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Abstract: In this paper, the stability and stabilization problems of singular fractional order systems
(FOSs) with order α ∈ (0, 1) are investigated. Firstly, admissibility criteria for singular FOSs are
proposed by introducing full-column rank matrices. Next, the admissibility criterion using only one
(linear matrix inequality) LMI variable is presented. A branch-and-bound algorithm (BBA) is designed
to solve the bilinear constraints appearing in the stabilization criterion. Finally, the validity of the
given results is verified by numerical simulations.

Keywords: singular fractional-order systems; admissibility criteria; branch-and-bound algorithm;
full-column rank matrix; strict LMI

1. Introduction
Fractional-order systems (FOSs) have attracted a wide range of attention in recent years from

an application point of view, since many physical systems can be described concisely and accurately
in terms of FOSs [1,2]. Thanks to the great efforts of researchers, many valuable results have been
obtained for stability analysis [4] and controller synthesis [5] of FOSs.

Stability is a key issue in control theory [6–10], particularly for FOSs. As in the case of integer-
order systems (IOSs) [11,12], the stability of linear FOSs [13] depends on the localization of eigenvalues
in the complex plane [14]. However, the research results in [14] lack a systematic approach to solving
the stability problem of FOSs and are limited to stability analysis rather than control applications. Since
the early 1960s, the linear matrix inequalities (LMI) approach has been instrumental in control theory,
primarily since many control-related problems can be formulated as convex optimization problems
involving LMIs [15]. In terms of stability, one of the most well-known LMI conditions arises from
applying Lyapunov theory to linear time-invariant systems of integer order. This LMI condition enables
testing whether the system poles are located in the left half of the complex plane. Due to the differing
stability domain properties across various fractional-order intervals [16], researchers have classified
the order of FOSs into two primary ranges: [1, 2) and (0, 1). In the study of singular FOSs, the issues
are significantly more complex than in standard systems, as the admissibility property—including
regularity, non-impulsiveness, and stability—must be addressed. Many challenging problems remain
in the area of stability analysis and controller synthesis for singular FOSs. In fact, either the decision
matrix involves complex numbers [17–19] and too many numbers [20,21], or the criteria yield LMI
conditions with equality constraints[22,23]. These limitations make these criteria too complex to be
used directly in controller design. For example, [21] makes assumptions about the form of the variables
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in the controller design, thus introducing conservatism. Furthermore, the results in [24,25] were in
the bilinear matrix inequality form, which is more complicated to solve. In order to eliminate these
drawbacks, some results have been proposed for the synthesis of state feedback controllers in the form
of LMI based on matrix singular value decomposition [26]. However, the results presented in [26]
only provide sufficient conditions. For singular FOSs of order belonging to (0, 2), [27,28] provided
design methods for state feedback controllers and state output feedback controllers, respectively.
Nevertheless, [27,28] focused only on the stability problem rather than the broader admissibility
problem and provided results under the assumption that singular FOSs are regular, which does not
always hold. In recent years, some results using strict LMIs have been reported for solving control
problems of various types of FOSs. In [29], the problem of stability and robust stabilization of FOSs is
investigated and an approach using strict LMIs with minimal decision variable is proposed. In [30–33],
control methods for singular FOSs are also proposed, including state feedback control, derivative
feedback control and H∞ control. For α ∈ (0, 2), Zhang et al. [34] proposed a unified framework for
singular FOSs.

The above discussion motivates us to focus on the issue of admissibility and stabilization of
singular FOSs. First, the bilinearity problem encountered in state feedback controller design is solved
using the branch-and-bound algorithm (BBA). Subsequently, the extension of the results in [11] gives
necessary and sufficient conditions for the admissibility criteria of singular FOSs. Finally, the singular
matrix decomposition technique is used for state feedback control of closed-loop systems. The main
contributions are summarized as follows:

(1) The proposed admissibility criteria are different from all existing criteria. Unlike in [21], which
involves an excessive number of decision variables, the proposed admissibility criterion uses only
a single LMI variable. This paper not only reduces computational complexity but also extends
the results of [11] from IOSs to singular fractional-order systems with orders in (0, 1).

