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Codification of Linear Diophantine Dynamical
Systems”

Giovanny A. Fuentes Salvo

Universidade Federal Fluminense, Niteroi, Brasil; giovannyfuentes@id.uff.br

Abstract

We define the Collatz function Col : N — N as Col(n) = 3n + 1 if n is odd, and Col(n) = 5 if n is
even. The Collatz conjecture postulates that the orbit of any positive integer will eventually reach 1, or
equivalently, fall into the periodic cycle {4,2,1}. Two conditions could invalidate this conjecture: the
existence of a divergent orbit or the presence of a non-trivial cycle. We study the dynamics of these
orbits through the density of even terms within them. It is established that if the asymptotic parity
In(3)
In(2)
work is to prove that there are no natural numbers for which the accumulation points of this parity
In(3)
In(2)

density of an orbit exceeds the critical threshold of , the orbit is bounded. The main result of this

density are strictly less than . Consequently, we demonstrate that there are no divergent orbits.
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1. Collatz’s Conjecture

The Collatz conjecture, also known as the 37 + 1 conjecture, is an unsolved problem in number
theory proposed by the German mathematician Lothar Collatz in 1937. Despite its seemingly simple
formulation, it has challenged mathematicians for decades due to the extreme difficulty of proving its
validity or finding a counterexample.

The formal formulation of the conjecture is as follows:
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Let Col : N — N be defined by:

3n+1 ifnisodd
COI(TI) = n

> if n is even,

Then, for all n € N, there exists k € N such that:
Colf(n) = 1.

An equivalent formulation of the conjecture argues that starting from any positive integer, the sequence
will eventually reach the cycle {4,2,1}. Two scenarios could invalidate the conjecture: the existence of
a cycle strictly different from {4,2,1}, or the existence of a divergent orbit (an orbit that grows toward
infinity). To date, no evidence has been found for either of these exceptions; however, no rigorous proof
has completely ruled them out. In 2019, Terence Tao [16] presented a major breakthrough demonstrating
that almost all orbits attain almost bounded values (falling very close to the {4,2,1} cycle).

Example 1.

27 82 —=41 —+124 -+ 62 =531 - 94 — 47 — 142 - 71
— 214 — 107 — 322 — 161 — 484 — 242 — 121 — 364 — 182
— 91 — 274 — 137 — 412 — 206 — 103 — 310 — 155 — 466
— 233 — 700 — 350 — 175 — 526 — 263 — 790 — 395 — 1186
— 593 — 1780 — 890 — 445 — 1336 — 668 — 334 — 167 — 502
— 251 — 754 — 377 — 1132 — 566 — 283 — 850 — 425 — 1276
— 638 — 319 — 958 — 479 — 1438 — 719 — 2158 — 1079 — 3238
— 1619 — 4858 — 2429 — 7288 — 3644 — 1822 — 911 — 2734
— 1367 — 4102 — 2051 — 6154 — 3077 — 9232 — 4616 — 2308
— 1154 — 577 — 1732 — 866 — 433 — 1300 — 650 — 325 — 976
— 488 — 244 — 122 - 61 — 184 —+ 92 - 46 - 23 — 70
— 35—+ 106 -+ 53 —+ 160 - 80 —+40 - 20 - 10 =5
—-16—=-8—=-4—-2—1
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Example 2.

871 — 2614 — 1307 — 3922 — 1961 — 5884 — 2942 — 1471 — 4414 — 2207
— 6622 — 3311 — 9934 — 4967 — 14902 — 7451 — 22354 — 11177 — 33532
— 16766 — 8383 — 25150 — 12575 — 37726 — 18863 — 56590 — 28295 — 84886
— 42443 — 127330 — 63665 — 190996 — 95498 — 47749 — 143248 — 71624
— 35812 — 17906 — 8953 — 26860 — 13430 — 6715 — 20146 — 10073 — 30220
— 15110 — 7555 — 22666 — 11333 — 34000 — 17000 — 8500 — 4250 — 2125
— 6376 — 3188 — 1594 — 797 — 2392 — 1196 — 598 — 299 — 898 — 449 — 1348
— 674 — 337 — 1012 — 506 — 253 — 760 — 380 — 190 — 95 — 286
— 143 — 430 — 215 — 646 — 323 — 970 — 485 — 1456 — 728 — 364
— 182 — 91 — 274 — 137 — 412 — 206 — 103 — 310 — 155 — 466
— 233 — 700 — 350 — 175 — 526 — 263 — 790 — 395 — 1186 — 593
— 1780 — 890 — 445 — 1336 — 668 — 334 — 167 — 502 — 251 — 754
— 377 — 1132 — 566 — 283 — 850 — 425 — 1276 — 638 — 319 — 958
— 479 — 1438 — 719 — 2158 — 1079 — 3238 — 1619 — 4858 — 2429 — 7288
— 3644 — 1822 — 911 — 2734 — 1367 — 4102 — 2051 — 6154 — 3077 — 9232
— 4616 — 2308 — 1154 — 577 — 1732 — 866 — 433 — 1300 — 650 — 325
— 976 — 488 — 244 — 122 -+ 61 — 184 -+ 92 — 46 —+ 23 — 70
—+ 35—+ 106 -53 —+160 - 80 —+40 -20 - 10 -5 —+ 16 — 8

-4 21

1.1. Main Idea of This Work

The primary contribution of this work is not simply a proof concerning the Collatz Conjecture,
but the development of a comprehensive mathematical framework: the Theory of Infinite Systems of
Linear Diophantine Equations. For decades, the Collatz problem has resisted traditional approaches
because its discrete dynamics are highly chaotic. To conquer this, our central premise establishes
that the existence of divergent orbits must be translated into a rigid algebraic structure. Specifically,
a divergent orbit can only exist if there is a simultaneous natural solution to an endlessly growing,
infinitely constrained system of linear Diophantine equations.

To navigate and eventually break this infinite system, the majority of this paper is dedicated to
building the necessary theoretical machinery from the ground up. We do this in three fundamental steps:

1. Construction of the Diophantine System: We associate to each natural number a unique binary
sequence  that represents the parity of its iterations. Every finite truncation of this sequence generates a
specific affine linear transformation, which in turn defines a linear Diophantine equation. A divergent
orbit would require a single natural number to perfectly satisfy this endless sequence of equations.

2. The Sigma Function (¢;) as the Analytical Engine: A critical challenge in this infinite system is
tracking the ever-shifting constants generated by the affine transformations. To solve this, we introduce
the Sigma function (c;). Far from being a mere auxiliary calculation, the Sigma function is the core
algebraic tool of our theory. It exactly parametrizes and tracks the minimal non-negative solutions (o)
of these Diophantine equations across infinite iterations, allowing us to measure the precise "friction"
between multiplications and divisions.

3. Topological Classification and the Critical Threshold: To evaluate whether a simultaneous
solution can exist, the sequence is encoded by assigning 0 if the iteration is even, and 10 if it is odd.

a
We define the density function as the ratio ﬂ, where gy, is the total number of 0’s up to the k-th

k

occurrence of the digit 1.
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The critical threshold }?18; arises naturally from the geometric growth of the Collatz operations.

An odd step multiplies the value by roughly 3, while an even step divides it by 2. After k odd steps
k
and a; even steps, the global magnitude of the orbit is scaled by a factor of approximately % Setting

this overall growth factor to 1 to find the state of equilibrium yields 3k — 24, By taking the natural
logarithm, we obtain the precise ratio 2% = In(3)
0g , We o e precise ratio —* = In(2)

break-even point between the expansion and contraction of the orbit.

. Thus, this constant represents the exact arithmetic

Using this threshold, our theory classifies all infinite sequences into three distinct sets:

In
¢ Go: The set of sequences & where Ii;n inf akTH > lng Here, divisions by 2 strictly dominate. We
— 00
prove that any integer whose coding falls into Gg must inevitably have a bounded orbit.

® Gt The set of sequences ¢ where lim sup Bl o In(3) Here, multiplications by 3 dominate. We

PRNVLEN < In(2)"
prove that no natural number can exist in G, because the “real-valued” limits of such sequences

strictly map to negative integers or rationals.

a
*  Gp: The exact boundary where lim kitl _ M
[—co kl ln(Z)

bridging our Diophantine theory with bounds from transcendental number theory, we demon-

This is the critical equilibrium threshold. By

strate that this delicate balance is positively unstable. It cannot contain the coding of any natural
number without the orbit exploding in a mathematically contradictory way.

Once this theoretical framework is fully established, the resolution of the Collatz divergence problem
emerges as a natural, unavoidable consequence. Formally, we establish the following foundational results:

An1 < 11‘1(3)

1. Thereisno n € N whose coding satisfies lim su .
8 P Th S In(2)

2. The coding of n € N belongs to Gy if and only if its orbit is bounded.

We leverage this machinery to demonstrate the main theorem of this work:
Theorem 12: There are no divergent orbits for the Collatz function on the natural numbers.

The core idea of the final proof is by contradiction: Suppose there exists an n € N whose orbit is
divergent. Then, necessarily, its coding cannot belong to Gy. This means there must exist a subsequence

In(3)
In(2)

because otherwise, there would exist a sub-orbit

of its density function whose limit is less than or equal to

In(3)

In(2)’

of n that is bounded (a consequence of Corollary 2).

. Moreover, the density function cannot

have accumulation points strictly greater than

Trapped by these restrictions, all accumulation points of the density function must be strictly less
In(3)
In(2)
and the equilibrium in G; is positively unstable. Hence, the encoding of a divergent natural number

than or equal to . However, our established theory proves that G contains no natural numbers,

has absolutely no valid mathematical space to exist within the topology of Z;, making divergent orbits
an impossibility.
1.2. Notations and Conventions

In this work, we denote the set of positive integers as N, the set of non-negative integers as Ny,
the greatest common divisor of 2 and b as (4, b), and the least common multiple of a and b as [a, b].
We use the following symbology to refer to an arbitrary composition of functions:

O filx) =fuofu10...0f20f1.
i=1

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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1.3. Organization of the Paper

Due to the multidisciplinary nature of the mathematical tools employed, this work is structurally
divided into three distinct parts. This division guides the reader from discrete arithmetic to continuous
topological analysis, culminating in the resolution of the conjecture’s main problems.

Part I: Elementary Theory of Infinite Systems of Diophantine Equations (Chapters 1-5)

This first part establishes the discrete and algebraic framework of the problem, transforming dynamic orbits
into coded sequences and systems of linear equations.

Main Definitions:

e  Binary Coding of the Orbits (5): The rule that translates the trajectory of a number into a symbolic
sequence, assigning 0 for even steps and 10 for odd steps.

e  Local Affine Transformations (Si): The representation of each finite truncation of the coded

3%+ N

==

*  Stability of Integer Sets: The discrete criteria defining how the set of valid integer solutions

sequence as a linear affine map of the form S(x)

evolves and is restricted as more iterations are added to the system.

Main Results:

¢ Diophantine Equivalence: It is demonstrated that the existence of any Collatz orbit is strictly
equivalent to the existence of a simultaneous integer solution for an infinite system of Diophantine
equations of the form 2%y — 3%x = N.

e We prove that by composing the affine functions, the sets of integer solutions are strictly nested
within each other (E(S o H) C E(H)).

Chapters Overview:

*  Chapter 1 & 2 (Collatz’s Conjecture & Background): Introduce the 3n + 1 problem, the scenarios
that would invalidate the conjecture, and the fundamental mathematical tools (metric spaces,
p-adic analysis, Diophantine equations).

*  Chapter 3 (Set Generated by 0 and ¢7): Models the Collatz operations as affine transformations
and formalizes the integer sets generated by their truncations.

e  Chapter 4 (Stability and Instability of Integer Sets): Establishes the algebraic rules governing
the bounds of the integer solution sets.

*  Chapter 5 (Coding of the Orbits): Details the symbolic binary assignment and explores the
extension of the Collatz function over the odd rationals (Q,4,)-

Part II: Analytic Theory of Infinite Systems of Diophantine Equations (Chapters 6-11)

Here, the research takes a qualitative leap: the discrete problem is translated into the calculus of limits,
2-adic topology, and linear forms in logarithms.

Main Definitions:

*  Parity Density Function: The asymptotic ratio “"T“, which measures the proportion between
divisions by 2 and multiplications by 3.

¢ The Topological Sets (Gy, Geo, G1): The partition of all possible codings based on the critical
threshold % Go represents division-dominated orbits, Ge multiplication-dominated ones, and
G the perfect equilibrium.

*  The 2-adic Space (Zy) and 7t Functions: The extension of the domain to treat infinite sequences
as convergent real series.

* The Sigma Function (0,): A fundamental auxiliary function introduced to trace the evolution of

the constants in the Diophantine system.

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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Main Results:

e  Exact Parameterization (Theorem 6): It is proved that the iterations of the Sigma Function exactly
construct the minimal non-negative solution (pg) of any generated Diophantine equation.
* Invariance of Go,: We demonstrate topologically that any sequence dominated by multiplications
by 3 corresponds strictly to negative integers or rational numbers, never to a natural number.
* The Positive Instability of G;: By invoking the Baker-Wiistholz Theorem (bounds for linear
In(3) . .
is positively

In(2)

unstable. The transcendental bound forces an infinite accumulation of binary carries, destroying

forms in logarithms), we prove that the delicate equilibrium at the threshold

the possibility of an integer solution.

Chapters Overview:

e  Chapter 6 (The Gy, G and G; Sets): Divides the total space of coding sequences based on their
asymptotic density limits.

*  Chapter 7 & 8 (Z, Extension & Real Functions 7t!, 7%): Translates the system’s domain to the
2-adic integers and constructs weight functions to map topological evolution to real values.

e  Chapter 9 (The Sigma Function): Introduces the main algebraic tool used to find minimal
solutions for the affine mappings.

¢  Chapter 10 (Coding of Set G.): Topologically proves that natural numbers cannot exhibit
multiplication-dominated behavior.

*  Chapter 11 (The Set G; is Unstable): The climax of the analytic theory, where transcendental
number theory is applied to break the critical threshold.

Part III: The Proof of the Non-Existence of Divergent Orbits (Chapter 12)

The resolution section of the paper. All the analytic machinery developed in Parts I and Il is directly applied
to prove that divergent trajectories are mathematically impossible.

Main Definitions:

¢ Divergent Orbits: Trajectories generated by the Collatz function over the natural numbers that

escape to infinity, i.e., klim Col¥(n) = oo.
—00

Main Results:

¢ Non-Existence of Divergent Orbits (Main Theorem): We formally conclude that, since the
codings of natural numbers cannot belong to G or Gy (as proven by the topological and transcen-
dental bounds of Part II), every natural number strictly belongs to the set Gy. This mathematically
guarantees that the density of divisions by 2 eventually strictly dominates the multiplications by
3, implying that every orbit is bounded and no divergent orbits can exist.

Chapters Overview:

*  Chapter 12 (The Problem of Divergence): Consolidates the theorems from the analytic theory to
definitively prove that no natural number can have a divergent trajectory, successfully ruling out
this major scenario for the Collatz Conjecture.

2. Background
2.1. Metric Space
A metric space is a set X equipped with a functiond : X x X — R, called a metric, that satisfies
the following properties for all x,y,z € X:
e Non-negativity: d(x,y) > 0, and d(x,y) = 0if and only if x = y.
e Symmetry: d(x,y) = d(y, x).
e Triangle inequality: d(x,z) < d(x,y) +d(y,z).

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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The function d(x, y) measures the "distance" between any two points x and y in the set X. The
pair (X, d) is called a metric space.
Examples of Metrics:

e  Euclidean Metric (on R"):

n

de,y) = [ (= wi)?
i=1
This metric defines the usual distance between two points x = (x1,x2,...,x,) and y =
(y1,Y2,--.,yn) in Euclidean space R".
e Discrete Metric:

0 ifx=y,
dxy) =4
1 ifx #y.
In this metric, the distance between two distinct points is always 1, and the distance from any

point to itself is 0.
e  Taxicab Metric (or Manhattan Metric, on R"):

n

d(x,y) = ) |xi —yil
i=1
This metric measures the distance between two points x and y as the sum of the absolute differences
of their coordinates. It corresponds to the distance a taxi would drive on a grid of city streets.
e  p-adic Metric (on Q):
dp(x,y) = p~ortr )

Here, p is a fixed prime number, and ord,(x — y) denotes the p-adic valuation of x — y, which

the highest power p which dividesx if x € Z

ord,(x) =
p(x) ordy(a) — ord,(b) if x= % €Q

This metric measures the distance between two rational numbers based on their divisibility by p.

The p-adic metric induces a non-Archimedean topology, meaning that the "triangle inequality" is

strengthened to dy,(x,z) < max{d,(x,y),dp(y,z)}.

A complete metric space is a metric space in which every Cauchy sequence converges to a point within
the space. Formally, a metric space (X, d) is called complete if, for every sequence {x,} C X thatis
Cauchy (i.e., for any ¢ > 0, there exists N € N such that for all n,m > N, d(x,, xm) < €), there exists a
point x € X such that:

lim x, = x.
n—oo

In other words, all Cauchy sequences in X must have a limit in X.
Examples:

¢ The Real Numbers R with the Euclidean Metric: The set of real numbers R with the usual
Euclidean metric d(x,y) = |x — y| is a complete metric space. This is because every Cauchy
sequence of real numbers converges to a real number.
¢ The Rational Numbers Q with the Euclidean Metric: The set of rational numbers Q with the
Euclidean metric is not complete. For example, the sequence defined by xg = 1 and x,,1 =
2
Xn+ —

Tx” that approximate /2 is Cauchy in Q but does not converge to a rational number (since

V2 ¢ Q).

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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¢ The p-adic Numbers Q,: The set of p-adic numbers Q,, equipped with the p-adic metric
dp(x,y) = |lx —yll2 = p~ o (*=Y) is a complete metric space. Every Cauchy sequence in
Qp converges to a p-adic number within Q,.

2.2. Limit Superior (lim sup) and Limit Inferior (liminf) of a Sequence:

Given a sequence {x, },c of real numbers and X, = {xy,, X, 11, ...}. Let us consider the following
subsequences of {x, },cn given by

a, = inf X,

by, = sup X,

we have that the sequence {4, } is monotonically increasing and {b,, } is monotonically decreasing, that
is:

M<ap<..<ap<..<b,<..<b<h

Therefore there are limits

a= nlgl‘.}o a, = sgp a, = sgp(men)

b= nll_r}olo b, = irn1f by = irn1f(sup Xn)

We will write a = lirg infx, and b = limsup x, and we will call Limit Inferior and Limit Superior
n—roo n—co
respectively.

Limit Superior (lim sup) and Limit Inferior (lim inf) of a Sequence of Sets: Let {A,,}?° ; be a sequence
of sets in a space X. The limit superior and limit inferior of the sequence of sets are defined as follows:

1.  Set Sequence limit superior (lim sup A;):
n—o0

limsup A, = ﬂ U Ay

n—oo n=1m=n

2. Set Sequence limit inferior (lirg inf Ay):

11522)&14” =U N An
n=1m=n
3. Limit of a Sequence of Sets If limsup A, = h,ﬂ i£f Ay, then the sequence { A, } converges, and

n—oo
its limit is denoted as:

lim A, = liminf A, = limsup Ay,
n—,oo n—oo N—>00

Particular Case: Monotone Sequences of Sets Non-Decreasing Sequence (A; C Ay C A3 C --):

If A, is a non-decreasing sequence (i.e., A, C A, 11 for all n), then:

[e9)
liminf A, =1i A=A
it An=timoup An = U An
n=1
In this case, the limit of the sequence is simply the union of all the sets in the sequence. Non-
Increasing Sequence (A1 D Ay D Az D --): If A, is a non-increasing sequence (i.e., Ay, D Ayt

for all n), then:
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liminf A, = limsup A, = ﬂ Ay
n—roo n—rc0 ne1

In this case, the limit of the sequence is simply the intersection of all the sets in the sequence.

2.3. Number Theory

A linear Diophantine equation is an equation of the form
ax+by =g,

where a,b, c € Z. Such an equation has integer solutions if and only if the greatest common divisor
d = (a,b) := gcd(a, b) divides c. When solutions exist, they form an infinite family given by:

x:xo—l-ét, y:yo—zt forallt € Z,
d d
where (x, o) is a particular solution.
The Carmichael function A(n) is defined for each integer n > 1 as the smallest positive integer m
such that
a =1 (mod n)

for every integer a with ged(a, n) = 1. That is, A(n) is the exponent of the multiplicative group of units
modulo 7.

Some properties of A(n) include:
e Ifnisapower of an odd prime, say n = p* with p odd and k > 1, then A(n) = (p — 1)pF~ L.
e Ifn =2k then:

1 ifk=1,
A2 =<2 ifk=2,
k=2 ifk > 3.

e If n has the prime power decomposition n = plfl psz e p’f’, then:

An) = [APY), AP, - AP o= lem (AP, A(PR2), ..., A(PE)).

2.4. The Baker-Wiistholz Theorem on Linear Forms in Logarithms (Rational Case)

In this subsection we present a simplified and completely elementary version of the main theorem
of Baker and Wiistholz (1993), restricted exclusively to the case where the numbers «; are rational,
distinct from zero and one. In this way, any reference to algebraic number fields of degree greater than
1is avoided.

Let « be a nonzero rational number, written in irreducible form as &« = p/q with p € Z, g € Nand
gcd(|pl,9) = 1. The logarithmic height of « is defined by

h(a) = Inmax(|p|,q).

The associated modified height is
W (a) = max(|Inaf, 1),

Theorem 1 (Baker-Wiistholz, 1993 — rational version). Let «1, ..., &, be rational numbers, none zero or
one. Consider the linear form
L(le- . -rzn) = b]Z] +-+ bnzn
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with integer coefficients b; € Z, not all zero. If
A =L(logway,... loga,) #0

and |bj| > e then
log |A| > —C(n,1) K (aq) - - - W' (ay) In(B),

where
C(n,1) = 18(n +1)! n" 1322 log(2n)

and
B = max |bj|.
]

Particular case: A = aln2 — bIn3 with 4,b € Z not both zero and |a|, |b| > e. Take n =2, a1 = 2,
ap = 3 and the linear form L(zy,2y) = azq — bzp. Let B = max(|a], |b|).

Then:
1. C(2,1) ~ 1.25594 x 10°
2. H(2)=1(sinceln2 ~ 0.693 < 1)
3. I(3) =In3~1.0986
Then

In|aln2 — bIn3| > —1.3798 x 10° - log B,

or equivalently
|aln2 —bIn3| > B~13798x10°,

2.5. The Ring of 2-Adic Integers Zy

To establish a rigorous algebraic foundation for the subsequent analysis, we must introduce the
ring of 2-adic integers and its topological properties. This provides the necessary framework to study
sequences and limits within a context where the standard Euclidean metric is replaced by one based
on divisibility by 2.

Definition 1 (2-adic Valuation and Norm). For any non-zero rational number x € Q, we can uniguely
write it in the form x = ZVE, where p,q, and v are integers, and both p and q are odd. We define the 2-adic
valuation as Ordy(x) = v. Conventionally, we set Ord,(0) = oo.

The 2-adic norm is defined as:

2—Ordy(x) ifx #0

[Ix[[2 = .
0 ifx=20

This norm induces an ultrametric given by d(x,y) = ||x — y||2.

Definition 2 (2-adic Integers). The ring of 2-adic integers, denoted as Zy, is the metric completion of the set of
integers Z with respect to the norm || - ||o. Every element a € Zy admits a unique canonical representation as

an infinite power series:
(e

w=Y a2 wherea; € {0,1}
i=0

The sequence of coefficients {a;}$° , is known as the 2-adic expansion of .

Lemma 1. A rational number r = g (in simplest form) belongs to Zy if and only if its denominator q is odd.

Proof. Letr = g € Q with ged(p, q) = 1. The rational number r belongs to Z; if and only if ||r||, <1,
which is equivalent to Ord,(r) > 0. By definition, Ord,(r) = Ordy(p) — Ordy(q). Since p and g are
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coprime, they cannot both be even. If g is even, then Ordy(q) > 0 and Ordy(p) = 0, leading to
Ordy(r) < 0, meaning r ¢ Zy. If g is odd, then Ordy(q) = 0, so Ordy(r) = Ordy(p) > 0, and thus
re€Zy. 0O

The following theorem is fundamental for characterizing rational numbers within the 2-adic
framework.

Theorem 2 (Eventually Periodic Expansion of Rationals). Let « € Zp. The 2-adic expansion of a is
eventually periodic if and only if a is a rational number.

Proof. Suppose the 2-adic expansion of « is eventually periodic. Then, we can write & = A + 2B,
where A € Z is the pre-periodic integer part (of length k) and B is the strictly periodic part with period
T. We can express B as an infinite geometric series:

o , P
B:p} 2Ty —
j:O( V=17

where P is the integer formed by the periodic block of bits. Since P and 1 — 2T are integers, B is a
rational number. Because A and 2F are also integers, we conclude that « = A +2fB € Q.

Let o = s € QNZp. By Lemma 1, we know g must be odd. Without loss of generality, sup-

pose g > 0. By Euler’s Theorem, since gcd(g,2) = 1, there exists an integer T > 1 such that 27 =1
(mod q). Therefore, 2T — 1 = g - m for some integer m. Thus, we can rewrite the fraction as:

p_p-m —pm

T T gm 12T

By applying classical long division, the term —pm generates a sequence of remainders that must
necessarily repeat because the divisor 1 — 27 is constant. This induces a sequence of coefficients in the
power series expansion of 2 that is eventually periodic, with a period dividing T. O

An important geometric consequence arises when considering the sign of rational numbers within
their 2-adic expansion.

Lemma 2 (2-adic Expansion of Negative Numbers). Let « € QN Zy. If « < 0 (in the sense of the standard
metric in R), then the 2-adic expansion of a contains an infinite number of non-zero coefficients (infinite '1” bits).
In particular, if w is a negative integer, its expansion possesses an infinite, uninterrupted tail of ones.

Proof. For the case of a negative integer, consider « = —1. In Z;, we can evaluate the sum of the
infinite geometric series:

e}
S=)2'=14+24+4+8+...
i=0

e}

Multiplying by 2, we obtain 25 = 2 2'=S5-1. Solving for S under 2-adic arithmetic yields S = —1.
i=1

Hence, the canonical representation of —1is...11111,. Any other negative integer —n can be expressed

using two’s complement arithmetic, which guarantees that the most significant digits will all be "1’
from a certain point onward.

For the general case of a negative rational fraction « = —p/g (with p,q > 0 and q odd), we know
from Theorem 2 that its expansion is eventually periodic. Assume for the sake of contradiction that
the expansion contains only a finite number of ones. This would imply that after some index N, all

coefficients are 0. However, if a 2-adic expansion ends in an infinite tail of zeros, the infinite series
[o0]
2 a;2" is structurally just a finite sum of positive powers of 2. In IR, a finite sum of non-negative terms
i=0
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must be a non-negative integer. This strictly defines a positive integer or zero, which contradicts the
initial premise that « < 0. Therefore, the periodic part of the expansion of any negative rational must
contain at least one "1’ bit, thereby ensuring that the overall expansion possesses infinitely many "1’
bits. [

Lemma 3 (Purely Periodic Expansion of Rationals). Let « € Q N Zy. The 2-adic expansion of « is purely
periodic (meaning it possesses no pre-periodic block) if and only if —1 < o < 0. In particular, it is non-trivially
purely periodic if and only if x € (—1,0).

