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Abstract

A finite-horizon zero-sum linear-quadratic differential game is considered. The feature of this game
is that the cost of the control of the minimizing player (the minimizer) in the game’s cost functional
is much smaller than the cost of the control of the maximizing player (the maximizer) and the cost
of the state variable. This smallness is due to a positive small multiplier (a small parameter) for the
quadratic form of the minimizer’s control in the integrand of the cost functional. Two cases of the
game’s cost functional are studied: (i) the current state cost in the integrand of the cost functional is a
positive definite quadratic form; (ii) the current state cost in the integrand of the cost functional is a
positive semidefinite (but non-zero) quadratic form. For each of these cases, an asymptotic solution
with respect to the small parameter of the considered game is formally constructed and justified. These
solutions are compared with each other. Illustrative example is presented.

Keywords: linear-quadratic differential game; cheap control of minimizing player; positive
definite/semidefinite state cost; singular perturbation; asymptotic solution

1. Introduction
In this paper, a two-player finite-horizon zero-sum linear-quadratic differential game is considered.

The feature of the considered game is that the control cost of the minimizer (the minimizing player) in
the cost functionals is small in comparison with the cost of the state variable and with the control cost
of the maximizer (the maximizing player). Such a feature means that the game under the consideration
is a cheap control game. In the most general formulation, a cheap control problem is an extremal
control problem in which a control cost of at least one decision maker is much smaller than a cost of
the state variable in at least one cost functional of the problem.

Cheap control problems have a considerable importance in qualitative and quantitative analysis
of many topics in the theory of optimal control, the theory of H∞ control and the theory of differential
games. For instance, such problems are important in the following topics: (1) existence analysis and
analytical/numerical computation of singular controls and arcs (see, e.g, [1–14]); (2) derivation of
limiting forms and maximally achievable accuracy of optimal regulators and filters (see, e.g., [15–21]);
(3) study of inverse optimal control problems (see e.g. [22]); (4) solution of optimal control problems
with high gain control in dynamics (see, e.g., [23,24]).

The Hamilton boundary-value problem and the Hamilton–Jacobi–Bellman–Isaacs equation, as-
sociated with a cheap control problem by solvability (control optimality) conditions, are singularly
perturbed because of the smallness of the control cost. This feature means that cheap control problems
can be (and they really are) sources of novel classes of singularly perturbed differential equations. Thus,
cheap control problems also are of considerable interest and importance in the theory of differential
equations.

As it is aforementioned, in this paper we study a cheap control differential game. Cheap control
differential games are extensively studied in the literature. Thus, in [12–14,25–31] various zero-sum
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cheap control games were analyzed. Different cheap control Nash equilibrium games were studied in
[32–34]. A cheap control Stackelberg equilibrium differential game was studied in [35].

In most of the works, devoted to study of cheap control problems, the following two types of the
quadratic cost of the "fast" state variable in the integral part of the cost functional are considered: (i) the
cost is a positive definite quadratic form (see, e.g., [4,9,12–15,25,26,32,33,35] and references therein); (ii)
the cost is zero (see, e.g., [27,29,31,34,36] and references therein). In the present paper, the intermediate
case is studied. Namely, the case where the quadratic cost of the "fast" state variable in the integral
part of the cost functional is a positive semi-definite (but non-zero) quadratic form.

More precisely, in this paper we consider the finite-horizon zero-sum linear-quadratic differ-
ential game with the cheap control of the minimizer. The dynamics of the considered game is non-
homogeneous. The dimension of the minimizer’s control coincides with the dimension of the state
vector and the matrix-valued coefficient of the minimizer’s control in the equation of dynamics has full
rank. Hence, the entire state variable is a "fast" one. Two cases of the quadratic cost of the state variable
in the integral part of the cost functional are treated, namely, (a) positive definite quadratic form and (b)
positive semi-definite (but non-zero) quadratic form. Due to the solvability conditions of the game, the
derivation of its state-feedback saddle-point is reduced to solution of terminal-value problems for three
differential equations: matrix Riccati equation, vector linear equation and scalar trivial equation. For
these differential equations with the terminal conditions, asymptotic solutions are formally constructed
and justified. In the aforementioned cases (a) and (b), the algorithms of constructing the asymptotic
solutions and the solutions themselves differ considerably from each other. Based on these asymptotic
solutions, asymptotic approximation of the game’s value and approximate-saddle point are derived in
each of the cases (a) and (b).

It should be noted the following. The cheap control differential game in the case (a) was treated
in the literature (and even in more general form than in the present paper). However, to the best of our
knowledge, the version of the non-homogeneous dynamics of such a game, including the derivation
of an approximate-saddle point, has not yet been considered in the literature. Furthermore, to the
best of our knowledge, the case (b) is completely novel. This case yields new types of singularly
perturbed Riccati matrix and linear vector differential equations. For these equations, essentially novel
approaches to derivation of the asymptotic solutions are proposed. Moreover, along with separate
analysis of the cases (a) and (b), a comparison of the algorithms for the derivation of the aforementioned
asymptotic solutions and the solutions themselves is presented. In this comparison, the case (a) serves
as a reference clearly showing a considerable novelty of the case (b) and its analysis.

The paper is organized as follows. In the next section (Section 2), the cheap control differential
game is rigorously formulated. Main definitions are presented. In Section 3, the non-singular (invert-
ible) transformation of the initially formulated game is carried out. This transformation yields a new
cheap control differential game which is considerably simpler than the initially formulated game. The
equivalence of both games to each other is proven. It should be noted that in both games the state
variable is the "fast" one. In the sequel of the paper, the new game is considered as an original cheap
control differential game. In Section 4, the solvability conditions of this game are presented. These
conditions contain terminal-value problems for three differential equations: matrix Riccati equation,
vector linear equation and scalar trivial equation. Due to the cheap control of the minimizing player,
these differential equations are perturbed by a small positive parameter ε. Along with the aforemen-
tioned terminal-value problems, the solvability conditions of the game contain the expressions for the
components of the state-feedback saddle point and the value of the game. In Section 5, the asymptotic
analysis with respect to ε of these solvability conditions is carried out in the case where the current
state cost in the integrand of the cost functional is a positive definite quadratic form. In Section 6,
such an analysis is carried out in the case where the current state cost in the integrand of the cost
functional is a positive semi-definite (but non-zero) quadratic form. In both sections, the asymptotic
analysis includes asymptotic solutions of the aforementioned terminal-value problems, obtaining
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asymptotic approximations of the game value and derivation of approximate-saddle point. In Section
7, an illustrative example is presented. Section 8 is devoted to conclusions.

The following main notations are applied in the paper.

1. Rn denotes the n-dimensional real Euclidean space;
2. ∥ · ∥ denotes the Euclidean norm either of a vector (∥z∥) or of a matrix (∥A∥);
3. the superscript ”T” denotes the transposition either of a vector (zT) or of a matrix (AT);
4. In denotes the identity matrix of dimension n;
5. col(x, y), where x ∈ Rn, y ∈ Rm, denotes the column block-vector of the dimension n + m with

the upper block x and the lower block y;
6. diag(a1, ..., an) denotes the diagonal matrix of the dimension n × n with the main diagonal entries

a1,..., an;
7. L2[t1, t2;Rn] denotes the space of all functions z(·) : [t1, t2] → Rn square integrable in the interval

[t1, t2].

2. Initial Game Formulation and Main Definitions
Consider the following differential system controlled by two decision makers:

dζ(t)
dt

= A(t)ζ(t) + B(t)w(t) + C(t)v(t) + ϕ(t), t ∈ [0, t f ], ζ(0) = ζ0, (1)

where ζ(t) ∈ Rn is a state variable; w(t) ∈ Rn and v(t) ∈ Rm are controls of the decision makers
(players); A(t), B(t) and C(t) are given matrices of corresponding dimensions, while ϕ(t) is a given
vector of corresponding dimension; ζ0 ∈ Rn is a given constant vector; t f > 0 is a given time instant;
the matrix-valued functions A(t), B(t), C(t) and the vector-valued function ϕ(t) are continuous in the
interval [0, t f ]; for all t ∈ [0, t f ], det

(
B(t)

)
̸= 0.

The cost functional, to be minimized by the control w (the minimizer’s control) and maximized
by the control v (the maximizer’s control ), has the form

J (w, v) =
∫ t f

0

(
ζT(t)D(t)ζ(t) + ε2wTGw(t)w(t)− vT(t)Gv(t)v(t)

)
dt, (2)

where D(t), Gw(t) and Gv(t) are given matrices of corresponding dimensions; for all t ∈ [0, t f ], D(t)
is symmetric and positive definite/positive semidefinite, while Gw(t) and Gv(t) are symmetric and
positive definite; the matrix-valued functions D(t), Gw(t) and G(t) are continuous in the interval
[0, t f ]; ε > 0 is a small parameter.

We assume that both players know perfectly all the data, appearing in (1)-(2), as well as the
current (state, time)-position of the system (1).

Consider the set W̃ of all functions w = w̃(ζ, t) : Rn × [0, t f ] → Rn, which are measurable with
respect to t ∈ [0, t f ] for any given ζ ∈ Rn and satisfy the local Lipschitz condition with respect to
ζ ∈ Rn uniformly in t ∈ [0, t f ]. Similarly, let Ṽ be the set of all functions v = ṽ(ζ, t) : Rn × [0, t f ] → Rm,
which are measurable with respect to t ∈ [0, t f ] for any given ζ ∈ Rn and satisfy the local Lipschitz
condition with respect to ζ ∈ Rn uniformly in t ∈ [0, t f ].

Based on the results of the book [14], we introduce the following definitions.

Definition 1. By (̃WV), we denote the set of all pairs
(
w̃(ζ, t), ṽ(ζ, t)

)
, (ζ, t) ∈ Rn × [0, t f ], satisfying

the following conditions: (i) w̃(ζ, t) ∈ W̃ , ṽ(ζ, t) ∈ Ṽ ; (ii) the initial-value problem (1) for w(t) = w̃(ζ, t),
v(t) = ṽ(ζ, t) and any ζ0 ∈ Rn has the unique absolutely continuous solution ζwv(t; ζ0) in the entire interval

[0, t f ]; (iii) w̃
(
ζwv(t; ζ0), t

)
∈ L2[0, t f ;Rn]; (iv) ṽ

(
ζwv(t; ζ0), t

)
∈ L2[0, t f ;Rm]. We call (̃WV) the set of all

admissible pairs of the players’ state-feedback controls in the game (1)-(2).
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For a given w̃(ζ, t) ∈ W̃ , we consider the set

K̃v
(
w̃(ζ, t)

) △
=
{

ṽ(ζ, t) ∈ Ṽ :
(
w̃(ζ, t), ṽ(ζ, t)

)
∈ (̃WV)

}
.

