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Abstract: In this work, by using one dynamic Gronwall-Bihari type integral inequality on time scales,
an interesting asymptotic behavior property of high-order nonlinear dynamic equations on time scales
was obtained, which also generalized two classical results belong to Maté and Neval’s and Agarwal
and Bohner’s respectively.
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1. Introduction

Since Stenfan Hilger has introduced the theory of time scales which unify continuous and discrete
analysis and extend the continuous and discrete theories to the case “in between", in the last few
decades, the theories have gained considerable importance and attention due to their numerous
applications to literally all branches of science such as statistics, biology, economics, finance, engineer-
ing, physics, and operations research have been given. The literature on such dynamic differential
equations and their applications is vast; see the monographs of Martin Bohner and Alian Peterson [2,
3], Martin Bohner and Svetlin G. Georgiev [4] and the references given therein.

It is well known that Gronwall-type integral inequalities and their discrete analogues play a
dominant role in the study of quantitative properties of solutions of differential, integral and difference
equations. During the last few years, some Gronwall-type integral inequalities on time scales and their
applications have been investigated by many authors. For example, we refer readers to [5-13]. In this
paper, motivated by the paper [5,16], we using a Gronwall-Bihari type dynamic inequality to have
established an interesting asymptotic behavior property of high-order dynamic equations on time
scales. For all the detailed definitions, notation and theorems on time scales, we refer the readers to the
excellent monographs [2,3] and references given therein. We also present some preliminary results that
are needed in the remainder of this paper as useful lemmas for the discussion of our proof. In what
follows, R denotes the set of real numbers,R+ = [0, +00); C(M, S) denotes the class of all continuous
functions defined on set M with range in set S, T is an arbitrary time scale, and C,; denotes the set of
rd-continuous functions. Throughout this paper, we always assume that ty € T, Ty = [to, +00) N T.

2. Some Lemmas and Main Result

Lemma 2.1 ([11]). Let T be an unbounded time scale t,ty € T; and u(t),a(t),b(t) be nonnegative
continuous functions defined for t € T. Assume that a(t) is nondecreasing fort € Tand 0 < r < 1. If

fort € T we have ,
u(t) <a(t)+ | b(s)u'(s)As, (2.1)

to
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then
a(t)eb(t, to), r=1,

u(t) < (2.2)

a(h) [1 T (1 r)/ttb(s)As} ﬁ, 0<r<1,

t
where ¢y (t,tg) = exp {/ CH(S)(b(s))As}, and the cylinder transformation ¢y, : C;, — Zj, defined by
to

() = 3 Log(1+ 2h),

where Log is the principal logarithm function.

Lemma 2.2. For any rd-continuous nonnegative function b(t), we have inequality

ep(t tp) < exp /t: b(s)As. (2.3)

Proof. By the representation [2, (2.15)], we have

en(t, to) exp{/ Eute s))As}

If u(s) = 0, it flows that

If u(s) > 0, we have

Log(1+ p(s)b(s)) _ log(1+p(s)b(s))
1(s) u(s)

Cu(s) (b(s)) =

— b(s) p(s)b(s) —log(1 + p(s)b(s)) (24)
p(s)
Setting f(x) = x —log(1 + x) for x > —1, from (2.4) we obtain that
f(u(s)b(s))
5 (b(s)) =b(s) — <b(s),

Cu(s)(b(s)) = b(s) (s) (s)
since f(x) > 0forx > —1. O
Theorem 2.3. Let[ = [1,00),Ty = TN I, n € N*, rd-continuous functions p; : Ty - R*,1 <i<n—1.

Iffort € Ty, ri(i =0,1,2,..,n — 1) are constants with 0 < r; < 1, a function y is n times differentiable
on Tin and assume that

(B < sz Iy ()] (2.5)

and
—+o00
/1 sty (5) As < +oo. (2.6)

Then there exists v > 0 such that

(i) [y ()] = O(yt" 1), k=0,1,2,--- ,n—1;
and
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. . A1 .
(i1) tgrfooy (t) exists.
Proof. From (2.5), for any t > ty > 1 we have
An—1 An—1 n-1 t Ai 7
ORI W OO 27)
i=0 "0

which follows that for tg = 1

A1 A1 n-l t ) Al ri
> OI<ly™ O+ Z/l pi(s)ly” (s)""As
i=0

n—2 . )
=" Wi+ E [ P s+ [ paely o) as

Without loss of generality, assume that |yAn_1 (1)| > 1, from the last inequality and by Lemma 2.1 and
2.2 we obtain that

-1 -1 n=2 t i
012 [l W1+ L [ o @rss| G, 28)
i=0
where

t
exp/1 Pu-1(s)As, 1,1 =1,

G1(t) ) (2.9)
t 1
{1 +(1- rn,l)/l pn,l(s)As] Tl o<y < 1
From (2.8), (2.9) and condition (2.6), we have
An-1 n=2 ot Al ;
Ol <Ki+ L [ M)y )1, (210)
i=0

where
n—1
Ki = |y*  (1)|My, My = Gi(+o0).