Proof. Suppose the 2-adic expansion of « is purely periodic with a period of length T > 1. We can
express « as a direct infinite geometric series:
= P

—pY (2T =

where P is the integer value formed by the periodic block of T bits. The maximum possible value for a
T-bit integer occurs when all its bits are '1’, yielding Pmax = ZiT:_Ol 20 =27 —1.Since0 <P <2T —1,
we can bound « as follows:

2 -1 P 0

= < < =
1-2T —1-2T = 1-2T 0

Excluding the trivial constant sequences where P = 0 (yielding « = 0) and P = 2T — 1 (yielding
a = —1), any strictly non-trivial purely periodic sequence maps to a rational number a € (—1,0).
Conversely, let & € (—1,0) be a rational number in Z,. By Lemma 1, & = —g with 0 < p < gand
g odd. By Euler’s Theorem, since gcd(q,2) = 1, there exists an integer T > 1 such that g divides 27 — 1,
meaning 27 — 1 = g - m for some integer m > 0. We can rewrite a as:
_—p-m_ —pm pm

YT ym T 2T—1 T 127

Since 0 < p < g, multiplying the inequality by m yields 0 < pm < gm = 2T — 1. Let P = pm. Because
0 < P < 2T — 1, P can be exactly represented as a positive T-bit binary integer. Expanding the fraction
back into a geometric series yields:

P

=1 T

! @MY =p+pP-2T4+p.22T ..

e

j=0

This explicitly constructs a purely periodic 2-adic expansion for a without any pre-periodic terms,
completing the proof. [

2.6. Dynamical System

A discrete dynamical system is a model of the evolution of a state over discrete time steps.
Formally, it consists of a set X (called the state space) and a function f : X — X that describes how the
state evolves from one time step to the next. The system is described by the equation:

Xnt1 = f(xn)

where x,, € X represents the state of the system at the n-th time step. The evolution of the system is
typically studied by iterating the function, f starting from an initial state x(. The sequence {x, }, where
Xp+1 = f(xn), is called the orbit or trajectory of the initial state xo.

Topologically Conjugate Dynamical Systems: Two discrete dynamical systems (X, f) and (Y, g)
are said to be topologically conjugate if there exists a homeomorphism / : X — Y such that the
following diagram commutes:
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XLX

h h

y S,y

In other words, the systems (X, f) and (Y, g) are topologically conjugate if there is a bijective function
h: X — Y such that:

e his a homeomorphism, meaning / is continuous, bijective, and its inverse 1~ is also continuous.
*  The following relation holds:

hof=goh.

This means that the dynamics of f on X and g on Y are the same up to a change of coordinates
given by h. The systems (X, f) and (Y, g) have the same qualitative behavior, such as the structure of
orbits and periodic points, despite potentially differing in their specific representations.

Properties of Topological Conjugation with Respect to Orbits and Periodic Points:

*  Preservation of Orbits: If f : X — X and ¢: Y — Y are two topologically conjugate dynamical
systems, with a homeomorphism & : X — Y such that ho f = g ok, then h preserves the orbits
of points. Specifically, for any point x € X, the orbit of x under f is mapped to the orbit of /1(x)
under g by h. Mathematically, this means:

h(f*(x)) = ¢"(h(x)) foralln > 0.

*  Preservation of Periodic Points: If x € X is a periodic point of f with period p, then h(x) € Yisa
periodic point of ¢ with the same period p. Specifically, if f¥(x) = x, then:

8P (h(x)) = h(f¥(x)) = h(x).

Conversely, if y € Y is a periodic point of ¢ with period p, then h~!(y) € X is a periodic point of
f with the same period p.

Part I: Elementary Theory of Infinite Systems of
Diophantine Equations

3. Set Generate by 6 and ¢

In this section, we delve into functions generated by the composition of two real linear functions, 6
and 7, focusing on their properties over integers. We define the set (6, 1), representing compositions
of these functions, and examine their orbits and associated sets of integers. Before delving into their
properties, we introduce the crucial concept of the integer set of a function. Denoted as E(S), this
set represents the integers generated by the orbit of the function S. We emphasize the one-to-one
correspondence between functions of the same length and the partition of integers into sets based on
this length. These results provide a solid foundation for a detailed understanding of the properties of
these functions and their application in the study of iterative functions over rational numbers.

3.1. Summary of Propositions in the Section

1. Definition 3: Introduces the set (6, 1), generated by two real linear functions 6 and 1.

2. Definition 4 : Defines the Integer set of a function.

3. Lemma 4 Monotonicity of Integer Set Lemma.

4.  Proposition 1: Establishes a relation of Monotonicity in the entire sets concerning the composition
of functions.

5. Lemma 5 Establishes a characterization of the integer sets.
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6. Proposition 2 : Establishes a one-to-one correspondence between functions of the same length
and integer sets of the same length, and Affirms that the integer sets of functions of the same
length are disjoint.

7. Theorem 3: Ensures that the integer sets are the disjoint union of the integer sets of functions in
(6, p7) with the same length.

8.  Proposition 3: Guarantees the existence of a unique sequence of elements for a function S €

(6, 1)
3.2. Set Generate by 6 and 1

The Generated Spaces, denoted as (6, 7). These spaces arise from the iterative composition
of functions, where the individual contributions of § and 17 combine to form an enriched dynamic
structure.

Definition 3 (Set Generated by 6 and 7). Let g € Z and 6,97 : R — R defined by 0(x) = % and

Pl(x) = 3x2—|— q, then we define the set (6, 1) as:

S:R—R; S(x) =)si(x),si(x) =0(x), 7 (x) fori > 1,50 = id
i=1

We will call the number n length of S.

Let define The integer sets of a function, denoted by E(S), represent the integer values that a
specific function takes on its domain. Examining E(S) allows for the identification of patterns and
regularities in the interaction of the function with integers, which is essential for understanding the
structure of spaces generated by such functions.

Definition 4 (Integer Set of a Function). Let S : R — R a function, we called integer set of f or the integers
of f the set:

E(S) ={n € Z;S(n) € Z}.
and we called the k—integer set of f the set
EX(S) = {n € Z;S(n),S*(n),...,Sk(n) € Z}.

In the following Proposition we are going to see that integer sets have a monotonic behavior
concerning the composition of linear functions, this property will be fundamental to studying EX(S).

Lemma 4 (Monotonicity of Integer Set Lemma). Let A, B,a,b € Z such that (A,2) = (B,2) = 1 and

a,B € N. Let S(x) = sz;l-a and H(x) = BXT;—b, then E(Ho S) C E(S).
A 24
Proof. In fact, we have H o S(x) = %aﬁ—kb Since (AB,2) = 1 there are solutions. Let
AB Ba + 2%
xg € E(H o S) then by definition all ; +Z + 2 € Z, then we have
ABxg+Ba+2*h B (Axg+a b Axg+a
Saip 2ﬁ< 0 >+256Z:>B< o +beZ
as (B,2) = 1 then we have
Axg+a
€L
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O

n

Proposition 1 (Monotonicity of Integer Set). Let (-)s;(x) € (0, ¢7) withs; € {6,471} and L,M € N.
i=1

Then if n > L > M we have:

L M
E <® s,(x)) CE <® si(x)>
i=1 i=1

b

N
Proof. As the functions generated by (6, 7) are linear of the form with a,b.N € N. The result

2a
follows inductively from Lemma 4. [J

Example 3. Let S,(x) = 02" (x) € (0,). We will calculate the integer set of Sy
22y —3x =1

2" —1

we have that y = 1 and € N are solutions of the Diophantine Equation, then the integer set is:

n_
E(67"yp) = % 4227,

Let m > n then

E(6°"yp) C E(6*"y)

2m —1
3(%5) +1
— 2 =2""eN

21’!

indeed

The following lemma states that u € EX(S) if and only if u € E(S).

, i
Lemma 5 (Containment in Integer Sets). Let {s;}} € {6,y1}, then u € E (@ sl-(x)) if and only if
i=1
r j
Osi(u) eE| Q) si(x) | withr < j. In particular if S € {0, 7}, then EX(S) = E(SF).
i=1

i=r+1

.
sl-(x)> then by proposition 1 we have u € E(@ si(x)) with 7 < j, then
i=1

j
i=

Proof. Let u € E(
1

r ] r r ]
(Dsi(u) € Z . On the other hand, we have () s; <® si(u)) € Zthen ()s;(u) € IE( ©) si(x)) .
i=1

i=r+1 i=1 i=1 i=r+1
i=r+1 i=1

r j r
If ()si(x) € IE( O sl-(x)) with r < jthen (-) s;(u) € Z so
i=1

é S; (ési(u)> = ési(u) ez

i=r+1 i=1
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thenu € E (é s,-(x)) . O

i=1

In the following proposition, We will demonstrate that the integer sets associated with functions
of the same length are disjoint. That is, if two integer sets share at least one element, then the functions
must be the same.

Proposition 2 (One-to-One Correspondence and Disjointedness). Let S, H € (6, 17) of length k with q
odd number, if H # S if and only if E(H) NE(S) = @.

j j

Proof. Let S(x) = (*)s;(x) and H(x) = () hi(x) with s;, h; € {6(x),(x)} and let ko be the largest
i=1 i=1

index such that s;(x) = h;(x) forall i < kg

If ko = 1 This means that they have different first terms. Then E(S) C E(0) = 2Z and E(H) C E(¢7) =

2Z+1or, E(H) C E(6) =2Zand E(S) C E(¢7) = 2Z + 1 in either case we have E(H) NE(S) = @.

Suppose that exist u € E(H) NE(S) by proposition 1 we have
r r
uek (@ si(x)> NE (@ hi(x)> with r < j.
i=1 i=1

Taken r = kg

ko ko

uek (Q si(x)> NE <@ hl-(x)> :
i=1 i=1

and by lemma 5

ko—1 ko—1
O siu) = O hi(u) € E(s,(x)) NE(sg,(x)) =2ZN(2Z+1) =D
i=1 i=1

which is a contradiction, On the other hand if E(H) NE(S) = @ then S # H otherwise we would have
E(S)=E(H) =2
however, neither set can be empty O
As a consequence of the above proposition we have

Theorem 3 (Partition of Integers). Let {S;}jen C (0, $7) with length k and q odd number, then

z= || E@)

S with length k
i.e., the sets of integers are equal to the disjoint union of the integer sets of functions S of length k
Proof. it is evident that

E(S) C Z
S with length k
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To prove the other contention we consider the g—Collatz function defined by Col, : Z — Z given by

UEa iy 0dd
Coly(u) = 2

if u even,

N =

let’s take an integer 1 and calculate its k-th orbit, this orbit can be written as compositions of functions
in (6, 1), let’s call the resulting function S since all the values of the orbit are integers, we have by the
lemma 5 we can conclude that u is in the entire set of the function S.

ueE(S) C L] E(S).
S with length k

O

As a consequence of the Theorem, we have that each element generated by the functions 6 and 7
can be generated by a single combination.

Proposition 3 (Uniqueness of Basis Representation). Let S € (0, ¢7) with q odd number. Then there exists
a unique sequence of k elements {s]-};‘:1 with s; € {60, ¥7} such that

k
S(x) = Osj(x)
j=1

Proof. Since S € (6, 7), then there exists a sequence of kg elements {s; ;‘11 with s; € {6, 97} such that
ko
S(x) = () sj(x). Suppose for absurdity, that there is another sequence but of Iy elements {; };Ozl such
j=1
I
that S(x) = () hj(x). Let u € E(S), we have the following cases
=1

1. Ifkg > lp. We have

ko Iy
5(x) = Osj(x) = Ohy(x)
j=1 j=1
ko Iy
uelk @s](x) =E Qh](x)
j=1 j=1

by Proposition 1 we have u € E(s1) NE(hy), since s1,h; € {6, 97} and E(0) NE(¢7) = @ then
s1 = hy. Since s1 and hy are invertible functions, we have

ko Iy
Osi(x) = Ohi()
j=2 j=2

Following the same idea up to ko, we have

ly

O sj(x) =x

j=ko
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b
The latter is impossible since the slope of the resulting line is of the form 37 with a,b € N. The

case kg < Iy is completely analogous, therefore the case where ko and [y are different is not
possible.
2. If kg = lp. Since the sequences are different, there must exist some k < k¢ such that

then by Proposition 2 we have
k k
E{Osi(x) | nEl Ohj(x) | =2
P =

k k
However, this is a contradiction to the Proposition 1, because u € E | () sj(x) | NE | () h;(x)
j=1 j=1
for all k < kg. Then both sequences must be identical.
O

4. Stability and Instability of Integer Set

In this section, we delve into the stability and instability of sequences associated with integer
sets. We begin by defining functions pg and p; that map real functions to integers. We introduce the
concepts of positive and negative stability for sequences {S;(x) }?‘;1. The Monotonicity of pg and p; is
established through Proposition 1, demonstrating the non-decreasing of pg and the non-increasing of
p1 for a given sequence S;(x). Further, the Proposition formally defines positive and negative stability,
incorporating limits and intersections of sets. The ensuing Stability Limit Theorem (4) establishes the
asymptotic behavior of the integer set of an iterative sequence.

4.1. Summary of Propositions in the Section

1.  Definition 5 : Definition of functions pg and p;.

2. Proposition 4: Monotonicity of the functions pg and pj.

3.  Definition 6: Definition of positively (negatively) stable (unstable) sequences.

4.  Theorem 4: Establishes the asymptotic behavior of the integer set when we have a positively
(negatively) stable (unstable) sequence.

4.2. Stability and Instability of Integer Set

We initiate this section by introducing functions that associate each integer set with its minimum
positive integer value and maximum negative integer value. These values are determined by the
solutions closest to zero for the variable x in the Diophantine equation 2%y — 3"x = N. This equation is
representative of the Diophantine equation linked to an element within the space generated by ¢ and 6.

Definition 5 (o and p; functions.). Define the function pg,p1 : {f : R — R : f function } — Z by
po(f) = min{E(f) NN}
and

1(f) = max{E(f) N —N}

As a consequence of the Proposition 1. We have that the functions py and p; are monotone.
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j
Proposition 4 (Monotonicity of pg and p1). Let {S;j(x)}jen C (6, 97) given by Sj(x) = () s;(x) then
i=1

po(S;(x)) is a non-decreasing function, and p1(S;(x)) it is a non-increasing function.
Proof. By the proposition 1 we have that
po(Sj+1),01(Sj+1) € E(Sj41) C E(S))

then pg(S;) < po(Sj+1) and p1(S;) > p1(Sjs1). O

From the result of the proposition above, we are going to make a classification of the sequences

j

S;= @ si(x) according to the behavior of the functions pg and p;.

i=1

i
Definition 6 (Stability of Sequences). Let {S;(x) };";1 sequence on (0, %7) given by S; = (D si(x). We will
i=1
j
say that {S;j(x)}72, is positively stable if lim po (O Sk(j) | < oo otherwise we will say that it is positively
] i1

i
unstable. On the other hand, we will say that {S;(x)}2 ; is negatively stable if lim py (@ Sk(])) > —oo,
otherwise, we will say that it is negatively unstable.

Now we will give the central theorem of this section, which establishes the asymptotic behavior
of the integer sets of S; from the stability or stability of this.

Theorem 4 (Stability Limit Theorem). Let {S;(x)}2; C (0, ") and

ET (é S](x)> _]E( : S](X)) NN
=1 =1

E~ (é S](x)) = E( - S](x)> N —N.
j=1 j=1
We have:

1. if {S;j(x)}}24 is positively stable then

k o0 k k
lim E* | () Si(x) | = NE O Si(x) | = { lim pg @Sj(x)
k—yo0 =1 1 =1 k—ro00 =1

2. if {Sj(x)}}2, is positively unstable, then

and

analogously
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1. if {S;j(x)}i2; is negatively stable then
k o k k
]}Ln;oE* @ Si(x) | = O E- @ Si(x) | = ]}Lr{}opl @ Si(x)
j=1 k=1 j=1 j=1
2. if {Sj(x)}j2, is positively unstable, then
k 5] k
klgloloE_ QS](JC) = m]E_ @S](x) =0
j=1 k=1 j=1
k k k Bka + N k
Proof. : Let pj = po | () Sj(x) | and (-) Sj(x) = A with Ay =numbers from 6 to (-) S;(x)
j=1 j=1 j=1
k
and B, =numbers from 97 to () S;(x). We have
j=1
k
E{ OSi(x) | = pb+24N.
j=1
k
supposed that {S;(x)};2; is stable, we will first prove that khm E* | (-)Sj(x) | is non-empty. By Proposi-
— 00 .
j=1
k
tion 1 the sequence of sets E™ @ Sj(x) | is a decreasing sequence of sets i.e. that the next set is a subset
j=1

of the previous one, then the limit set corresponds to the intersection of all the sets of the sequence.
k k
lm B (O8] = N E (O
j=1 keN =1

Now since pf is a function of the natural ones in the natural ones and is convergent, it implies that this
function reaches its limit in a finite amount of steps

ok = cts for all k > K
this implies
k
Jim o6 €ET| (DSj(x) | forallk € N
— 00 .
j=1

then the limit set is non-empty.
Now we will prove the limit set contains a single element. Suppose there exists another element
ug that is contained in all positive integer sets, then there exists a non-negative integer t such that

Ug = plé +2Akt

without loss of generality, we can assume that pf is constant. Solving the equation in terms of ¢, we
have

po Mo~ o6
24k
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This solution is a fraction less than 1 for k large enough., which contradicts the fact that ¢ is an integer.

Now let us take the unstable case. Suppose there exists an element u in the limiting seti.e. an
element that is contained in all non-negative integer sets, then there exists t a non-negative integer
such that

uy = p’(§+2Akt > p’é

as p’é diverges and ug constant, then there exists a K such that p’é is greater than u, then ug cannot
belong to any integer set with k > K, which is a contradiction. Analogously for the other case. [

Example 4. S,(x) = 62"¢(x) is positively and negatively unstable. Indeed, by example 3, we have
n

n - p—
E(6*'y(x)) = % + 2217 where pg (02" p(x)) = 2 3
n__
On the other hand p1 (02" (x)) = 2 3 1 221 _y oo,

— 00 as n — oo then nlgn E+(92”1/)(x)) =Q.

Example 5. S, (x) = (0y(x))" is positively unstable and negatively stable. Let’s calculate the integer set
E((0y(x))"), let’s observe that

Then E(6y(x))" = —1 + 2"Z then we have p1((0¢(x))") = —1 and po((0y(x))") = 2" —1 — oo as
n — oo

5. Coding of the Orbits

In this section, we will delve into the study of the coding of the orbits of the Collatz function. The
main results of this section are the invariance of the coding between Cod,; and Cod on the fractions
with denominator g and the one-to-one identification of each element of Q,;; with its coding.

5.1. Summary of Propositions in the Section

Definition 7: Coding maps and XJ the space of sequences 0 and 10.
Proposition 5: General form of the elements generated by ¢ and 6.
Proposition 6: Fist Cod invariance: Cod(S) = Cody(S).

Definition 10: Definition of Col; : Z — Z.

Definition 8: Extension of Collatz function on Q = Q44 U Qeven-
Proposition 7: Extension of Collatz function on Q is well-defined.
Proposition 8: Col(Q,44) C Qoaa-

Definition 9: Extension of the Collatz function on Q.

Proposition 9: Col — Col, equivalence : if s € Qg4 then Col* (Z) = ;Col’q{(p).

O PN U=

10. Proposition 10: Second Cod invariance: Cod* (Z) = Cods(p).
11. Proposition 11: p € E(S) if and only if Cod";(p) = Cod,(S).
12. Proposition 12 p € E(S) if and only if Cod (Z) = Cod,y(S).

Ak
13. Proposition 13: Cod® (g) = Cod* (Z + 2qT>

14. Definition 11: The Coding set Cod*(¢).
15.  Proposition 14: Monotonicity of the Coding set Cod“*1(&) C Cod(¢).

t t AT
16. Proposition 15: Generating property: if Z,; € Cod*(¢) then g =+ et

17.  Theorem 5: Uniqueness of the full coding Q4.
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5.2. Coding of the Orbits

It is a common practice in dynamical systems to encode orbits based on specific criteria. In our
case, we encode the orbits of the Collatz function according to the parity of their elements, assigning
the value 1 when they are odd and 0 when they are even. Since our primary focus is on the Collatz
function over Q,q4, we modify this initial coding by assigning 10 when an element is odd, instead of
just 1. We denote the space where these codings reside by X3, as it is a subset of the sequence space
consisting of 0s and 1s, usually denoted in dynamics by ;. Formally, we express this as

Definition 7 (Coding of the Orbits). Let S € (0, ¢7) with length k. We define the following application
Cody : (8,97) — {0,10}* defined by

k
Cod, (@ s]'(x)> = {é"]'};‘:l with sj € {6,917}
=1
with

F - 0 if si(x)is6(x)
! 10 if si(x)is p(x)

To rigorously examine the properties of the coding, it is essential to establish a precise form for
the elements generated by ¢ and 6.

Proposition 5 (General form of S). Let S € (6, y) and Let {0; ;‘;1 € No x Nx ... x Nand Cody(S) =
j

09110% ... 0%10%+1 and let aj=) bjand N : X5 — Ndefined as

i=1
gklom 4 gk=20m 4 L om i k>0
N (Cod, (S)) = ¥
0 if k=0

then

3kx + gN(Cod,(S))
S(x) - k+1 !

Proof. We will prove by induction on k. For 45,1 = 1 we have

1. Codg(y7(x)) =10, then, k = 1,41 = 0,ap = 1and N = 3°2° = 1 then S(x) = 5 = P (x).
0
2. Cody(6(x)) = 0, then, k = 0,a; = 1 and N = 0 then S(x) = w =2 =0,

Suppose the statement is true up to k, let So H € (6, ¢7) of length a;, 1 with H of length ay.
Claim 1: Cody(y7 0 H) = Cod,;(H)10. We have:

1. ag42(Codg(H)10) = aryq + 1 and a;(Cody(H)10) = a;(Cody(H)) for j < k+1.

2. N(Codg(H)10) = 3+12m 4 3520 | 4 312% 4 20kt
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On the other hand, we have:

o 3% +qN(Cody(H)) | _ 3"'x + g3N(Cody(H)) + g2%+1
4 41 B 2 y1+1

3y 4 g3(3F12m 4 3200 4 2%) 4 g2%
2ak+1+1
3y 4 g(3k2m - 3k12m 4 4 310% 4 2%+1)
2aj1+1
3y + gN(Cod,(H)10)

2k+2

where we observe that the values coincide with those calculated.

Claim 2: Cod,(6 0 H) = Cody(H)0. We have

1. agy2(Cody(H)0) = ax(Cody(H)) + 1.
2. N(Cody(H)0) =3"12m 4352272 1 4+ 2% = N(Cod,(H)).
On the other hand, we have

] <3kx + qN(Codq(H))> _ 3" +gN(Cod,y(H)0)

20k41 2k+2

where we observe that the values coincide with those calculated, then the statement is true. O

Now we will see the first property of the coding

. . N . 3'x+N
Proposition 6 (First Cod invariance). Let S € (0, y) given by S(x) = ;

3bx +gN
T

and q odd number, we

defined S, € (0, 917) given by Sq(x) . Then Cod(S) = Cody(S;).

Proof. Let g € Z, since q is odd number then does not change the parity of the argument. To prove that
they have the same coding, we have to prove that they have the same decomposition in principle, except
that where there is { we have a ¢. let us observe that ¢ has commutative properties with 6 and ¢.

1. g6(x) = % = 0(gx).

2. qyplx) = q<3x2+1> = 3(qx2) 0 = y(q0)

As S € (0, ¢) then there exists s; € {6, ¢} such that

S(x) = é sj(x).
j=1

For convenience we will denote S? € {6, y7}. Then we have

2(Z)+N

3bx +gN <) . x : x :

Sylx) = == =g =T =105 ) =Os!(a>) = Osl(x)
2 2 S = R Fa

We have that if s; is 6 then s? is still 6 and if s; is i then s? corresponds to 7. By Proposition 3 we have
that the coding of S, has to be the same as that of S. [
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Let us contemplate a generalization of the Collatz function applied to integers. In this variant,
rather than adding 1, the function adds q € Z, where g is an odd integer. Subsequently, we will
establish the compatibility of this generalization with the extension of the Collatz function to Q,4;.

5.3. Extension of the Collatz function on QQ

As the concept of parity is a concept defined for integers, the Collatz function can be naturally
extended to the set of integers. This concept is not trivially extended to the set of rational numbers,
as there is no unique representation, We are going to consider a modification of extension on the

p

rationals proposed by Lagaria in [10], Lagaria defined the Collatz function for fractions = such that

(9,2) = (g,3) = 1. We will distinguish two subsets of Q. The set of rationals with odd der?ominators,
denoted by Q,44, and the set of rationals with even denominators such that the numerator and
denominator are co-prime, denoted by Qgpen. We will say that a rational number in Q44 is odd if the
numerator is odd, and it is even if its numerator is even. In the case of Qeyen, since the denominator
is already even and due to coprimality, all elements are odd. We are going to consider the following
extension of the Collatz function.

Definition 8 (Extension of the Collatz function). Let’s consider the following sets

Qodd = {Z € Q, such that q is odd }

and
Qeven = {Z € Q, such that q is even and (p,q) = 1}.

We defined the Collatz’s function by Col : Qugq U Qeven — Qogg U Qeven by

3p+q .
— ifpodd
Col(p> = q

= if p even,

We are going to show that the extension of the Collatz function that we defined is well-defined on

Qoda-

Proposition 7 (Well-Defined). The Collatz’s function on Q4 is well-defined.

Proof. We are going to show that Col is well-defined over Q.. Let p,q € Z with g4 # 0 and
(9,2) = (p,q) = 1. Let A an odd number, then

3Ap +Aq 3p+4q

——  if Ap odd ——— ifpodd
Col</\p> — Ag P - q P — Col(p>
Ap . p .
Aq m if Ap even, Z if p even, q

O

Let’s observe that when we apply the Collatz function to Pe Qo4qq with odd number, we always

obtain a fraction with an even numerator, and when applied to Qeven, we always obtain an odd
number. This will be very important since in section 5, we are going to define how to coding the
orbits, assigning 1 if it is odd and 0 if it is even, in the case of Qeyen, we will have that all its elements
have the same encoding which is 1111 ... unlike Q,q4, where the codings will be generated by 10 and
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0. For this reason we are going to work mainly on Qq4, let’s simplify the Collatz function a bit, as
Col : Qoad — Qodd U Qeven given by

Spta if p odd
()
2 if p even,

Proposition 8 (Invariance of Q,44). The Collatz function defined above satisfies that Col(Q,44) C Qoda

Proof. We will show that Col does not change the parity of the numerator.
1. if pis odd, we have 3p +q = 2r with r € Z, then

3p+q _2r _r

2q 29 q
Since g is odd, we have independent of the simplification Te Qodd-

2. if p =2r withr € Z, we have

p __2r 7

2020 ¢
Since g is odd, we have independent of the simplification, we have % € Qpgg-
O

Considering the proposition above, we are going to define the Collatz function on Q,,,; as

Definition 9 (Extension of the Collatz function on Q,;;). We define the Collatz Function on Q,4; by
Col : Qoga — Qoad

3p+q .

——— ifpodd
Col(p =,

2 if p even,

5 5
Example 6. Let 7 € Qg4 and 5 € Qeven we have:

<5> 5 11 20 10 5
Olz)iz—w=—2>—— = —

7)7 "7 7 "7 7
and
of(3).5 ,17 5 161 48 3543 -1
2)°2 "2 T2 "2 2 T 2 '

We can observe that the extension of the conjecture on the set of rationals is false, since we have found a fraction
with a divergent orbit, The first objective of the work is to show that there are no divergent orbits in Q..

We define the following generalization of the Collatz function.