Let us denote
L̃w

△
=
{

w̃(ζ, t) ∈ W̃ : K̃v
(
w̃(ζ, t)

)
̸= ∅

}
.

Similarly, for a given ṽ(ζ, t) ∈ Ṽ , we consider the set

K̃w
(
ṽ(ζ, t)

) △
=
{

w̃(ζ, t) ∈ W̃ :
(
w̃(ζ, t), ṽ(ζ, t)

)
∈ (̃WV)

}
.

Let us denote
L̃v

△
=
{

ṽ(ζ, t) ∈ Ṽ : K̃w
(
ṽ(ζ, t)

)
̸= ∅

}
.

Definition 2. For a given w̃(ζ, t) ∈ L̃w, the value

Jw
(
w̃(ζ, t); ζ0

)
= sup

ṽ(ζ,t)∈K̃v
(

w̃(ζ,t)
)J (w̃(ζ, t), ṽ(ζ, t)

)
is called the guaranteed result of w̃(ζ, t) in the game (1)-(2).

Definition 3. For a given ṽ(ζ, t) ∈ L̃v, the value

Jv
(
ṽ(ζ, t); ζ0

)
= inf

w̃(ζ,t)∈K̃w
(

ṽ(ζ,t)
)J (w̃(ζ, t), ṽ(ζ, t)

)
is called the guaranteed result of ṽ(ζ, t) in the game (1)-(2).

Definition 4. A pair
(
w̃∗(ζ, t), ṽ∗(ζ, t)

)
∈ (̃WV) is called a saddle-point solution of the game (1)-(2) if the

guaranteed results of w̃∗(ζ, t) and ṽ∗(ζ, t) in this game are equal to each other for all ζ0 ∈ Rn, i.e.,

Jw
(
w̃∗(ζ, t); ζ0

)
= Jv

(
ṽ∗(ζ, t); ζ0

)
∀ζ0 ∈ Rn.

If this equality is valid, then the value

J ∗(ζ0) = Jw
(
w̃∗(ζ, t); ζ0

)
= Jv

(
ṽ∗(ζ, t); ζ0

)
is called a value of the game (1)-(2). The solution of the initial-value problem (1) with w(t) = w̃∗(ζ, t),
v(t) = ṽ∗(ζ, t) is called a saddle-point trajectory of the game (1)-(2).

3. Transformation of the Differential Game (1)-(2)
In what follows, we assume that:

A1. The matrix-valued functions A(t), C(t), Gv(t) are twice continuously differentiable in the interval
[0, t f ].
A2. The matrix-valued functions B(t), D(t), Gw(t) are three times continuously differentiable in the
interval [0, t f ].
A3. The vector-valued function ϕ(t) is twice continuously differentiable in the interval [0, t f ].

Remark 1. By G1/2
w (t), let us denote the unique symmetric positive definite square root of the positive definite

matrix Gw(t), t ∈ [0, t f ]. The inverse matrix of G1/2
w (t) is denoted as G−1/2

w (t). It is clear that G−1/2
w (t) also
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is symmetric and positive definite. Moreover, due to the assumption A2, the matrix-valued functions G1/2
w (t)

and G−1/2
w (t) are three times continuously differentiable in the interval [0, t f ].

Remark 2. Since the matrix D(t) is symmetric for all t ∈ [0, t f ], then the matrix

G−1/2
w (t)BTD(t)B(t)G−1/2

w (t)

also is symmetric for all t ∈ [0, t f ]. Therefore, due to the results of [38], there exists an orthogonal matrix H(t),
t ∈ [0, t f ] (H−1(t) = HT(t)) such that

HT(t)G−1/2
w (t)BT(t)D(t)B(t)G−1/2

w (t)H(t) = Λ(t)
△
= diag

(
λ1(t), λ2(t), ..., λn(t)

)
, t ∈ [0, t f ],

(3)

where λi(t), (i = 1, 2, ..., n) are eigenvalues of the matrix G−1/2
w (t)BT(t)D(t)B(t)G−1/2

w (t). Due to the
assumption A2 and the results of [39], the matrix-valued function H(t) and the functions λi(t), (i = 1, 2, ..., n)
are three times continuously differentiable in the interval [0, t f ]. Moreover, since the matrix D(t) is at least
positive semidefinite, then λi(t) ≥ 0, (i = 1, 2, ..., n), t ∈ [0, t f ].

Let us make the following state and control transformations in the game (1)-(2):

ζ(t) = Rz(t)z(t), Rz
△
= B(t)G−1/2

w (t)H(t), t ∈ [0, t f ], (4)

w(t) = Ru(t)u(t), Ru(t)
△
= G−1/2

w (t)H(t), t ∈ [0, t f ], (5)

where z(t) is a new state variable and u(t) is a new control variable.
Since the matrices B(t), G−1/2

w (t) and H(t) are invertible, then the transformations (4) and (5) are
invertible.

Lemma 1. Let the assumptions A1-A3 be valid. Then, the transformations (4) and (5) convert the system (1)
and the cost functional (2) to the following system and cost functional:

dz(t)
dt

= A(t)z(t) + u(t) + C(t)v(t) + f (t), t ∈ [0, t f ], z(0) = z0, (6)

J(u, v) =
∫ t f

0

(
zT(t)Λ(t)z(t) + ε2uT(t)u(t)− vT(t)Gv(t)v(t)

)
dt, (7)

where

A(t)
△
= HT(t)G1/2

w (t)B−1(t)
[
A(t)B(t)G−1/2

w (t)H(t)− d
dt
(
B(t)G−1/2

w (t)H(t)
)]

, (8)

C(t)
△
= HTG1/2

w (t)B−1(t)C(t), (9)

f (t)
△
= HT(t)G1/2

w (t)B−1(t)ϕ(t), (10)

z0
△
= HT(0)G1/2

w (0)B−1(0)ζ0. (11)
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The matrix-valued functions A(t), C(t) and the vector-valued function f (t) are twice continuously differentiable
in the interval [0, t f ].

Proof. Differentiating (4) yields

dζ(t)
dt

=
d
dt
(
B(t)G−1/2

w (t)H(t)
)
z(t) + B(t)G−1/2

w (t)H(t)
dz(t)

dt
, t ∈ [0, t f ]. (12)

Substituting this expression for dζ(t)/dt, as well as (4) and (5), into the system (1), we obtain

d
dt
(
B(t)G−1/2

w (t)H(t)
)
z(t) + B(t)G−1/2

w (t)H(t)
dz(t)

dt
= A(t)B(t)G−1/2

w (t)H(t)z(t)

+B(t)G−1/2
w (t)H(t)u(t) + C(t)v(t) + ϕ(t),

t ∈ [0, t f ], B(0)G−1/2
w (0)H(0)z(0) = ζ0.

(13)

Now, resolving the first equation in (13) with respect to dz(t)/dt, the second equation in (13)
with respect to z(0) and using the orthogonality of the matrix H(t), we directly prove the equations
(6),(8)-(11).

Furthermore, substitution of (4),(5) into the cost functional (2) and use of Remark 1 and the
equation (3) immediately yield the cost functional (7).

Finally, the smoothness of the matrices A(t), C(t), f (t), claimed in the lemma, is a direct conse-
quence of the equations (8)-(10) and the assumptions A1-A3.

Remark 3. The cost functional (7) is minimized by the control u (the minimizer’s control) and maximized by
the control v (the maximizer’s control). Similarly to the game (1)-(2), we assume that in the game (6)-(7) both
players know perfectly all the data, appearing in the system (6) and the cost functional (7), as well as the current
(state, time)-position of the system (6).

Consider the set U of all functions u = u(z, t) : Rn × [0, t f ] → Rn, which are measurable with
respect to t ∈ [0, t f ] for any given z ∈ Rn and satisfy the local Lipschitz condition with respect to z ∈ Rn

uniformly in t ∈ [0, t f ]. Similarly, we consider the set V of all functions v = v(z, t) : Rn × [0, t f ] → Rm,
which are measurable with respect to t ∈ [0, t f ] for any given z ∈ Rn and satisfy the local Lipschitz
condition with respect to z ∈ Rn uniformly in t ∈ [0, t f ].

Similarly to Definitions 1-4, we introduce the following definitions.

Definition 5. Let (UV) be the set of all pairs
(
u(z, t), v(z, t)

)
, (z, t) ∈ Rn × [0, t f ], satisfying the following

conditions: (i) u(z, t) ∈ U , v(z, t) ∈ V ; (ii) the initial-value problem (6) for u(t) = u(z, t), v(t) = v(z, t)
and any z0 ∈ Rn has the unique absolutely continuous solution zuv(t; z0) in the entire interval [0, t f ]; (iii)
u
(
zuv(t; z0), t

)
∈ L2[0, t f ;Rn]; (iv) v

(
zuv(t; z0), t

)
∈ L2[0, t f ;Rm]. We call (UV) the set of all admissible

pairs of the players’ state-feedback controls in the game (6)-(7).

For a given u(z, t) ∈ U , we consider the set

Kv
(
u(z, t)

) △
=
{

v(z, t) ∈ V :
(
u(z, t), v(z, t)

)
∈ (UV)

}
.

Let us denote
Lu

△
=
{

u(z, t) ∈ U : Kv
(
u(z, t)

)
̸= ∅

}
.
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Similarly, for a given v(z, t) ∈ V , we consider the set

Ku
(
v(z, t)

) △
=
{

u(z, t) ∈ U :
(
u(z, t), v(z, t)

)
∈ (UV)

}
.

Let us denote
Lv

△
=
{

v(z, t) ∈ V : Ku
(
v(z, t)

)
̸= ∅

}
.

Definition 6. For a given u(z, t) ∈ Lu, the value

Ju
(
u(z, t); z0

)
= sup

v(z,t)∈Kv
(

u(z,t)
) J
(
u(z, t), v(z, t)

)
is called the guaranteed result of u(z, t) in the game (6)-(7).

Definition 7. For a given v(z, t) ∈ Lv, the value

Jv
(
v(z, t); z0

)
= inf

u(z,t)∈Ku
(

v(z,t)
) J
(
u(z, t), v(z, t)

)
is called the guaranteed result of v(z, t) in the game (6)-(7).