(2) These criteria provide several advantageous characterizations of existing results. The proposed
approach avoids the use of complex variables [17–19], making it well-suited for handling eigenval-
ues of system matrices with positive real parts; it does not involve a large number of LMI variables
[20] and does not contain equality constraints [22,23], making it easy to both for controller design
and numerical simulation.

(3) Admissibility and stabilization problems for singular FOSs with orders in the interval (0, 1)
solved. Equality constraints and non-strict linear matrix inequalities have been removed in all
admissibility conditions to facilitate checking. A BBA was devised to solve the bilinear problem
[24,25] arising in stabilization criterion.

The paper is organized as follows: The foundational results needed for the analysis are provided
in Section 2. Section 3 details the main findings related to singular FOSs. Section 4 validates these
results with computational examples. In conclusion, Section 5 presents final remarks and highlights
the main contributions.

Notations : Let X ∈ Cn×n denotes that X is a complex matrix of dimension n × n and X ∈ Rn×n

denotes that X is a real matrix of dimension n× n. λ = ℜ(λ)+ℑ(λ)j denotes a complex number, where
ℜ(λ) and ℑ(λ) denote the real and imaginary parts of λ, respectively; j denotes the imaginary unit. I
denotes the unit matrix with the appropriate dimension. X < 0 (> 0) represents that the eigenvalues
of the matrix X are all less than zero (greater than zero). The conjugate transpose (transpose) of the
matrix X is denoted as X∗ (XT) and X + XT is denoted as sym(X). The symbol X ⊗ Y denotes the

Kronecker product of the matrices X and Y. Given a fractional order 0 < α < 2, let Θ =

[
a b
−b a

]
,

where a = sin(πα
2 ) and b = cos(πα

2 ).
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2. Problem Statements and Preliminaries
Consider the following singular fractional-order linear system

EDαx(t) = Ax(t) + Bu(t), (1)

where x(t) ∈ Rn denotes the state vector; α ∈ (0, 1) is the fractional order; A ∈ Rn×n and B ∈ Rn×l

represent the known matrices; E ∈ Rn×n signifies a singular matrix with a rank of m, where m is less
than n. In case of u(t) = 0, system (1) reduces to

EDαx(t) = Ax(t). (2)

For the given system (2), there exist n × n dimensional real invertible matrices G and W satisfying

GEW =

[
I 0
0 0

]
, GAW =

[
A1 A2

A3 A4

]
. (3)

Lemma 1 ([31]). A sufficient and necessary condition for the system (2) to be impulse-free is that the
matrix A4 is non-singular.

Lemma 2 ([31]). The system described in (2) is admissible if and only if the following statements hold,
respectively:

(1) for α ∈ (0, 1), there exist n × n dimensional real square matrices X and Y such that[
EX EY
−EY EX

]
=

[
XTET −YTET

YTET XTET

]
≥ 0,

sym(A(aX − bY)) < 0.

(2) for α ∈ (0, 1), there exist n × n dimensional real square matrices X and Y, and (n − m) × n
dimensional real matrix Q, such that [

X Y
−Y X

]
> 0, (4)

sym
(

A
(
(aX − bY)ET + STQ

))
< 0, (5)

where S is an n × (n − m) dimensional matrix characterized by full column rank, such that
ETS = 0.

Lemma 3 ([29]). The system described in (2) with E = I is asymptotically stable if and only if there
exist n × n dimensional real square matrices X and Y satisfying inequality (4) and

sym(aAX − bAY) < 0.

Lemma 4 ([34]). Given an n × n complex matrix Z, then the following three inequalities are equivalent:

(1)
Z > 0.

(2) [
X Y
−Y X

]
> 0.
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(3) [
X −Y
Y X

]
> 0.

where the real and imaginary parts of Z are denoted by X and Y, respectively.

3. Main Results
3.1. Novel Admissibility Conditions for Singular FOSs

This section introduces new admissibility criteria based on LMIs.

Theorem 1. In case of 0 < α < 1, the system described in (2) is admissible if and only if there exist
n × n dimensional symmetric real matrix P and n × n dimensional anti-symmetric real matrix Q that
satisfy the following LMIs [

ET PE + ATSST A ETQE
−ETQE ET PE + ATSST A

]
> 0, (6)

sym
(

AT(aP − bQ)TE
)
− ATSST A < 0, (7)

where the definition of S is same as Lemma 2.