Definition 10 (The Col; map). Let q € 7Z, we define the q—Collatz function defined by Col, : 7. — 7 given
by
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3n+gq .
if u odd

Colg(n) =4 , 2 f
> if u even,

Now, we will demonstrate the compatibility of this generalization

Proposition 9 (Col — Col, equivalence). Let g € Qpgg. Then for all integer numbers k > 0 we have

1
Colk<p) = ~Colk
p p (P)

Proof. We let’s observe that

P
gt 3p+q
1 if p = ifp=1 (mod 2
Col(p>: S ifp=1 (mod2) _1 p2 .P ( )=1Colq(p)
2£ ifp=0 (mod?2) q ) ifp=0 (mod2) 1
q

Suppose first that (g,3) = 1. This fraction is irreducible. Indeed, we have that (3p + g,9) = (3p,q) = 1.
Then the parity of the fraction depends only on the numerator since there is no possibility of simplification
that changes the parity of the numerator, and we can continue with the iteration for all k since the
irreducibility of the iterations only depends on the initial fraction is irreducible. Then we have

1
Colk(p) = ~Colk
i)~ a q(p)

Now to suppose that (g,3) # 1, for this case, the resulting fraction is not irreducible. However, as we
are going to prove below, this does not change the parity of the orbits, so the formula would continue
3%p + 30N

to be valid for this case. Suppose that, § = 3'v with (v,2) = (v, p) = 1 and let Col’q‘(p) = T

We will divide this proof into two parts.
Case one b < [: We are going to prove the statement by induction. Tok =1

P
%Colaﬂv(P) L <3p+310> = 3(310) ! = Col(%)

~ 3l 2 2

Now suppose that the statement is true for k, observe before continuing that the expressions

b ) I-b
<3P_;BUN> and <p+32aUN> have the same parity. Indeed,

3'p+3wN [ p+3"toN

2¢ =3 2¢

p+3-tuN
2a

p +3-toN p+3~toN
24 24

product of odd is odd, the left side is odd, so the expressions have the same parity.

if the expression on the left-hand side is even, if and only if it is even. On the other

hand, if the left side is odd, ) must be odd and if ( ) is odd, since the
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b 1
Ly (3 p+3loN
20[

) itis odd. Expanding the left-hand side of the proposition,

iColk‘H(p) _ 1 (343N 1 [3Tp43tloN 29300
3o 3y 24 3o 20+1
1 p +3l+lf(b+1)vN+2a317(b+1)v
30y pat1
B 1 p +3-PoN 2731 (0+1)y
T 3l-(b+1)y 2a+1

developing the right-hand side of the proposition,
k+1( P\ _ k(P _ 1 3bp+312)N
cu (1) = o (1)) = cun 5, (P27
1 (p+3-toN
_1( 3 (p+3toN
=2 <3’bv ( 2 ) +1>

1 1 p+ 300N + 293ty
T2\ 3=(+1)y Da

1 (p +3"PoN 4 2“31—(b+1>v)

T 3l=(+1)y 2a+1
We conclude in this case that both parts are equal

b !
2. if (3;9-;—“30N> it is even. Expanding the left-hand side of the proposition,

icOlk“( )_Lg 3'p+3oN\ _ 1 (3'p+3hN
3ly P) =30 20 - 3y 2a+1

1 (p+3-N
- 3y 2a+1

developing the right-hand side of the proposition,
kil P _ k(P _ 1 (3'p+3hN
ot () =t () = o, (P25

1 [p+3-toN
1 [p+3-toN
T 3l-by 2a+1

We conclude in this case that both parts are equal. Since in both cases it gave equality, we conclude

that the proposition is true.
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Case two b > [: We are going to prove the statement by induction. Tok =1

P
L= (2r20) < )

Now suppose that the statement is true for k, observe before continuing that the expressions

b IuN b—I N
<% and 3;72—[1“) have the same parity. Indeed,

3'p+3oN _ <3b’p + UN>
2 20

3"1p+oN

if the expression on the left-hand side is even, if and only if it is even. On the other

3'Tp +oN

ZH
of odd is odd, the left side is odd, so the expressions have the same parity.

Loy <3bp+3lvN

hand, if the left side is odd, ) must be odd and if ( ) is odd since the product

T ) it is odd. Expanding the left-hand side of the proposition,

- 3ly

3y 4 30N + 2%
- 2a+1g

3y

icOzkH( )_L 3'p+ 3N\ 1 (30+1p 4 3FloN + 23y
3o P 2a S+

developing the right-hand side of the proposition,
() 2 (L)) = cor L (33N
Col (310) = Col (Col (310)) = COZ(3ZU < T
— Col 3b=lp +oN
299
1 3'=1p +oN
=3 <3<T +1

3y 4 30N + 2%
B 2a+1g

We conclude in this case that both parts are equal.

b 1
.y (3 p+3loN

o ) it is even. Expanding the left-hand side of the proposition,

3ly 3ly 28 3y 2a+1

3 p4oN
B 2a+1y

b 1 b 1
lcOlk+1(p):i9<3 p+3vN>:L<3 p+3vN>
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developing the right-hand side of the proposition,

ot (L) = cot(cart (L)) - c(,z(g}v (W))

ol <3b_lp+ vN)

20y

3 lp+oN
o 2a+1g

We conclude in this case that both parts are equal. Since in both cases it gave equality, we conclude
that the proposition is true.
O

Other proof by induction:

Proof. We proceed by induction on k.
Base Case (k = 0): By definition:

1 1

Inductive Step (k — k + 1): Assume that for some k > 0:
Colk<p> — ootk (p).
q) a7

Let x = Col’,;(p). We consider two cases based on the parity of xy:
Case 1: xi is odd, Using the inductive hypothesis:

o (1) (o)) -2,

Since x is odd and g is odd, % is odd in Qu4q. Thus:

3(”‘) +1
COl(f;) _ q _ X, + 4 _ 1<3xk+q> _ [11C015+1(p>

2 2q q 2

. . . Xk . .
Case 2: xi is even, since x; is even, K js even in Qodq- Thus:
q

Xk
Xy q X 1/xg 1 ki1
1 —_ = —= — = — | — = — 1 .
Co(q) 2 q(2> <0 W)
In both cases, we have Col**! (Z) = %Col’fl (p). By induction, the proposition holds forallk > 0. [

We will define a coding function for the Collatz g-functions and demonstrate that they produce
the same coding as the fractions with denominator 4.

We are going to consider the set of sequences 0 and 10 that we will denote by X5 and we formally
define it as

=5 = { g} & € {010} }
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this set can be seen as a subset of the set of sequences 0 and 1 where after the entry 1 enters 0. Let’s
consider the following application: Cod* : Q,y — L5 defined by

k(P _ k 0
with
10 if Coli~!

is odd

G =

0 if Coll1 is even

Q"SI

and

Proposition 10 (Second Cod invariance). Let Z € Q an irreducible fraction with (q,2) = 1 and Cod* :
7, — X5 defined by
Cody(p) = {5510, with & € {10,0}
with
: {10 if Coll '(p)=1 (mod2)
j =

1
0 if Colé_l(p) =0 (mod 2)

then we have
Cod* <§) = Cod’q((p)

Proof. By proposition 9 we have
1
COlk<E) = —Col
p 7C% (p)

Since g it is odd, then, we have coding of Col* (5) and Col’g(p) must be the same. [J

We will now establish the initial connection between sets of integers and coding. Specifically, we
will demonstrate that all elements within the integer set S share the same coding.

Proposition 11 (First characterization of E(S)). Let p € Zand S(x) € (0, y1) of length k with (q,2) =1,
then

p € E(S) if and only ifCodf;(p) = Cody(S)

k
Proof. Let p € E(S) and S(x) = (5)s;(x) € (6, 97) then by definition S(p) € Z by Proposition 1 we
i=1
1
have () si(p) € Z with I <k, then Cod(S) = Cody(p).
=1
l k-1 k
Suppose that Cod’;(p) = Cod,(S) then {p,s1(p),s2 0s1(p),....(Dsi(p), Osi(p) = S(p)} € ZM1,

then p € E(S). O
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We show below the second connection between the integer sets and the encoding. Specifically,
we demonstrate that all values p within the integer set S; indeed have the same coding as the

p

corresponding fraction 7

Proposition 12 (second characterization of E(S)). Let p € Z and Sy(x) € (6,¢7) of length k with
(9,2) = 1, then we have:

p € E(Sy) if and only ifCodk(Z> = Cod;(Sy)

Proof. Let S;(x) € (8, 7) of length k such that Cod*(p) = Cody(Sq), for the proposition 9, we have
qulk<Z) = Colg(p) = S4(p)

then CodF <Z> = Cod,(S,) finally by the proposition 11, we have p € E(S,) if and only if Cod" (Z) =
Cody(S;). O

The following proposition demonstrates that for a given rational number, we can generate a
family of rationals that share the same encoding. This suggests that there exist many rationals with the
same k-th encoding

Example 7. Let’s consider the coding ¢ = 10010100, we want to find rational numbers P such that

27x +29

Cod® (Z) = ¢, we have that the function S(x) € (0, ) with coding § is S(x) = o
27x +29

1. p =1, we have to calculate some solution of the entire set of S(x) = . We have xy = 25, then

32
O5(25) = {25,38,19,29,44,22} then Cod®(25) = ¢.
27x +29-7
2. p =7, we have to calculate some solution of the entire set of S7(x) = 9“;729 We have xy = 15,
15\ [15 26 13 23 38 19 5(15Y

the]’l 05 <7> — {7, 7, 7, 7, 7, 7} then COd <7> — g

3. p = 27, we have to calculate some solution of the entire set of Syy(x) = % We have that
B 3y [3 21 s( 3\
xg = 3, then Os (27> = {27, 3 3,1,2,1} then we have that Cod (27) =¢.

Proposition 13 (Invariance property of Coding of rational). Let Pe Q an irreducible fraction with

(4,2) = 1, Ay =numbers from 0 to Cod* (Z) and T € Z then

A
Codk<p> = Codk<p + 72 kT)
q q q

Proof. Let S(x) € (8, 9") such that Cod(S) = Codf(p) then S(p) = Colf(p) € Z this implies

E(S) = p + 2T = Codf(p +24T) = Cod}(p)

A A
q q q q

then

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202408.0985.v5
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 15 April 2026 doi:10.20944/preprints202408.0985.v5

33 of 106

O

As we have seen so far, we can characterize the entire set S from its encoding. Exploiting this
property, we generalize the entire set S to encompass all fractions sharing the same encoding. We will
call the k—Coding set.

Definition 11 (The k—Coding set). Let {Z;}72, € £, we define the k-th coding set of {{;}%,

Cot (g = { £ € Quua. Cot(£) = 55107

The encoding set also exhibits the property of Monotonicity, similar to the integer set of S.

Proposition 14 (Monotonicity of the Coding set). Let {¢;}}2; € X then
Cod“ (g} C Cod* {32
Proof. Let Z € CodkH{c;"]}] | by definition Cod**! (q) = {g’,]}k"’10oo then trivially we have
dek<q)._{q}]1U”thm1ZeECm%{g}]l O
Definition 12 (The Coding set). Let {¢;}}2; € X3, we define the Coding Set of {G;}7,

Cod{gj}i2y = () Cod™{;}1-

keN

Similarly, the behavior of the solutions of Diophantine equations, in which knowing a particular
solution allows us to determine other solutions, is reflected in the coding set. This connection is
illustrated in the following proposition.

ﬁ\‘*

Proposition 15 (Generating property). Let {¢;}7>1 € 5, Ay =numbers from 0 to {tf]}] 1 and s

Codk{(;‘j}jzl then exist T € Z such that

t 24T
P_t,
q r qr
3'x+ N

Proof. Let g,; € Codk{é’j}]?’il and Si(x) = 7 € (6,9) such that Cod(S;) = {C]} _,, Now

consider S/ € (9, y7) and S, € (6, y") such that Cod’;(SZ) = Codk(S) = {5]‘}]‘:1 by proposition 12 we
have S!(p), Si(t) € Z the latter is equivalent

3bp +gN 3bt 47N

A oA €z

3bx +grN

~a; . Indeed,

We are going to prove that pr and gt are elements of E(Szr) with s"(x) =

3bpr +qrN 3'p +gN
ar =r 7Ar €z
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and
3bgt + qrN _ 3bt+rN 7
24 24k <
then
p t 24T
pr:qt+2AkTwithTGZ:>E:;+ with T € Z
O

Now, we will present the main theorem of this section, establishing that the encoding of a rational
number is unique.

Theorem 5 (Uniqueness of the full coding on Q,;,). Let {C]'}]?’il € X5. If it exists g € Qugg such that

Cod(Z) = kh_r)rc}o Cod* <Z> = {&;}21 then it is unique.

t
Proof. Let Ay =numbers from 0 to {Cj};?zl. Suppose there is another element, L€ Qp44 such than

t
Cod <r> = lim Cod* (Z) = {¢;}721 by proposition 15 exist { Ty }sen € Z such that
—00

Ay

E_P 2T thT e Zandke N
rogq g

t
Since g # ~then Ty € Z forall k € N. So

(-3
rq(t—Z> :2AkathenTk: # —0ask = o

which is a contradiction. O

Part II: Analytic Theory of Infinite Systems of
Diophantine Equations

6. The Gy, G and G; Sets
b (8)

3
20k11(8)
corresponds to the slope of the function Sy such that Cod*(S;) = {¢& i };-‘:1. Let us consider three subsets

Let { € Xj. Let bithe quantity of 1 of {6]‘};‘(:1' Define the function This function

that will be relevant to study the non-existence of divergent orbits. G1, Goo and G; which correspond

3bk(2)

to the subset of the sequences such that or converges to 0, co and some real respectively.

+1(8)

6.1. Summary of Propositions in the Section

1. Definition 13: Sets Gy, Goo and Gj.

k
2. Lemma 6: Characterization of Gp and Ge through accumulation points of Y
k
3. Proposition 16: Let § € G; then exists M, m > 0 such that m < Y < M.
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L
4. Lemma?7: Let0 < & < 7 then ¢ satisfies the following inequalities L + & < %(L —¢) and

N 2(L+€) < L—81f9k+2 > 2.
3k
5. Proposition 17: Let ¢ € Gy, then is not convergent.

6.2. The Gy, Geo, and Gq Sets

In this section, we classify the sequences in X based on the asymptotic behavior of their cumu-
lative exponents. This classification allows us to partition the space into three distinct sets: Gy, Gco,
and Gj. These sets will play a crucial role in determining the convergence properties of the associated
dynamical systems.

Definition 13 (The Gy, G, and Gy sets). Let § € X3 be defined as { = 0% H]?”:z 10% with 6, > 0 and
0 > 0 for k > 1. Alternatively, if & has a null tail, let & = 0% I"[]K:2 109 I—[}”;KH 0% with 6 =1forj> K.
Let ay, = 2]”:1 0. We define the following subsets of ¥5:

— © Jiminf %1 < G :
Gy = {{,’ €25 hl?lmf . in2) or ¢ hasa Null Tail 3,
- < imsup ki < NG :
Goo = {(’,‘ €25 11rkn_>soljp t in2) or ¢ hasa Null Tail 3,

and

Ak, 1
Gy = { & € X3 : There exists a subsequence {k;}jcw such that lim — 1 _ In(3) .
j—oo j In 2)

To illustrate these definitions, we present specific examples representing each category based on
the growth rate of their exponents.

Example 8. 1.  Let & € X3 such that ay = 3k + (—1)K. Since the limit of the ratio is 3, and 3 > Eg ~ 1.58,
we have &1 € Gy.
2. Let &y € X5 such that ap = |k + In(k) |. Since the linear coefficient is 1, and 1 < 1.58, we have {» € Geo.

3. Let ¢ € X3 such that aj = {k%J The ratio converges exactly to the critical threshold, so ¢ € G;.

= Il (] ]

: oA =

® il n@3) /= __
n2) 7/ il

25 — —

ar(é) = 3k+ (—1)* /—

Figure 1. Geometric interpretation: Excluding Null Tails, sequences in Go have their counting function ay asymptotically
above the line y = 1 (2; x. Sequences in Geo lie below this line. Sequences in Gy oscillate around or tend towards the line.
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The following result provides an equivalent characterization of the elements in Gy and Geo in

terms of the limit behavior of the sequence It is important to note that this characterization

3
T
applies specifically to sequences without a null tail, as the null tail cases are included in the sets by

definition due to their functional convergence properties.

Lemma 6. Let § € X3 such that ¢ does not have a null tail. Then:

k
1. ¢ € Goifand only zf hm N e =
k
2. (€ Gewifand onlythm N e =
Proof. 1. (=) Assume { € Gy and ¢ is not a null tail. Then, by definition, lim infy_, ”"T“ > %
There exist K, ¢ > 0 such that a"“ > g g + efor all k > K. Thus:
k k
3k 3 3 3\
—— =] < = =2""% 5 0ask — oo.
2%+1 (2 ki > (2}28) +5> (3 . 2€) as «
<) Conversely, suppose s> — we assume o, then lim infy_,, = < =55 (since ¢ is
C ly, suppose 52 — 0. If & ¢ Go, then lim infy o, %EL 1“ ( i

k1+1

not a null tail). Let

”kz+1 < ﬂ—gforl > K. Then:

In(2)
k
ki !
5 >< 3 ) =2Nf 5 coas ] — oo,

be a subsequence converging to the liminf. There exist K, & > 0 such that

2uk1+1 5 % e
which contradicts the hypothesis that the limit is 0.
2. The proof for Ge follows an analogous argument by reversing the inequalities.

O

Having characterized the asymptotic behavior of Gy and G as tending to zero or infinity, we
now turn our attention to the boundary set G;. Unlike the previous sets, sequences in G; maintain
a delicate balance. The following proposition establishes that elements in this set exhibit a bounded
behavior, staying strictly away from both zero and infinity along the subsequences that define their
critical density.

g +1 _ In3

Proposition 16. Let ¢ € Gy and consider a subsequence {ay, } such that lh o Ino Then there exist
— 00 1
ki

Mm>05uchthatm<23 < MonR.

a
Proof. Let ¢ € G such that lim k1 _ In@)

PRk In2) We aim to prove that there exist M, m > 0 satisfying

3k

m < 2k +1

< M. Suppose, for the sake of contradiction, that such bounds do not exist. If there
ki

exists a subsequence such that 23 — 0as [ — oo, then by the logic of Lemma 6, this would imply

. g1 In(3)
im == > )
.. g1 In(3)
implies llirgo K n)’
the sequence must be bounded. O

, which contradicts the hypothesis. Conversely, if the sequence diverges to oo, it

which again contradicts the definition of the subsequence in G;. Therefore,

To rigorously demonstrate that this sequence oscillates rather than converging to a single value,
we require a technical estimate regarding the algebraic steps of the iteration. The following lemma
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provides the necessary inequalities to show that the sequence cannot remain trapped within an
arbitrarily small neighborhood of a limit point, due to the discrete nature of the multiplicative jumps.

L . o L
Lemma?7. Let L > 0and0 < e < 7 Then e satisfies the following inequalities:

1. L+s<%(L—s),
3

2 20k42

(L +¢) < L — ¢ provided that 6, > 2.

L
Proof. We verify that any e satisfying 0 < & < 7 holds for both inequalities.

3 L
1.  For the first inequality: L + ¢ < 5 (L —¢). Expanding and simplifying, we obtain ¢ < 5 Since
e<landl < %, this inequality is strictly satisfied.
2. For the second inequality, we first establish the bound:

Orin
1 - 202 — 3
7 = 3420k
for 6y, > 2. Indeed, this is equivalent to 3 + 20%+2 < 7(29k+2 — 3), which simplifies to 24 <
6 - 2%+2 or 4 < 2%+2, which holds for all Orip > 2.

Now, rearranging the target inequality 29% (L+e¢) < L —¢, we require:
+
2012 — 3

e<L —0p—.
3 + 20k+2

Since we chose e < £ and we proved that 1 is the minimum value of the right-hand side (attained
at 0, o = 2), the condition holds for all 6y, > 2.
O

With the boundedness established and the jump inequalities in place, we can now state the main
result regarding the dynamics of G;. Unlike Gy and Ge, which exhibit definite asymptotic trends,
the following proposition proves that the associated sequence for G; oscillates perpetually, failing to
converge to any real number.

3k

Proposition 17. Let § € Gy. Then the sequence { } does not converge in R.
keN

2k+1

Proof. Suppose, for the sake of contradiction, that the limit exists. Let & = 0% I 10% (implying no

i=2
In(3 3
null tail, as ¢ € G1) such that lim %1 _ ﬁ Assume there exists L > 0 such that lim —— =L
k—oo k In(2) koo 2%+1
L k
Let0 < e < 7 By the definition of the limit, there exists K > 0 such that forallk > K, L —¢ < Y <

L+e
Consider the recursive relation:

3k+1 3 3k

2k+42 - 2042 T

Applying the bounds, we get:

3k+1 3

20642 2041
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Using Lemma 7, we analyze the next step based on the value of 6, »:

1. If6g,p =1, Lemma 7 implies L + ¢ < %(L — ¢). Thus, the term jumps above the upper bound

L+e.
2. If6yp > 2, Lemma 7 implies 295: ; (L +¢) < L — & Thus, the term drops below the lower bound
+
L—e

3k+1 . ] )
In either case, a2 ¢ (L — ¢, L + ¢), which contradicts the assumption of convergence. Therefore, the

sequence is not convergent. [l

7. Extension of the Collatz Function to Z,

In this section, we will study the extension of the Collatz function to the ring of 2-adic integers Z,,
as proposed by Lagarias in [10]. Analogously to the real case, we will define the dyadic integer sets
and the coding set. We will prove that given a coding sequence, there exists a unique dyadic integer
with this coding. Furthermore, we will show that this extension is topologically conjugate to the shift
function on X5 and we will use this result to prove that codings in G; correspond to unstable orbits.

7.1. Summary of Propositions in the Section

1. Lemma 8: Equivalence between the parity of rational numbers and their dyadic representation.

2. Definition 14: Extension of the Collatz function to the set of dyadic numbers, and definitions of
the dyadic integer set and coding set.

3. Proposition 18: Characterization of the dyadic integer set.

4.  Proposition 19: Establishes that the Coding set and the Dyadic Integer Set are equivalent.

5. Proposition 20: Establishes that for any given coding, there exists a unique dyadic number with
that coding.

6. Theorem 6: The Collatz function on the set of dyadic numbers is topologically conjugate to the
Shift map.

7. Corollary 1: The periodic points of the Collatz function in Z; are dense.

8. Proposition 21: The periodic sequences of Gy correspond to positive periodic points of the Collatz
function, and the periodic sequences of Go, correspond to negative periodic points.

7.2. Extension of the Collatz Function to Zp

We begin by extending the Collatz function to the set Z;. In order for the extension to be
compatible with the results obtained in the previous sections, we will first show that the parity of the
elements of Q,y is preserved in Z;.

Lemma 8. Let f = Z 62" € Zy be the dyadic representation of = € Qug4. Then p is even if and only if
6o =0, and p is odd y‘andonly if og = 1.

Proof. Let p be an even number. We have:
g = qu =060 +2M forany M € Z;.

Thus, 2k = gy + 2Mg, which implies géy = 2(k — Mgq). Since q is an odd number (invertible in Z5), &y
must be even, so §y = 0.
Conversely, let p be an odd number. We have:
p  2k+1

p — Y =0y +2M forany M € Z,.

Thus, 2k + 1 = gy + 2Mg. Since the left side is odd, gdp must be odd. Since gis odd, g =1. O
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With the parity well-defined, we can now consider the following extension of the Collatz function
on Zy.

Definition 14. Let Col : Zy — Zy be given by:

36 +1

> ifp=1 (mod 2)

Col(B) =

B .
5 ifp=0 (mod 2)

We define the k-coding of B as Cod*(B) = {n;}*_,, where ; = 0 if Col' "1 (B) = 0 (mod 2) and y; = 10 if
Col'"1(B) =1 (mod 2).
Let ¢ € X5. We define the k-Coding set of ¢ as:

Cod*(@) = {p & Za: Cod"(B) = {&:}y }
Let S € (6,y). We define the dyadic integer set of S as:
D(S) ={B € Z: S(B) € Za}

Example 9. Let § = 011011 € Zy. The orbit is:

0(011011) = {011011,01101001,0011110,001111,0110111, ... }

Next, we will show the version in Z; of the results seen in previous Sections. The following
Proposition characterizes the set of dyadic integers of Sy € (6, 1) analogously to the integer set case.

0 k+1
Proposition 18. Let & = 0% []10% € =3 and Sy € (6, ) such that Cod(Sy) = 0% T 10%. If By € D(S),
=2 j=2

then D(Sy) = Bo + 2%+17Z,.
Proof. Let By € D(Si). First, we show Bg + 2%+17Z, C ID(Sy). Indeed, let Sy be defined by:

3kx + Nk

2k+1

Sk(x) =
Then for any a € Zj:

3F(Bo +2%1a) + Ny 3¥Bo + N

k
20k+1 2k+1 t3n €,

Sk(Bo +2%H1a) =

since S¢(Bo) € Zy and 3ka € Z,.
Now we show D(S) C Bo 4 2%+17Z,. Let B € D(S;), so 3*f + Ny = 0 (mod 2%+1). Since Bo
satisfies the same congruence:

38 + Np — (3Bo + Ni)
34(B— Bo)

Since 3 is invertible in Z;, we have B — Bp = 0 (mod 2%+1). Therefore:

0 (mod 2%+1)
0 (mod 2%+1)

B—Bo= 2%+, witha € Zy = B=PBo+ i1y

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202408.0985.v5
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 15 April 2026 doi:10.20944/preprints202408.0985.v5

40 of 106

The following proposition states that the dyadic integer set is exactly the coding set of Sy.

00 k+1

Proposition 19. Let & = 0% []10% € %3 and Sy € (6,¢) such that Cod(Sy) = 0% []10%. Then
j=2 j=2

D(Sk) = Cod®+1(¢).

k+1

Proof. Let B € Cod™+1(£). By definition, we have Cod™+(8) = 0% ] 10%. We can rewrite B as
j=2

B = Bx + 2"y for any ay € Zy, where B = B (mod 2%+1). We claim that By € Cod"+1 (). Indeed:

Col' (B) = Col' (By) +2%+1~1a  with I < ags1.

The parity on the right side depends only on Col' () because 2%+ ! is even for | < ;. Thus, B;
must have the same a;,1-coding as B. By Proposition 11, we have B, € E(Sy) (viewed as a natural
number). So Si(B) = Sk(Bx) + 3*ax € Z,, which implies € D(Sy).

Conversely, let B € D(Sk) and let By = B (mod 2%+1). Then B; € D(Si) by Proposition 18.
Since By is a natural number and Si(By) € Z (the denominator divides the numerator), we have that
Bk € E(Sk). By Proposition 11, we have that By € Cod"+1({). Since = By + 2"+ for some ay € Zy,
applying the Collatz map [ times with I < a5, we get:

Col' (B) = Col' (By) + 2%+~ .

Since the remainder term is always even for all | < a1, the parity of each iteration only depends on
Col' (By). Thus, B € Cod™+1(&). O

In Theorem 5, we saw that given ¢ € X3, if there exists a rational whose encoding is exactly ¢,
then it is the only rational solution. However, we could not guarantee the existence of such a number.
The following Proposition guarantees us that there exists a solution in the set of dyadic numbers.

Proposition 20. Let ¢ € X5. Then there exists a unique p € Zy such that Cod(p) = ¢.

Proof. Let & = 0% ] 10% € 3. By Lemma 36, we have — 7t} (&) € Z,. Now we are going to prove
=2
that —7r!(¢) is the solution.
Claim: —7'(&) € Cod™+1(¢) for all k € N.

0 k1 9. 3kx + Nk
Indeed, let S € (6, 9) such that Cod(Sx) = 0" [ [ 10%. Then Sy(x) = o We know that
j=2

Sk(—7i(&)) = 0 for all k € N. Then:

1 1 [ 211]
= () = —mp(S) — 37
j=k+1
Applying S:
1 _ 1 _ -
S @) = SO~ ¥

iK1

=0m L

j=k+1

Since aj > ayyq for j > k, the powers of 2 are non-negative integers. Also, 1/3 € Z,. Thus, the infinite
sum converges in Z,, so Sy(—7' (&) € Z,.
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By Proposition 19, we have —7t' (&) € Cod™+1(&) for all k € N. Since Cod" (&) C Cod*~1(¢), we
have:

—m'(g) = = lim 7 (8) € (1) Cod"+1(g) = Cod(g).
keN

To prove uniqueness, suppose there exists another dyadic integer « such that it is also in Cod(¢).
Then forall k € N:

a, —1' (&) € Cod(Sy) = a=—m'(&) (mod 2%+1).
Thus,
|77 (E) — af]; < 27%+1 — O as k — 0.

Therefore, x = — 7' (&). O

The existence of solutions to the equation Cod(B) = ¢ in the dyadic numbers does not guarantee
the existence of rational solutions. This will depend primarily on whether the dyadic solution can
be represented as a rational number or, more generally, as a real number. Based on the nature of this
solution, we can determine whether or not a rational solution exists.

7.3. Topological Conjugation

The Shift map w on X3 is defined as the operation that removes the leading symbol of the sequence.
The following theorem states that the Collatz function on Z; is dynamically equivalent to the Shift
map on ¥} and that the function — 7' acts as a homeomorphism between these two spaces. A similar
result can be found in [10], where the Shift function is defined on Z; directly, rather than via symbolic
coding.

Theorem 6 (Col is topologically conjugate to w). Let w : X5 — X3 be given by:

{§j+2}]9°:1 1f§1 =1

w({gj}]':l) - {§j+1};i1 ifé1 =0

The map Col is topologically conjugate to w, meaning the following diagram is commutative:

* w *
Z2 z‘2

| O |

Zz —_— Zz
Col

and —7t* is a homeomorphism.

Proof. We first prove that the diagram is commutative.