Definition 8. A pair
(
u∗(z, t), v∗(z, t)

)
∈ (UV) is called a saddle-point solution of the game (6)-(7) if the

guaranteed results of u∗(z, t) and v∗(z, t) in this game are equal to each other for all z0 ∈ Rn, i.e.,

Ju
(
u∗(z, t); z0

)
= Jv

(
v∗(z, t); z0

)
∀z0 ∈ Rn.nonumber (14)

If this equality is valid, then the value

J∗(z0) = Ju
(
u∗(z, t); z0

)
= Jv

(
v∗(ζ, t); z0

)
is called a value of the game (6)-(7). The solution of the initial-value problem (6) with u(t) = u∗(z, t),
v(t) = v∗(z, t) is called a saddle-point trajectory of the game (6)-(7).

Let ζ0 ∈ Rn and z0 ∈ Rn be any prechoosen vectors satisfying the equation (11).
The following assertion is a direct consequence of Definition 1, Definition 5 and Lemma 1.

Corollary 1. Let the assumptions A1-A3 be valid. Let
(
w̃(ζ, t), ṽ(ζ, t)

)
be an admissible pair of the play-

ers’ state-feedback controls in the game (1)-(2), i.e.,
(
w̃(ζ, t), ṽ(ζ, t)

)
∈ (̃WV). Let ζwv(t; ζ0), t ∈ [0, t f ]

be the solution of the initial-value problem (1) generated by this pair of the players’ controls. Then the pair(
R−1

u (t)w̃
(
Rz(t)z, t

)
, ṽ
(
Rz(t)z, t

))
is an admissible pair of the players’ state-feedback controls in the game

(6)-(7), meaning that(
R−1

u (t)w̃
(
Rz(t)z, t

)
, ṽ
(
Rz(t)z, t

))
∈ (UV). Furthermore, ζwv(t; ζ0) = Rz(t)zuv(t; z0), t ∈ [0, t f ],

where zuv(t; z0), t ∈ [0, t f ] is the unique solution of the initial-value problem (6) generated by the
players’ controls u(t) = R−1

u (t)w̃
(
Rz(t)z, t

)
, v(t) = ṽ

(
Rz(t)z, t

)
. Moreover, J

(
w̃(ζ, t), ṽ(ζ, t)

)
=

J
(
R−1

u (t)w̃
(
Rz(t)z, t

)
, ṽ
(
Rz(t)z, t

))
. Vice versa: let

(
u(z, t), v(z, t)

)
∈ (UV) and zuv(t; z0), t ∈ [0, t f ]

be the solution of the initial-value problem (6) generated by this pair of the players’ controls. Then(
Ru(t)u

(
R−1

z (t)ζ, t
)
, v
(
R−1

z (t)ζ, t
))

∈ (̃WV) and zuv(t; z0) = R−1
z (t)ζwv(t; ζ0), t ∈ [0, t f ], where

ζwv(t; ζ0), t ∈ [0, t f ] is the unique solution of the initial-value problem (1) generated by the play-
ers’ controls w(t) = Ru(t)u

(
R−1

z (t)ζ, t
)
, v(t) = v

(
R−1

z (t)ζ, t
)
. Moreover, J

(
u(z, t), v(z, t)

)
=

J
(
Ru(t)u

(
R−1

z (t)ζ, t
)
, v
(
R−1

z (t)ζ, t
))

.
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Lemma 2. Let the assumptions A1-A3 be valid. Let the pair
(
w̃∗(ζ, t), ṽ∗(ζ, t)

)
be a saddle-point of the

game (1)-(2). Then the pairs
(
R−1

u (t)w̃∗(Rz(t)z, t
)
, ṽ∗
(
Rz(t)z, t

))
is a saddle-point of the game (6)-

(7). Vice versa: let the pair {
(
u∗(z, t), v∗(z, t)

)
be a saddle-point of the game (6)-(7). Then the pair(

Ru(t)u∗(R−1
z (t)ζ, t

)
, v∗
(
R−1

z (t)ζ, t
))

is a saddle-point of the game (1)-(2).

Proof. We start with the first lemma’s statement. Since the pair
(
w̃∗(ζ, t), ṽ∗(ζ, t)

)
is a saddle-point

of the game (1)-(2), then the pair of the players’ controls
(
w̃∗(ζ, t), ṽ∗(ζ, t)

)
is admissible in this game.

Hence, due to Corollary 1, the pair of the players’ controls
(
R−1

u (t)w̃∗(Rz(t)z, t
)
, ṽ∗
(
Rz(t)z, t

))
is admissible in the game (6)-(7) and the following equality is valid: J

(
w̃∗(ζ, t), ṽ∗(ζ, t)

)
=

J
(
R−1

u (t)w̃∗(Rz(t)z, t
)
, ṽ∗
(
Rz(t)z, t

))
. Moreover, by Definitions 2-3, Definitions 6-7 and Corollary 1,

we obtain

Ju
(
w̃∗(ζ, t); ζ0

)
= Ju

(
R−1

u (t)w̃∗(Rz(t)z, t
)
; z0

)
,

Jv
(
ṽ∗(ζ, t); ζ0

)
= Jv

(
ṽ∗
(
Rz(t)z, t

)
; z0

)
.

(15)

The equalities in (15), along with Definitions 4 and 8, directly yield the first statement of the
lemma. The second statement is proven quite similarly.

Remark 4. Due to Lemma 2, the initially formulated game (1)-(2) is equivalent to the new game (6)-(7). Along
with this equivalence, due to Lemma 1, the latter game is simpler than the former one. Therefore, in what follows,
we deal with the game (6)-(7), which we consider as an original one and call it the Cheap Control Differential
Game (CCDG). In the next section, ε-dependent solvability conditions of the CCDG are presented.

Remark 5. By the nonsingular control transformation ŭ(t) = εu(t), (ŭ(t) is a new control of the minimizer),
the CCDG can be converted to the equivalent zero-sum differential game consisting of the dynamic system

ε
dz(t)

dt
= ε
[
A(t)z(t) + C(t)v(t) + f (t)

]
+ ŭ(t), t ∈ [0, t f ], z(0) = z0,

and the cost functional

J̆(ŭ, v) =
∫ t f

0

(
zT(t)Λ(t)z(t) + ŭT(t)ŭ(t)− vT(t)Gv(t)v(t)

)
dt.

In this game, the dynamic equation is singularly perturbed and the state variable z(t) is a fast state variable
(see, e.g., [37]). Therefore, we call the state variable of the CCDG a fast state variable. Thus, the cost functional
J̆(ŭ, v) contains the cost of the fast state variable z(t), the cost of the maximizer’s control v(t) and the non small
cost of the minimizer’s control ŭ(t), while the cost functional J(u, v) of the CCDG contains the cost of the fast
state variable z(t), the cost of the maximizer’s control v(t) and the small cost of the minimizer’s control u(t).

4. Solvability Conditions of the CCDG
Consider the following matrices:

Su(ε)
△
=

1
ε2 In, Sv(t)

△
= C(t)G−1

v (t)CT(t), S(t, ε)
△
= Su(ε)− Sv(t), (16)

where t ∈ [0, t f ], ε > 0.
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Using the data of the CCDG (see the equations (6)-(7)) and the matrices in (16), we construct the
terminal-value problem for the Riccati matrix differential equation

dK
dt

= −KA(t)− AT(t)K + KS(t, ε)K − Λ(t), t ∈ [0, t f ], K(t f ) = 0. (17)

In what follows, we assume
A4. For a given ε > 0, the terminal-value problem (17) has the symmetric solution K = K(t, ε) in the
entire interval [0, t f ].

Remark 6. Since the right-hand side of the differential equation in (17) is a smooth function with respect to the
unknown matrix K, then the aforementioned solution K = K(t, ε) is unique.

Using the assumption A4, as well as the data of the CCDG and the equation (16), we construct the
terminal-value problem for the linear vector-valued differential equation

dq
dt

= −
[
AT(t)− K(t, ε)S(t, ε)

]
q − 2K(t, ε) f (t), t ∈ [0, t f ], q(t f ) = 0. (18)

The problem (18) has the unique solution q = q(t, ε) in the entire interval [0, t f ]. Using this
solution, we construct the terminal-value problem for the scalar differential equation

ds
dt

=
1
4

qT(t, ε)S(t, ε)q(t, ε)− f T(t)q(t, ε), t ∈ [0, t f ], s(t f ) = 0. (19)

This problem has the unique solution s = s(t, ε) in the entire interval [0, t f ].
Consider the functions

u∗
ε (z, t) = − 1

ε2 K(t, ε)z − 1
2ε2 q(t, ε) ∈ U , (z, t) ∈ Rn × [0, t f ]

(20)

and

v∗ε (z, t) = G−1
v (t)CT(t)K(t, ε)z +

1
2

G−1
v (t)CT(t)q(t, ε) ∈ V , (z, t) ∈ Rn × [0, t f ]. (21)

Based on the results of [14,40,41], we immediately have the following assertion.