Proof. (Sufficiency) It is supposed that inequalities (6) and (7) are hold. There exist reversible matrices
G and W satisfying inequality (3). Decompose the matrix GT as

GT =
[

G1 G2

]
. (8)

Let
S = G2. (9)

Then, G−TS = G−TG2 =
[
0 I

]T
. Let

G−T PGT =

[
P1 P2

PT
2 P3

]
.

Multiplying the 1-1 block in (6) by WT on the left side and on the right by its transpose, yields

WTET PEW + WT ATSST AW

=WTW−T

[
I 0
0 0

]
G−TGT

[
P1 P2

PT
2 P3

]
GG−1

[
I 0
0 0

]
W−1W

+ WTW−T

[
AT

1 AT
3

AT
2 AT

4

]
G−TG2GT

2 G−1

[
A1 A2

A3 A4

]
W−1W

=

[
∗ ∗
∗ AT

4 A4

]
> 0,

where ∗ represents the entries that are not relevant in the following discussion. Thus, AT
4 A4 > 0, i.e.,

A4 is a non-singular matrix. According to Lemma 1, system (2) is regular and impulses-free. The next
step involves demonstrating the stability of system (2). Let λ = ℜ(λ) +ℑ(λ)j ∈ C be the generalized
eigenvalue of system (2) and x ∈ Cn be the eigenvector corresponding to λ. Then

λEx = Ax. (10)
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By pre-multiplying Eq. (7) by x∗ and post-multiplying by its conjugate transpose, the following result
is obtained:

x∗AT(aP + bQ)Ex + x∗ET(aP − bQ)Ax − x∗ATSST Ax

=λ̄x∗ET(aP + bQ)Ex + λx∗ET(aP − bQ)Ex

=2x∗ET(aℜ(λ)P − bℑ(λ)Qj)Ex < 0.

(11)

For 0 < α < 1, there are a > 0 and b > 0. System (2) is stable when ℜ(λ) ≤ 0 (with ℑ(λ) ̸= 0 in
the case that ℜ(λ) = 0); thus, only the case ℜ(λ) > 0 is considered. In this scenario, ℑ(λ) ̸= 0. Let
X = ET PE + ATSST A, Y = −ETQE. By applying Lemma 4, inequality (6) is equivalent to

(ET PE + ATSST A)− ETQEj > 0, (12)

and
(ET PE + ATSST A) + ETQEj > 0, (13)

Multiplying inequality (12) on the left by x∗ and on the right by its conjugate transpose, it yields that

x∗ET PEx + x∗ATSST Ax − x∗ETQExj

=x∗ET PEx + λ̄λx∗ETSSTEx − x∗ETQExj

=x∗ET(P − Qj)Ex > 0.

(14)

Multiplying inequality (13) on the left by x∗ and on the right by its conjugate transpose, results in the
following inequality:

x∗ET PEx + x∗ATSST Ax + x∗ETQExj

=x∗ET PEx + λ̄λx∗ETSSTEx + x∗ETQExj

=x∗ET(P + Qj)Ex > 0.

(15)

Multiplying the 1-1 block in inequality (6) on the left by x∗ and on the right by its conjugate transpose,
results in the following inequality:

x∗ET PEx + x∗ATSST Ax

=x∗ET PEx + λ̄λx∗ETSSTEx

=x∗ET PEx > 0.

(16)

The following discussion is categorized based on the comparison of ℑ(λ) with zero.
(1) In case of ℑ(λ) > 0: By the definition of b, it follows that bℑ(λ) > 0. According to inequalities (11),
(14) and (16), there is

x∗ET(aℜ(λ)P − bℑ(λ)Qj)Ex

=bℑ(λ)x∗ET(P − Qj)Ex + (aℜ(λ)− bℑ(λ))x∗ET PEx < 0,

witch indicates that aℜ(λ)− bℑ(λ) < 0, i.e.,

ℜ(λ)
ℑ(λ) <

b
a

. (17)