[e9)
Let {¢;}72, = 10010% ... = 11 10% € T3 with 0; € N. Writing this way, we get an explicit form
i=1
k
for the function a; = Z 0. If a1 = 0 (meaning the first block is trivial or structure starts differently),
j=1
we have:
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W [ T 106 o 2
Colo (—m')[[]10% ) = Col{ -} %
j=1 k=1
1 =2 2%
=-|-3) - +1
2( o3 )
1 2 2%
2 ( =3 )
1 = 2%
=-l-—2n-) + 1)
2 ( = 3k—1
1 =2, 2% .
- 2<_1 k—z‘é?)k 1 +1> (sincea; =0 = 21 =1)
i zﬂkfl
= 3k—1
®© g1 —1
k=1 3k
On the other hand, applying w:
il s 0 21 —1
—n! ow<H109f> = —n! <091—1]‘[109f> ==Y "5
=1 i=2 k=1
where both parts are equal.
Now suppose that {@’j}}’il =0%10%1... = TT0%1 € =5 with ¢; € Nand 6; > 0. Then &; = 0.
j=1
0 o Hay o Aag—1
0
Col o (—n!) < 0 ll) = Col(— ) 3k> =-) 3
j=1 k=1 k=1

And for the shift:

(o) <o (o) 2

j=1 k=1

where again both parts are equal. Then we conclude that the diagram is commutative.

Bijectivity: Now we prove that —7t! is a bijection. Let Cod : Z; — X} be given by g = 0if

Col/"}(B) =0 (mod 2) and & = 10if Col/"*(B) =1 (mod 2).

1. Codo(—nt') = Idy;: By Corollary 20, we have Cod(—m'(&)) = ¢&.

2. —n'oCod = Idg,: Let p € Zp and ¢ = Cod(B). Then B € Cod*(¢) for all k € N. Also,
—7t' () € Cod"(Z) for all k. Let Ay be the number of zeros in Cod* (). There exists ; € Zy such
that = —71'(&) 4+ 2%;. Thus p = —7'(&) (mod 24%). Since Ay — co as k — oo, we have
18— (=7 (§))ll2 < 274 — 0. Thus p = —7' (Cod(p)).

Uniform Continuity: Let D : 5 x 5 — [0, o) be the symbolic metric defined by:

[0}

1
D& 1) = ) 58 m),  with &,7; € {0,10},

where A(Gj, 1) = 1if {; # 17; and 0 otherwise. The space (X5, D) is a complete metric space where
D(¢, 1) <2 "ifand only if §; = 57; forall j < r.
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e —7!is uniformly continuous: Let ¢ > 0. Choose A € N such that2™4 < ¢. Let§ = 2~ (A+2)
D(&,n) < 6, then the first A + 1 blocks of ¢ and # are identical. Let b4 be the total length of

these blocks. Then a; (&) = ax(y) for k < by 1. This implies that the partial sums match modulo
2A+1 .

(@) =~y (mod 2441) — |71(@) — wl() < 27U <

e Cod is uniformly continuous: Let ¢ > 0. Choose A such that 2=4 < ¢. Letd =274, If ||a — B> <
6, then « = B (mod 24). This implies their first A codings are identical, so Cod” (¢) = Cod”(B).
Therefore, D(Cod(x), Cod(B)) <274 < e.

Therefore, — 7' is a homeomorphism and Col is topologically conjugate to w. [J

7.4. Periodic Points Analysis

As a first consequence of the topological conjugation established in the previous theorem, we can
determine the structure of the periodic points of the Collatz function. Since the periodic points of the
shift map are well-understood, we can transfer this property to Z,.

Corollary 1. Let Per(w) be the set of periodic points of w. Then we have —t! (Per(w)) = Zj. In other words,
the periodic points of the Collatz function are dense in Z.

Proof. This is a direct consequence of the continuity of the homeomorphism —7t! and the fact that the
periodic sequences of the Shift function are dense in the symbolic space ¥5. [

While the density tells us about the distribution of these points, it does not distinguish between
their arithmetic properties. The topological conjugation implies that 77! (¢) is a periodic point in Z, if
and only if ¢ is a periodic sequence. The following proposition establishes a crucial link between the
asymptotic growth sets (Gg, Goo) and the sign of the rational number represented by these periodic
points.

Proposition 21. Let & € ¥ be a periodic sequence and let —t' (&) € Q C Z, be its corresponding rational
number. Then:

1. If& € Gy, then — ' (&) is a positive rational number.
2. If& € Geo, then —7t (&) is a negative rational number.

(e}
Proof. Let ¢ = 10%10% ...10%10%+110%10% ... = T]10% € =} with 6x,» = 6, i.e., periodic of
j=2
k
period K. Considering that §; = 0, we have gy = ) _ 6. Let us first show that a,x ; = rag1 + a; with
j=1

I <Kforallr € N:

rK+1
a1 = ) 0
j=1

= (02+03+...+0kt1) + (02 + O3+ ... + Ook11)
Fo (Brkin + Okas + o+ Brks)

=02 +63+...+0kp1) + (02 + 03+ ...+ 0ks1)
ot (Bt 05+ +0)

= rag41 +4aj.
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We are going to show that — 7! (¥) is rational.

1 o 2%
-1 (§) = —j:lg
1 2% 24K 29K+1 29K+2 22K
=—{§+3—z+-~+3_1<}_{W+m+---+3z—z<}
20K+l DArK+2 24(r+1)K
—.. _{W+W+"'+3(H—1)K}_
1 2% 24K 20K+1  DAK+1Ta2 24K+1+aK
:_{§+?+"'+3_K}_{3K+1+ 3K+2 +"‘+32—K}
27aK+1 2rag+1+az 2rag+1+aK
- _{3rK+1+ 3rK+2 + +3(r+—1)1<}
1 243 24K 20k+1 (1 22 24K
:_{§+3_2+"‘+3_K}_3_K{§+3_2+"'+3_K}

2k+1\" (1 2% 24K

1 2% 20K ) X, /28k+1\ "
__{§+3_2++3_K}r§0(3_1<>

E (ﬁ)(—ﬂ}d@)

3K
3K=1 4y pm . 3K=2 4 4 pa
- 2ak+1 — 3K

€Q

which corresponds to a rational number.

For the case & = 0% H 10% with 6; > 0, we take n = H 10% (where the periodic part starts
j=2 j=1
immediately). We have that 7 is purely periodic, so:

o 2ai(n)  3K=1 4 pax(n) .3K=2 4 4 ak(n)

_ 7l - _
() = ]; 3 2ax41(n) — 3K

Then:

© uj()
(@) = el (0 = 2 (% e )

= ¥
1 2m(n) 2ax (1) 1
—_o0h ) "
2 {3+ 7 T 2 (1)
B
21  a(®) 2% (&) 1
__{ 3 T Tt S | €@
1—- 3K
aK+1—Mm
where its sign depends on the denominator 1 — 2 ;K
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3K DAK+1—A1 ] ) ) 1
1. If¢ € Gy, then T <1.S51< 3K The denominator is negative. Thus, —7* (§) =
1
—(Positive) x ———— = Positive.
Negative
3K 2aK+1—41 ) ) o 1
2. If{ € G, then St 1.So01 > K The denominator is positive. Thus, —7t" (§) =
— (Positive) x Positive = Negative.

O

8. Real Function 7r! and 7r2 Function

[ee] a;
Let’s define a new function 7! defined on 7! : &3 — [0, 0] given by ) K unlike 71! : £ — Q,
j=1
K 2&1
case ¢ does not have a null tail and ) a7 when it has a null tail with index J. It is not always
j=1

convergent. Does this mean that when it is divergent, then there is no solution to the encoding
problem? The answer is no, for example if we take the encoding 100100100... which corresponds to the
encoding of 1, however the function 7! (&) is divergent. As we will show in the next section, when it
is convergent, it is in fact the only solution to the encoding problem. In addition to the real function
71!, we will define the function 712 which unlike 77! which is a series, this is a function on the natural
numbers to the rational numbers. We will show that the function 7' : £3 — [0, 0] is convergent if and
only if ¢ € Geo and that the function 712 is bounded if and only if { € Gy.

8.1. Summary of Propositions in the Section

1.  Definition 15: We will give the definition of the functions 7r! and 72.

2. Proposition 22 Characterization of Gy and Ge through functions 7t' and 72.
(a) & € G if and only if 77 (&) < co.
(b) ¢ € Gy if and only if 72(&) (k) is bounded.

3. Lemma 11: Let h}{n inf HL — ) ¢ (0,00]. Then exist T > 0 such that if T < k — j we have
—»00

k
A1 — 45
T >
k—j — A
. . . A1 — 4j
4. Lemma12: Letk,j € N, if k > j then, we have ki—] >1.
a
5. Corollary 2: Let { € X3. If exist a sub-sequence such that lim kﬁkl((:) > izgi Then exist
J—ree 1

Q > 0 such that 72(¢) (k;) < Q.

8.2. The rt! and 7% Functions

In this section, we define the auxiliary functions 7t' and 7%, which play a fundamental role in
characterizing the asymptotic behavior of the sequences. These functions map symbolic sequences to
real numbers and sequences of rational numbers, respectively.

8.3. Definitions

Definition 15 (The 7t' and 7 functions). Let & € ¥} be a sequence without a null tail, given by & =
) k

0% HlOef, with 01 > 0and 6, > 0 fork > 1. Let ay = Z 0;.
j=2 j=1

We define the function Ny : £5 — Ny by:

gk=lpm g gk=2pm 4 0% jfk > 1

Ne({Gj}21) = 0 k=1
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We define 7t : 5 — Q by:

k ~aj
rhe) = e 5 2

=i

The re'-function, 7t : £5 — R U {0}, is defined as the limit:

00 a;
7 (¢) = lim M) _ 527
k—r00 3k j=1 3/

The rt>-function, 7 : &5 — {f : N — Q}, maps a sequence ¢ to a function of k, defined by:

2 N 3 g 3 2
@) = 2w = gmar 7k (8) = ngg

Null Tail Case: Let & € X3 be a sequence with a null tail starting at index K > 0, given by & =

0911—[109 H 0, with 6, > 0and 6; > 0 for j > 1. We define mry, w' : £5 — RU {oo} as:
j=2 j=K+1

M) =), % ifk<K
=¥
1 1 K-1 211]
m(8) = (8) = Zg ifk > K
j=1
And 7t is defined by:
3k k le]

K a;
2OE+h =28 _ -2 212_ fork >0

We illustrate these definitions with the following examples, which highlight the different conver-

gence behaviors.

Example 10. We provide examples of the functions 7' and 7% for various sequences:

1. Let ¢y = 00101001000000. ... This is a null tail sequence.
(@ () = 3+t5 o

. 2 —

2 93 95
) Fork >4, n(&)(k) = ot {é 29 57

2. Let & =100100100... = [ [100 € 3. Here 0; = 2 for all j.

j=1
e 22(-1) 1. @022 1 & 4
1 — ==) — == 3) =
(a) n(é‘l)—]; 3/ _3]; 3/ 3];<3> oo'
3k K 02(-1)  gk-1 k=192
) &) K) = zk]; T j:1_1‘
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j=1

3 Let ¢ = 10101010... = 10€Z§.Here 9]-:1.
— = — — ] =1.
2(3)

@ &)=Y — =
=¥ j=1
k
3k k nj-1 3k-1 2_k -1 3 k
2 _3 _ 3 —J(2) _
©  E) k) = ]; 3 %12 (2> Lo = oo
0
4. Let 3 be a sequence such that ay = k(k + 1). Then = — 00, 50 7% (&3) = oo. However, for 1t
i(+1)
3k k 2] ——1
*(83) (k) = k(kt1) Z — <1
277 j=1 3
5. Let {4 = 101000101000.. ..
1 (2 22 &2t
W Pe=geiesf o) e
j=
2 L > 5
© 7)) =570 (2) = 5,
32k+1 (1 2 24 k-1 24 ]
2 —
EEEHD) = Jar (5 BERES 1 =)
j=
32k 1 2 24 k=2 24 ] 24k+1
§+{3—2+3— 21(3—2) T
]:

and n2(€4)(2k) = 24(k+l)

8.4. Characterization of Gy and Geo

To characterize the sets Gy and G, we need some technical results relating the growth of the

A1 — 4
exponents a; to the behavior of the ratio k;;l—]]

Lemma 9. Let liminf 21 = ) € (0, c0]. Then there exists T > 0 such that for any length d > T, the

k—o0
average slope of the exponents is bounded below by A:

e — i
inf HLT0 S e
k—j=d k—7j
o . . . Ak11 — a]-
Specifically, there exists T > 0 such that if k — j > T, we have e > A

Proof. Letd = k — j. By the definition of the limit inferior of the average density:
lim inf M = liminf 241 = ),
(k—j)—o0 k— ] d—o0

for any € > 0, there exists T € N such that foralld > T:
a‘iTH >A—e
for sufficiently long segments k — j > T, the average density of exponents respects the global lower
—
SR ) locally for large enough separation. [

.. Ak
limit. Thus, we can assert
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Lemma 10. Letk,j € N. Ifk > j, then we have:

Ak+1 — 45 >1
k—j —

Proof. Let & € ;. Writing explicitly, we have ¢ = 0% H 10% with 6; > 0 and 6; > 1 fori > 1. We can
i=2
k

write 4 = ) _ 6;. Suppose k > j. Since the minimum value that 6; can take for i > 2 is 1, we have:
i=1

k+1 . .
Agy1 — 4j _Zi:j+19i S 1-(k—|—l—]) < k—j

k—j  k—j k-] ko

O

The following proposition provides a complete characterization of the sets Gy and G, based on
the behavior of 7' and 7%,

Proposition 22 (Characterization of the Gy and G sets). Let & € £3 ' : £ — Rand 72 : &5 — {f :
N — Q}. Then

1. &€ Geifand only if (&) < oo.

2. &€ Gyifand only if (&) (k) is bounded.

Proof. Proof of the first statement. Is obvious for the case of null tails with index ], since we have 7! it is
3k
automatically finite, and as we see in the examples 71> would be of the form ?A — Owhenk — oo

which implies that 772 is finite. So we are going to assume that & has no tail null.

. 4G j+1 _ In(3)
Suppose that { € G, then by Lemma 6 we have limsup - < limsup — < , 50, there
j—oo j—oo ] hl(z)
: , a;j In(3)
exists J,& > 0 such that for all j > | we have that - < ——< —¢
j o n@2)
aj\ 1
[e] 211] ] 211] [eS] Zﬂ] Zﬂ] (¢S] 2]
Ly Lyt Ly byt il
=1 =1 j=J+1 j=1 j=/+1
In(3) j

j=1
[ee] a;i

Let’s suppose ]; 5 < oo, then
i 2% 1 i 27 1 i 20+
=S98 33 3-1 3 far il

24j+1
so lim —— = 0 then ¢ € Ge.
jg)oo 3]
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[ of the first statement.

k
Proof of the second statement. Suppose 712(¢)(j) is bounded, we will prove that a3—(<;’) converges to 0.
k41
k
Suppose ——— > ¢ > 0 for k > K for any K € N. Then we have
20x41(8)

N 3k k_oa
2 _ Ne _
0 (C)(k)—zakﬁ—zukﬁjgg

We have that the sum on the right is divergent.

3k k 2&1] k 211]

20k+1 = 3] = 3]

which generates a contradiction to the fact that 772{¢} (k) is bounded.

To demonstrate the other implication, let us consider the following lemmas:

Lemma 11. Let li;n inf akTH = A € (0,00]. Then exist T > 0 such that if T < k — j we have
—00

Ak+1 — 45 >

k—j
Proof. Let 111?1 inf akTH = A € (0,00] and d = k — j, then we have
— 00
a —a; a: —a:
lim inf L — liminf 25 % imint Qa+1 _ A
(k=j)=oo k=] d—co d dsco  d

On the other hand, by definition of lower limit, we have
lim inf w = lim { inf w}
(k=j)=eo k=] tooo | (k—j)>t  k—]

Then exist T > 0 such thatif T < k — j we have

Bt 70 g BT
k—j (k=p>T k=]
O
. . . k41 — 45
Lemma 12. Letk,j € N, if k > j then, we have ————— > 1.

k—j -

(o]

Proof. Let ¢ € X writing explicitly, we have ¢ = 0% 11 10% with 6; > 0 and 6; > 0 for i > 1, then we
i=2

can write:

k
a =Y 6
i=1
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Suppose k > j. Since the minimum value that 6 can take is 1, we have

k+1
0;
Ak+1 —4j i) k+1—-j _k—j
e > fd
k5 k- k. k!

O

By Claim 3 and 4 we have, exist T, ¢ € N such thatif k — T > j we have

ak+1 —a;j _ In(3)

k=i @) ¢
Then by claim 5, Let k > T so
3k k oa; k 211] — Af41
2k+1 ]; _] B ];1 3] —k
k—j
_ i 3
a = A1 — 4j
2 k—j
k—j k—j
k=T k
3 3
e ) —
=1 k+1 — 4 j=k—T+1 g1 — 45
2 k—j 2 k—j
k—j
k=T k k—j
3 ()
< + =
= nG) te j:kg"-i—l 2
2In(2)
k—j
k k k—j
3 3
“L| W@ t ok (§>
j=1 e S A j=k—T+1
2111 2)
1 3\ & 2\
b @), £.0
2¢k j=1 2 j=k—T+1 3
o\ k1 o\ k-T+1
ek 1—2°f 2 2
- —1
3
T-1
2 e 2_(3
ek 3 2
1-—2¢ 2
- —1
3

2 3\t 2 3¢ & 2% 2
Let M = %1 +3 <—> —3 > 0. Then we have T ]; 5 < M. Then we conclude that 7t

is bounded.

[J of the second statement.

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202408.0985.v5
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 15 April 2026 doi:10.20944/preprints202408.0985.v5

51 of 106

O
a In(3
Corollary 2. Let ¢ € X3. Suppose that there exists a sub-sequence such that lim ul +kl<§) > IEE 2;. Then
] 1
there exists M > 0 such that 7w*(&)(k;) < M forall ] € N.
Proof. Letj < k; then
A +1 — 4j . Ak, +1 — 40 . Gg+1 _ In(3)
— = I —— | s 7
k—j—oo ki —] k—1—o0  kj—1 liglo k 11’1(2)
then exist T, & > 0 such thatif k; — j > T we have
Ak +1 —4aj _ In(3)
k—j @ " °
Using the lemma 12 we have
3k ko
2 —
() (k) = ngg
ky 2a] — g+
a j=1 3j —ki
ki—j
Il
j=1 akl-i-l - ﬂ]’
2 ki—j
k—j ky—j
kT 3 ky 3
=) T g1 —a; T T g1 —a;
j:1 k1+1 ‘ ] j:kl—T+1 k1+l : ]
2 ki—j 2 ki—j
ki—j
k—T 3 ki 3 kl_]
<L | wne £ x(3)
j=1 +e j=k—J+1
ki=j
ki 3 ki 3\ ki—j
“X| w0 s x ()
=1l —=< +¢ j=hki—J+1
211’1 2)
k k k j
1 b 3\ 1 2\/
EE () 5.0
245 2/ jmgnd

_ 1 (M)%g)kl ()o@

T ek 1-—2¢ 2 2

|
3

2 =t 2

m”{@ ‘5}:1‘4

Therefore 772(&)(k;)) < M O
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9. The Sigma Function

In this section, we immerse ourselves in the study of Diophantine equations of the form 2y — ax =
n, where a, k, n are integers. Solving these equations in the domain of integers x and y is a problem in
number theory. Usually, these types of Diophantine equations are solved using Euclid’s algorithm
or some similar technique, even by trial and error. However, these techniques begin to have a high
degree of complexity for very large values. This mainly complicates when we want to study the
behavior of the minimum positive values since in this case, we are interested in asymptotic solutions.
We introduce the sigma function, symbolized as 0;(n) to address this challenge. This function, whose
detailed analysis will constitute the core of our research, plays a fundamental role in the quest for
specific solutions to the aforementioned Diophantine equations. Particularly noteworthy is the sigma
function’s remarkable property of delivering solutions that are closest to zero in the context of these
equations.

9.1. Summary of Propositions in the Section

1.  Definition 16: Definition of the sigma function.

1
2.  Theorem 7: Establish that ¥ (1) and - (2%¢k(n) — n) are solutions of the Diophantine equation

1
2ky — ax = n. Additionally, R (280X (n) — n) is the minimum non-negative integer value.

3.  Corollary 3: Establishes that the minimum value grows based on the number of times the sigma

function takes odd values.

Corollary 4: c¥(n) — o ,(n) = a

Corollary5: Let n € Z, then 0% (n) = [Zn—u—‘ and 0, (n) = {%J
Proposition 23: Establishes inequalities that estimate the values of the sigma function

Proposition 24: It establishes the periods for the periodic points.

© NS g

Proposition 25: Establish algebraic properties of additivity, dependent on the parity of the
addends
9.  Proposition 26 Let a,n, p, g € N with a2 odd number. We have

g (p+q) =07 (p) +0;(q) —ad withs € {0,1}

10. Lemma 13 Leta € N odd number, then % (aK) = ac*(K)

11. Proposition 27: Let 2 € N odd number and 1, m € Z such that m = n (mod a), then ¢¥(m) =
ck(n) (mod a)

12. Corollary 6: Let 0 < n < 3" with (1,3") = 1 then 7 is a periodic point of periodic Ord,; (2) =
231 for oy In particular, if a = 3% and (1,3) = 1 then u is periodic point of periodic
Ordy; (2) = 3712, Let v = 3*~! then

03%:; (u) =u

13. Proposition 28: Let b,n € N such that n < 3? and (1,3%) =1,y = 3°~! then 03, (n) + Ug,;w(n) =
3

14. Corollary 7: Let b,n € N such that n < 3% and (1,3%) = 1,7 = 3°~! then o3, (1) =3y —n.

15. Proposition 29: We consider the function sigma as a function of Z/aZ in 7./ aZ, then it is a group
additive automorphism. i.e.

o*(m+n) = d¥(m) +c¥(n) (mod a)

16. Proposition 30 Establish that the sigma function is homogeneous modulo a.
17. Definition 19: Extension of the sigma function on Q44
18. Lemma 14: The extension of the sigma function to Q,,, is well-defined.
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19. Definition 20: Characteristic Function

20. Lemma 15: Establishes an invariance in the coding of the orbits of the sigma function.

21. Proposition 31: Establishes homogeneity properties of the extension of the sigma function.
22. Proposition 46 Let r € Q,4, then o (r) is periodic if and only if r € [0, 1].

23. Proposition 33 Algebraic properties of the Extension of the Sigma function.

24. Proposition 34: Leta,n, p,q, P, Q € Nwith a, P, Q odd number. We have

a]}(ﬁ + g) =y (5) +or (g) —aA with A € {0,1}

25. Definition ??: Definition of dyadic numbers.

26. Proposition ??: Characterization of the dyadic representation of rational numbers.

27. Definition 21: Definition of Cod-Sigma function.

28. Lemma 16: Invariant coding lemma for Cod-Sigma function.

29. Corollary 8: Let r1, 12 € Z. Then Codoy, (r1 +12) = Codoy, (r1) + Codoy, (r2) (mod 2)*

30. Proposition 35 Codoyy : Z — 7Z; is linear.

31. Lemma 17: Rational equivalence of the Cod-Sigma function.

32. Definition 22: we will say that {Z;}?*; € ¥ has a null tail of index ] if | > 0 the smallest index
such that j > ] we have {; = 0.

33. Proposition 36: — ! (&) € Zy and Codo (71! (¢)) = —7t!(&) € Z,.

34. Lemma18: LetS; € (9, y7) with Cod(Sy) = 0%10% ...10%10%+1. Then py(Sy) = Codc“+1 (/;f)

35. Proposition 37 Let {S; }xen € (6, ¢7) such that & = Cod{Sy }xen. Then po(S) = Codo? (qnl(é)>,
where Ay is the quantity of 0 of Cod(Sk).

36. Corollary 9 Let {S¢}xen € (6, 97) such that & = Cod{S}xen. Then py (Si) = —Codo™ (qnl(g)),
where Ay is the quantity of 0 of Cod(Sy).

9.2. The Sigma Function

We introduce the Sigma function, a discrete dynamical system analogous to the Collatz function.
The primary distinction lies in the arithmetic operation: while Collatz involves multiplication by 3, the
Sigma function relies on parity-dependent adjustments without this multiplier, specifically tailored to
analyze divisibility by 2 relative to a parameter a.

Definition 16 (The Sigma function). Let x,a € Z such that (a,2) = 1. We define the sigma function

0,:2 — 7
X+a

2

ifx=1 (mod 2)
a(x) =

ifx=0 (mod 2)

N =R

In the following theorem, we explore solutions to the Diophantine equation 2¥y — ax = n, where
a, k, and n are integers. This equation arises frequently in number theory, particularly in the study of
Diophantine equations. We’ll demonstrate that the sigma function provides particular solutions for v,
shedding light on the behavior of solutions in both positive and negative domains. Additionally, we’ll
establish formulas for the smallest non-negative solution pg and the largest non-positive solution p;
for the variable x, offering valuable insights into the structure of solutions to this equation.
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Figure 2. Orbits of opy for 0 < x < 27.

Theorem 7 (Theorem on Diophantine Solutions). Let a,k € N with (a,2) = 1 and n € Z. Consider the
Diophantine Equation 2¥y — ax = n. Then a particular solution for y is given by

ok (n) and o* ,(n).

where 0X(n) = o,0...00,(n) and o* ,(n) = 0_40...00 4(n). Furthermore. Let py be the smallest
—
k—times k—times

non-negative solution for x, then

let pq be the largest non-positive solution for x if then

1

pr = - (2 () — )
Proof. We can write the sigma function as
+ 1 ifn=1 d 2
Tiqa(n) = ntad(n) where 6(n) = n (mod 2)
2 0 ifn=0 (mod?2)

Since the sigma function is defined on the set of integers in the integers, we have that its k-th composi-
tion is also an integer value: Let §; = & (0} (n)) then

n+ 4
2 —i—a&k 1
.. L — .
ok(n) = : 7 - _’z_ka € ZwhereL =) 6;2
j=1
and let g; = 5(U£u(n)) then
n — agy
2 —agk
} n—all k=1 j
or,(n) = 5 =— € Z where U = ) &2
j=1
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replacing the k-th iteration sigma function o in the equation 2y — ax = n and solving for x, we have

1
Xg = E(Zka,f(n) —n)=LeZ

and replacing the k-th iteration sigma function ¢, in the equation 2€y — ax = 1 and solving for xo, we
P g g q ¥ g

have
X0 = %(2’%“(71) _w)——UezZ
k-1
For the positive case, we have that 0 < L = Z 5]-2j < 2k _ 1, then due to the uniqueness of solutions
i=1
in [0,2%) N Z, L corresponds to the non—neg;]itive minimum value and for the negative case we have
0>-U- ki sj2j > — (2k — 1), again due to uniqueness of solutions in (2", 0] N Z, we have that —U is
j=1

the maximum non-positive solution. [

Example 11. Let us consider the following Diophantine equation 16y — 7x = 45 then
4 1
07 (45) = 5 and 7(16 -5—-45) =5

are solutions of the equation.

We will demonstrate that this minimum value increases every time % () is an odd number. This

result is crucial for understanding how the parity of the sigma function influences the structure of
non-negative solutions of the associated Diophantine equation.

- . ax+n
Corollary 3 (Monotonicity relation). Let a € N such that (a,2) = 1and S,(x) = 5k and po(Sg) the

minimum non-negative value of Sy (x). Then po(S,) increases every time o (n) is an odd number. In particular

k=1 ‘ .
00(Sa) = Zi 6;2) with 6; =0 if(ffl(n) is even and 6;(n) = 1 ijfafl is odd.
]:

Proof. Let S,(x) = % and §; = 8(dl(n)) then by Theorem 7 we have

1 k=1
ag(n):? n+a Z(sjzf
j=1

k-1
then S;1(0k(n)) = po(Sa) = Y 6;2. So, we have that every time §; = 1, the minimum positive integer
j=1
value increases, and this only happens when (7];1 (n)isodd. O

In the following corollary, we explore the relationship between the sigma functions ¥ (1) and

k

ok ,(n) in the context of the Diophantine equation 2fy — ax = n.