Proposition 1. Let the assumptions A1-A4 be valid. Then the pair
(
u∗

ε (z, t), v∗ε (z, t)
)

is the saddle point of the
CCDG. The value of this game has the form

J∗ε (z0) = J
(
u∗

ε (z, t), v∗ε (z, t)
)
= zT

0 K(0, ε)z0 + zT
0 q(0, ε) + s(0, ε). (22)

In the forthcoming sections, we derive an asymptotic solution of the CCDG with respect to the
small parameter ε > 0 in the following two cases:

Case I λi(t) > 0, i = 1, 2, ..., n, t ∈ [0, t f ], (23)

Case II λj(t) > 0, j = 1, ..., l, 1 ≤ l < n, t ∈ [0, t f ],

λk(t) ≡ 0, k = l + 1, ..., n, t ∈ [0, t f ],

(24)

where λi(t), (i = 1, 2, ..., n) are the entries of the diagonal matrix Λ(t) (see the equations (3) and (7)).
We start the asymptotic solution of the CCDG with the simpler case, namely, case I.
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5. Asymptotic Solution of the CCDG in the Case I
5.1. Transformation of the Terminal-Value Problems (17)-(19)

First of all, let us note the following. Due to the equation (16), the differential equations in the
problems (17)-(19) have the singularities with respect to ε in their right-hand sides for ε = 0. To remove
these singularities, we look for the solutions of the problems (17) and (18) in the form

K(t, ε) = εP(t, ε), t ∈ [0, t f ], (25)

q(t, ε) = εp(t, ε), t ∈ [0, t f ], (26)

where P(t, ε) and p(t, ε) are new unknown matrix-valued function and vector-valued function.
Substitution of (25)-(26) into the problems (17)-(19) yields the following new terminal-value

problems

ε
dP(t, ε)

dt
= −εP(t, ε)A(t)− εAT(t)P(t, ε) + P(t, ε)

(
In − ε2Sv(t)

)
P(t, ε)− Λ(t),

t ∈ [0, t f ], P(t f , ε) = 0,

(27)

ε
dp(t, ε)

dt
= −

[
εAT(t)− P(t, ε)

(
In − ε2Sv(t)

)]
p(t, ε)− 2εP(t, ε) f (t),

t ∈ [0, t f ], p(t f , ε) = 0,

(28)

ds(t, ε)

dt
=

1
4

pT(t, ε)
(

In − ε2Sv(t)
)

p(t, ε)− ε f T(t)p(t, ε), t ∈ [0, t f ], s(t f , ε) = 0. (29)

Moreover, substitution of (25)-(26) into the expressions for the components of the CCDG saddle
point and into the expression for the CCDG value (see the equations (20),(21) and (22)) yields the
following new expressions for the components of the saddle point and for the game value:

u∗
ε (z, t) = −1

ε
P(t, ε)z − 1

2ε
p(t, ε) ∈ U , (z, t) ∈ Rn × [0, t f ],

(30)

v∗ε (z, t) = εG−1
v (t)CT(t)P(t, ε)z +

ε

2
G−1

v (t)CT(t)p(t, ε) ∈ V , (z, t) ∈ Rn × [0, t f ], (31)

J∗ε (z0) = J
(
u∗

ε (z, t), v∗ε (z, t)
)
= εzT

0 P(0, ε)z0 + εzT
0 p(0, ε) + s(0, ε). (32)

5.2. Asymptotic Solution of the Terminal-Value Problem (27)

The problem (27) is a singularly perturbed terminal-value problem. Based on the Boundary
Functions Method [37], we look for the first-order asymptotic solution of (27) in the form

P1(t, ε) = Po
0 (t) + Pb

0 (τ) + ε
(

Po
1 (t) + Pb

1 (τ)
)
, (33)

where

τ =
t − t f

ε
. (34)
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Remark 7. In (33), the terms with the superscript o constitute the so-call outer solution, the terms with the
superscript b are the boundary corrections in the left-hand neighborhood of t = t f . Equations and boundary
conditions for the asymptotic solution terms are obtained substituting P1(t, ε) into the problem (27) instead of
P(t, ε) and equating the coefficients for the same power of ε on both sides of the resulting equations, separately
depending on t and on τ. Additionally, we note the following. For any t ∈ [0, t f ) and ε > 0, τ < 0. Moreover,
if ε → +0, then, for any t ∈ [0, t f ), τ → −∞.

5.2.1. Obtaining the Outer Solution Term Po
0 (t)

Due to Remark 7, we have the following matrix Riccati algebraic equation for Po
0 (t):

0 =
(

Po
0 (t)

)2 − Λ(t), t ∈ [0, t f ], (35)

yielding

Po
0 (t) = Λ1/2(t) = diag

(
λ1/2

1 (t), λ1/2
2 (t), ..., λ1/2

n (t)
)
, t ∈ [0, t f ]. (36)

Remark 8. Due to Remark 2 and the equation (23), the matrix Po
0 (t) is positive definite for all t ∈ [0, t f ].

Moreover, the matrix-valued function Po
0 (t) is three times continuously differentiable in the interval [0, t f ].

5.2.2. Obtaining the Boundary Correction Pb
0 (τ)

Taking into account Remark 7 and the equations (34),(36), we directly derive the following
terminal-value problem for Pb

0 (τ):

dPb
0 (τ)

dτ
= Λ1/2(t f )Pb

0 (τ) + Pb
0 (τ)Λ

1/2(t f ) +
(

Pb
0 (τ)

)2, τ ≤ 0, Pb
0 (0) = −Λ1/2(t f ). (37)

The differential equation in (37) is a matrix Bernulli differential equation [42]. Using this feature,
we obtain the solution of the problem (37)

Pb
0 (τ) = −2Λ1/2(t f ) exp

(
2Λ1/2(t f )τ

)[
In + exp

(
2Λ1/2(t f )τ

)]−1
, τ ≤ 0. (38)

Due to the positive definiteness of Λ1/2(t f ), the matrix-valued function Pb
0 (τ) is exponentially

decaying for τ → −∞, i.e., ∥∥Pb
0 (τ)

∥∥ ≤ a exp(2βτ), τ ≤ 0, (39)

where a > 0 is some constant;

β = min
i∈{1,2,...,n}

λ1/2
i (t f ) > 0. (40)

5.2.3. Obtaining the Outer Solution Term Po
1 (t)

Using the equation (36) and Remark 8, we have (similarly to (35)) the matrix linear algebraic
equation for Po

1 (t)

dΛ1/2(t)
dt

= −Λ1/2(t)A(t)− AT(t)Λ1/2(t) + Λ1/2(t)Po
1 (t) + Po

1 (t)Λ
1/2(t),

t ∈ [0, t f ].

(41)
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Using the results of [43] and taking into account the equations (23),(36), we obtain the solution of
the equation (41)

Po
1 (t) =

∫ +∞

0
exp

(
− Λ1/2(t)ξ

)[dΛ1/2(t)
dt

+Λ1/2(t)A(t) + AT(t)Λ1/2(t)
]

exp
(
− Λ1/2(t)ξ

)
dξ, t ∈ [0, t f ].

(42)

5.2.4. Obtaining the Boundary Correction Pb
1 (τ)

Using Remark 7 and the equations (34),(36),(38),(42), we derive (similarly to the equation (37)) the
following terminal-value problem for Pb

1 (τ):

dPb
1 (τ)

dτ
=
(

Po
0 (t f ) + Pb

0 (τ)
)

Pb
1 (τ) + Pb

1 (τ)
(

Po
0 (t f ) + Pb

0 (τ)
)
+ Ψ(τ),

τ ≤ 0, Pb
1 (0) = −Po

1 (t f ),

(43)

where

Ψ(τ) = −Pb
0 (τ)A(t f )− AT(t f )Pb

0 (τ) + τ
(
dPo

0 (t)/dt|t=t f

)
Pb

0 (τ)

+τPb
0 (τ)

(
dPo

0 (t)/dt|t=t f

)
+ Pb

0 (τ)Po
1 (t f ) + Po

1 (t f )Pb
0 (τ).

(44)

Due to the inequality (39), the matrix-valued function Ψ(τ) is estimated as:∥∥Ψ(τ)
∥∥ ≤ a1 exp(βτ), τ ≤ 0, (45)

where a1 > 0 is some constant; the constant β is given in (40).
Solving the problem (43) and using the results of [44] and the symmetry of the matrices Po

0 (t),
Pb

0 (τ), we obtain

Pb
1 (τ) = −Φ(0, τ)Po

1 (t f )Φ(0, τ) +
∫ τ

0
Φ(σ, τ)Ψ(σ)Φ(σ, τ)dσ, τ ≤ 0, (46)

where, for any τ ≤ 0, the n × n matrix-valued function Φ(σ, τ) is the unique solution of the problem

dΦ(σ, τ)

dσ
= −

(
Po

0 (t f ) + Pb
0 (σ)

)
Φ(σ, τ), σ ∈ [τ, 0], Φ(τ, τ) = In.

Solving this problem and taking into account the expressions for Po
0 (t) and Pb

0 (τ) (see the equations
(36) and (38)), we have

Φ(σ, τ) = exp
(
Λ1/2(t f )(τ − σ)

)
Θ−1(τ)Θ(σ), 0 ≥ σ ≥ τ > −∞, (47)

where

Θ(χ) = In + exp
(
2Λ1/2(t f )χ

)
, χ ≤ 0. (48)

The matrix-valued function Φ(σ, τ) satisfies the inequality∥∥Φ(σ, τ)
∥∥ ≤ a2 exp

(
β(τ − σ)

)
, 0 ≥ σ ≥ τ > −∞, (49)

where a2 > 0 is some constant; the constant β is given in (40).
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Using the equation (46) and the inequalities (45),(49) yields the following estimate for Pb
1 (τ):

∥∥Pb
1 (τ)

∥∥ ≤ a2
2

[∥∥Po
1 (t f )

∥∥ exp(2βτ) +
a1

β
exp(βτ)

(
1 − exp(βτ)

)]
, τ ≤ 0, (50)

meaning that Pb
1 (τ) is an exponentially decaying function for τ → −∞.

5.2.5. Justification of the Asymptotic Solution to the Problem (27)

Similarly to the results of [14] (Lemma 4.2), we have the following lemma.

Lemma 3. Let the assumptions A1-A3 and the case I (see the equation (23)) be valid. Then, there exist a positive
number ε10 such that, for all ε ∈ (0, ε10], the terminal-value problem (27) has the unique solution P(t, ε) in the
entire interval [0, t f ]. This solution satisfies the inequality∥∥P(t, ε)− P1(t, ε)

∥∥ ≤ a10ε2, t ∈ [0, t f ],

where P1(t, ε) is given by (33); a10 > 0 is some constant independent of ε.

5.3. Asymptotic Solution of the Terminal-Value Problem (28)

Like the problem (27), the problem (28) is a singularly perturbed terminal-value problem. Based
on the Boundary Functions Method [37], we look for the first-order asymptotic solution of (28) in the
form

p1(t, ε) = po
0(t) + pb

0(τ) + ε
(

po
1(t) + pb

1(τ)
)
, (51)

where the variable τ is given by (34); the terms in (51) have the same meaning as the corresponding
terms in (33). These terms are obtained substituting p1(t, ε) and P1(t, ε) into the problem (28) instead
of p(t, ε) and P(t, ε), respectively, and equating the coefficients for the same power of ε on both sides
of the resulting equations, separately depending on t and on τ.