(2) In case of ℑ(λ) < 0: By the definition of b, it follows that bℑ(λ) < 0.
If bℑ(λ) = −aℜ(λ), from inequality (15), it follows that

x∗ET(aℜ(λ)P − bℑ(λ)Qj)Ex = aℜ(λ)x∗ET(P + Qj)Ex > 0,

which contradicts inequality (11). Therefore, bℑ(λ) ̸= −aℜ(λ).
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If 0 > bℑ(λ) > −aℜ(λ), from inequality (14), inequality

x∗ET(aℜ(λ)P − bℑ(λ)Qj)Ex

=aℜ(λ)x∗ET(P − Qj)Ex + (aℜ(λ)− bℑ(λ))x∗ETQjEx < 0

indicates that x∗ETQjEx < 0. Then, according to inequality (15), we have that

x∗ET(aℜ(λ)P − bℑ(λ)Qj)Ex

=aℜ(λ)x∗ET PEx − bℑ(λ)x∗ETQjEx

>aℜ(λ)x∗ET(P + Qj)Ex > 0,

which contradicts inequality (11). Thus, this case is not valid.
If bℑ(λ) < −aℜ(λ), from inequalities (15) and (16), one obtains that

x∗ET(aℜ(λ)P − bℑ(λ)Qj)Ex < −bℑ(λ)x∗ET(P + Qj)Ex < 0.

Therefore, inequality (11) always holds. At this point,

−ℜ(λ)
ℑ(λ) <

b
a

. (18)

In summary, the fact that the inequalities (17) and (18) hold indicates that condition

|arg(λ)| > α
π

2
(19)

holds. Therefore, the system (2) is stable.
(Necessity) Suppose that the system (2) is admissible. According to the property of a block matrix,
there exist invertible matrices R, L satisfying the following conditions:

REL =

[
I 0
0 0

]
, RAL =

[
Ā1 0
0 I

]
, (20)

as well as ∣∣arg(spec(Ā1))
∣∣ > α

2
π. (21)

According to Lemma 3, there exist matrices X1 and Y1 ∈ Rm×m that satisfy the inequalities (4) and (5).
Set

X̂ =

[
X1 0
0 I

]
, Ŷ =

[
Y1 0
0 0

]
, P = LTX̂L, Q = LTŶL, S = LT

[
0
I

]
. (22)

Then,
ET PE + ATSST A

=R−T

[
I 0
0 0

]
L−T · LTX̂L · L−1

[
I 0
0 0

]
R−1

+ R−T

[
ĀT

1 0
0 I

]
L−T · LT

[
0
I

][
0 I

]
L · L−1

[
Ā1 0
0 I

]
R−1

=R−TX̂R−1,

ETQE = R−T

[
I 0
0 0

]
L−T · LTŶL · L−1

[
I 0
0 0

]
R−1 = R−TŶR−1.

(23)
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From inequalities (4), (5) and (23), inequality (6) holds. Meanwhile,

AT(aP − bQ)TE + ET(aP − bQ)A − ATSST A

=R−T

[
Ā1 0
0 I

]
L−T ·

(
aLTX̂L + bLTŶL

)
· L−1

[
I 0
0 0

]
R−1

+ R−T

[
I 0
0 0

]
L−T ·

(
aLTX̂L − bLTŶL

)
· L−1

[
ĀT

1 0
0 I

]
R−1

− R−T

[
ĀT

1 0
0 I

]
L−T · LT

[
0
I

][
0 I

]
L · L−1

[
Ā1 0
0 I

]
R−1

=R−T

[
sym(Ā1(aX1 + bY1)) 0

0 −I

]
R−1 < 0,

which shows that inequality (7) holds. □

Remark 1. Theorem 1 extends the admissibility criterion for singular IOSs established in [11] to
singular FOSs in the interval (0, 1) using minor LMI variables. For conventional linear systems
(E = I, S = 0 and α = 1), conditions (6) and (7) reduce to the well-known condition that the matrix A
is Hurwitz: there exists a matrix P > 0 such that AT P + PA < 0.

According to Theorem 1, by setting P = X + XT and Q = X + XT , an admissibility criterion
using only one LMI variable can be obtained.

Corollary 1. In case of 0 < α < 1, the system described in (2) is admissible if and only if there exists
n × n dimensional real matrix X that satisfy the following LMIs[

ETsym(X)E + ATSST A ETasym(X)E
−ETasym(X)E ETsym(X)E + ATSST A

]
> 0, (24)

sym
(

AT(asym(X)− basym(X))TE
)
− ATSST A < 0, (25)

where the definition of S is same as Lemma 2.