Corollary 4 (Relation between ¢¥(1) and o* ,(n)). Let a,k € N and n € Z. Consider the Diophantine
Equation, Zky —ax = n, then

05 (n) =¥ ,(n) =a
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Proof. By definition, we have that pg is the nearest non-negative solution to 0, and p; is the nearest non-
positive solution to 0, which means that pg and p; are consecutive solutions. Therefore, pg — 2F = p;.
then we have

2= po(S) = p1(8) = {20k ()~} = L {20%y n) —n} = J2%0k() — L2 ()
Therefore o (n) —o* ,(n) =a O

Corollary 5. Let n € Z, then 0% (n) = [E-‘ and o | (n) = { > J

20 24
Proof. Let f : R — R givenby f(x) = x;; " The integer set of f is determined by equation x +n =0
(mod 2)%, then po(f) = —n +2° [%1 then
erglen
f(po) = 0" (n) s0 f(p0) = o = |5 | = o"(n)
On the other hand by Corollary 4
n n
ot =’ - 1= 5] 1= | 5]

O

In the following proposition, we examine the inequalities and estimations for the sigma func-
tion o (n) and o* ,(n), where 7 is an integer. We show that the sigma function lies in the interval
{%, % + a) for o (1), and in the interval [% —a, n) for o ,(n). These inequalities are fundamen-
tal to understand the range of values the sigma function can take in the context of the considered

Diophantine equations.

Proposition 23 (Inequality and estimation of the sigma function). Let a,k € Nand n € Z. Then,

n

n n n
— <ofn) < (?%—a) and? —a<dk,(n) < oF

Proof. For o¥(n) we have two possible extreme paths, either we always get even or we always get
odd, for the first case we would always have division by 2

n

or < oi(n)

for the second we would have

n
<?+a

k—1 k—1 2k71
Og(n)§n+a(1+2+...+2 ):n+a<1+2+...+2 )Zn a( )
2k 2k 2k 2k ok

For 0} (n), regardless of the cases, we always get a less stringent value to the initial value. If it is always
even, we will have that it is always divided by 2, now in the case that it is always odd we have

—a

_ k—1 k—1
on—a(l42+4...+2 ):n_a<1—|—2+...+2 >>n
ok o 2 ok

and clearly, we have

n n
? —
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O

9.3. Properties of the Sigma Function

In this section, we investigate the algebraic and dynamical properties of the sigma function. As
previously mentioned, the following proposition establishes that for values strictly between 0 and 4,
the sigma function exhibits periodic behavior. The period of these orbits is intimately related to the
multiplicative order of 2 modulo the divisors of a. To formalize this relationship, we first recall the
necessary number-theoretic definitions.

Definition 17. Let a and n be integers with gcd(a, n) = 1. The multiplicative order of a modulo n, denoted
Ordy,(a), is the smallest positive integer k such that

=1 (mod n).

The following are fundamental properties of the multiplicative order:

1. Divides any exponent satisfying the congruence: If a” =1 (mod n), then Ord,(a) | m.
2. Divides ¢(n): By Euler’s theorem, Ord, (a) | ¢(n), where ¢ is Euler’s totient function.
3. Order modulo a composite number: If n = nyny - - - ny with ged(n;, nj) = 1 for i # j, then

Ord,(a) = lem(Ord,, (a), Ordy, (a),...,Ordy, (a)).

4. Primitive roots: If Ord,(a) = ¢(n), then a is called a primitive root modulo n. These exist only for
n = 2,4, p"%, or 2p*, where p is an odd prime.

Definition 18. The Carmichael function, denoted by A(a), is defined as the smallest positive integer k such
that
n* =1 (mod a)

for all integers n satisfying ged(a, n) = 1. That is, A(a) is the exponent of the multiplicative group (Z/nZ)*.
The Carmichael function can be calculated with the following formula

¢(a) if a is prime

T

[p(p1Y), - @(pyr)] ifa= Hp?"' with p; prime and a; € N

i=1
The following proposition describes the dynamics of the Sigma function; basically, all integers

end up in some cycle between 1 and a.

Proposition 24 (Periodicity of periodic orbits). Let a € N The sigma function o, has the following properties,

1. The only fixed points are a and 0.
2. Letu € Nsuch that u < a then, its orbit by is periodic with period Ord, ;(,,,)(2) is less than

q’(mau)) ifﬁ is prime

M) - o

[q)(p’i‘l), e e(pr)] if @ 1) = Hp;.xi with p; prime and a; € N
4 i=1

where ¢ is the Euler’s totient function.
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In particular, all points terminate in some periodic orbit (including periodic points) between 0 and a. When
a = 3% and u are co-prime with 3, then the period of the orbit of u is Ordz (2) = 3°~12,

Proof. we have
o u+a L . . u
1. Leto,(u) = u, if u is odd, then — = u which implies u = a. If u is even, we have, 5= u
which implies u = 0.
2. Letu € Nsuch thatu < aand cf(u) = u, so

1 —;kaL =uforany L = I;_X;l&ij where §; € {0,1}
Then
u+al=2u=aL=02"-1u= (2*-~1)u=0 (mod a)
suppose that (u,a4) = 1, this implies that u is an invertible (mod a) then, the equation is
equivalent

2¥=1 (mod a)
Let kg = A(a), then

(2% —1)u=0 (mod a) = (2" —1)u = Loa for any Ly € N

a
2k 1) = Loy=
( )= Lo,

as g > 1 then (2f0 — 1) > Ly, which is the necessary and sufficient condition for Ly to admit
decomposition in base 2 up to the power kg — 1 which implies that there exist J; € {0,1} such
k-1
that Ly = Z 5]‘2].
j=1

Now suppose that (1,a) = d > 1, then we divide aL = (2F — 1)u by, d

A — kX aay _

de(Z 1)dwhere (d'd) 1
then the development is completely analogous to the first case.
In particular, when 2 = 3% and u are co-prime with 3, then the period of the orbit of u is
Ords (2) = 3b12.

O

Let us observe that for the equation o (1) = u to have a solution it is necessary and sufficient that

u < a since the function is monotonically decreasing for u > a.

Example 12. For a = 7, let n € N such that (n,7) = 1. Then the smallest solution to the equation
2k =1 (mod 7) is k = 3, so any n coprime to 7 has period 3. For example, we have O(5) = {5,6,3} and
O4) =1{421}.

For a = 15, the smallest k such that 2 = 1 (mod 15) is k = 4. Since 15 = 3 - 5, we compute the order of
2 modulo 3 and 5:

- Ord3(2) = 2 because 22 = 1 (mod 3),

- Ords(2) = 4 because 2* = 1 (mod 5).
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Then, Ordi5(2) = lem(2,4) = 4. So any n coprime to 7 has period 4. For example, we have O(1) =
{1,8,4,2} and O(7) = {7,11,13,14}. On the other hand for 3 we have Ord;s5,(153)(2) = Ords = 4, then
3 have periodic 4, indeed O(3) = {3,9,12,6} and for 5 we have Ordy5,(155)(2) = Ords = 2, then 5 have
periodic 2, indeed O(5) = {5,10}.

Proposition 25. Let a € Z odd number and o, : Z — 7, then we have
1. ifn,mare even numbers, then o,(n + m) = o,(n) + o, (m).

2. ifnis an even number and m is an odd number, then o,(n + m) = 0,(n) + o,(m).

3. if n,mare odd numbers, then o,(n + m) = o4(n) + o,(m) — a.

Proof. Let m.n € Z, then we have

1. If m,n are even, we have

m+n m n
oa(m+n) = > =5+t3

2. If miseven and n is odd, we have

m+n+a m n+a
U“<m+n):fzf+ > = 0u(m) + 0,(n)

3. If m,n are odd, we have

m-+n m n m+a n+4a
oa(m+n) = s Ty Ty tama=

O
Proposition 26. Let a,n, p,q € N with a odd number. We have
oi(p+q) =0, (p)+0;(q) —ad withé € {0,1}
Proof. Let us prove by induction that
ol(p+q) =0, (p)+0}(q) —ad withé € {0,1}

For the case n = 1, we have, by the proposition, that if at least one of the summands is even, then
we have linearity. However, in the case where both summands are odd, we obtain linearity minus a.
Therefore,

oa(p+9q) =0a(p) +0a(q) —ad with 6 € {0,1}

Now suppose that the proposition holds for n = k, that is,
i (p+q) =04 (p) +04(q) —as
Then for n = k + 1, we have
F (p+a) = ok (p+0) = ook (p) +ok(q) —as)
Suppose that ¢X(p) and ¢¥(g) are even, then:

= 0’5+1(P) +a’§+1<q> +Uu(_a5) — g‘lchrl(p) +0_;{+1(q)
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Now suppose that o%(p) is even and ¢¥(g) is odd, then
=03 (p) +o(0g(q) —ad) = o4 (p) + o3 1 (q) + 0u(—ad) —a =3 (p) + 03 (g) —a
Finally, suppose that both ¢ (p) and ¢%(g) are odd, then

=t (p) + au(cX(q) — ad)

Since c%(q) — ad is even, then

=03 (p) + ot (q) + o(—ad) —a =3 (p) + 0 () —a
Therefore, we have that foralln € N,
o3 (p+q) =0z (p) +0(q) —ad withd € {0,1}
O

9.4. The Sigma Function Modulo a

In this section, we address the linearity of the sigma function modulo a. Proposition 25 establishes
the addition rules for the sigma function under different parity conditions of the involved numbers.
We will see in Corollary 29 that the sigma function modulo a acts as an automorphism of Z/aZ.
Furthermore, Proposition 30 establishes a relationship between o (1) and ¢%(1).

This next corollary states that the sigma function, seen as a function on the set Z/aZ taking values
in 7./ aZ, preserves the group structure under modular addition.

Lemma 13. Let a € N be an odd number. Then o¥(aK) = ack(K), where o denotes the sigma function with
parameter 1 (the ceiling function).

Proof. By induction. For k = 1, we have:

aK + aé(akK)

0q(aK) = 7

Since 4 is an odd number, the parity of 2K depends only on K (i.e., §(aK) = §(K)). Therefore:

oK+ ad(oK) _ oK +08(K) _ a(“;(K)) — a0 (K)

Suppose the proposition is true for k. Then:

05 1 (K) = 0a (04 (aK)
= ou(acf(K)) (by inductive hypothesis)
_ acf(K) + aé(ack(K))
B 2

_ a(alkuo +5(0{‘(K))>
2

= a0y (01 (K)) = aoy*! (K)
O

Now we show that the function O‘Zf :Z/aZ, — 7./ aZ is well-defined for all k € N.
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Proposition 27. Let a € N be an odd number and n,m € 7 such that m = n (mod a). Then o¥(m) = o (n)
(mod a).

Proof. Letn,m € Z such that m = n (mod a). Then there exists K € Z such that m = n + aK. By the
quasi-linearity property, we have:

oX(m) = o¥(n + aK) = o¥(n) + oF(aK) — anr

where A is an integer correction term arising from the sum of parities. By Lemma 13, we have
cX(aK) = acf(K). Thus:

oX(m) = oX(n) + ack(K) —aA = ¥ (n)  (mod a)
0

Corollary 6. Let 0 < n < 3" with (n,3") = 1. Then n is a periodic point with period Ordy; (2) = 2 - 3*~ for
oy. In particular, if a = 3% and (u,3) = 1, then u is a periodic point with period Ordyy (2) = 2- 301, Let
v =301, then:

2y

(o

3b (1/[) =u

Proof. We know that the number of elements in (Z/3"Z)* is ¢(3") = 2-3'~1. Moreover, this is a
cyclic multiplicative group since 2 is a primitive root modulo 3°. This means that every element of
the multiplicative group (Z/3"Z)* is congruent to some power of 2. Therefore, there exists a unique
n € Nwith 7 <231 such that:

n=2" (mod 3%

Since 03 (x) = x-27! (mod 3Y), iterating k times corresponds to multiplying by 27%. Thus, by
Proposition 27, for any k:

ng(n) =n-27F=21"%  (mod 3%)

The condition for the orbit to return to 7 is 27 = 27 (mod 3), which implies 2% = 1 (mod 3°). The
smallest positive k satisfying this is the order of 2 modulo 3°, whichis2-3'~1. O

An interesting particular situation arises when we consider pairs of numbers whose sum equals a.
In this case, the behavior of the Sigma function exhibits a remarkable symmetry that contrasts with the
general subadditive behavior previously discussed. Specifically, if two numbers add up to 4, the sum
of the values obtained by iterating the Sigma function on each number individually remains constant
and equal to a through all iterations.

Indeed, let m,n € N such that m +n = a. Since a is an odd number, it follows that either m
or n is even, but not both. By Proposition 25, the Sigma function is linear whenever at least one of
the arguments is even. Furthermore, Proposition 24 asserts that a itself is a fixed point of the Sigma
function. Therefore, applying the function ¢ iteratively k times, we obtain the identity:

Ug(m) +0k(n) = a.

This observation reveals the existence of a family of pairs whose images under the Sigma function
remain connected through an additive identity. Moreover, in the specific case where a = 3%, we can
characterize these pairs more explicitly, as they share the same cyclic orbit under iteration.

Proposition 28. Let b,n € N such that n < 3 and (n,3%) = 1. Let y = 3*~1. Then:

oy (1) + U;fh(n) =3t

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202408.0985.v5
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 15 April 2026 doi:10.20944/preprints202408.0985.v5

62 of 106
(Note: Since the period is 2y, this simplifies to (rgb (n) +n = 3b).
Proof. Let n be coprime to and less than 3°. Consider the equation for k:
n+ Ugb (n) =3b

k—1 ) i n-+ 3ka
Let Ty (n) = Z(:) 4;2) and o3, (n) = — Then the equation n + 0';’(,, (n) = 3 implies modulo 3’

j=

n+ =0 (mod3") = n(1+27%)=0 (mod 3’
2k a

Since (n, 3b ) =1, we can divide by n:
2F=—1 (mod 3%)

We know that the order of 2is 2y = 2 - 3b=1 The solution to 2¥ = —1 occurs at half the period, so
k= =31

Now we verify that this k yields a valid integer solution (i.e., that the numerator does not
"overflow" the necessary bounds improperly). We require T, < 27 — 1. Indeed:

273" —n) —n 27 +1
— 27 _
= 3b =2 ”( 3b )

b—1
Claim: 233717“ > 1forallb e N.

x—1
Let f(x) = 23379(“ We have:

L f)=21 =1and f(2) = &L = 1.
2. The derivative f'(x) > 0 for x > 1.6. Thus, the function is monotonically increasing for integers
b>2.
27
3b
ensuring the existence of the binary coefficients. Thus, n + (T;b (n) =3t O

Therefore, the term

is a positive integer greater than or equal to 1. Consequently, T, < 27,

As a consequence of the above Proposition, we have:
Corollary 7. Let b,n € N such that n < 3" and (n,3%) = 1. Let v = 3. Then:

U;b(n) =3"—n

Proof. By Proposition 24 (periodicity) and Proposition 28:

a;b(n)+n:3b = o, (n) =3'—n

O

We have seen that the function o, is, in general, a subadditive function where the error is a
multiple of a. Therefore, the function oy is linear in Z/aZ.

Proposition 29 (Linearity modulo a). Consider the sigma function as a map from Z/aZ to Z/aZ. It is a
group additive automorphism, i.e.,

a5 (m+n) = o (m) +o5(n)  (mod a)
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Proof. From the quasi-linearity proposition, we know that o, (m + n) = 0,(m) + 0,(n) — ad, where
0 € {0,1}. Taking modulo 4, the term ad vanishes, yielding the result. [

This proposition establishes the concept of homogeneity modulo a for the sigma function. It

k

relates the value of oX () to mao¥ (1) under modular arithmetic.

Proposition 30 (Homogeneity mod a). Let a,k, m € N such that (a,2) = 1. Then:
oX(m) = meX(1) (mod a)

Proof. Using Proposition 29:

ok(m) =1+ +1) = iaf{(l) =mo¥(1) (mod a)

m times =1

O

9.5. Extension of the Sigma Function to Q44

We now extend the domain of the sigma function to the set of rational numbers with odd
denominators.

u x . . .
Definition 19 (Q,;;-extension of the sigma function). Let v’y € Qugq with u an odd integer. We define

the sigma function 0,7, : Qpaq — Qoa4 as:

1/x u
<_|_) ifx=1 (mod 2),
(") T ifx=0 (mod 2).

We provide a numerical interpretation of this extension. Recall that in the integer case, the sigma
function generates the smallest non-negative solution to the Diophantine equation 2Fy — ax = n via the

ax—+n
relation 27—: = X (n). We can generalize this logic to fractions with odd denominators. Specifically,
the extension satisfies the following relation for some r € Z:

yur +ox k(X
2 ()

Dividing by vy, this is equivalent to:

%7—}—;_ kX
ok %y

In other words, the extension of the sigma function yields the fraction that solves the equation:

%r + 5 =2 withreZandte Qodd-

Lemma 14. The extension of the sigma function to Q44 is well-defined.
Proof. Let Quqq = {p/9€ Q| p €Z,q9 € Z,(q,2) = 1}. Let the parameter of the sigma function be

a = u/v, where u,v € Z are both odd integers. The extended sigma function 0, : Qo994 — Qoqq is
defined for an input x/y € Quqq (Where y is odd) as:
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x 1(x+u> if x is odd,
(- {16
— if x is even.
2y
We must verify two conditions:
1.  The value is independent of the representative fraction for x/y and a = u/v.
2. Theimage 0, (x/y) remains in Qugq.
1. Independence of Representation: Let x/y € Qyqq and a = u /v (with u, v odd). Consider alternative
representations x/y = (xk1)/(yk1) and a = u/v = (uky)/(vka), where ky, k; are odd integers.
Since k; is odd, xk; shares the same parity as x. Similarly, since k; is odd and u is odd, uk; is odd.
The denominators yk; and vk, remain odd. Let a’ = (uky)/ (vks).
Case 1: x is odd. Then xk; is also odd.

oo (R _ L (xky uko) 1 /x w) (X
Nk )~ 2\yky "ok ) 2\y "v) "\y )
Case 2: x is even. Then xk; is also even.

(] Lk1 — (xkl)/(ykl) — Xkl :120' E
" \vk 2 2k 2y \y )

Thus, the definition is independent of the representation.
2. Closure in Q,;,: Let a = u/v (with u, v odd) and x/y € Quqq (With y odd).

Case 1: x is odd. .
Ua(x) _<x+u> :xv+uy.
y 2\y v 20y

e xvand uy are products of odd integers, hence odd.

Since x, y, u, v are all odd:

®  Their sum xv + uy is even. Let xv 4 uy = 2K for some K € Z.

( x) 2K K
o= == =—.
y 20y
Since vy is odd, the result is in Qgqq.

Case 2: x is even. Let x = 2x’ for some x’ € Z.

v (x> _x 2w _«
\y) w2y oy
Since y is odd, the result is in Quqq.
We conclude that ¢, is well-defined. [

*  The denominator vy is odd.

Substituting back:

Q
<

9.6. Properties of the Extension of the Sigma Function

The introduction of the sigma function extended to odd rationals is crucial for understanding
its behavior in a broader domain. This extension, defined on the set Q,44, allows us to explore the
algebraic and arithmetic properties of the sigma function in a more general context. In this section, we
delve into this extension and explore its implications, focusing on how the sigma function modifies its
behavior when applied to fractions with odd denominators. Additionally, we present an important
lemma that establishes an invariant relationship between the characteristic function J and the sigma
function, providing a deeper understanding of how the sigma function preserves certain properties
under different transformations.
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Definition 20 (Characteristic Function). We define the characteristic function § : Qu34 — {0,1} given by

5(;9)_{1 ifp=1 (mod?2)
q 0 ifp=0 (mod 2)

The Invariant Coding Lemma, stated in Lemma 15, establishes a fundamental relationship be-
tween the characteristic function § and the sigma function under certain conditions. Specifically, it
asserts that for co-prime integers u and v, with u being odd, the characteristic function  remains
invariant under iterations of the sigma function. This means that the parity of the output of },(v) is
the same as the parity of 0} (v) for all non-negative integers j. Furthermore, if v is odd, the lemma

demonstrates that the parity of o7, (v) is identical to the parity of O‘u (1) for all non-negative integers j.

v

Lemma 15 (Invariant Characteristic Function Lemma). Let u,v € Z with u not null, such that (1,2) =1
then

1. 5((7{;(0)) _5(01( ))for]>0

2. ifvisodd then 5(0£(v)) =0 (Tju (1) | forj>o.

(Y

v+ uTy (v)

Proof. We have, first statement: Let of(v) = T

k=1 _
where T} (v) = 2(5(0{[(0))2] and
=1

U{(%) _ u—i_Z’;(u)where Tl( ) 25( ( ))21 Wewﬂlproveby1nduct10nthat(5( (v )) =

0{ (%)) For j = 0, Since if v is odd (or even) then Z is odd (or even) then

5(e]
(60 =00 =5(2) =s(4(3).

Suppose 5((7{, (v)) = 5(0{ (Z)) for j < k, then T} (v) = T} (Z), then we have

_o+uT(v) _ U+uT’3(§) :u(m) :u0{<<3)

k
(0) = —; 20 24 "

Since u is odd, we have that 0% (v) and o7} ( ) have the same parity, then 5( (v )) =0 (0{‘“ (;))
Ty

T (v 1+ T (1
Second statement Let aﬁ(v) = Huziuk() where T{/ (v Z 5(al, (v )2/ and (Tu (1) = T()
]7
where T Z ) ((Tu >2j . We will prove by induction that ¢ ((TZ, (v)) =4 (UL (1))

Forj=0, Slnce v is odd
5(0—3(0)) = 6(v) = 6(1) = (5(02 (1)).

Suppose 5((7,];(0)) = (5((7]% (1)) for j <k, then Ty (v) = Tk% (1), then we have

v+ uT'(v) v+ uT? (1) 14472 (1)
ok (v) = 2“k - Zﬂk =0 vziak :W’%u)
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Since v is odd, we have that ¢%(v) and ¢% (1) have the same parity, then

st @) = o(e400)
O

In the following proposition, we demonstrate homogeneity properties that leave the coding of the
orbits of the sigma function invariant.

Proposition 31 (homogeneity). Let u,v € Z with u not null, such that (u,2) = (v,2) = 1 then we have
k(o) — v

1. o,(v)= ua{‘(u).

2. k) =odk, (1)

u
v
o+ uT! (v k=1 , ‘
Proof. We have First statement: Let 0% (v) = Tk() where T/ (v) = ) 6 (0)i(v))2/ and o] (%) =
j=1
v v
-+ T} <7) k=1,
u u 1(7) _ i(ZYYoi
o where T}, (u) ]; ) (01 (u ) ) 2/. Then we have

{gy = CEITE©) _ v+uT} (=) :u(erT;}(Z)) ek ()

" 24 24 24 u
v+ uT} (v = , ; 14T (1
Second statement: Let 0¥ (v) = 27;‘() where Ty (v) = 21 5(cl(v))2 and a]%(l) = 275”
]:

. k-1, ,
where T? (1) = ) (5((7]% (1))2]. Then we have
=1

o+ uTh(v) v+ uTf (1) 1417 (1)
o) =t = = g | =t

O

Having extended the Sigma function to the set of odd rationals, Q,4, it is natural to investigate
whether the properties previously established in the integer setting still hold in this broader context.

Proposition 32. Let r € Q,4y, then 0" (r) is periodic if and only if r € [0,1].

Proof. Letr = = € [0,1]. Then

=

Since p < q, we have that o}/ (p) is periodic, and therefore o (Z) is periodic. On the other hand, if

" (Z) is periodic, then there exists a K > 0 such that ¢* (Z) = g Suppose that g ¢ [0,1]. Then

05
q q
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p p

since if p is even we average 7 with 0, and if p is odd we average 7 with 1. In either case, we always

p

obtain a value smaller than the initial one. Therefore, the only way for =

the interval [0,1]. O

to be periodic is if it is within

Despite the presence of denominators, the recursive structure of c's ensures that the behavior
observed in the integer case persists, with the additive corrections involving %4 appearing under
similar conditions. The essential mechanism driving the quasi-linearity of the function, namely the
cancellation of terms when one summand is even, extends directly to the rational setting, while the
parity considerations remain encoded in the numerators.

Proposition 33 (Algebraic properties of the Extension of the Sigma function). Let a € Q,4; with odd
numerator and 0, : Q30 — Qoa4, satisfies the following identities

1. ifﬁ, m are even fractions, then o, (” + m) — 0, ( ) ‘o, (m)
P g p q »
n m 0 i .
2. if — isan even fraction and — is an odd fraction, then o, ( + > -0 () p ()
f q fr p ﬁ’ a q p 0 762 A ,
3. ifﬁ, " are odd fractions, then o, (n + m) _ Ua( ) ‘o (m) .
q P g p q »

Proof. Let’s proved first for 2 = 1. Let g,% € Quigandlet p:Z x Z — {0,1} given by B(n,m) = 0 if

n or m is even fraction and p(n, m) = 1if n and m are odd fraction.

53)-m(3o?
pq g P pq g P

pq( p) + opg(mq) — pqp(n,m)

B W( p) + pgo <pg> — pap(n,m)

( ) = pqap(n,m)

| |
/—\
\_/

+

=

3

S

Dividing everything by pg, we have

53) () o(5) o
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1 1
Now let g an odd fraction with odd numerator, then we have - is odd fraction, then multiplying by -

does not change the parity of g or % Then we have

In 1m 1n 1m
U(aq+ap> _U<aq) +U(a P) B(n, m) multiplying by a

oft5e ) <m() n{12) o
(3 3)(2) o) -

Proposition 34. Let a,n, p,q, P, Q € Nwith a, P, Q odd number. We have

gg<1€ + g) = ag(%) + o (g) —aA with A € {0,1}

Proof. Leta,n,p,q,P,Q € Nwitha, P, Q odd number. We have

(P a)_PQ, 7Y _PQ_,(pQ+qP\ _ 1
(5+5) = rg (5 +5) = 70 (Boa™) = mgeiretr+ar)

By Proposition 26:

O

- % (ﬁPQ(pQ) + 0apg(9P) — aPQA) with A € {0,1}

= % (Qagp(p) + Poy(q) — aPQA) (Z) +o <g) —aA
O

9.7. Coding of Sigma Function

Having established the framework of p-adic numbers, specifically the 2-adic integers (Z,), we can
now apply this structure to the dynamics of the sigma function. We associate a symbolic sequence to
the orbit of any rational number in Q.

Definition 21. Let g € Qpgq and let g € Z be an odd number. We define the Coding of g under o as

Codoy ( q) 1;[ 6j € Ly defined by
J€No

1 if O'g(Z> is odd

) is even

5 =

0ifa£<

= |

and the finite k-coding as Cod(fé‘ (Z) =...00000 ... dp.

This coding scheme possesses invariance properties that allow us to simplify the analysis of orbits
by scaling the arguments.

Lemma 16 (Invariant coding lemma). Let u,v € Z with u non-zero, such that (u,2) = 1. Then:
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1. Coda{;(v) = Codaj(g) forj>0.
2. Ifvisodd, then Coda{;(v) = Codaju (1) forj > 0.
v

Proof. This is a reformulation of Lemma 15. [

This structural relationship leads to a surprising property: the coding function behaves linearly
with respect to addition in Z;.

Corollary 8. Let r1,1y € Z. Then

Codoy, (11 +1r2) = Codoyg, (r1) + Codog,(r2)  (mod 2%).

b
Proof. Letr =r; +rpandlet H : R — Rbe given by H(x) = 3 Z:— L By Proposition 25, we have
FXLT _ n () = 0% (1) + 0% (r2) — P with u € 7
I = 03,(r) = 0By (1) + 04 (r2) — uwith u €
Then
2008, (r1) — 1 290%,(r2) — 12
po=—2 3 + 3 0 —2%u
2908, (r) — r; 3Px +r; 2908, (r1) — 1
On the other hand, we have that —2" (3;) L= pg < a ]>, so —2 (32) : ( base 2) = Codo(r;).
Thus,
Codoy, (r1 + r2) = Codoy, (1) + Codoy, (r2) - (mod 27).
a

Extending the previous corollary to the infinite limit, we confirm the linearity of the coding
function on the entire domain Z.

Proposition 35. Let 11,12 € Z. Then Codoyy, : 7. — 7 is linear, i.e.,
Codoy (r1 +12) = Codoyy (1) + Codoyy (r2) € Zo.