Integrating (2.10) from 1 to ¢, > 1 and using the change of order integration formula [17, Lemma 2.1],
we obtain that

n-2 n-2 n=2 rt i )
v O] < [y ()] + Ket +t 2/1 Mipi(s)ly™ (s)["'As, (2.11)
i=0
which follows that

A2
VAU

n-2 n=3 rt i\
SRS (K + L [ Mipio)ly (5) s+
i=0

S

¢ A2 Tn—2
—1—/1 Mis"2p,_5(s) <|y(s)|) As.

Using Lemma 2.1 and 2.2 to the last inequality again, we have

An—2 ) n—3 ; i
e ek T | Mipi)ly¥ ()1 as|Ga(), (212)
i=0
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where
t
exp/ M;ys"2p,_»(s)As, ry_p =1,
1
Gy(t) = (2.13)
t 1
[1 +(1- rn_g)/l Mls’"*an_z(s)As} T2 0 <, < 1.
(2.12) implies that
n—2 n=3 t i )
O <Kot [ Mapi(9) Y (5) s (214)
i=0
where
n—2
K, = (|]/A (1)| + Kl)Gz(-i-OO),Mz = M1G2(+00).
By mathematical induction, we will derive that
. R W Z.
> (O] < Kt Z(;) t! /1 Mjpi(s)ly™ (s)["As, (2.15)
1=l
where K]- and M]- are constants, j = 1,2,--- ,n — 1. Especially, for j = n — 1, we have
¢
(1)) < Kn—lt”_2+t”_2/1 My —1po(s)ly(s)|As, (2.16)

Integrating (2.16) from 1 to ¢, > 1 and using the change of order integration formula again, we
can obtain that

t
ly(£)] < Kot"™ + f’H/l M, —1po(s)|y(s)[As

where K is a suitable constant. (2.16) can be re-written as

t o
VOl < s | Mnlpo(s)s(nlmoy(sz) As
1

tn—l — gh—

Using Lemma 2.1 and 2.2 to the last inequality, we have
ly(t)] < Mpt" ", (2.17)

where

+o0
Ko exp A Mls("*l)’opo(s)AS, ro=1,

Mo = (2.18)
o s
Ko {1 +(1- ro)/l Mls(”*l)’opo(s)As} 00<r <1

From (2.15)-(2.18) we can derive that
|]/Ak(t)| S aktnikillk = O/ 1/2/ Y 1. (219)

where ai, (k=0,1,2,--- ,n — 1) are some constants.
Sety = max {ay}, from (2.19) we have proved (i);
0<k<n—1

By condition (2.6), combing with (2.7) and (2.19) we obtain that

. n—1 n—1
lim [y*" (t) —y* ()| =0.

t,tg——+oo


https://doi.org/10.20944/preprints202502.0704.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 10 February 2025 d0i:10.20944/preprints202502.0704.v1

50f6
From the Cauchy criterion [4], it follows that tEIJPoo yAn_l (t) exist. O
By Theorem 2.3, we can get the following corollary easily.
Corollary 2.4. Consider initial value problem
N = fy ey, yY () = Kiforo<i<n—1 (220)
where f : T x R" — R is supposed to satisty
n—1
[f(tuo, - una)] < ;)Pi(t)luil” (2,21)

forallt € T1, {u;:0<i<n—1} CR;pi(t)(i=0,1,--- ,n — 1) are defined as in Theorem 2.3 and
satisfy condition (2.6). Then there exists oy > 0 such that for every solution y of (2.20) satisfies
@) .

> ()| = O(yt"F 1), k=0,1,2,--- ,n—1; (2.22)

and (ii)

lim 32" (t) exists.

m y (t) exists

Remark1. WhenT =R, r; =1,i=0,1,--- ,n — 1, from Theorem 2.3, we can get a main result of Mdté and
Neval's ([16], Lemma 2); when T = Z,v; = 1,i = 0,1, - - ,n — 1 with some suitable conditions we can get one
another main result of Mdté and Neval’s ([16], Lemma 6).

Remark 2. Whenr; = 1,i = 0,1,--- ,n—1, from (2.22), we can get the similar result of Agarwal and
Bohner’s ([17], Theorem 7) under some simpler conditions on p;(t), (i =0,1,--- ,n —1).
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