Remark 2. Corollary 1 is derived from a strict LMI-based criterion that eliminates the need for equality
constraints and avoids the introduction of redundant decision variables. This simplification enhances
computational efficiency and leads to more practical and fundamental results.

Remark 3. While Theorem 1 provides necessary and sufficient conditions for determining the accept-
ability of the system (2), it suffers from the disadvantage that it involves bilinear matrix inequalities,
which complicates the design of the controller. The following result addresses this limitation by
introducing a matrix Q that linearizes the nonlinear term ATSST A associated with A in Theorem 1.

Theorem 2. In case of 0 < α < 1, the system described in (2) is admissible if and only if there exist
n × n dimensional symmetric real matrix P, n × n dimensional anti-symmetric real matrix Q and
(n − m)× n dimensional real matrix H that satisfy the following LMIs[

ET PE + sym
(

ATSH
)

ETQE
−ETQE ET PE + sym

(
ATSH

)] > 0, (26)

sym
(

AT(aP − bQ)TE
)
− sym

(
ATSH

)
< 0, (27)

where the definition of S is same as Lemma 2.
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Proof. (Sufficiency) There exist reversible matrices G and W satisfying inequality (3). Then, the 1-1
block in (26) becomes

W−T

[
I 0
0 0

]
G−T PG−1

[
I 0
0 0

]
W−1 + sym

(
W−T

[
AT

1 AT
3

AT
2 AT

4

]
G−TSH

)

=W−T

[
∗ ∗
∗ AT

4 W2 + WT
2 A4

]
W−1 > 0,

(28)

where ∗ represents the entries that are not relevant in the following discussion; G and S satisfied (8)
and (9); HW =

[
W1 W2

]
. Thus, AT

4 W2 is a non-singular matrix, i.e., A4 is a non-singular matrix.
According to Lemma 1, system (2) is regular and impulses-free. Subsequently, from the stability
analysis presented in the sufficiency proof of Theorem 1, it follows that the satisfaction of inequalities
(26) and (27) establishes the stability of the system. Thus, the system (2) is proved to be admissible
since it is regular, impulse-free, and stable.
(Necessity) Assuming the system (2) is admissible. Based on Theorem 1, it follows that inequalities (6)
and (7) hold. Let

Q = −ST A
2

.

Then inequalities (26) and (26) hold. □

Remark 4. For 0 < α < 1 and E = I, one obtains S = 0 for Theorems 1 and 2. In this case, the LMIs
conditions given in Theorems 1 and 2 all reduce to the LMIs conditions provided in Lemma 3. For
α = 1, the singular FOSs reduces to the singular IOSs. Thus, these results extend Lyapunov stability
theorem from the normal IOSs to the singular FOSs of order 0 < α < 1.

3.2. Novel Stabilization Conditions for Singular FOSs

Consider the state feedback controller given by

u(t) = Kx(t). (29)

Applying the controller in (29) to system (1) yields the following closed-loop singular FOS:

EDα = (A + BK)x(t). (30)

Remark 5. Consider the system (31)

ET Dαx(t) = ATx(t). (31)

Since systems (2) and (31) have the same generalized eigenvalues, system (2) is admissible if and
only if system (31) is admissible. Therefore, Theorems 1 and 2 remain valid by simultaneously taking
Ê = ET , Â = AT , and Ŝ satisfying ÊT Ŝ = 0.

Considering the closed-loop singular FOS (30) and applying Theorem 2 in conjunction with
Remark 5, the desired results are obtained immediately.

Theorem 3. For the system described in (2), the existence of the state feedback controller 29 makes the
closed-loop system 30 admissible if and only if there exist n × n dimensional symmetric real matrices
P, n × n dimensional antisymmetric real matrices Q and (n − m)× n dimensional real matrix H that
satisfies [

EPET + sym(ASH + BKSH) EQET

−EQET EPET + sym(ASH + BKSH)

]
> 0, (32)

sym
(

A(aP − bQ)TET
)
− sym(ASH) + sym

(
BK
(
(aP − bQ)TET − SH

))
< 0, (33)
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where the definition of S is same as Lemma 2.
In Theorem 3, the feedback gain K is coupled to SH and