Proof. By Corollary 8, we have Codo}, (1 + r2) = Codoy,(r1) + Codo,(r2) (mod 2") foralln € N,
which is equivalent to

|Coda, (1 +1r2) — Codoy, (r1) + Codoy, (r2) |2 < 27" foralln € N.
Therefore,
Codoyy (r1 +12) = Codoyy (r1) + Codoyy (r2) € Zo.

O

To demonstrate the utility of this linearity, we calculate the codings for several distinct affine
maps.

_ 9x+5

Example 13. 1. Let S(x) = 1 We have
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(@)  O0§(3) ={3,6,3,6,3} then Codog(3) = 0101.
() O(0§(2)) ={2,1,5,7,8} then Codog(2) = 1110.

Codog(5) = Codog(3) + Codog(2) (mod 2%)
= 1110+ 0101 (mod 2%)
= 0011

O(vg(5)) = {5,7,8,4,2} then Codog (5) = 0011. Then we have py(S) = 1+2 = 3.

9-3+5

SG3) =~ — =2

9x +3+2%
2. LetS(x) = x;h—+-(|9-z with 01 even. We have

o P2 (3 +2%) = 072 (3) + 0572 (2%)  (mod 9)
= 308102 4 o81702(201)  (mod 9)
Then

Codagl+92 (3+2%) = Codagl+92(3) + Codagﬁ"z (2%)  (mod 201+62)

= Codag1+92 + Codagl+92 (2%)  (mod 201762)

0140, 01 +06,
@  O(e3"?) ={1,2,1,2,1,2,...} then Codoy' "> = _..010101,
01+6>
®) O (20)) = {201,001 . 1,5,7,8,4,2,1,5,7,8,4,2,1,...} then

Codaf1%2(2%) = ..000111000111 , .. 00000
— ————
62 61

Then we have

Codog' ™ (3 +2%) = .. 000111000111 ..00000 + .. 010101 (mod 2%1+%2)
e T e
0> 0, 01+6;
= .00011100011100011100, .. 1010101010 (mod 21%2)
6, 6,

= Codof27200Codcs!  (mod 2%1+%)

Then we have py(S) (base 2) = Codagz_zooCodagl (mod 201762),

3'x +4" -3"
3. LetSy(x) = —
oo (4" —3") = oZ(4") + 02 (—3") =1-3" ¥ =1 (mod 3")
~—~
=0
On the other hand
21 (n2n\\ — [92n n2n—1 »2n—2 2n (n2n\ _—
(a) O(ogt(271)) = {2°",25"=1,2°" ==, ..., 1} then Codog (2°") = ... 00000.
2n
(b)  O(c31(3")) = {3",3",3",3" ...} then Codo2(3") = .. 11111111,
2n
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Then we have

0...0—1...1 (mod 2%")
N——"

——"
2n 2n
=10...0-01...1 (mod 2")
N—— ———
2n 2n
=1 (mod 2%")

=1
Then
Codo3! (4" —3") = 00...001
That is, Codaaz,? (4" — 3”) has a constant coding equal to 1. This is natural, since Sy, is stable.

We now explore the specific form of the coding for powers of 3 and integer multiples, revealing a
simple rational equivalence in Zj.

Lemma 17 (Rational equivalence of the Cod-Sigma function). Let b € N. Then we have
1
COd(73b = _ﬁ € Zs.
Furthermore, let u € N; then

u
—— € 7.

C0d0'3b (M) = 3b

Proof. Let u = 7, € Z with ¢, = Codo23"'. Let u = x; then multiplying by 223" we have
z plying by

u0... 9 = 22'3b71x, and subtracting, we have
2.30-1
b1
u—u0...0=—(2*%" —1)x
2.30-1

1= -2 —1)x

2~3b_1 _ 1
On the other hand we have that v, = — then
2:30-1 B .
23—hl = —(22'3b ' 1) then we have x = 3
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Another way to prove it is:

oo 2.30-1_1 4.30-1_1 6:30-1-1
u=y u2" = Yoo w2+ Yoo un2" p + Yoo u2" 5
n=0

n=0 n=2.30-1 n=4.30-1

_ _ _ 1\ 2 _
= Codo?® " + 229 Code3? 1 (2297 Codod? 4 ...

= Codo%?"" { Y (22'3“)"}

n=0

_ 2.3b-1 1
= C0d03b {1 — 22.3;,,1 }

Now we demonstrate the second part. Let v € N.

1 923" %% 92371k
Codo, (v) = v{ -,

3b 3b 3b
On the other hand,
HCodag,,(v) - (—%) H2 <2728 _, 0ask — oo
Therefore, Codoy, (v) = —3%. O

Before presenting the relationship between the coding and the 7! function, we define the concept
of a null tail, which corresponds to sequences that eventually become zero.

Definition 22 (Null Tail). We say that {;}7°, € X3 has a null tail of index ] if | > 0 is the smallest index
such that for all j > |, we have ¢; = 0.

Using this definition, we can link the partial sums 71} and the function 7! directly to the coding
in the context of Z,.

[ee] n
Proposition 36. Let ¢ = 0% HlOGf € Xy with 61 > 0and 6 > 0 fork > 1and a, = ) 0. We define
=2 j=1
k 24; K 00
(&) = Y S+ Let ¢ € 23 with null tail of index K given by ¢ = 0% HlOGf I 0% with 6; > 0, 6; > 0
=¥ j=2  j=K+1
k 251]' K-1 211]'
for K>k >1land0; =1forj>K. We define 7} (&) = Zglfk< Kand () = Y ¥ ifk > K. We
j=1 j=1
¢S] aji
define the 7t function given by 7T\ : £% — 7, and defined by 7' (&) = Y % if ¢ does not have a null tail and
j=1
K-1 Za]
(&) = ) 5 if € has a null tail of index K. Then we have 7' (g), t}(€) € Zp and
j=1

Codo (7' (§)) = —7'(¢) € Zo.

Proof. Without loss of generality, let’s assume that ¢ does not have a null tail.
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Claim 1: Let ¢ € ¥ and k € N; then we have Codo (71}(¢)) = — 7 (8) € Zo.
Indeed, let k € Nand ¢ € X3. By Lemma 16, Proposition 35, and Lemma 17, we have

k zﬂ]‘ k .
Coda(n,l (é)) = Coda(Z 3}) = Codo (Z zﬂj3k1>

j=1 j=1
k 211]

k k
ink—j )
= ]; C0d0’3k (211]3 ]) — ]; C0d03;(2a1) _ _j:l g _ _7_[’1 (g)

a;

Since —% € Zy, it follows that — 7t} (¢) € Zo.

Claim 2: lim 71} (&) = 7'(¢) € Z,.

k—o0
Indeed, we have the following equivalence on Q, (Proposition 3.3, page 76 of [8]):
00 nay, ak

. . 2
nl(g) = 2 T € Qy if and only if kh_r}r.}o * =0onQ,.

n=1

On the other hand,

20
| = |Codoyy (2°%) ||, = [|Codos,; 0% ||, = 27% — 0 since ay is increasing.
2

) 2an
Therefore 7'(g) = ) i € Q. Furthermore, we have that 7} (¢) is a Cauchy sequence on Z.
n=1

Indeed,

D%+1

?)kj :Zfakal—)OaSk—)oo
2

@ - @], = |

and by Proposition 2.10, page 59 of [8], we also have that Z, is a complete metric space; therefore,
Jim (&) = 7H(¢) € Zy. O
—00

Finally, we apply these results to find the minimum positive integer value pg for the affine maps,
expressing it in terms of the coding.

Lemma 18. Let S; € (6, 1) with Cod(Sy) = 0°0110% ... 10%10%+1. Then po(S;) = Codo™+1 (gI;Z‘)

Proof. Let Sy € (6, ¢7). Then

k A1 @
k41 B qu _ D41 Nk N 3 Codo -+ ( 3k ) - LZ\fk

— Th+1
po(Sk) = 3k U3k+( k) 3k 3k ) 2%+ Djct1 3k

= Cod0§f+1<qu) = Codo"k+1 (@‘)

O

As a consequence of the next proposition, we have that if — 7! is a negative or non-integer number,
the minimum value diverges, since we have that the dyadic representation of these numbers always
has an infinite amount of numbers.
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Proposition 37. Let {Si}ren € (0, 97) such that ¢ = Cod{Sy}ren. Then po(Sx) = Codoit (qnl (é’)),
where Ay is the quantity of zeros of Cod(Sy).

Proof. Let us assume without loss of generality that § does not have a null tail. Let § = Cod ({Sk }ren =

0% 10%. Thus,
j=2

Then Codo“*+1 (‘@f") = cOda(qnl(C)) (mod 2%+1). O

< 27%+1, gince i (&) = 7' (¢)  (mod 2%+1).

Codo (qnl(g)) — Codo+1 (qI;Z()

=o' @ - arl@)

2

We can also express p1, derived from py, using the coding with a shift.

Corollary 9. Let {Sy}ren € (0, ¢7) such that & = Cod{S }ren. Then p1(Sx) = —Codaf’l‘ (qnl(g)), where
Ay is the quantity of zeros of Cod(Sy).

Proof. Since po(Si) — p1(Sx) = 2%, we have p1(Sx) = po(Sk) — 2% = Codo’k(qr' (¢)) — 2% =
—Codaf’l‘ (g (¢)). O

The section concludes with examples illustrating the calculation of py for various map families.

1 1 a
Example 14. 1. Lef S,(x) = 33;;; . We have Cod0<3) = ...101010101 so po(Ss) = 222" =
=0
4a+l —1 "
3 :
a— a __
2. LetHy(x) = 9’%1. We have COda@) =...111000111000111, so po(Hgs) = 7;;626" = %.
k 4k __nk
3. Let Ju(x) = w. Then
k_ ak k _ ak
Coda<43k3> = CodU(é{) + COdU(;) = Coda<31k>04k +1,
s0 po(Ji) = 1.

10. Coding of Set G,

Now we are going to prove that there is a complete metric on Geo. We will use this result to prove
that if 7! ({éjj};";l) € Qu44 then Cod(nl ({gj ;’il)) = {g; 21 and in the case that 77! ({(f,‘j ;’;1) €
R\ Q, then there is no rational r such that Cod(r) = {gj}f.iy We also show that the parity of the Collatz
function on 71! (G ) depends solely on the first term. Building upon this insight, we extend the Collatz
function to 71! (G ) and conclude the section by showing that the Collatz function is topologically
conjugate to the Shift function in X3. We will use this result to establish that the set of periodic orbits is
dense.

10.1. Summary of Propositions in the Section

1. Lemma 19: Established that when the function d(7!(¢), 7' (n)) = ) 1 129i€) — 2| <

then ¢ and 7 share at least the first k — 1 terms.
2. Proposition 38: Establishes that (77! (Ge), d) is a complete metric space.
3. Corollary 10: Established that the k—coding set is an open set.
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4.  Theorem 8: Established that the full coding set is a singleton set or an empty set depending on
whether 77! (¢) is rational or not.

5. Proposition 39: —7t! : Gos — — 7' (Geo) is continuous.

6.  Corollary 11: The ! : Goo — 7!(Go) C R is a continuous function with the usual metric of R.

7. Theorem 8: Let {Cj}]?'il € Geo, then if 77! ({g; ;‘;1) it is rational, then the —7' ({g; ;";1) = 75

only rational that satisfies Cod (—Z) = {g;}72 =1/ 0 particular nl({gj };"’:1) € Qoaq - It 7T1({§j ?0:1)

it is irrational, then there is no rational g such that Cod( ) = {§ i

8.  Proposition 40: It establishes that the parity of 7! (&) depends only on the first term of the series.

9.  Definition 23: Defines an extension of the Collatz function on all 77 (Geo).

10. Proposition 41: The Collatz functions are continuous.

11. Proposition 42: The Collatz function on 71! (G«) is topological conjugacy to Shift map on X3

12. Corollary 12: It is stable that the periodic points of the Collatz function in (71! (Ge), d) are dense.

13. Proposition 43 : Let ¢ € Goo and 7' : £5 — Zp and 71! : £ — 7! (Geo) C R, then if —7!(¢) =
w€Zyand —7t'(¢) = B € Q, thena = B.

10.2. ' (Geo) as Complete Metric Space

To ensure the coherent definition of a metric in 77! (G ), we need to "complete” the missing terms
of the series to enable the calculation of the difference |2%(&) — 2%(1)| for all k € N, irrespective of
whether ¢ or # has a null tail. To accomplish this, we define that when the sequence of 1s in § ends, the
function a; will take on the value —co. Hence, we have [2%(8) — 2ax(1)| = |27 — 2%(1) | = 22(1) from
the index of ¢. Let § € X5 with null tail with index J. We will write a short description.

P((e) = Do Ly 5

j=1

In the following lemma, we are going to introduce a new function, which, as we will see later,
corresponds to a metric in the space 77! (G ). Additionally, we will present another result that we
will examine more closely in this section and essentially indicates to us that, since the parity of 7' (&)
depends only on the first term, we can interpret this in the following way: If two sequences are
arbitrarily close, then they share the first terms of their encoding. This is of great importance for
understanding the behavior of the orbits of the Collatz function, since, if we consider the Euclidean
metric in Q or that of the absolute value, we observe the phenomenon that even though two numbers
are arbitrarily close, their dynamics are completely different. One may converge to a cycle in a few
iterations, while the other may take a very long time.

Lemma 19 (Convergence and Coincidence Lemma). Let ¢, 77 € Geo, then

v L (@ )] :
1. ]; 712" 2% ‘15 well defined.
=1
2. Y~
=17
j<r.

2%(0) _ 2"7(’7)‘ < % = a;(¢) = a;j(n) forall j < r. In addition, we have to §; 1 = 1; for all

Proof. Let ¢, 77 € Geo, then we have
Claim Let, a,b € N then [2* — 2¢| < omax{a,b} 1f 4 — p, then 0 < 2°. Suppose that a > b then

1

a
g | <2

1—

’211 _2b| — 4

[ of the Claim.
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Now we prove that it is well-defined, by Claim we have:
© 90(8) @ a0\ @ o pmax{a;(&),a;(17)}
d(ZL,ZL) Zl.zuf<5>—2”f<’7)‘<22 e
P (R R gl j=1 3/
24;(Z) 24;(17)
as — and —— converge to 0, then for n > N exist | € N such thatif j > | we have
2ai() | | 2a;(n) 1
3 || 3 n
Then for j > | we also have
Jmax{a,(&),a(n} 4
. < -
3/ n
Jmax{a;(2), a;(n)}
Then we have that 3 also converges to 0. Then by Proposition 22 we have
o pmax{a;(2),a;(n)}
) 3 < co. To prove the statement, we will consider whether the sequences ¢
j=1

and 7 in X5 have a null tail or not.

Let us first assume that the sequence does not have a null tail, then if we have

o
)y
j=1

=

29i(8) _2ai(m) | <

@

1
] 37

All terms less than r must be null. Suppose there exists some non-zero term between 1 and r — 1, then
we have that

1 =1
3r—1 = 4 §
j=1

24;(Z) _zﬂj(fl)‘ < i l
=1

24i(8) _ 2“;‘('7)‘ < l Thenr—1>r
3/ 3

r—1
which is absurd. Then we have that Z ?%
j=1

29(8) _ %) ‘ = 0. Which implies that

a;(¢) = aj(y) forall j < r.

Now we will prove that the sequences coincide up to r.

[e) e}
¢ =0%T]10% and y = 0% [ 10%
i=2 i=2

writing this way, we have to

1

j j
aj(&) =Y 6} and aj(y7) = ;912

then

6] = a;(8) —aj-1(§) = aj(y) —aj1(y) = 6} forall1 < j <r

which means that ¢ and # share the first (r — 1) — 10% blocks Now suppose that ¢ has a null tail of
index I + 1 and 5 has no tail null. Then we have

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.

doi:10.20944/preprints202408.0985.v5


https://doi.org/10.20944/preprints202408.0985.v5
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 15 April 2026 doi:10.20944/preprints202408.0985.v5

77 of 106

L1
Y = [2u® it ’ +
=Y j= I+1

1
3]

)<

if r < I then we have the previous case, then a;(¢) = a;(1) for all j < r. Now if r > I we have

il ) 20| 4 2 ()| < o1
=13 ]I+1 3
L
100
< Lglero 2] 8 L] -

j=1+1
The latter makes sense if # also has a null tail of index I + 1, then
gi=mnjforalljeN

In particular ¢; = #; for all j < r. Finally, suppose that ¢ and 7 have a null tail of index I +1and L +1
respectively, without loss of generality we can assume that I < L. Then

1
1 ﬂ ﬂ
Y 5 [® -2 ]+ 2 |20 ]+

=1 =111 Th¥

1

Sl g

1. If1 <r < Ithenall terms with an index less than r are null and in particular we have a;(¢) = a;(1)

for j < r. and as we already saw in the proofs above, this implies that ¢; = #; forall j <.

L

2. Ifr > 1. Then Z
j=I+1
a;(¢) = aj(y) forj <r.

1
— 2”1'('7)’ = 0 we have that | = | therefore { = 7. particular we have

O

Now we are going to show that the function we defined above is a complete metric on 77! (Ge)-
Proposition 38 (Metric space complete). Let d : 77! (Goo) X 7! (Goo) — [0, 00) given by

0 2aj(§) 0 ~a;(n) 00 1

= =

[29i(€) _ 211]'(77)‘

Then (71" (Geo), d) is a metric space complete.

Proof. Let’s prove that d is a metric through the axioms of metric:
1. d(7'(&), 7' (y)) = 0if and only if 7' (&) = 7' (x) for all ' (&), 7' () € 7' (G): Trivially we

have that if 7' (&) = 7! (y7), then
)Lk
Let w! (&), ' () € 7' (Geo) such that
e} 2[1](6) e} 2[11 e} 1
d - 1
(E5£57)-£5

j=1 j=1

—0(¢ ‘—0

j=1

(575 £

2%(¢ 2“1‘(’7)‘ ~0
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by lemma 19 we have

248 — 25| < — = a;(&) = aj(y) forj < r

1
Y

[N agk

In particular, for r — co we have ¢ = 7.

2. d(m(g), 7! () = d(r (), 7' (2)) forall 7' (), 7' (1) € 7' (Goo):

S 1 (@) a3 Llpan) _ 0@
;521 — 2% ‘zgng — 4 ‘
] ]

then
© 1 0e) ea © 1
Ey2](§)_2](W)’:;gza](ﬂ)_ZJ(g)‘

j=1 j=1

3. d(7'(2), 7' () <d(m!(¢), 7' (k) +d(r (x), ' (y)) for all, ' (), 7' (17), 7' (1) € 7' (Goo)

k1 1 k1
~1291(Q) _2ai(n) | < ¥ 2 |94i(8) _ 9aj(x) = |9aj(k) _ oaj(n)
];3] j j ‘_];3] j j +];3] j j ‘
then
i l 24i(8) _ 2“;’(’7)‘ < i l 24i(8) _ oaj(K)| 4 i l 7aj(K) _ 2”;’(77)’
=1 = j=1%

then (7! (Geo), d) is a metric space. Now we are going to prove that it is a complete metric space. Let
{{r! ((;";‘ )}j21 i1 be a Cauchy sequence on 7! (Geo) then for any e > 0 exist K > 0 such that
00 00 ad l L(FN L(Fm
A({' (@2 AT EN) = 1 3 20 — 24" < ¢ forall n,m > K

=1

Let r > 0 such that Z l
=1

3 24i(¢") _ 2“1'(5"1)‘ < % < ¢ by lemma 19 we have

6}‘:§;"forallj<r

On the other hand let D : X3 x X3 — [0, c0) the symbolic metric of two symbols given by

D) = X A )

with

1 if & #un

A(Cjﬂ?j)Z{o e -y,
j =1

The space (X5, D) is a complete metric space with the property that if two sequences are arbitrarily
close if and only if their first terms are equal.

D(&n) < % if and only if §; = ; for all j < r.

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202408.0985.v5
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 15 April 2026 doi:10.20944/preprints202408.0985.v5

79 of 106

then given a Cauchy sequence in 711 (G ) by the observation above we obtain a Cauchy sequence in
%5 and the latter being complete there is a ¢ € X; such that

"= fasn— o0

We will now prove that ¢ is in Ge, and that the sequence 71 (¢") converges to 71 (&).
1. Let’s prove that Ge is complete. Let {;};cn a Cauchy sequence on Ge, and let hm (;‘] e
Let’s show that { € Ge. Let R = 4; + bj, then by definition we have exist N > 0 such that

D(Cn,Em) < % for all m,n > N, so we have ;;, and ¢, have the first R terms equal, Suppose ¢
has no null tail then b; = j and

fim 2

jgl;w =0050¢ € Geo
If ¢ has a null tail, then by definition it is in Ge.

2. Let’s prove that 71! (G ) is complete. Let 77! (&) a Cauchy sequence in 71! (G ). Let € N, then
exist N such that 1
A (&), T (Em)) < 5 forallm,n >N

by Lemma 19 we have D(&y, §m) < % for all m,n > N. In other words we have that {;} is a
Cauchy sequence in G.. As we proved in point 1, we have that G is a Complete metric subspace
of X3, so exist { € G such that hm ('f] . Let us now demonstrate thathm T (f,‘]) = 71'(&)

j=

d(m (&), 7 (@) = 1 317 2:) - 2|

keN

_ Z 2 (&) _ pak(?) ‘_|_ Z zﬂk () _ pa(2)
k= ]+1
=0
<y %zmax{ak@j),ak(é)} L 0asr —s oo

k=r+1

Therefore 77! (Go) it is a complete space.

then we can conclude that the metric space (7! (Geo), d) is complete. [

With this metric, we have that the coding sets are open sets.
Corollary 10 (Cod* is an open set). Let & € Goo and k € N. Then Cod* () is an open set on (71" (Geo), d)

Proof. Let & € Goo and u € 7! (Goo) such that u € Cod*(&). Let us consider v in 71! (Ge) such that

d(u,v) < by definition, exist #, T € Geo such that 7! (3) = u and 7! (1) = v. By Lemma 19 have

1
3k+1 7

pj = Tj for j < k, then we have that v € Codk(C). Therefore, then B <u > i.e. the ball of radius

1
" 3k+1

1 and center u is a subset of Cod*(&), therefore Cod*(&) is an open set. [J

Proposition 39. —7t! : Geo — — 71! (Geo) is continuous.
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1
Proof. Let { € Ge and {7;}en a sequence on Ge, such that D(7;,§) < 77 SO ar(n;) = ar(¢) for all
j < r, then we have

o 19k (177)) _ pax(n))
(e (), 7 (@) = 3 S

k=r

—0asr - o

Therefore d(7t' (17;), 7' (&)) — 0as D(1;,&) — 0, that is to say that —7r' es [

Corollary 11. The 7! : Geo — 7! (Goo) C R is a continuous function with the usual metric of R.

Proof. Let ¢ € G a sequence {¢;} on G such that ¢; — ¢. By continuity of 7t Goo — 711 (Geo) We

have
Tay 1 _ 2% (&) 3 2“]
7 (&) - (@) ,-EZN 5 ,EZN 5
< Z 2%(5}) 2“]'(5)‘
]EN
=d(7'(g), 7'(¢)) — 0as D(§;,¢) = 0
O

Theorem 8 (Asymptotic Solutions Theorem). Let {(’,‘j ® 1 € Geo, then if ' ({Z; };";1) it is rational, then the
_nl({gj ?0: )= g only rational that satisfies Cod(—q) {152 1 in particular nl({(;j}]?":l) € Qoda -

If7r1({§]-}]9i ) it is irrational, then there is no rational Z such that Cod(p> = {(j]

Proof. Let & € G, We have by definition that r!(¢) = klim i (&) € Q. First, we will prove that this
—» 00

limit also makes sense in (77! (G ), d). We have:
Claim 1: d(7} (&), 7 (£)) — 0 as k — co.
Indeed, we have

n . o 5a;(¢) o 9ai(f)
(@), 7 (@) = L 5 2@ — 2@+ Y =L
j=1 j=k+1 j=k+1
0
00 ”](g)
By Proposition 22, we have ) — 0ask — oo, thend(r}(¢), m'(¢)) — Oask — 00 O
j=k+1

We will now prove, using the completeness of (71! (Geo),d), that 711 (&) € 7 (Geo):
Claim 2: 711 (¢) € 7' (Geo).
We can be rewritten,

7 (8) = ({gj}E1000....)

let’s prove that 77} (¢) is a Cauchy sequence in 71! (Goo). Let ¢ > 0 and n, m € N with n < m, then

n s N m oa;(g) m - 5a;(g)
d(n;@),n}n(c»—zyu —201+ ) = )Y
j=n+1 j=n+1
0
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m - oa;(G)
Since ¢ € Ge we have by Proposition 22 7! (&) is convergent, then TR 0asn,m — oo.
j=n+1
m - 5a;(¢)
Therefore, exists N € N such that n,m > N we have ) — < ¢. Then the sequence is Cauchy
j=n+1

and since 77! (Ge) is a complete metric space, we have that 77! (&) = klim (&) € ! (Geo).
—00

[J of the Claim.

Claim 3: Let ¢ = 0°110% ... 10%+1 ... € £3, then —7} (€) € Cod™+1(¢).
Indeed, let Sy € (6, 9) such that Cod(Sy) = 0%10% ...10%1 by Proposition 12 we have

N

k k

oy P () e ¥ (C5)
Sk(_nk ({gj}le) - 20k+1 - 2ak+1 =0.

In other hand, we have

S (~Ny)

3k(—1\lk) + Ng
3k _ BN H3F(NG) 1 (BN 3 (N 1
20k+1 3k 11 3k -

o 2ak+1 3k

—N,
then —Nj € E(S3k), by Proposition 6 we have C0d3k(57“:'k) = Cod(Sk). Therefore Cod" 1 ( 3kk> -
Cod®+1 (=} (2)) = Cody: (S*) = Cod(Sy).
0 of the Claim.

Claim 4: —71'(&) € Cod*(¢) for all k € N.

Let L +1 € N, we have by Claim 1, exist K € N such thatif k > K > L+ 1so d(m} (&), 7' (8)) <
1
3L+1’
have that —7t} (&) € Cod®+1(¢) and since we have a1 > K > L + 1, due to the Monotonicity of Cod,
we have — 71} () € Cod"(¢). Therefore —7!(¢) € Codl ().

By Lemma 19 we have to share the first L terms of the coding. On the other hand, by Claim 3, we

O of the Claim.

Claim 5: 771 (&) € Cod(&).
Since —71' (&) € Cod*(&) for all k € N, we have to

—' (&) € () Cod*(&) = Cod(g).

keN

O of the Claim.

Claim 6: Cod (7! ({g}%2,) ) = (&}

We first show that 77! (&) € Qu44. Let’s assume that 7! ({gj};‘;l) converges to a fraction with
an even denominator; then its coding is 1111. ... However, 1111... is not an element of X5, which
leads to a contradiction with claim 4. Then we have 7' (&) € Q,4y and, by Theorem 5, we have

Cod(—rc1 ({Cj ;";1)> = {12
0 of the Claim.

For the next part of the proposition, we will leverage the results presented in Section 9. In this section,
we introduce the Sigma function along with its main properties and applications in solving linear
Diophantine equations. It serves as an alternative to classical methods for solving this type of equation.
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Claim 7: If ! ({¢ ]-}9°=1) it is irrational, then there is no rational then there is no rational P such

that cod( ) = {5]

We will prove that there is no rational solution, By the theorem 4 we have that if there is another
rational solution it must be a minimum positive integer value or a maximum negative integer value
for Sg(x) € (8, 9¥7) such that Cod(Sy) = {6] k“ = 0%10%...0%10%1 for unique g not null, by
proposition 5 we have

34 + Nk ({1 52)

X)) =
k 2k+1

by Propositions 7 and 31 the minimum positive integer value is

00(Se) = 3¢ (21035 (4NK) — Ne) = 2%10% 4 (gl ({85120) — a7 (E7)24)
= Codo™+ (g ({5;}524)
and the maximum negative integer value is
p1(5) = 5 (20" (N — gN) = 5 (244103 (N — ) — 201
= Codo™+1 (g7 ({g}i21) — 2%+
On the other hand, by Proposition 37 we have that the coding of the

“k+1 1

Uam(an({g]}] 1 Z 521 with é; € {0,1}.