5.3.1. Obtaining the Outer Solution Term po
0(t)

For this term, we have the following linear algebraic equation:

0 = Po
0 (t)po

0(t), t ∈ [0, t f ]. (52)

Since Po
0 (t) is an invertible matrix for all t ∈ [0, t f ] (see the equations (23) and (36)), then the

equation (52) yields

po
0(t) ≡ 0, t ∈ [0, t f ]. (53)

5.3.2. Obtaining the Boundary Correction pb
0(τ)

Taking into account the equations (34),(53), we directly obtain the following terminal-value
problem for pb

0(τ):

dpb
0(τ)

dτ
=
(

Po
0 (t f ) + Pb

0 (τ)
)

pb
0(τ), τ ≤ 0, pb

0(0) = 0, (54)

yielding

pb
0(τ) ≡ 0, τ ≤ 0. (55)
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5.3.3. Obtaining the Outer Solution Term po
1(t)

Using the equation (53), we have (similarly to (52)) the linear algebraic equation for po
1(t)

0 = Po
0 (t)po

1(t)− 2Po
0 (t) f (t), t ∈ [0, t f ].

Since Po
0 (t) is an invertible matrix for all t ∈ [0, t f ], then

po
1(t) = 2 f (t), t ∈ [0, t f ]. (56)

5.3.4. Obtaining the Boundary Correction pb
1(τ)

Using the equations (34),(53),(55),(56), we derive (similarly to the equation (54)) the following
terminal-value problem for pb

1(τ):

dpb
1(τ)

dτ
=
(

Po
0 (t f ) + Pb

0 (τ)
)

pb
1(τ), τ ≤ 0, pb

1(0) = −2 f (t f ).

(57)

Solving the problem (57), we have

pb
1(τ) = −2Φ(0, τ) f (t f ), τ ≤ 0, (58)

where the matrix-valued function Φ(σ, τ) is given by (47).
Thus, using the equations (47),(48),(58), we obtain after a routine algebra

pb
1(τ) = −4 exp

(
Λ1/2(t f )τ

)
Θ−1(τ) f (t f ), τ ≤ 0, (59)

which yields the inequality ∥∥pb
1(τ)

∥∥ ≤ b exp(βτ), τ ≤ 0. (60)

In this inequality, b > 0 is some constant; the constant β is given by (40).
Thus, pb

1(τ) is an exponentially decaying function for τ → −∞.

5.3.5. Justification of the Asymptotic Solution to the Problem (28)

Using the equations (51),(53),(55), we can rewrite the vector-valued function p1(t, ε) as:

p1(t, ε) = ε
(

po
1(t) + pb

1(τ)
)
. (61)

Lemma 4. Let the assumptions A1-A3 and the case I (see the equation (23)) be valid. Then, for all ε ∈ (0, ε10]

(ε10 > 0 is introduced in Lemma 3), the terminal-value problem (28) has the unique solution p(t, ε) in the entire
interval [0, t f ]. Moreover, there exists a positive number ε20 ≤ ε10 such that, for all ε ∈ (0, ε20], this solution
satisfies the inequality ∥∥p(t, ε)− p1(t, ε)

∥∥ ≤ b10ε2, t ∈ [0, t f ], (62)

where p1(t, ε) is given by (61); b10 > 0 is some constant independent of ε.

Proof. First of all, let us note that the existence and the uniqueness of the solution to the problem (28)
for all ε ∈ (0, ε10] directly follow from its linearity and from the existence and the uniqueness of the
solution to the problem (27) (see Lemma 3).

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 3 July 2025 doi:10.20944/preprints202507.0210.v1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202507.0210.v1
http://creativecommons.org/licenses/by/4.0/


15 of 53

Proceed to the proof of the inequality (62). Let us make the transformation of the state variable in
the problem (28)

p(t, ε) = p1(t, ε) + δp(t, ε), t ∈ [0, t f ], ε ∈ (0, ε10], (63)

where δp(t, ε) is a new state variable.
The transformation (63) converts the problem (28) to the equivalent terminal-value problem with

respect to δp(t, ε)

ε
dδp(t, ε)

dt
= P1(t, ε)δp(t, ε) + g1

(
δp(t, ε), t, ε

)
+ g2(t, ε) + g3(t, ε),

t ∈ [0, t f ], δp(t f , ε) = 0, (64)

where P1(t, ε) is given by (33), τ is given by (34),

g1
(
δp(t, ε), t, ε

)
= −

[
εAT(t)− ∆P(t, ε) + ε2P(t, ε)Sv(t)

]
δp(t, ε),

g2(t, ε) = −ε2
[

dpo
1(t)
dt

− AT(t)p1(t, ε)

]
,

g3(t, ε) = ε

[
−

dpb
1(τ)

dτ
+ P(t, ε)

(
In − ε2Sv(t)

)(
po

1(t) + pb
1(τ)

)
− 2P(t, ε) f (t)

]
,

∆P(t, ε) = P(t, ε)− P1(t, ε).

Using Lemma 3, as well as the equations (56),(59),(61), we directly obtain the following estimates
of g1

(
δp(t, ε), t, ε

)
and g2(t, ε) for all ε ∈ (0, ε10]:∥∥g1

(
δp(t, ε), t, ε

)∥∥ ≤ b1ε
∥∥δp(t, ε)

∥∥, t ∈ [0, t f ],∥∥g2(t, ε)
∥∥ ≤ b2ε2, t ∈ [0, t f ],

(65)

where b1 > 0 and b2 > 0 are some constants independent of ε.
Now, let us estimate g3(t, ε). Using Lemma 3, as well as the equations (56),(57),(59),(61) and the

inequalities (39),(60), we have for all ε ∈ (0, ε10]∥∥g3(t, ε)
∥∥ ≤ ε3∥∥P(t, ε)Sv(t)

(
po

1(t) + pb
1(τ)

)∥∥
+ε

∥∥∥∥− dpb
1(τ)

dτ
+ P(t, ε)

(
po

1(t) + pb
1(τ)

)
− 2P(t, ε) f (t)

∥∥∥∥
≤ ε3∥∥P(t, ε)Sv(t)

(
po

1(t) + pb
1(τ)

)∥∥+ ε
∥∥(Po

0 (t)− Po
0 (t f )

)
pb

1(τ)
∥∥

+ε2∥∥(Po
1 (t) + Pb

1 (τ)
)(

po
1(t) + pb

1(τ)− 2 f (t)
)∥∥

+ε
∥∥∆P(t, ε)

(
po

1(t) + pb
1(τ)− 2 f (t)

)∥∥, t ∈ [0, t f ].

(66)

To complete the estimate of g3(t, ε), one has to estimate the expression
∥∥(Po

0 (t)− Po
0 (t f )

)
pb

1(τ)
∥∥.

Using the smoothness of Po
0 (t) (see Remark 8) and the equation (34), we obtain for any t ∈ [0, t f ]

Po
0 (t)− Po

0 (t f ) = Po
0 (t f + ετ)− Po

0 (t f ) = ετ
dPo

0 (χ)

dχ

∣∣
χ=t1(t)

, t1(t) ∈ [t, t f ].

The latter, along with the boundedness of dPo
0 (t)
dt in the interval [0, t f ] and the inequality (60), yields

∥∥(Po
0 (t)− Po

0 (t f )
)

pb
1(τ)

∥∥ = ε

∥∥∥∥dPo
0 (s)
ds

∣∣
s=t1(t)

τpb
1(τ)

∥∥∥∥ ≤ b̄3ε, t ∈ [0, t f ], ε ∈ (0, ε10], (67)
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where b̄3 > 0 is some constant independent of ε.
Thus, the inequalities (66),(67) and Lemma 3 imply immediately∥∥g3(t, ε)

∥∥ ≤ b3ε2, t ∈ [0, t f ], ε ∈ (0, ε10], (68)

where b3 > 0 is some constant independent of ε.
The problem (64) can be rewritten in the equivalent integral form as:

δp(t, ε) =
1
ε

∫ t

t f

Ω(t, σ, ε)
[
g1
(
δp(σ, ε), σ, ε

)
+ g2(σ, ε) + g3(σ, ε)

]
dσ, (69)

where for any given σ ∈ [t, t f ] and ε ∈ (0, ε10], the n × n-matrix-valued function Ω(t, σ, ε) is the unique
solution of the terminal-value problem

ε
dΩ(t, σ, ε)

dt
= P1(t, ε)Ω(t, σ, ε), t ∈ [0, σ], Ω(σ, σ, ε) = In.

Based on the results of [45] and using the inequalities in (23) and the equation (36), we obtain the
following estimate of Ω(t, σ, ε) for all 0 ≤ t ≤ σ ≤ t f :∥∥Ω(t, σ, ε)

∥∥ ≤ bΩ exp
(

βΩ(t − σ)/ε
)
, ε ∈ (0, ε̄20], (70)

where 0 < ε̄20 ≤ ε10 is some sufficiently small number; bΩ > 0 and βΩ > 0 are some constants
independent of ε.

Applying the method of successive approximations to the equation (69), we construct the follow-
ing sequence of the matrix-valued functions

{
δp,α(t, ε)

}+∞
α=0:

δp,α+1(t, ε) =
1
ε

∫ t

t f

Ω(t, σ, ε)
[
g1
(
δp,α(σ, ε), σ, ε

)
+ g2(σ, ε) + g3(σ, ε)

]
dσ,

α = 0, 1, ..., t ∈ [0, t f ], ε ∈ (0, ε̄20], δp,0(t, ε) ≡ 0.

Using the inequalities (65),(68),(70), we obtain the existence of a positive number ε20 ≤ ε̄20

such that, for any ε ∈ (0, ε20], the sequence
{

δp,α(t, ε)
}+∞

α=0 converges in the linear space of all n × n-
matrix-valued functions continuous in the interval [0, t f ]. Furthermore, the following inequalities are
fulfilled: ∥∥δp,α(t, ε)

∥∥ ≤ b10ε2, α = 1, 2, ..., t ∈ [0, t f ], ε ∈ (0, ε20], (71)

where b10 > 0 is some constant independent of ε.
Due to the aforementioned convergence of the sequence

{
δp,α(t, ε)

}+∞
α=0, its limit δp(t, ε) =

limα→+∞ δp,α(t, ε) is, for all ε ∈ (0, ε20], the solution of the integral equation (69) and, therefore,
of the terminal-value problem (64) in the entire interval [0, t f ]. Since the problem (64) is linear, its
solution δp(t, ε) is unique. Moreover, by virtue of the inequalities in (71), we directly have∥∥δp(t, ε)

∥∥ ≤ b10ε2, α = 1, 2, ..., t ∈ [0, t f ], ε ∈ (0, ε20].