(
(aP − bQ)TET − SH

)
, respectively. This

means that Theorem 3 contains bilinear terms, it cannot be solved directly using the LMI toolbox.
Therefore, a Branch and Bound Algorithm (BBA) is employed to determine the control system parame-
ters P, Q, H and K, subject to the conditions of LMIs (32) and (33). First, the variables M and N are
introduced to linearize the bilinear term BKSH in Eqs. (32) and (33), yielding relaxation LMIs (34) and
(35). [

EP1ET + sym(ASH1 + BN) EQ1ET

−EQ1ET EP1ET + sym(ASH1 + BN)

]
> 0, (34)

sym
(

A(aP1 − bQ1)
TET

)
− sym(ASH1) + sym(B(M − N)) < 0. (35)

Then, solving LMIs (34) and (35) yields the initial values of P, Q, H, M and N. Afterwards, the initial
value of K is obtained via Eq. (36).

K1 = (M − N)
(
(aP1 − bQ1)

TET − SH
)−1

. (36)

Since the required feasible solutions P, Q, H and K need to satisfy the equations (32) and (33), only the
inequalities (37), (38) and (39) need to be considered. The number of total iterations, the number of
iterations of K, and the initial step size, denoted using N, Nk, and Ik, are set to optimize K as well as
P, Q, and H, respectively.

−EPi ET − sym(((A + BKi+1)SHi) −EQi ET 03×3

−EQi ET −EPi ET − sym(((A + BKi+1)SHi) 03×3

03×3 03×3 sym((A + BKi+1)(aPi − bQi)
T ET − SHi)

, (37)

as well as [
EPi+1ET + sym((A + BKi+1)SHi+1) EQi+1ET

−EQi+1ET EPi+1ET + sym((A + BKi+1)SHi+1)

]
> 0, (38)

sym
(
(A + BKi+1)(aPi+1 − bQi+1)

TET − SHi+1

)
< 0. (39)

The implementation of the BBA is shown in Figure 1.
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Figure 1. Flowchart of BBA

4. Numerical Examples
Numerical examples are provided to verify the results presented in Section 3. These examples

serve to confirm the theoretical findings and demonstrate their validity under various conditions.
Example 1. Set the parameters of System (2) as α = 0.6 and

E =

4 2 6
7 0 4
7 0 4

, A =

 4 −2 −3
−3 −1 −6
−3 4 1


It has been verified that det

(
λE − A

)
= −32λ2 − 43λ − 95, indicating that the system in Example 1

is regular. The degree of det
(

λE − A
)

, given by deg(det(λE − A)) = rank(E) = 2, implies that the

system in Example 1 is impulse-free. The roots of the characteristic polynomial det
(

λE − A
)
= 0 are

−0.6719 ± 1.5866j. All roots satisfy the stability condition
∣∣arg

(
spec

(
E, A

))∣∣ > α π
2 , which confirms

the stability of the system in Example 1. Therefore, the system in Example 1 is admissible. Set

S =
[
0 1 −1

]T
. Solving the LMIs (6) and (7) yields the following feasible solutions

P =

 20.5820 −6.7861 −6.7861
−6.7861 −185.6321 192.5336
−6.7861 192.5336 −185.6321

, Q =

 0 9.7232 −10.2875
−9.7232 0 17.2646
10.2875 −17.2646 0

;
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Solving the LMIs (24) and (25) yields the following feasible solutions

X =

 10.2910 1.4686 −8.5368
−8.2546 −92.8160 104.8991
1.7507 87.6345 −92.8160

.

The feasible solutions obtained by solving the LMIs in (26) and (27) are as follows:

P =

 70.8939 −18.6547 −18.6547
−18.6547 −102.4241 117.6885
−18.6547 117.6885 −102.4241

, Q =

 0 34.3500 −37.3959
−34.3500 0 62.4540
37.3959 −62.4540 0

,

H =
[
40.3752 10.1722 71.5487

]
.

The state responses of the system in Example 1 are shown in Figure 2, which shows that the system is
admissible and its state tends to zero.

Figure 2. Responses of the system states for α = 0.6 as shown in Example 1

Example 2. Set the parameters of System (2) as α = 0.5, and

E =

−5 −22 −25
4 −11 −2
7 −16 −1

, A =

 5 −4 −2
−2 2 −1
−4 3 −2

, B =

3
2
4

.