Since 7' ({g; i21) is irrational, then the dyadic expansion of qr' ({g; 721) will never have a tail of 0
or 1forallg € Z, so Codo™ (qry ({Z; 721) has an infinite number of non-zero digits for all g € Z. In
particular we have to py(Si) — oo. Now for p1 (Sk), we have

A =1 L S Y ¥ L N )
01 (Sk) = Z 5]‘2] — D%+l — Z 5j2] — E 2 = Z (5] — 1)2]
j=1 j=1 j=1 j=1

for this sum to be finite it is necessary exist /] > 0 such that J; are all 1 for j > ], however as gt ({¢ i };":1)
is irrational for all g € Z, then there are infinitely many terms of ¢; that are null, then this sum is
divergent.

Then if 77 ({; i ) is irrational then there is no rational Z such that cod< ) = {{,‘]
U of the Claim.

Example 15. 1.  Let & = 101010... € 3, then ' (&) = 1 (see Example 10). Therefore Cod(—1) =
101010....
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2. Let ¢, = 1010010100. .. € X3, then

nl(g)—1+2+23+24+26+27+29+

273 T3 T3 3 T35 g6 T
_1 f2 2 2p2 2B 2 2 2 2
3 32 ' 33 32132 38 32 32 33
1 (2 BYy&/23\
—g+{3—2+3—}];(3—2)
1 2+23 1.
T3 32 33 23

Therefore Cod(—5) = 1010010100. ..

Proposition 40 (Parity Preservation Proposition). Let {(;"j}]?“’:l € Geo such that 7t ({Z; ;‘;1) € Qogy, then

3l ({g),) + 1

ifal =0
1 [ 2
Col (—m ({g}21)) =
1 . .
—Enl({gj}jzﬂ ifap >0
. 1 a e 90
or equivalent if T ({¢;}72) = ) 3 then
j=1
X A+l
— 2 ]‘ l:f{/'ll =0
=
C l [ee] 2&1] B
ML )=
j=1 ) 241]—1
- Z . ifay >0o0r —oo
=¥

Proof. Let’s prove that the parity of 77! ({& j}321) only depends on the first term

2 o 211]- a1 o 211]-—1
1 00 — §
TG =5 L5 = +2< 3 >

j=2 j=2
) zaj—l
Claim: The series Z 3 cannot converge to a fraction with an even denominator.
j=2
(o] ﬂ]'fl p
Let us assume by contradiction that have ) T with (g,p) = (p,2) = 1. Let
j=2
2M . o
1 5-:10... € Go such that nl{gj}ézlo... = 5 Let 7 € Geo given by 7 = {g;}7,,; so
[ ﬂ]'—l
l(n) = 7'(1{5]'}]?"’:, = ; 23j = % and since 7 are in G, this generates a contradiction to
the Theorem 8.
00 2[11'71 p
Let ) = 7 with (p,q) = (9,2) = 1. We have:
j=2

21 X 28 om o oa—1 201 D 20+ 6
1 o _ _ = - - _P — —q p
T ({C]}jzl) =3 +]§§ =3 +2<]§ 3 ) =3 + ri 37
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if a1 = 0 then 2% + 6p = g + 6p is odd, since ¢ is odd. Then 7! ({¢; 21) is odd, and if a; > 0 then

2% g + 6p is even. Then 7! ({Cj};‘;l) is even. In the case that 1 = —oco we have that { = 0 or equivalent

&j = 0 forall j € Ny, so 7t (0) = 0, then Col(0) = g =0. O

Definition 23 (Extension Collatz functions on —7t!(Ge)). We defined Col : — 7' (Geo) — — 7! (Geo) by

sl ({g)2,) +1

ifﬂl =0
1 [ 2
Col (—m ({g}21)) =
1 . .
_Enl({gj}jzl) ifag >0
. 1 a e 94
or equivalent if T ({g;}72) = ) 5 then
j=1
oo 2(Zj+1—1
— - l_’flll =0
- ¥
[e<] 2ﬂ] ]
]=1 (o] 2(11—1
- Z , ifay > 0o0r —oo
=

The extension of the Collatz function on -7t!(Ge) is continuous.
Proposition 41 (Collatz function is continuous). Col : —7'(Geo) — — 7! (Geo) is continuous.

Proof. Let us consider the metric induced in —7!(Gs) by —id : 71'(Ge) — —7'(Geo), that is,
d_s1(Gy)(—u,—v) = d(u,v) on 7! (Geo ), we will use the same notation for both metrics.

Letu € —7!(Geo) and {u;}jen sequence of — 711 (Ges) such that uj — u. Let ¢, ¢; € Geo such that
Cod(u) = ¢ and Cod(¢;) = u;.

27k (8j) _ pa(@)
) T 2 =26

T —+0asj — oo,
keN

then if a1 > 0 so

a(8) =1 _ par(§)—1
d(Col(uj),Col(u)) =) |2 2 |

k
keN 3

—0asj— co.

and if a9 =1, so

21 (8) =1 _ 2ﬂk+1(‘§)*1|
d(Col(u;),Col(u)) = Y |
! keN 3
|2111(Cj) _2111(§)| 3
=0
1 |2ﬂk(§j) —2%(8)| .
== ————— —0asj — co.

2 keN 3k

|2ﬂk+1(§j) — 2ak41(6) |
3k+1

eN

Therefore Col is continuous. [
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10.3. Topological Conjugation

In a dynamic system, there is a well-studied dynamics in the space of sequences of two symbols,
known as the shift map. This map acts on the sequences by eliminating the first term. It is known
that with the metric D, this map is continuous, and its periodic orbits form a dense set. In the
following proposition, we will show that the extension of the Collatz function on —7!(Geo) is, in fact,
topologically conjugate to the dynamics of the Shift map.

Proposition 42. Let us consider the following function w : X5 — X3 given by,

{Gj2}724 if¢1 =10

w<{€j}j:l) B {GirlZy  #G=0

Then Col and w are Topologically Conjugacy.
Proof. We are going to prove that this diagram is commutative

Goo “ > GOO

—7(Geo) = — 7' (Geo)

Col
and that —7t! is a homeomorphism.
Claim 1: The diagram is commutative. Suppose that {&;}7°; = 0%110%10% ... = 0% ] 10% € Geo
j=2

k
with 6; € N. In this way, we get an explicit form for the function ay = ) 0;. If a; = 0 we have
=1

]

) o H({Gj}22)
Col o (—n!) <]‘[10"f> =Col| -} 21{3,](]2
j=2

k=2
1 00 Zak({gj};‘;Z)
=5 —3;73,( +1
1 0 Zak({g]}]oiZ)
Bl P =
1 00 zak({gj};iZ)
o o ({G)E) — 1
= 7k:2 3k—1
) zﬂk+1({§j}f’il) -1
- _k:2 3¢

and

ad . o } 0 2“k+1({§i}fiz)—1
—r! ow<H1091> = —nl (092 1}111&1) =-) 3

j=2 k=2
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where both parts are equal. On the other hand. suppose that {{; }?';1 =0%110%1... = ]0%1 € G
j=1
with 6; € Nand ¢; > 0. We have

- i 2 ({Gi}i2q) — 1

k
k=1 3

Col o (—7") (IO—OIO"/'1> = Col(— 5 2“"({;2}—1)>
=1

k=1

and

oo zak({é’]};o:l) -1

(—nh) ow<ﬁ09f1> =(-nl)o (9911ﬁ09f1> =-) k
j=1 j=1 3

k=1

where again both parts are equal. Then we conclude that the diagram is commutative.
Claim 2: —7t! : G — —7!(Go) with It is a bijective function. Let Cod : —71'(Go) — Goo let us
prove that Cod o —7t' = Idg_ and — 7! o Cod = Id_ g,
00 2{1]
1. Codo—m! = Idg: Let & = &15& ... € Goo with i € {0,10}. Since the parity of — ¥
=1
[ee] 2:1» !
depends only on the first term, if ¢ starts with 0 then a; > 0, then — ) > is even then the first
j=1
[ 211]
term of its coding is 0, and if { starts with 1 then a; = 0 then — ) _ 5 is odd then the first term of
j=1
coding is 10. By applying the Collatz function, we obtain the same result as applying a translation
of the terms of ¢. Indeed

@  ifa; =0

0 AHdj 00 Aai1—1
COZ<_'ZZ']> - 22] — = —7' (5283 )

=Y

(®) ifa; >0

Sy oo naj—1
C"l(_ Y 23]]> =) 2;]- = —7' (6283 )

j=1 j=1

Then applying the function —7t!. Then we can repeat the same procedure and we recover ¢.
Therefore

Cod(~ () = ¢

2. —mloCod = Id_ g, Letu € —71'(Geo) and ¢ € G such that —7t'(¢) = u. On the other
hand we have Cod(—7!(¢)) = Cod(u) and Cod(—7'(¢)) = & then Cod(u) = ¢, applying — 7!
on both sides we have —7t' (Cod(u)) = — 7! (&) = u.

[ of the Claim.

Claim 3: —7t! : Goo — —71'(Gwo) is continuous. Consequence of the Proposition 39.

[ of the Claim.
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Claim 4: Cod : —7t!'(Ges) — Geo is continuous. Let u € —71' (Goo) and let & > 0. Take r € N such that

1
o <& then by Lemma 19 we have

1 ) 1
d(u,v) < 7= Cod(u); = Cod(v); forall j < r = D(Cod(u),Cod(v)) < o <€

[ of the Claim.

Therefore, — 7! is a homeomorphism and therefore a topological conjugation. []

Corollary 12 (The Periodic orbit of Collatz function). The set of periodic orbits of Collatz function is dense
in 1 (Geo)

Proof. Direct consequence of the proposition 42 I

As a consequence of the uniqueness of solutions to the coding problem in Z; and in — 7! (Gs ), we
have that the numeric value of the function —7t! : Geo — Zp and — 7' : Geo — —7!(Geo) C R coincide.

Proposition 43. Let ¢ € Geo and w! 1 £5 — Zp and 7t : £ — 7' (Geo) C R, then if —m'(8) = a € Zy
and —7t' (&) = B € Q, then a = B.

Proof. By the Proposition we know that there exists a unique « € Z, such that Cod(a) = ¢. On
2
the other hand, we have that — ) % = B € R also satisfies Cod(B) = ¢. If B € Q (with odd
jeN
denominator), then  can be embedded in Z;, hence by uniqueness we have § = «. [

11. The G; Is Positive Unstable

Having successfully characterized the sets Gy and G, via the asymptotic behavior of the auxiliary
functions 7r! and 712, we now direct our analysis to the critical set G;. The primary objective of this
section is to prove that G; is positive instability and, fundamentally, to demonstrate that no rational
number admits a coding sequence ¢ belonging to this set.

To establish these results, we construct the proof through three analytical stages. First, we in-
troduce the fix function, which maps a coding sequence to the fixed point of its associated affine
transformation within (0, ). We demonstrate that the asymptotic behavior of fix(¢) acts as a dis-
criminator between the sets: unlike Gy and G, the function is unbounded for ¢ € G;. Second, we
establish a necessary condition for positive stability through the concept of minimality, proving that
any positively stable system must be reducible to a minimal form. Finally, we connect these dynamical
properties with the arithmetic structure of Q,;4 by analyzing the stopping time T(r) and the 2-adic
expansion of rational numbers. This synthesis reveals that the unbounded nature of the fix function in
G is incompatible with the arithmetic constraints of rational orbits, thereby confirming the instability
of the set.

11.1. Summary of Propositions in the Section

Definition 24: Definition of the fix function.

Proposition 44: Establishes the asymptotic behavior of fix(¢) for the sets Geo, Go, and Gj.
Definition 25: Definition of minimal and reducible to minimal affine maps S.
Definition: Definition of minimal and reducible to minimal sequences of maps {S;}cn-
Proposition 45: If {S;} jcy is positively stable, then it is reducible to minimal.

Lemma 20: Relates the stopping time T(r) to the exponents a; for minimal sequences.

NG e N

Proposition 46: Establishes the relationship between the stopping time T(r) and the non-periodic
part of the 2-adic expansion of —r.

8.  Proposition 47: Ensures that if integer approximations eventually fall into the minimal region
(0,1), the rational sequence will inevitably follow suit.
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9.  Proposition 49: Let § € G;. Then {S;} € (0, ¥7) associated with ¢ is negatively unstable.
10. Proposition 48: If {S;}cn is positively stable and the perturbation term decays sufficiently fast,
then it is strictly minimal.

11. Proposition 50: Proves that klim 1 (&) = 0 for & € Gy U Gy U Ges.

“vo0 2%k+1
12. Lemma 21: Provides a strict lower bound for the exponential incremental quotient (|e* — 1| >
Ro|x[), crucial for applying transcendental bounds.

1
13. Proposition 51: Proves that the normalized limit of the fix function is zero: klim prTy fix, (&) = 0.
—00

14. Proposition 52: Demonstrates that the topological proximity of periodic sequences forces their
2-adic non-periodic parts to be nested.

15. Theorem 9: Main theorem establishing that for { € Gy, no rational number p/q exists such that
Cod(p/q) = ¢, proving that G; is positive unstable.

11.2. The Fix Function

Definition 24. Let ¢ € X5 be a sequence without a null tail. We define the fix function, fix : £5 — {f : N —
R}, by the mapping fix(¢) : N — R:

, 1 k2% 1 1
fix(&) (k) = — = ‘ 3T | T mew 7. (8)-
j= _

3k 3k

This function associates with each sequence ¢ the fixed point of the map S € (6, ) whose first k
coding bits correspond to {Cj};?zl. The asymptotic behavior of this function allows us to distinguish
between the sets Gy, Goo, and Gy, as shown in the following proposition.

Proposition 44. Let ¢ € X5 and 7! : &5 — Rand 7%, fix : &5 — {f : N — R}. Then we have:
1. if¢ € Goo then exist klim fix(¢) (k) and klim fix(€) (k) = —*(&).
— 00 —s00

2. ifg € Gy then fix(§) is bounded and if 7% () (kj) is a subsequence convergent then lim fix(&) (k;) =

j—oo
lim 77%(Z) (k;).
]—00
3. if ¢ € Gy then exist a subsequence of ay such that llim | fix(k;)| = oo.
— 00
Proof. Let ¢ € ¥, then:
1. If¢ € Geoand let ' : 25 — R by Proposition 22 we have
fix(¢) (k) — (—m(£))
1 1 1 1 1
i e (6) + e (§)| = [ ()] BT -1
_ 1—
3k 3k
1 2k+1
<0 T — 1| = 0ask — oo, since kh_r)lgo * =0
o3k

then lim fix(¢) = — lim 7} (&) = —7'(&) €R

k—ro0 k—00
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2. If& € Gy then |7%(&)| < Q. On the other hand, we have the following.

. 1 3k
| fix(§) (k) — (&) (k)| = S (&) — T 1 ()
o3k
2k+1
3k 1 3k
- 2k+1 nk(g)‘ 2k+1 +1
-5
2%k+1 2k+1
k k
<0 %—I—l —>Oask—>oosince% — —1
S =5

Then if 7%(Z)(k;) is a convergent subsequence, then lim nz(g)(kj) = lim fix(¢) (k;). Now we
]—)00 ]—)OO

will demonstrate that fix(¢) is bounded. Let K > 0 such that | fix(¢) (k) — 772(&) (k)| < 1 then

| fix(&) (k)] < max{fix(¢)(k)} + Q +1

a In3
3. If ¢ € Gy, then exist a subsequence of a; such that lim St _ D02 so exist ¢ > 0 such that
Isco ki In2
1
2ak1+1 > €
1-— g

Suppose that exist a subsequence {ay, };en such that — 0as! — oo, this is equivalent
]

Oky. +1
12
3"
Ak +1
to|l———| > ocoasl — oc0s0
1.
37
‘ 2‘1k1]_+1
lim —— = oo
|— o0 3 ’j
3k
This contradicts Proposition 16 where it states that there exist M, m > 0 such that m < 2T <M
foralll e N.
Therefore, we have
. 1 1 1
| fix(k;)| = — T i, (8)| > emy (€)
-5
1 1 4, 20 - :
Let us denote by v, = snkl(g ), as () = ]; 5 then we have that v, is monotonically
increasing, on the other hand as ¢ ¢ G, then by Proposition 22 we have that 7'(,11 (&) — oo as

| — o0
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11.3. Minimality

With the analytical properties of fix(&) established, we now proceed to link these properties to the
dynamical stability of the system. To do this, we need to introduce the concept of minimality for the
affine maps involved.

_gx+N

20

Definition 25. Let S : R — R be given by S(x) We say that S is minimal if:

0<og(N)<gq
and we say that S is reducible to minimal if exist u < 2% such that u = N (mod 27):
0<og(u)<gq

. 3x+11 . . . . . .
Example 16. Let S : R — R given by S(x) = ad 1— . This is not minimal and reducible to minimal, since

03(11) =5 >3and 11 = 3 (mod 4) with 03(3) =3 > 3

Definition 26. Let {S;}jen € (0, 4). Then {S;}jcn is minimal (or reducible to minimal) if there exists ] > 0
such that S; is minimal (or reducible to minimal) for all j > J.

k k k
Example 17. Let Sy : R — R given by Si(x) = % This is not minimal and reducible to minimal,
since ng(?)k 4 2K) = 3k 11 > 3 and 3k 4 2K = 3K (mod 2) with aé‘k (3K) =3k >3k

The importance of minimality lies in its relationship with positive stability. As the following
proposition shows, if a sequence of functions constitutes a positively stable system, it must eventually
exhibit this reducibility property. This provides a necessary condition for stability.

Proposition 45. Let {S;}icn € (6, ¢1). If {S;}jen is positively stable, then {S;} jcn is reducible to minimal.

Proof. Suppose that {S;};cn is not reducible to minimal. This means there exists a subsequence of
{S;}jen such that 0’;}“ (gN; (mod 2%+1)) > 3/. Let u; = qN; (mod 2%+!) such that u; < 2%*! then
qN; = u; +2%*1v; with v; € Z. Calculating the minimal value po:

- ; ‘71“]‘ ‘71“]'

. Aj+1 gj+1 — L
po(S;) = 2%+ ( 3 ) 3
uj +2f1f+1vj> _ Y + 2fi+1y;

3] 3/
. a . . a .
— 241 (U‘l] (u]> + oY+l (2 H?U])) _ u] + 2./+1U]
3/ 3] 3]
. . . a .
= 2%j+1( g%+1 ﬁ + ﬁ _ w
3/ 3/ 3]

— ptigrin () _ Y
3 3

> 2%+ ﬁ > 2%+l
=z 3

= 29j+154j+1 (

24j+1

:2"]’+1<1—31j> —00asj — co.

Thus {S;}en is positively unstable. [J
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To quantify the "distance" of an element from stability, we introduce the stopping time function
T(r). This function measures the number of iterations required for an orbit to enter the unit interval
[0,1].

Lemma 20. Let r € Qu4q. Define T(r) = min{n € No : ¢"(r) € [0,1]}. If {S;}jen € (0, 91) with

N;j
Cod(Sj11) = Cod(S;) (mod 2) is Minimal, then there exists ] > 0 such that T(q?)] ) <ajforallj>].

Proof. Since {S;}cy is Minimal, exists ] > 0 such that {S;};cn is minimal. This implies:

N
oﬂf(:),j]> <1 forallj>].

Thus, the orbit enters [0, 1] within a; steps. [

This stopping time T(r) is not arbitrary; it is intimately related to the structure of the 2-adic
expansion of r.

Proposition 46. Let r € Q4 and let —r = Z 52 + Z by 2 € 7, be its 2-adic expansion, where the first
j=0 i=J+1
sum corresponds to the non-periodic part of —r and the second sum corresponds to the periodic part of —r.

Then T(r) —1=].

Proof. The proof relies on the fact that Codo(r) is periodic if and only if r € [0,1] N Q. Suppose Codo(r)
is periodic:

(2

ngk

Codo(r) =m g 2-.-1mg=(ng+ -+ nkflzkil)
0

1 _
= (ot 412N e [-1,01NQ.

Since Codo(r) = —r, then implies € [0,1] N Q. On the other hands, if r € [0,1] N Q, then ¢/(r) is
periodic, so Codo(r) is periodic. Thus, the non-periodic part of the 2-adic expansion of —r corresponds
exactly to the iterations required to enter the periodic region. Hence T(r) —1=]. O

Having established the connection between the stopping time T(r) and the 2-adic expansion,
we must now understand how sequences of rational approximations behave dynamically. The next
proposition ensures that if the integer approximations eventually fall into the minimal region (0,1),
the rational sequence will inevitably follow suit.

Proposition 47. Let {q;} be a sequence of rational numbers on Q,44 such that gy 1 = qx (mod 2%+1) and
k'm Sy Ik = 0. Let Qx € Qogg such that |Qy| < 2%+1 and Qr = q; (mod 2%+1). If exist Ko > 0 such
—00

that 0 < c™+1(Qy) < 1 forall k > Ko. Then there exists K > 0 such that 0 < o%+1(g,) < 1 forall k > K.

Proof. We have g, = Q; + 2%+1 Ry with Ry € Q,,,. Since hm 0, then

2,1 Saq Tk =

lim ! Qk+11mRk—0then hmRk—O

o0 2%k+1

Since 0 < 0%+1(Qy) < 1, exist J,& > 0 such that § < o%+1(Qy) <1 —e. Letyy < min{J, e}, exist K > 0
such that —y < Ry <y forall k > K.

oM+1 (qk) = g%+1 (Qk + Zak“Rk) — o-llk+1(Qk) + Rk c ((5 _ ;7,1 —e+ 11) C (0/1)
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O

Building on this convergence behavior, we can now tighten our necessary condition for stability.
If the perturbation term decays sufficiently fast relative to the 2-adic denominator, a positively stable
sequence is not just reducible to minimal, but is strictly minimal.

Proposition 48. Let {S;};cn € (0, 97). If {S;}jen is positively stable and ]lin;o WN]‘ =0, then {S;}jen is

minimal.

Proof. Suppose that {S;};cy is not minimal. This means there exists a subsequence of {S;} ey such

that Ugf (gN;) > 3/. Calculating the minimal value pp:

N; N; N;
PO(Sj) — 241 41 ([13]]> _ % > 2841 _ % — c0as j — oo,

Thus {S;}cn is positively unstable. [

11.4. Gy Is Unstable

Before delving into the main challenge of this section proving the positive instability of G; we first
address its negative stability. Establishing that sequences in G; are negatively unstable is relatively
straightforward. It relies directly on the real-valued divergence of the partial sums 7} (¢) and the
elementary invariant properties of the Collatz map on negative integers.

In stark contrast, demonstrating that G; is positively unstable is significantly more complex. The
positive case forces us to confront the delicate interaction between the real-valued explosion of the
orbits and their 2-adic topological boundaries. To achieve this, we will later need to introduce several
new dynamical concepts, such as the minimality of affine maps, stopping times, and transcendental
bounds. We begin with the simpler negative case.

Proposition 49. Let ¢ € Gy. Then {Si} € (6, ¢17) associated with ¢ is negatively unstable.

Proof. Assume for contradiction that the sequence { S} is negatively stable. By definition, this implies
that the maximal non-positive integer solution p; (Sx) becomes constant for all sufficiently large k. That
is, p1(Sx) = p for some k > K, where p € Z~.

Consequently, its k-th Collatz iteration is exactly given by the evaluation of the Si(p):

3*p+ N 3k
Col*(p) = Silp) = Tt = o= (p + (D))

We now analyze this orbit in the real numbers R. Since { € G, we established in Proposition 44
that the real sequence of partial sums diverges, meaning 7111 () — oo as k — oo. Because p is a fixed
negative integer constant, there exists an iteration index K* such that for all k > K:

p+m () >0

k
Since the scaling factor

ST is strictly positive, it guarantees that:

Col*(p) = Sp(p) >0 forallk > K

This implies that the Collatz orbit of the negative integer p eventually becomes strictly positive.
However, it is a foundational property of the Collatz function on integers that the orbit of any strictly
negative integer remains strictly negative forever. Specifically:

e Ifg< —1liseven, Col(q) = g < —% = Col(g) < -1
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1 -3+1
e Ifg< -lisodd, Col(q) = 3q2+ < 32+ —
Therefore, Col¥(p) < —1 for all k € N, making it impossible for the orbit to cross into the positive

reals. O

Note that this contradiction does not arise for sequences in G, because in that case 7'[,1 (&)
converges to a finite real limit L. If —p > L, the term p + n}% (§) remains negative indefinitely, allowing
the orbit to stay in the negative domain.

Proving that G; is negatively unstable turned out to be, in retrospect, a rather friendly endeavor.
It sufficed to observe an elementary property: the Collatz function itself acts as an insurmountable
wall that traps negative integers, preventing them from crossing over into the positive reals.

The positive case, however, is an entirely different challenge. In the domain of natural numbers,
we do not have such a convenient “barrier”; orbits can bounce, grow, and shrink freely. To prove that
none of these orbits can stabilize at our critical threshold, we will need a much finer analytical scalpel.

This is where the machinery we have been preparing comes into play. We already have on the
table the fix function (which reveals how the real magnitude explodes) and the concept of “minimality”
for affine maps. What we will do next is make these pieces interact.

In the following results, we will connect this minimality with “stopping times,” which will allow
us to measure exactly how long it takes for an orbit to enter a region of strict contraction. From there,
we will see how these times rigidly dictate the size of the non-periodic part of the 2-adic expansion.

But to seal this proof and deal with the delicate logarithmic resonances that occur exactly at the
critical threshold, we will invoke a profound result from transcendental number theory: the Baker-
Wiistholz Theorem (1993) on linear forms in logarithms. This powerful tool will guarantee that the
exponential perturbations do not decay fast enough to evade our analysis.

In the end, all these pieces will come together to prove something fascinating: the constant
oscillation in G1, backed by the Baker-Wiistholz bounds, generates a relentless avalanche of binary
carries. Because these carries cannot be absorbed by the periodic part of the expansion, they accumulate
infinitely. This pressure inexorably forces any possible initial integer solution to explode towards
infinity, thereby confirming, once and for all, the absolute positive instability of the system.

Proposition 50. Let & € Gy U Gy U Goo and 7' : £3 — R. Then

(&) = 0.

im ——
k—co 2%k+1

Proof. First, suppose that ¢ € Ge. Then, by the Proposition 22, we have 71! () < oo, hence

2011 71']1(6) — 0'7'[1(6) =0ask — co.

Now suppose that { € Gy. Again, by the Proposition 22, there exists M > 0 such that

3k 1 M
T (8) = W”}%(@) <M, so Wﬂi(ﬁ) < * 0ask — oo.
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1
uppose now that ¢ € Gj. efinition there exists a subsequence - n— , then exist |, > 0
Supp h Gy. By defi h bseq lim k" s
aj In3
such that — T < ™ + e forall k > ], then
aj j ﬂ j aj j
1 &2s 1 k|2 L |27 1 & |2
iy w5 I R
20k+1 = 3/ 2k+1 = 3 2ﬂk+1 = 241 fhat) 3
4aj j In3 Le j
I |27 In2
< 1 Z 27 2In
2k+1 4 3 zﬂk+
j=1 j=1
ai\ J aj j
1 L2/ 1 & » L |2] 2¢ 12tk
= 2041 ]; T + 2ak+1 ; ] - 2“k+1 ; + 20k+1 1 2¢ —Oask — oo
O

To handle the critical case of G; in the subsequent analysis, we require a fine control over the
exponential growth of the perturbations. The following technical lemma provides a strict lower bound
for the exponential incremental quotient, which will be instrumental when applying transcendental
number theory to our dynamical bounds.

Lemma 21. For any L > 0, there exists a constant Ry > 0 such that for all x satisfying 0 < |x| < L, the
following inequality holds:
le* — 1| > Rolx|.

Proof. Let L > 0 be fixed. We define the function f : [-L, L] — R as the continuous extension of the
incremental quotient of the exponential function at the origin:
e —1

flx)=4¢ 7
1, if x =0.

, ifx #0,

By the Taylor series expansion e* =1+ x + sz + O(x%), we have lirr(1J f(x) =1= f(0), ensuring f is
x—
continuous on the compact interval [—L, L]. Calculating the derivative for x # 0:

xe* —(e*—1) ef(x—1)+1
x2 B x2 )

flx) =

The function g(x) = e*(x — 1) + 1 satisfies g(0) = 0 and g’(x) = xe*. Since ¢’(x) < 0 for x < 0 and
¢'(x) > 0 for x > 0, g(x) has an absolute minimum at x = 0. Thus, g(x) > 0 for all x # 0, implying
f'(x) > 0. Therefore, f is strictly increasing on [—L, L].