Finally, this inequality, along with the equation (63), yields the inequality (62), which completes
the proof of the lemma.
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5.4. Asymptotic Solution of the Terminal-Value Problem (29)

Solving the problem (29) and taking into account Lemma 4, we obtain

s(t, ε) =
∫ t

t f

[
1
4

pT(σ, ε)
(

In − ε2Sv(σ)
)

p(σ, ε)− ε f T(σ)p(σ, ε)

]
dσ,

t ∈ [0, t f ], ε ∈ (0, ε20]. (72)

Let us consider the function

s̄(t, ε)
△
= ε2

∫ t

t f

[
1
4
(

po
1(σ)

)T po
1(σ)− f T(σ)po

1(σ)

]
dσ, t ∈ [0, t f ], ε ∈ (0, ε20]. (73)

Using (56), this function can be represented as:

s̄(t, ε) = −ε2
∫ t

t f

f T(σ) f (σ)dσ, t ∈ [0, t f ], ε ∈ (0, ε20].

Lemma 5. Let the assumptions A1-A3 and the case I (see the equation (23)) be valid. Then, for all ε ∈ (0, ε20]

(ε20 > 0 is introduced in Lemma 4), the following inequality is satisfied:∣∣s(t, ε)− s̄(t, ε)
∣∣ ≤ c10ε3, t ∈ [0, t f ], ε ∈ (0, ε20], (74)

where c10 > 0 is some constant independent of ε.

Proof. Using the equations (72),(73) and taking into account the equation (61), we obtain

s(t, ε)− s̄(t, ε) = ε2
∫ t

t f

[
1
2
(

po
1(σ)

)T pb
1
(
(σ − t f )/ε

)
+

1
4
(

pb
1
(
(σ − t f )/ε

))T pb
1
(
(σ − t f )/ε

)
− pT

1 (σ, ε)Sv(σ)p1(σ, ε)− f T(σ)pb
1
(
(σ − t f )/ε

)]
dσ,

t ∈ [0, t f ], ε ∈ (0, ε20].

The latter, along with the equation (61) and the inequality (60), yields the statement of the lemma.

5.5. Asymptotic Approximation of the CCDG value

Consider the following value, depending on z0:

J I
app(z0)

△
= εzT

0 P1(0, ε)z0 + εzT
0 p1(0, ε) + s̄(0, ε), (75)

where P1(t, ε), p1(t, ε) and s̄(t, ε) are given by (33), (51) and (73), respectively.
Using the equations (32) and (75), as well as Lemmas 3, 4, 5, we directly have the assertion.

Theorem 1. Let the assumptions A1-A3 and the case I (see the equation (23)) be valid. Then, for all ε ∈ (0, ε20]

(ε20 > 0 is introduced in Lemma 4), the following inequality is satisfied:∣∣J∗ε (z0)− J I
app(z0)

∣∣ ≤ ε3(a10∥z0∥2 + b10∥z0∥+ c10
)
.

Consider the following matrix and vector:

P̄1(ε)
△
=
(

Po
0 (0) + εPo

1 (0)
)

, p̄1(ε)
△
= εpo

1(0). (76)
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Based on these matrix and vector, let us construct the following value, depending on z0:

J I
app,1(z0)

△
= εzT

0 P̄1(ε)z0 + εzT
0 p̄1(ε) + s̄(0, ε). (77)

Corollary 2. Let the assumptions A1-A3 and the case I (see the equation (23)) be valid. Then, there exists a
positive number ε̄20 ≤ ε20 such that, for all ε ∈ (0, ε̄20], the following inequality is satisfied:∣∣J∗ε (z0)− J I

app,1(z0)
∣∣ ≤ ε3(ā10∥z0∥2 + b̄10∥z0∥+ c10

)
,

where ā10 > 0 and b̄10 > 0 are some constants independent of ε.

Proof. First of all, let us note that, for β > 0 (see the equation (40)) and all sufficiently small ε > 0, the
following inequality is valid:

exp(−βt f /ε) < ε.

This inequality, along with the equations (33),(34),(61),(76), the inequalities (39),(50),(60) and
Lemmas 3, 4, yields the fulfillment of the inequalities∥∥P(0, ε)− P̄1(ε)

∥∥ ≤ ā10ε2,
∥∥p(0, ε)− p̄1(ε)

∥∥ ≤ b̄10ε2, ε ∈ (0, ε̄20],

where ε̄20 ∈ (0, ε20] is some sufficiently small number; ā10 and b̄10 are some positive numbers indepen-
dent of ε.

These inequalities and Theorem 1 directly imply the statement of the corollary.

5.6. Approximate-Saddle Point of the CCDG

Consider the following controls of the minimizer and the maximizer, respectively:

ũε(z, t) = −1
ε

P1(t, ε)z − 1
2ε

p1(t, ε) ∈ U ,

ṽε(z, t) = εG−1
v (t)CT(t)P1(t, ε)z +

ε

2
G−1

v (t)CT(t)p1(t, ε) ∈ V ,

(z, t) ∈ Rn × [0, t f ], ε ∈ (0, ε20],

(78)

where P1(t, ε) and p1(t, ε) are given by (33) and (61), respectively.

Remark 9. The controls ũε(z, t) and ṽε(z, t) are obtained from the controls u∗
ε (z, t) and v∗ε (z, t) (see the

equations (30) and (31)) by replacing there P(t, ε) with P1(t, ε) and p(t, ε) with p1(t, ε).
Due to the linearity of these controls with respect to z ∈ Rn for any t ∈ [0, t f ], ε ∈ (0, ε20] and their

continuity with respect to t ∈ [0, t f ] for any z ∈ Rn, ε ∈ (0, ε20], the pair
(
ũε(z, t), ṽε(z, t)

)
is admissible in

the CCDG.

Substitution of
(
u(t), v(t)) =

(
ũε

(
z(t), t

)
, ṽε

(
z(t), t

))
into the system (6) and the cost functional

(7), as well as using the equation (16) and taking into account the symmetry of the matrix P1(t, ε), yield
after a routine algebra the following system and cost functional:

dz(t)
dt

= Ã(t, ε)z(t) + f̃ (t, ε), t ∈ [0, t f ], z(0) = z0, (79)

J̃(z0) =
∫ t f

0

[
zT(t)Λ̃(t, ε)z(t) + zT(t)g̃(t, ε) + ẽ(t, ε)

]
dt, (80)
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where

Ã(t, ε) = A(t)− εS(t, ε)P1(t, ε),

f̃ (t, ε) = f (t)− ε

2
S(t, ε)p1(t, ε),

Λ̃(t, ε) = Λ(t) + ε2P1(t, ε)S(t, ε)P1(t, ε),

g̃(t, ε) = ε2P1(t, ε)S(t, ε)p1(t, ε),

ẽ(t, ε) =
ε2

4
pT

1 (t, ε)S(t, ε)p1(t, ε).

(81)

Based on these functions, we construct the following terminal-value problems:

dL̃(t, ε)

dt
= −L̃(t, ε)Ã(t, ε)− ÃT(t, ε)L̃(t, ε)− Λ̃(t, ε), L̃(t, ε) ∈ Rn×n, t ∈ [0, t f ],

L̃(t f , ε) = 0,

(82)

dη̃(t, ε)

dt
= −ÃT(t, ε)η̃(t, ε)− 2L̃(t, ε) f̃ (t, ε)− g̃(t, ε), η̃(t, ε) ∈ Rn,

t ∈ [0, t f ], η̃(t f , ε) = 0,

(83)

dκ̃(t, ε)

dt
= − f̃ T(t, ε)η̃(t, ε), κ̃(t, ε) ∈ R, t ∈ [0, t f ],

κ̃(t f , ε) =
∫ t f

0
ẽ(σ, ε)dσ,

(84)

where ε ∈ (0, ε20].

Remark 10. Due to the linearity, the problem (82) has the unique solution L̃(t, ε) in the entire interval [0, t f ]

for all ε ∈ (0, ε20]. Therefore, the problems (83) and (84) also have the unique solutions η̃(t, ε) and κ̃(t, ε),
respectively, in the entire interval [0, t f ] for all ε ∈ (0, ε20].

Lemma 6. The value J̃(z0), given by the equations (79)-(80), can be represented in the form

J̃(z0) = zT
0 L̃(0, ε)z0 + zT

0 η̃(0, ε) + κ̃(0, ε), ε ∈ (0, ε20]. (85)

Proof of the lemma is presented in Subsection 5.7

Lemma 7. Let the assumptions A1-A3 and the case I (see the equation (23)) be valid. Then, there exists a
positive number ε30 ≤ ε20 (ε20 > 0 is introduced in Lemma 4) such that, for all ε ∈ (0, ε30], the following
inequality is satisfied: ∥∥εP(t, ε)− L̃(t, ε)

∥∥ ≤ aLε5, t ∈ [0, t f ],

where P(t, ε) is the solution of the terminal-value problem (27) mentioned in Lemma 3; aL > 0 is some constant
independent of ε.
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Proof. For any ε ∈ (0, ε20], let us consider the matrix-valued function

∆PL(t, ε)
△
= εP(t, ε)− L̃(t, ε), t ∈ [0, t f ]. (86)

Using the problems (27) and (82), we obtain after a routine rearrangement the terminal-value
problem for ∆PL(t, ε)

d∆PL(t, ε)

dt
= −∆PL(t, ε)Ã(t, ε)− ÃT(t, ε)∆PL(t, ε)

+
(

P(t, ε)− P1(t, ε)
)(

ε2S(t, ε)
)(

P(t, ε)− P1(t, ε)
)
, t ∈ [0, t f ], ∆PL(t f , ε) = 0, (87)

where P1(t, ε) is given by (33).
Solving the problem (87) and using the results of [44], we have

∆PL(t, ε) =
∫ t

t f

ΓT(σ, t, ε)
(

P(σ, ε)− P1(σ, ε)
)(

ε2S(σ, ε)
)(

P(σ, ε)− P1(t, ε)
)
Γ(σ, t, ε)dσ,

0 ≤ t ≤ σ ≤ t f , ε ∈ (0, ε20],

(88)

where for any given t ∈ [0, t f ) and ε ∈ (0, ε20], the matrix-valued function Γ(σ, t, ε) is the unique
solution of the terminal-value problem

dΓ(σ, t, ε)

dσ
= Ã(σ, ε)Γ(σ, t, ε), σ ∈ [t, t f ], Γ(t, t, ε) = In. (89)

Based on the results of [45] and using the inequalities in (23) and the equations (33),(36),(81), we
obtain the following estimate of Γ(t, σ, ε) for all 0 ≤ t ≤ σ ≤ t f :∥∥Γ(σ, t, ε)

∥∥ ≤ bΓ exp
(

βΓ(t − σ)/ε
)
, ε ∈ (0, ε30], (90)

where 0 < ε30 ≤ ε20 is some sufficiently small number; bΓ > 0 and βΓ > 0 are some constants
independent of ε.