Similar to the calculations in Example 1, it is verified that the system in Example 2 is regular and
impulse-free when α = 0.5. However, the system is unstable, indicating that it is not admissible. Set

S =
[
13 −234 143

]T
, N = 100, Nk = 50, Ik = 0.01. According to the BBA shown in Figure 1, the

feasible solutions are obtained as

P = 104

−5.6471 −2.7100 3.5317
−2.7100 −1.2764 1.6589
3.5317 1.6589 −2.1427

, Q =

 0 −254.0788 622.7066
254.0788 0 132.6209
−622.7066 −132.6209 0

,

H =
[
−35.5814 −8.9278 −13.2592

]
, K =

[
19.1699 −99.0303 −164.5462

]
.

As shown in Figure 3, although the open-loop singular system is unstable, the state feedback controller
(29) can be employed to stabilize the closed-loop system.
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Figure 3. Responses of the close-loop system states as shown in Example 2

Remark 5. Examples 2 can be solved for admissibility and stabilization singular FOSs of order between
(0, 1) via strict LMI frameworks. Referring to Table 1, our approaches involve fewer real decision
variables and remove the equality constraints, which makes it easy to solve for the decision variables.
Overall, from the comparison in Table 1, our results outperform the existing ones.

Table 1. Comparison of the proposed approaches with existing approaches

Ref. System type Fractional order
field Variables No equality

constraints
No bilinear

problem
Theorem 3 in [24] Singular FOSs α ∈ (0, 1) 6 ✓ ×
Theorem 2 in [25] Singular FOSs α ∈ [1, 2) 5 ✓ ×
Theorem 1 in [22] Singular FOSs α ∈ [1, 2) 4 × ✓
Theorem 1 in [21] FOSs α ∈ (0, 1) 4 ✓ ✓

Our Theorems 1 and 2 Singular FOSs α ∈ (0, 1) 2/3 ✓ ✓
Our Corollary 1 Singular FOSs α ∈ (0, 1) 1 ✓ ✓
Our Theorem 3 Singular FOSs α ∈ (0, 1) 3 ✓ ×

Example 3. Consider electrical circuit from [31] shown in Figure 4. It includes resistor R, capacitors
C1, C2, C3 in the supercondensator, source voltages e1 and e2. The electrical circuit the equations are as
follows: RC1 0 0

C1 C2 −C3

0 0 0

 dα

dtα

u1

u2

u3

 =

−1 0 −1
0 0 0
0 −1 −1


u1

u2

u3

+

1 0
0 0
0 1

[e1

e2

]
. (40)

Figure 4. Electrical circuit Illustration to Example 3
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For α = 0.78 and R = C1 = C2 = C3 = 1, the system can be readily verified to be regular,

impulse-free, and unstable. Set S =
[
0 0 1

]T
, N = 100, Ik = 50, initial step size = 0.04. According

to the BBA shown in Figure 1, the feasible solutions are obtained as

P = 108

 0.0670 −0.0035 −0.0033
−0.0035 −2.1484 −2.2187
−0.0033 −2.2187 −2.1555

, Q = 107

 0 2.5118 2.5102
−2.5118 0 −2.4945
−2.5102 2.4945 0

,

H = 108
[
1.6863 −0.0475 −7.3304

]
, K =

[
−117.9231 120.3295 1.4042
120.0179 −120.7647 −0.7122

]
.

Involving the gain matrix K obtained using the BBA shown in Figure 1, the state responses of the
closed-loop system in Example 3 are shown in Figure 5. It is clear that while the open-loop singular
system is unstable, the closed-loop singular system is admissible.

Figure 5. Responses of the close-loop system states as shown in Example 3

5. Conclusions
In this paper, a distinctive and strict LMI-based admissibility criterion is proposed by introducing

a full-column rank matrix, which can be regarded as a generalization of Lyapunov’s stability theo-
rem. Building on this, an admissibility condition involving only a single LMI variable is developed,
effectively reducing the number of decision variables. To address the bilinear constraints arising in
the matrix inequalities, a BBA is designed to facilitate the synthesis of a state feedback controller. For
singular FOSs, the robust stabilization criterion based on our approach remains an open question that
merits further academic investigation.
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