+ 2rs+i 2 +s
r+i(r2+s) ] 1+ir
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SH,

SH;
SH, SH,

2r* 4+ 135 4 5r2s
+2rs? + 8> +i(2r +s)

(21’2 +7rs+s)
+i (213 + r?s 4 3rs + s?)

2r3 +12s
+3rs +s2 +i

(2r +5)
+i (21’2 +rs+5)

SF
SFy

2 4+3x2 +1+ix ]

SE
SF,

NSF—<

X2+ 1410 (x3+2x)

X3+ 2x+i
x+i(x2+1)

SL, SI,

SL; SLg

2x* + x3 + 5x% + 2x
+1+i(2x+1)

(2x* +x+1)
+i (203 + 22 +3x + 1)

2x3 + x2
+3x+141

(2x+1)
+i(2x2 4+ x+1)
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2r3 +1%s
+3rs + 52 +i

(2r+5s)
+i (2r2 + rs +s)

2r2 +rs+s+2i
14+i(2r+s)

X34 2x +i
x+i(x2+1)

x2+1
1+ix

2x3 4+ x2 4+ 3x
+14+1i

(2x+1)
+i (2% +x +1)
2x2 4+ x+1+42i

1+i(2x+1)

Theorem 12 gives the following results as particular examples.

Corollary 7.1. For all integers n, we have

(1)
SG
A"Nsg = e
5¢ ( SGui1
(ii)
SH
A'rlN — n+2
st < SHn—H

SGn+1
SGp

SHn+1
SH, '
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, (7.5)

, (7.6)

7.7)

7.8)

(7.9)
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(iii)
SF,.» SF,1
A"Ngp = e n 7.10
SF (SFn+1 SE, (7.10)
(iv)
SL SL
AnN — n+2 n+1 ) 711
SL <5Ln+1 SL, (7.11)

8. Conclusions

Fibonacci numbers and the golden ratio associated with these numbers have been the focus of
attention among mathematicians for many years. Over the years, new number and polynomial
sequences have also been defined and examined their several properties. The most prominent
ones are Pell, Pell-Lucas, Jacobsthal, Jacobsthal-Lucas numbers and polynomials. On the other
part, the starting point of this study is spinors, which scientists initially abstained from, but
recently showed great interest in, and are a tool for explaining complex situations in physics
through concepts in mathematics. This work not only introduces generalized Fibonacci polynomial
spinors, (r,s) —Fibonacci polynomial spinors, (r,s) —Fibonacci-Lucas polynomial spinors, Fibonacci
polynomial spinors and Fibonacci-Lucas polynomial spinors but also gives a wide perspective for
sequences of polynomial spinors. While changing r and s, known different sequences of polynomial
spinors are found. For instance, taking » = 2x and s = 1 in (3.2), generalized Pell polynomial spinors
can be defined and taking r = 1 and s = 2x in (3.2), generalized Jacobsthal polynomial spinors can
be described. Thus, as a corollary, generalized Pell spinors and generalized Jacobsthal spinors can be
introduced. Aesthetic results of the sequences we worked on in quantum mechanics seem interesting.
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