Using the equations (16),(88), as well as Lemma 3 and the inequality (90), we directly obtain the
inequality ∥∥∆PL(t, ε)

∥∥ ≤ aLε5, t ∈ [0, t f ], ε ∈ (0, ε30], (91)

where aL > 0 is some constant independent of ε.
Thus, the equation (86) and the inequality (91) immediately yield the statement of the lemma,

which completes its proof.

Lemma 8. Let the assumptions A1-A3 and the case I (see the equation (23)) be valid. Then, for all ε ∈ (0, ε30]

(ε30 > 0 is introduced in Lemma 7), the following inequalities are satisfied:∥∥εp(t, ε)− η̃(t, ε)
∥∥ ≤ aηε5, t ∈ [0, t f ], (92)

∣∣s(0, ε)− κ̃(0, ε)
∣∣ ≤ aκ,1ε4 + aκ,2ε5,

aκ,1
△
=

1
4

b2
10t f , aκ,2

△
= aη

(
1
4

t f +
∫ t f

0

∥∥ f (σ)
∥∥dσ

)
,

(93)
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where p(t, ε) and s(t, ε) are the solutions of the terminal-value problems (28) and (29) mentioned in Lemma 4
and Lemma 5, respectively; aη > 0 is some constant independent of ε; the constant b10 > 0 is introduced in
Lemma 4.

Proof. We start the proof with the inequality (92).
For any ε ∈ (0, ε30], let us consider the vector-valued function

∆pη(t, ε)
△
= εp(t, ε)− η̃(t, ε), t ∈ [0, t f ]. (94)

Using the problems (28) and (83), we obtain after a routine rearrangement the terminal-value
problem for ∆pη(t, ε)

d∆pη(t, ε)

dt
= −ÃT(t, ε)∆pη(t, ε) + 2

(
L̃(t, ε)− εP(t, ε)

)
f (t)

+
(
εP(t, ε)− L̃(t, ε)

)(
εS(t, ε)

)
p1(t, ε) +

(
P(t, ε)− P1(t, ε)

)(
ε2S(t, ε)

)(
p(t, ε)− p1(t, ε)

)
,

t ∈ [0, t f ], ∆pη(t f , ε) = 0,

(95)

where P1(t, ε) and p1(t, ε) are given by (33) and (61), respectively.
Solving the problem (95), we have

∆pη(t, ε) =
∫ t

t f

ΓT(σ, t, ε)
[
2
(

L̃(σ, ε)− εP(σ, ε)
)

f (σ)

+
(
εP(σ, ε)− L̃(σ, ε)

)(
εS(σ, ε)

)
p1(σ, ε)

+
(

P(σ, ε)− P1(σ, ε)
)(

ε2S(σ, ε)
)(

p(σ, ε)− p1(σ, ε)
)]

dσ,

0 ≤ t ≤ σ ≤ t f , ε ∈ (0, ε30],

where for any given t ∈ [0, t f ) and ε ∈ (0, ε20], the matrix-valued function Γ(σ, t, ε) is the unique
solution of the terminal-value problem (89).

Using Lemmas 3, 4, 7 and the inequality (90), we obtain the inequality∥∥∆pη(t, ε)
∥∥ ≤ aηε5, t ∈ [0, t f ], ε ∈ (0, ε30], (96)

where aη > 0 is some constant independent of ε.
The equation (94) and the inequality (96) directly imply the inequality (92).
Proceed to the proof of the inequality (93). From the equation (19), we have

s(0, ε) =
∫ 0

t f

[
1
4

pT(σ, ε)
(

In − ε2Sv(σ)
)

p(σ, ε)− ε f T(σ)p(σ, ε)

]
dσ.

Using the equations (16),(81),(84), we obtain

κ̃(0, ε) = −
∫ 0

t f

[
f T(σ)η̃(σ, ε)− 1

2ε
pT

1 (σ, ε)
(

In − ε2Sv(t)
)
η̃(σ, ε)

+
1
4

pT
1 (σ, ε)

(
In − ε2Sv(t)

)
p1(σ, ε)

]
dσ.

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 3 July 2025 doi:10.20944/preprints202507.0210.v1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202507.0210.v1
http://creativecommons.org/licenses/by/4.0/


22 of 53

Using these expressions for s(0, ε) and κ̃(0, ε), as well as the inequalities (62) and (92), we obtain
the following chain of the inequalities for all ε ∈ (0, ε30]:

∣∣s(0, ε)− κ̃(0, ε)
∣∣ ≤ ∫ t f

0

∥∥ f (σ)
∥∥∥∥εp(σ, ε)− η̃(σ, ε)

∥∥dσ

+
1
4

∫ t f

0

∣∣∣∣pT(σ, ε)
(

In − ε2Sv(σ)
)

p(σ, ε)

−2
ε

pT
1 (σ, ε)

(
In − ε2Sv(σ)

)(
εp(σ, ε) + η̃(σ, ε)− εp(σ, ε)

)
+pT

1 (σ, ε)
(

In − ε2Sv(σ)
)

p1(σ, ε)

∣∣∣∣dσ

≤
(

aη

∫ t f

0

∥∥ f (σ)
∥∥dσ

)
ε5

+
1
4

∫ t f

0

∣∣∣(p(σ, ε)− p1(σ, ε)
)T(In − ε2Sv(σ)

)(
p(σ, ε)− p1(σ, ε)

)∣∣∣dσ

+
1
4

∫ t f

0

∥∥εp(σ, ε)− η̃(σ, ε)
∥∥dσ

≤
(

aη

∫ t f

0

∥∥ f (σ)
∥∥dσ

)
ε5 +

1
4

b2
10t f ε4 +

1
4

aηt f ε5,

which directly yields the inequality (93).
Thus, the lemma is proven.

Theorem 2. Let the assumptions A1-A3 and the case I (see the equation (23)) be valid. Then, for all ε ∈ (0, ε30]

(ε30 > 0 is introduced in Lemma 7), the following inequality is satisfied:

∣∣J∗ε (z0)− J̃(z0)
∣∣ ≤ ε4

(
aκ,1 +

(
aL
∥∥z0
∥∥2

+ aη

∥∥z0
∥∥+ aκ,2

)
ε
)

.

Proof. The statement of the theorem directly follows from the equations (32),(85) and Lemmas 7, 8.

Remark 11. Due to Theorem 2, the outcome J̃(z0) of the CCDG, generated by the pair of the controls(
ũε(z, t), ṽε(z, t)

)
, approximate the CCDG value J∗ε (z0) with a high accuracy for all sufficiently small ε > 0.

This observation allows us to call the pair
(
ũε(z, t), ṽε(z, t)

)
an approximate-saddle point in the CCDG.

5.7. Proof of Lemma 6

First, let us calculate the value J̃(z0) using its definition, i.e., the equations (79)-(80).
Solving the initial-value problem (79), we obtain

z(t) = z(t, ε) = Γ(t, 0, ε)

[
z0 +

∫ t

0
Γ−1(σ, 0, ε) f̃ (σ, ε)dσ

]
, t ∈ [0, t f ], ε ∈ (0, ε20], (97)

where the n × n-matrix-valued function Γ(t, 0, ε) is given by the equation (89). This function can be
represented as:

Γ(t, 0, ε) =
(
Υ(0, ε)Υ−1(t, ε)

)T , t ∈ [0, t f ], (98)

where the n × n-matrix-valued function Υ(t, ε) is the unique solution of the terminal-value problem

dΥ(t, ε)

dt
= −ÃT(t, ε)Υ(t, ε), t ∈ [0, t f ], Υ(t f , ε) = In. (99)

Substituting (98) into (97), we obtain

z(t, ε) =
(
Υ−1(t, ε)

)T
[

ΥT(0, ε)z0 +
∫ t

0
ΥT(σ, ε) f̃ (σ, ε)dσ

]
, t ∈ [0, t f ].
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Substitution this expression of z(t, ε) into (80) yields after a routine rearrangement the following
expression for J̃(z0):

J̃(z0) = zT
0 H̃1(ε)z0 + zT

0 H̃2(ε) + H̃3(ε),

H̃1(ε)
△
= Υ(0, ε)

∫ t f

0
Υ−1(t, ε)D̃(t, ε)

(
Υ−1(t, ε)

)TdtΥT(0, ε),

H̃2(ε)
△
= 2Υ(0, ε)

∫ t f

0
Υ−1(t, ε)D̃(t, ε)

(
Υ−1(t, ε)

)T
∫ t

0
ΥT(σ, ε) f̃ (σ, ε)dσdt

+Υ(0, ε)
∫ t f

0
Υ−1(t, ε)g̃(t, ε)dt,

H̃3(ε)
△
=
∫ t f

0

[ ∫ t

0
f̃ T(σ, ε)Υ(σ, ε)dσΥ−1(t, ε)D̃(t, ε)

(
Υ−1(t, ε)

)T ×∫ t

0
ΥT(σ, ε) f̃ (σ, ε)dσ

]
dt

+
∫ t f

0

[ ∫ t

0
f̃ T(σ, ε)Υ(σ, ε)dσ

]
Υ−1(t, ε)g̃(t, ε)dt +

∫ t f

0
ẽ(t, ε)dt.

(100)

Now, let us calculate the expression in the right-hand side of the equation (85). To do this, we
should solve the terminal-value problems (82),(83) and (84).

Using (99), we obtain the solution of the problem (82) in the form

L̃(t, ε) = Υ(t, ε)
∫ t f

t
Υ−1(σ, ε)D̃(σ, ε)

(
Υ−1(σ, ε)

)TdσΥT(t, ε), t ∈ [0, t f ].

(101)

Substituting this expression for L̃(t, ε) into (83) and solving the resulting problem yield after some
rearrangement its solution as:

η̃(t, ε) = Υ(t, ε)

[
2
∫ t f

t

∫ t f

σ
Υ−1(ξ, ε)D̃(ξ, ε)

(
Υ−1(ξ, ε)

)TdξΥT(σ, ε) f̃ (σ, ε)dσ

+
∫ t f

t
Υ−1(σ, ε)g̃(σ, ε)dσ

]
= Υ(t, ε)

[
2
∫ t f

t
Υ−1(ξ, ε)D̃(ξ, ε)

(
Υ−1(ξ, ε)

)T
∫ ξ

t
ΥT(σ, ε) f̃ (σ, ε)dσdξ

+
∫ t f

t
Υ−1(σ, ε)g̃(σ, ε)dσ

]
, t ∈ [0, t f ].