The minimum value of f is attained at the lower bound x = —L. Let: Since ¢* —1 and x always
X

share the same sign, f(x) is always positive. Thus, f(x) > Rq implies ¢ > Ry, concluding the

proof. O

With this exponential bound in hand, we can now tackle the normalized limit of the fix function.
This is arguably one of the most delicate steps, as it requires the Baker-Wiistholz theorem to resolve the
tight logarithmic resonances that occur precisely when sequences hover at the critical threshold of G;.
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Proposition 51. Let & € Gy U Gy U Goo and 7t : £3 — R. Then

lim 1 fix (&) = 0.

k—ro0 2%k+1

Proof. Let us suppose that { € Ge. Then, by Proposition 50, we have

. 1 _
koo 20k m(8) =0
and hence
1 1 1 1
A, i (8 = lim ga | e | (@)
-5
. 1 1,
= fm |~ | i g 7w (@) = 0

3k

=1

Now suppose that { € Gy. Then, by Proposition 50, we have that

. 1 _
S (6 =0,
and hence
. 1 . . 1 1 1
dim S k(6) = lim o |~ —gmer [ 7%(©)
B
. 1 1
= jim | — 12 fm e T (6) =0

3k

=0
Finally, suppose that { € G1. As we know, in this case there are many accumulation points. Let us

2k+1
assume that 3 - 2R is an accumulation point of the sequence T Then we take

In3

with R € Rand Q(k) # 0 forall k € N, and such that

lim Q(k) = 0.

k—co

We express 2% as follows: as:

In3
2% =2In2" . 2R . 2Q(K) — 3k . oR . ¢(k)

where we define the multiplicative perturbation e(k) = 22K). Given that Q(k) — 0, it follows that
lim e(k) = 1.

k—o0
then
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The scale factor in the denominator of fix, (&) is:
2%+1 31 OR L e(k 4 1) R
Substituting these terms into the original definition of the normalized limit:
1 1 R
— 2
3+ 2R . e(k+1)| 1-3 28 e(k+1) ( ;e(])ﬂ
]7
Simplifying the constant 2R and reorganizing the denominator:
k .
2 ()
j=1
3+l e(k+1)(3-2R-e(k+1)—1)
1k k
Since klim 7 Y e(j) =1, given § > 0 there exists K > 0 such that ) _ e(j) < kd for all k > K. Therefore,
— 00 )
j=1 =1
for k > K we have:
k .
2 €0)
j=1 ko

<

3ktl.e(k+1)(3-2R - e(k+1) — 1) 3+l e(k+1)(3-2R-e(k+1)—1)|

First suppose that 3 - 28 # 1. Then klim e(k+1) (3 2R e(k+1) - 1) = 3.2R —1 +#£ 0, and since
— 00

lim k = 0, it follows that
k—o0 3k

ko
ek +1)(3-2R -e(k+1) — 1

)‘—>0 ask — oo,

Now consider the case 3 - 28 = 1. In this situation,

LfiXk('f)’ <

Dk+1

ké
3kl e(k+1)(e(k+1) — 1) ‘

Since e(k) = 22 and klim Q(k) =0, for L > 0 exist k > k such that |Q(k)| < L then by Lemma 21,
—00
there exists Wy > 0 such that

le(k+1) —1] = [2Qk+D) _ 1| = [(QU+DIN2 _ 1| 5 Wy |O(k + 1)

for k sufficiently large.
We observe that
Q(k)In2 =a;In2— (k—1)In3,

which defines a linear form in the logarithms of the algebraic numbers 2 and 3:
Ak = Aay In2 — (k - 1) In3.

Here Ay = B1logag + Balogay withay =2,ap =3, 1 =ar € Zt and fp = —(k—1) € Z~.

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202408.0985.v5
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 15 April 2026 doi:10.20944/preprints202408.0985.v5

97 of 106

We apply the Baker-Wiistholz Theorem [3], Since a;, k — 1 > ¢, existe C > 0 such that :

log |Ag| > —CIn{max{ay, k —1}},

We have a; > k for all k € N, then log |Ag| > —CIn(ay). Since a; = Lr:—;(k —1) 4+ Q(k), exist co, K > 0
such that a; > co(k — 1) for k > K, then

10g|Ak| > —Cln(ak) > —Cln(Co(k— 1))},

This is equivalent to |Ax| > Wi (k —1)~C, with W; = ¢~CIn(%0) and therefore

A —1)=¢
] k|:> Wi(k—1) _

QW) = In2 In2

Finally,
ké kCt15In2

T e(k+ 1) Wo- QU+ 1)| = 3T e(k+1)- Wo,

since the numerator has polynomial growth while the denominator has exponential growth. We

— 0 ask — oo,

conclude that

lim
k—o0 2%k+1

ﬁXk(C) =0.
O

Having tamed the real-valued asymptotic behavior of the fixed points, we must now translate
these bounds back into the 2-adic realm. The next proposition bridges the gap, demonstrating that the
topological proximity of periodic sequences forces their 2-adic non-periodic parts to be nested.

Proposition 52. Let § € X3 and {S¢} € (0,¥7) such that Cod(Sy) = {G; ;.‘:1 and positively stable. Let

{m}ken C L5 periodic such that D(E, 1) < . Then exist K > 0 such that that all the non-periodic

v
20k+1(6)
part of the 2-adic expansion of —7t* (1) is contained in the non-periodic part of the 2-adic expansion of —7t}(¢)
forall k > K.

Proof. We have that {S;} is positively stable, by Proposition 50 we have that

. 1 4
i Sa () =0
and by Proposition 48, we obtain that {Sy} is minimal. Hence, there exists K; > 0 such that 0 <
o1 (1) (E)) < 1fork > K.

Since klim zﬂkin’l (&) = 0 we have exist K, > 0 such that |7}(¢)| < 2%+ forallk > K,. Let
—00

K3 > 0 such that K3 > max{Ky, K>}, then 71} (&) = 7! (i) (mod (2%+1)) with 0 < o%+1(7}(¢)) < 1
with |71} (§)| < 2%+1 for k > K3 and by Proposition 51 we have that

lim () =0

k—so0 2%k+1

Hence by Proposition 47, then exist K > 0 such that K > K3 and 0 < ¢®+1(7t!(y;)) < 1 forallk > K
and by Lemma 20 we have Ty = Ti(7'(1x)) < ax,q and by Proposition 46, we have that all the
non-periodic part of the 2-adic expansion of — 7! (#7;) is contained in the non-periodic part of the 2-adic
expansion of — 77 (). O

We are finally in a position to assemble the pieces. By juxtaposing the explosive real-valued
growth of the fix function in G; with the rigid 2-adic nesting of its non-periodic expansions, we can
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force a profound arithmetic contradiction. This leads us to the culmination of this section: the proof
that G; sequences cannot correspond to any rational orbit.

Theorem 9. Let { € Gy, then not exist Z € Q" such that Cod (Z) = . In particular, ¢ is positive unstable.

Proof. Letq > 0and {S¢} € (0, ¢7) such that Cod;(Sx) = & € Gi. Assume for contradiction that {S;}
is positively stable, so pg(Sy) = p for any k > K. Then by uniqueness —7t* (&) = p € Z N N.

We are going to consider two cases, the first case being if there exists #; € G periodic such that
1k — ¢ in the topology of X5 and the second case being if there exists 17y € Ge periodic such that
1k — ¢ in the topology of X5. By the continuity of —7t' : £ — Zj, we have that —7t () = fixi(7x) =
fix; (€) — —7' (&) in the 2-adic topology. This is equivalent to

— () = =7 (&) = -7l (&) (mod 2%+1) for all k € N.

T—1 T—1
Let — =Y 4 k2] + Z J; kZJ with Y 4; k2] representing the non-periodic part and Z d; k2]
j=0 =Tk j=0 =Tk

representing the periodic part of the 2-adic expansion.

For the periodic part, assume the pattern repeats every L = L(k) bits. Let r be the integer value of this
repeating pattern. We can factor out 27k and write the sum as a geometric series:

Y o2 =2 (r 2t 42?4
=Tk
o0
—_ 2Tk .y Z(2L>n

n=0

In the 2-adic metric, since | 2" ||, < 1, the geometric series converges to 1oL

r 2Tk
T 1-2L

Substituting this back into the original expression, we obtain the rational form:

Tkl I’ZT

Z 632 — T

Let us suppose that there exists some subsequence {1, } on Gy such that 7, — ¢ € Gy. Since ¢ € Gy,
we established in Proposition 44 that the real magnitude |7t ()| = | fix(&) (k)| diverges to infinity.
Since —7t! (1) are positive rational numbers, we have —7t!(17;) — oo on R, this occurs if and only if

Ti—1 2 Ti—1
52> d 542 —
Z ik 1an Z ik e}

Since 7' (17x) = 7' (17x41) (mod 27%+1), then the number of 1-bits of the non-periodic part of the 2-adic

expansion of —7t!(17;) must tend to infinity as k — co and by Proposition 52, we have

A1

=0 =0
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which contradicts the positive stability of {S;}.
Let us suppose that there exists a subsequence 7, € G such that i, — ¢ as k — oo, where ¢ € G;.

oo a
Since 77 € Geo, it follows from Proposition 22 that 7' (17) = Y 5 € R.
=1
Suppose that there exists a sequence 7, € Goo such that 77 (1) € Z, that is, in the case where
fx = 0. Under these conditions, we have that

Nj = fixg (&) (2%+1 —3F) e N,
Therefore, we obtain:
Ni
p (Sk) 2“k+1 o'ak+1 (k) ?

— Qi1 k1 (lek 2‘1k+1 3k ) fixe (& 2“k+1 3k)

0% A
= D1 K1 ( fixi (giz A ﬁxk 2 i + fix (&)
o a ay
— 20k41 k41 (ﬁXk(gl)cz ki ) + 2%+ %41 (— fix (E)) — flxk(giZ +1 + fixg (€)
fixg (&)2%+1 . fixg (§)2%+1
= T2 gt (—fixy()) — PHEZ i )
= 2ot (— fixe (€)) + fixk (€)
Since fixg(§) € Z we have o1 (—fixg(§)) = [;ﬁfé)w . By Proposition 51 exist K > 0 such that

{ﬁxk(ff)-‘ =1 for all k > K we have

2%k+1

= 2%+ {_ﬁxk(é)—‘ — fix (&) = 2%+1 — fix; (&) — o0 as k — oo since fixg(§) < 2%+

2k+1

Suppose now that there exists a subsequence, such that 7! (ij) ¢ Zforallj € N.

Let B = |—mt(pp)| = ZKijj represent the integer part, and let f; = — frac(r! (1)) =
=0

Z € ].kz]' € (—1,0) N Q, then the 2-adic expansion is purely periodic. Thus, we have:

—7t' (1) = Ex + fi

Since || 77! (7x11) — 7 (1) ||2 < 27%, their 2-adic expansions share the first a; terms. This implies that
in each iteration we add new bits that remain fixed. Furthermore, because the sequence of linear
functions associated with —7r!(77;) is minimal, the non-periodic part of —7t! (17;) is contained within
the first a; terms of its 2- adic expansion.

Let W(—7' (1)) Z ik be the sum of the digits of the non-periodic part. We will show that

this function diverges, meanmg the number of bits equal to 1 is infinite.

Since 7r!(17) diverges in R for & € Gy, there exists a subsequence k; such that 7! (77k,) is monotoni-
cally increasing toward infinity. For simplicity, we continue denoting this by k.

The first ay 1 bits of each 2-adic expansion remain fixed in the next step; this is a consequence of
convergence with respect to the 2-adic metric, thus, it suffices to show that at step k + 1, the count of
bits equal to 1 increases by at least one.
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Let us first verify that at every iteration a new perturbation appears. Since |7l (1x41) —
7 (17) |2 < 27%, then
Ex+ fk = Ext1 + fiea (mod 2%).
LetEf, |, f.; € Nsuchthat E{, |, )., <2%and E) ; = Exy1 (mod 2%) and ff | = fri1 (mod 2%),

then we have
Ex+ fr = EI(<)+1 +fl?+1 (mod 27%)

So exist Y11 € Qg4 such that

Eip1 + fear = By + flpr + 2% Yis1

Hence,
1 1
Terl = 5o (Exs1— Eiq) + >ar (fis1 — fi1)

We evaluate the fractional component:

1 0 1 (o) ﬂk l
ZTk(ka _fk+1) = a Y€t 2/ — Z €j(k+1)2

j=0

(Z €j(k+1) ) ZS (i+ag)( k-‘,—l)2

J=4%

Since fj1 is purely periodic, then its shifted sequence 2 €(ita) (k +1)2i is also purely periodic. Hence
i=0
we have that:

Y (a2 € (-1,00NQ
i=0

Now, we evaluate the integer component. Since 7! (77;) — o in R, we have — 7! (17;) — —o0, meaning
that Ex, 1 = |7 (x11) ] is a strictly negative integer. In Zj, the expansion of any negative integer is
eventually periodic, ending in an infinite tail of 1s. Since E? .1 = Exy1 (mod 2%) consists exactly of
the first ay, bits of E;, 1, we have:

ﬂkl

1
ZTk(EkH El) = (ZK k+1) 2 - ZK(kH ) ZKH'ﬂk k+1)2

Because the original sequence of bits «;(; ) ends in an infinite tail of 1s, this shifted sequence also
ends in an infinite tail of 1s. Thus, this shifted sum represents a strictly negative integer, meaning:

1 _
27k(Ek+1 —Eq) €L

Since ¥, is the sum of a strictly negative integer and a fraction strictly between —1 and 0, it clearly
follows that:

Tesr € (=1,0)

Therefore, ;1 cannot be purely periodic, meaning it must be eventually periodic. This strictly implies
the existence of a new perturbation (the growth of the non-periodic part).

In the worst-case scenario, a bit 1 carry is generated by this perturbation, creating a sequence of
zeros. However, this carry cannot be infinite because the non-periodic part is finite and the carry does
not enter the periodic part. By Proposition 34:

o (Ex + fr) = o/ (Ex) + o/ (f) — Awith A € {0,1}
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Since o/ (Ex) € N, 0Tk (f;) € (0,1) and ¢/ (Ey + f;) < 1 then

ol (Ex + fi) = oK (Eg) +07%(fi) — 1 = ok (fi)
h;,l_/

This means that the Ti-th term of Ej + f is equal to the Ty-th term of fi. Therefore, if the carried 1 bit
enters the periodic part, then it necessarily changes the first bit of the periodic part; we would then
have that the periodic part begins after the Ty-th term, which would be a contradiction, since Ty marks
the boundary between the periodic and the non-periodic part.

We conclude that:

W(=m! (i11)) = W(=m () + 1

This divergence implies that no natural number n can satisfy the coding for ¢ € Gy, since

g . Ty ]
00(SK) =q ) 6u2 > q ) 632 > qW(—7' (1)) = 0 ask — oo
j=0 =0
Therefore £ = oo, which contradicts the assumption that ¢ is positively stable. Then, since it is always

q
possible to form some subsequence in Gy or G that approximates any element in Gy, we have that G4
is positively unstable. [

Part III: The non-existence of divergent orbits
through an analysis of the codification of linear
Diophantine dynamical systems.

12. The Problem of Divergence

In this section, we address the fundamental aspects of divergence of the Collatz function. The
primary focus is on the behavior of sequences and orbits, especially those with divergent slopes and
their stability properties. The main results are summarized in the following key theorems:

1. Theorem 10: This theorem states that all sequences S; with a divergent slope are positively
unstable, defining the sufficient condition under which a sequence becomes unstable.

2. Theorem 11: This theorem shows that all orbits with codings in Gy are bounded.

3. Theorem 12: This theorem concludes that all natural numbers have bounded orbits, implying the
non-existence of divergent orbits for natural numbers.

First, we examine the conditions under which the slope of a function S; diverges, leading to
instability. Next, we explore the boundedness of orbits coded within Gy and G, providing proofs and
corollaries to support these findings. Finally, we demonstrate the non-existence of divergent orbits for
natural numbers.

12.1. Summary of Propositions in the Section

1. Theorem 10: It is stated that all sequences Sy with a divergent slope are positively unstable.
2. Theorem 11: It is stated that all orbits with codings in Gy are bounded.

a
3.  Corollary 2: If exist a sub-sequence such that lim t+1(6) > In(3)
j—roo k 11‘1(2)
2 (8) (ki) < Q. |
4.  Lemma 22 Let § € X; such that lim sup I < In(3) Then not exist n € N such that Cod(n) = ¢.

noe N In(2)°
5. Theorem 12: There are no divergent orbits for the Collatz function on natural numbers.

. Then exist ) > 0 such that
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6. Lemma 23: Let g € Q then Cod (Z ) € Go U Ge. In particular, if there is | > 0 such that

Col,g(p) > 0 then Cod,(p) € Go and if Colé(p) < 0forallj € N, then Cody(p) € Geo.
7. Theorem 13: Consider the extension of Collatz’s function on @, then all orbit fall into some cycle.

12.2. The Problem of Divergence

The following theorem shows that if the slope of the function S; diverges, then so does the
minimum value, this is because the only value that satisfies the encoding of Sy is negative.

b:
Theorem 10 (Positively unstable Theorem). Let {Sj} ° 1 C (6,97) such that 3 SN oo, then Sj(x) is

positively unstable for all g € Z.

b;
Proof. Let & = Cod ({Sj} °,)- Since 23 — oo then ¢ € Go by Proposition 22, 20 and 37 and Theorem
(o] a;
8. We have — 7! (¢) = — Z 23]] € R is the only value whose coding is ¢. On the other hand, regardless

j=1
of rationality, this number is always negative. Therefore, the minimum value must necessarily be
divergent. [

We are going to show a series of results referring to the bounds of the orbits of numbers whose
coding is in Gp and Geo.

Theorem 11 (Bounded Orbit Theorem). Let n € Z such that Cod,(n) € Go then the orbit of n is bounded
forall g € Nodd.

Proof. Let {S;}en on (6, ¢7) such that Codg{S;}jen = Cod(n). Without loss of generality we can
assume that 7 is positive, because in the case that n is negative we have that

, 3/n + qN;
lim COZZ’“( ) = lim Sa]H( n) = lim ST AN

j—00 j—oo jooo 2011
j
— lim — lim g7(Cod (n)) () = lim g73(Cod (1)) j) = 0
j—oo 20711 j—ro0
then eventually its orbit will fall into a non-negative number.
If the coding of {S;};cn has a null tail, the result is trivial. Suppose {S;} ;e has no null tail, then:

4 3in+gN; 3 ‘
COZZ]Jrl( ) = Sa]+1( ) - 211/-“ : = 2{Z]'+1 n + qn2<C0d(n)><])

Since 23] — — 0 we have by Proposition 22 we have that qrt?(Cod(n))(j) is bounded and let M > 0
3/

j
such that g7r?(Cod(n))(j) < M for all j € N. On the other hand, since ZSH — 0 we have Ly is
bounded and let H > 0 such that 3 < Hforallj € N, then
3j

24j+1

——n+qm?(Cod(n))(j) < Hn+ M

Therefore Colg(n) <oco. [
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Monks and Yazinski [14] also extend the results of Eliahou [6] (1993) and Lagarias [10] (1985)
concerning the density of "odd" points in an orbit. Let b, (x) denote the number of ones in the first n
digits of x € X3. If x € Q,44 eventually enters an n-periodic orbit, then

In(2) . by(x) In(2)
MG+ 1/m) =i S InG+1/M)

where m, M are the least and greatest cyclic elements in the eventual cycle. If x € Q4,4 diverges, then

In(2) by (x)
111(3) < hn~>oofT.

We will now show the main theorem of this work, where we finally show the non-existence of divergent
orbits for every positive integer. We will show that the necessary and sufficient condition for an orbit
to be divergent is

ajit1 _ In(3)
limsu L < —=
Tl J T ()

which implies that the only solution if it exists must be

oo <~ () < 3.

Lemma 22. Let § € X5 such that lim sup Tl < 128) Then not exist n € N such that Cod(n) = ¢.
]~>oo

~—

In
Proof. Suppose that exist n € N such that Cod(n) = ¢ such that limsup —— AR (3) and let

~ In(2)
]—)OO ]
{S;} € (6,97) such that Cod{S]-}]?"’:l =g if Cod{Sj}}?';l € G; by Theorem 9 we have po{S]-}]?"’:1 — 00
so n = oo which contradicts the hypothesis, so Cod{S;}? | € Geo. By Theorem 10 we have {S;}%, is
positively unstable. Therefore then not exist n € N such that Cod(n) = ¢. O

Theorem 12 (Divergent Orbits Theorem). There are no divergent orbits for the Collatz function on natural
numbers.

Proof. Let n € N such that Col/(n) — o as j — oo and {Sj};il C (0,9) such that Cod{Sj}]?”:1 =
Cod(n). We are going to prove that the necessary and sufficient condition for an orbit to be divergent

is that the coding does not have a null tail and —» 00 asj — oo

If Cod{S; } ° 1 has a null tail, it means that from a certain iteration, the orbit of n must always be
even, which implies that this orbit must be decreasing. This contradicts the fact that we have assumed
that Col/ (n) — oo.

We can assume that Cod{S j};-";l does not have a null tail

3n+N;j y
Col“i(n) = T — oo then —.— ST oo or nk(Cod{S 1) =

J
24j+1
j
If 23 — — oo, then by Proposition 22, we have that Cod(n1) € Ge. Thus, we have that —7'(Cod(n)) is
the only real number that satisfies the coding, and — 7! (Cod (1)) # n since —7t!(Cod(n)) < 0, which
contradicts the hypothesis that S; is positively stable, since py(S;) — oo as j — co.
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2
If n,%(Cod{S]-}]?‘il) — o0, by Proposition 22 we have that Cod{Sj}]?"’=1 Z Go then liminf ]TH <
j—oo

1
Tietl n(3) Suppose that exist {ji }xen such that lim Zict1

>
k — ln() j—oo ]k

——=. Let’s show now in fact lim sup
k—o0

——= 4 e with € > 0, so using the estimated bound in the demonstration of the Lemma 2, we have

¢ T-1
(@) i) < 5 +3{(§) —§}=M

3k )
Since ST — 0as j — 0. So mI?X{Z“fk“} < oo then we have
3k Nj, 3k
ST mfx{ 21 }n M

Since Col/(n) € N for all j € N, then exist K € N such that Colfk(n) = Colir+k(n). So we have that

Collk(n) =

= 0 which implies that 772(&)(j)

1 _ In(3)
AR )

the orbit of n must fall into a cycle, which implies that hm i
o 27j+1

is bounded, which contradicts the hypothesis that Col/ (n) — oo. Therefore limsup —
]—>oo
Therefore by Lemma 22 we have that cannot exist n € N such that its orbit is divergent. [J

Next we will present a more general result. Indeed, all rational ones have orbits that fall into
some cycle.

Lemma 23. Let Z € Q then Cod ( Z) € Go U Geo. In particular, if there is | > 0 such that Col,g( p) > 0 then
Cody(p) € Go and if Coll,(p) < 0 for all j € N, then Cody(p) € Geo.

Proof. Let £ ¢ Q with g > 0. If p > 0 then we can repeat the same argument from the proof of the

Theorem 127[0 show that Cod,(p) € Go. Now if p < 0. Suppose that Cod,;(p) ¢ Go U Geo. Additionally,
let us assume that the orbit of p is always negative, since if there exists ] > 0 such that Col/ (p) > 0, then
Coli(p) > 0 for all j > ] and we can repeat the argument of the Theorem 12 again using n = Col/(p).
Then assuming that the orbit of p is always negative we have

0 3/ N;
Col%i+1(p) = s Pt 2“1+1 <OforalljeN
)
N; 3/ N; ]
2“j4]r1 < —sapsowe have 3—]] = n}(Codq(p)) < —psince p <0
Since 7r]1 is monotonous, then ]li)r?o 7 (Cod (p)) € R and by Proposition 22 we have that Cod,(p) €
G O

Theorem 13. Consider the extension of Collatz’s function on Q, then if g € Qpgg then all orbit fall into some

cycle and if g € Qeven then the orbit is divergent.

Proof. By Lemma 23 we only have to analyses the cases where the coding is in Gy or in G. Let

g € Q with g > 0. Suppose that Cod (Z) = ¢ € Goo and that ¢ does not have a null tail, otherwise
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aj
its orbit falls at point 0. On the other hand, P—_ ) 23—] since { € G exist ¢ > 0 such that
jeN
aji1—a
lim sup Bt In(3) _ e. Exist | > 0 such that Tk In(3) _ eforallk > J. so
k In(2) j—k In(2)
k—o0
{1]' k {1]'
Col+1 (—nl(g)) = Col+1 (— y 2) = —% z f;’kl
jen ¥ 2R 3 2
3k koot 3k 2 2% N, Ny o0& 2% N,
- _2’1k+1 Z § B 2k+1 Z § + 2k+1 - _2’1k+1 n 2k+1 § 2k+1
=1 j=k+1 j=k+1
aj — g1 =k
3]( o0 2a] [ee) 2aj7ak+1 [e0) 2 ] — k
TRV R Ve e o
j=k+1 j=k+1 j=k+1
In(3) =k
) In(2) B 0 ) .
2 _ —e(j—k) _ _oek —€]
> . 3 = _Z 2 =-2 ‘_2 2
j=k+1 j=k+1 j=k+1
k o—e(k+1) 2—¢
I I S (R R B
—&
Let Q) = max{ T 27€,Col””<+1 (77'51 (C)) with k < ]}, so Col%+1 (Z) > —Q for all k € N. By Propo-

sition 9 we have

Col®+1 <Z> = ;Colg"“(p) then Col**! (p) > —qQ since g > 0

Since the orbits of —7t!(¢&) are always negative, we have to COZZ"+1 (p) < 0. Since the sub-orbit of p is
bounded, and Col, is defined on the integers, we have to necessarily have the orbit fall into some cycle.

Now suppose that { € Gp, then by Theorem 11 we have the orbit is bounded, Without loss of
generality we can assume that its orbit is positive, so its orbit must necessarily fall in some cycle. O

Corollary 13. Let & € . The element { is semi-periodic if and only if 7 (&) € Zy is rational.

Proof. If ¢ is semi-periodic, then by the preceding Proposition 21, 77 (&) € Z, is rational.
Conversely, if 1! (¢) € Z, is rational, then the orbit does not fall into any cycle, so the codification
is semi-periodic. [

13. Conclusion

While the complete proof of the Collatz conjecture—specifically ruling out the existence of non-
trivial periodic cycles—remains an open problem, this work successfully resolves two significant weak
versions of the conjecture. First, we have rigorously proven the non-existence of divergent orbits for
the natural numbers. Second, we have demonstrated that the extension of the Collatz function over
the domain of rational numbers with odd denominators (Q,;,) always inevitably falls into a periodic
cycle.

The overarching proof of the non-existence of divergent orbits relies on a conceptually simple
argument by contradiction, grounded in the asymptotic parity density of the orbits. However, formally
validating this intuition required the development of a comprehensive theoretical framework. A
substantial portion of this paper is dedicated to building this machinery, which shifts the perspective
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from analyzing mere sequences of numbers to studying infinite sequences of linear Diophantine
equations.

The most formidable challenge within this theory was proving that these sequences of Diophantine
equations admit no natural solutions within the critical threshold set G;. The absolute crux of this
demonstration was establishing the limit:

Jim a7 ) =0
Without this specific convergence result, it would have been analytically impossible to leverage the
real-valued divergence of 7t (77;) to show that the number of "1’ bits in the non-periodic part of the
2-adic expansion strictly and perpetually increases at each step. This infinite accumulation of binary
carries is what ultimately forces the arithmetic contradiction.

To secure this limit and firmly bound the exponential perturbations at the G; threshold, we had
to bridge discrete dynamics with transcendental number theory by invoking the Baker-Wiistholz
Theorem. Without the precise bounds on linear forms in logarithms provided by this profound theorem,
our framework would have fallen short; it would have merely established a logical equivalence to the
divergent orbits conjecture, rather than a definitive proof of their non-existence.

Ultimately, this article highlights the deep and perhaps unexpected connections between symbolic
dynamics, 2-adic topology, linear Diophantine systems, and transcendental number theory. We hope
that the algebraic and topological tools developed here will not only provide a definitive answer to
the problem of divergence in the Collatz function but also open new pathways for researching other
discrete arithmetic dynamical systems.
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