(102)

Finally, substituting the above obtained expression for η̃(t, ε) into (84) and solving the resulting
problem, we have its solution in the form

κ̃(t, ε) = κ̃(t f , ε) + κ̃1(t, ε) + κ̃2(t, ε), t ∈ [0, t f ],

κ̃1(t)
△
= 2

∫ t f

t
f̃ T(σ, ε)Υ(σ, ε)

[ ∫ t f

σ
Υ−1(ξ, ε)D̃(ξ, ε)

(
Υ−1(ξ, ε)

)T ×∫ ξ

σ
ΥT(σ1, ε) f̃ (σ1, ε)dσ1dξ

]
dσ,

κ̃2(t)
△
=
∫ t f

t
f̃ T(σ, ε)Υ(σ, ε)

∫ t f

σ
Υ−1(σ1, ε)g̃(σ1, ε)dσ1dσ.

(103)
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Let us show that κ̃1(t, ε) can be represented as:

κ̃1(t, ε) =
∫ t f

t

[ ∫ ξ

t
f̃ T(σ, ε)Υ(σ, ε)dσΥ−1(ξ, ε)D̃(ξ, ε)

(
Υ−1(ξ, ε)

)T ×∫ ξ

t
ΥT(σ, ε) f̃ (σ, ε)dσ

]
dξ, t ∈ [0, t f ].

(104)

First, we observe that κ̃1(t, ε), given in (103), and the expression in the right-hand side of (104)
become zero at t = t f . Differentiation of κ̃1(t, ε), given in (103), yields

dκ̃1(t, ε)

dt
= −2 f̃ T(t, ε)Υ(t, ε)

∫ t f

t
Υ−1(ξ, ε)D̃(ξ, ε)

(
Υ−1(ξ, ε)

)T ×∫ ξ

t
ΥT(σ1, ε) f̃ (σ1, ε)dσ1dξ, t ∈ [0, t f ].

The same expression is obtained by the differentiation of the function in the right-hand side of (104).
This feature, along with the aforementioned observation, immediately yields the validity of (104).

Now, using the equation (100) and the equations (101)-(104), we obtain the following equalities:

L̃(0, ε) = H̃1(ε), η̃(0, ε) = H̃2(ε), κ̃(0, ε) = H̃3(ε), ε ∈ (0, ε20].

These equalities directly yield the statement of the lemma.

6. Asymptotic Solution of the CCDG in the Case II
6.1. Transformation of the Terminal-Value Problems (17)-(19)

As it was mentioned in Section 5.1, due to the equation (16), the differential equations in the
problems (17)-(19) have the singularities with respect to ε in their right-hand sides for ε = 0. To remove
these singularities, in Section 5.1 the transformations (25) and (26) of the variables in the problems
(17) and (18) were proposed. These transformations are applicable in the case I of the matrix Λ(t)
(see Remark 2 and the equation (23)). However, for the asymptotic analysis of the problems (17)-(19)
in the case II (see the equation (24)), we need in another transformations allowing to remove the
aforementioned singularities.

Namely, the transformation of the variable in the problem (17) is

K = K(t, ε) =

(
εK̂1(t, ε) ε2K̂2(t, ε)

ε2K̂T
2 (t, ε) ε2K̂3(t, ε)

)
, t ∈ [0, t f ], (105)

where, for all t ∈ [0, t f ] and sufficiently small ε > 0, the matrices K̂1(t, ε), K̂2(t, ε) and K̂3(t, ε) are of the
dimensions l × l, l × (n − l) and (n − l)× (n − l), respectively; K̂T

1 (t, ε) = K̂1(t, ε), K̂T
3 (t, ε) = K̂3(t, ε);

the functions K̂1(t, ε), K̂2(t, ε) and K̂3(t, ε) are new unknown matrix-valued functions.
The transformation of the variable in the problem (18) is

q = q(t, ε) =

(
εq̂1(t, ε)

εq̂2(t, ε)

)
, t ∈ [0, t f ], (106)

where, for all t ∈ [0, t f ] and sufficiently small ε > 0, the vectors q̂1(t, ε) and q̂2(t, ε) are of the dimensions
l and (n − l), respectively; the functions q̂1(t, ε) and q̂2(t, ε) are new unknown vector-valued functions.
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Let us partition the matrices A(t), Sv(t) and Λ(t) into blocks as follows:

A(t) =

(
A1(t) A2(t)
A3(t) A4(t)

)
, Sv(t) =

(
Sv1(t) Sv2(t)
ST

v2(t) Sv3(t)

)
, Λ(t) =

(
Λ1(t) 0
0 0

)
,

t ∈ [0, t f ],

(107)

where the matrices A1(t), A2(t), A3(t) and A4(t) are of the dimensions l × l, l × (n − l), (n − l)× l
and (n − l)× (n − l), respectively; the matrices Sv1(t), Sv2(t) and Sv3(t) are of the dimensions l × l,
l × (n − l) and (n − l)× (n − l), respectively; ST

v1(t) = Sv1(t), ST
v3(t) = Sv3(t); the matrix Λ1(t) has

the form

Λ1(t) = diag
(
λ1(t), ..., λl(t)

)
.

Using the equations (16),(105),(107), we can rewrite the terminal-value problem (17) in the follow-
ing equivalent form:

ε
dK̂1(t, ε)

dt
= −εK̂1(t, ε)A1(t)− ε2K̂2(t, ε)A3(t)− εAT

1 (t)K̂1(t, ε)

−ε2 AT
3 (t)K̂

T
2 (t, ε) +

(
K̂1(t, ε)

)2 − ε2K̂1(t, ε)Sv1(t)K̂1(t, ε)− ε3K̂2(t, ε)ST
v2(t)K̂1(t, ε)

−ε3K̂1(t, ε)Sv2(t)K̂T
2 (t, ε) + ε2K̂2(t, ε)K̂T

2 (t, ε)− ε4K̂2(t, ε)Sv3(t)K̂T
2 (t, ε)− Λ1(t),

t ∈ [0, t f ], K̂1(t f , ε) = 0,

(108)

ε
dK̂2(t, ε)

dt
= −K̂1(t, ε)A2(t)− εK̂2(t, ε)A4(t)− εAT

1 (t)K̂2(t, ε)

−εAT
3 (t)K̂3(t, ε) + K̂1(t, ε)K̂2(t, ε)− ε2K̂1(t, ε)Sv1(t)K̂2(t, ε)− ε3K̂2(t, ε)ST

v2(t)K̂2(t, ε)

−ε2K̂1(t, ε)Sv2(t)K̂3(t, ε) + εK̂2(t, ε)K̂3(t, ε)− ε3K̂2(t, ε)Sv3(t)K̂3(t, ε),

t ∈ [0, t f ], K̂2(t f , ε) = 0,

(109)

dK̂3(t, ε)

dt
= −K̂T

2 (t, ε)A2(t)− K̂3(t, ε)A4(t)− AT
2 (t)K̂2(t, ε)

−AT
4 (t)K̂3(t, ε) + K̂T

2 (t, ε)K̂2(t, ε)− ε2K̂T
2 (t, ε)Sv1(t)K̂2(t, ε)− ε2K̂3(t, ε)ST

v2(t)K̂2(t, ε)

−ε2K̂T
2 (t, ε)Sv2(t)K̂3(t, ε) +

(
K̂3(t, ε)

)2 − ε2K̂3(t, ε)Sv3(t)K̂3(t, ε),

t ∈ [0, t f ], K̂3(t f , ε) = 0.

(110)

Let us partition the vector f (t) into blocks as:

f (t) =

(
f1(t)
f2(t)

)
, t ∈ [0, t f ], (111)

where the vectors f1(t) and f2(t) are of the dimensions l and (n − l), respectively.
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Using the equations (16),(105),(106),(107),(111), we can rewrite the terminal-value problem (18) in
the following equivalent form:

ε
dq̂1(t, ε)

dt
=
(
K̂1(t, ε)− εAT

1 (t)− ε2K̂1(t, ε)Sv1(t)− ε3K̂2(t, ε)ST
v2(t)

)
q̂1(t, ε)

−ε
(

AT
3 (t)− K̂2(t, ε) + εK̂1(t, ε)Sv2(t) + ε2K̂2(t, ε)Sv3(t)

)
q̂2(t, ε)

−2εK̂1(t, ε) f1(t)− 2ε2K̂2(t, ε) f2(t), t ∈ [0, t f ], q̂1(t f , ε) = 0,

(112)

dq̂2(t, ε)

dt
= −

(
AT

2 (t)− K̂T
2 (t, ε) + ε2K̂T

2 (t, ε)Sv1(t) + ε2K̂3(t, ε)ST
v2(t)

)
q̂1(t, ε)

−
(

AT
4 (t)− K̂3(t, ε) + ε2K̂T

2 (t, ε)Sv2(t) + ε2K̂3(t, ε)Sv3(t)
)
q̂2(t, ε)

−2εK̂T
2 (t, ε) f1(t)− 2εK̂3(t, ε) f2(t), t ∈ [0, t f ], q̂2(t f , ε) = 0.

(113)

Finally, using the equations (16),(106),(107),(111), we can rewrite the terminal-value problem (19)
in the following equivalent form:

ds(t, ε)

ds
=

1
4
(
q̂T

1 (t, ε)q̂1(t, ε) + q̂T
2 (t, ε)q̂2(t, ε)

)
− ε2

4

(
q̂T

1 (t, ε)Sv1(t)q̂1(t, ε) + q̂T
1 (t, ε)Sv2(t)q̂2(t, ε)

+q̂T
2 (t, ε)ST

v2(t)q̂1(t, ε) + q̂T
2 (t, ε)Sv3(t)q̂2(t, ε)

)
−ε
(

f T
1 (t)q̂1(t, ε) + f T

2 (t)q̂2(t, ε)
)
, t ∈ [0, t f ], s(t f , ε) = 0.

(114)

6.2. Asymptotic Solution of the Terminal-Value Problem (108)-(110)

Similarly to the problem (27), the problem (108)-(110) also is singularly perturbed. However, in
contrast with the former, the latter contains both, fast and slow, state variables. Namely, the state
variables K̂1(t, ε) and K̂2(t, ε), derivatives of which are multiplied by the small parameter ε > 0, are
fast state variables, while the state variable K̂3(t, ε) is a slow state variable.

Similarly to (33)-(34), we look for the first-order asymptotic solution of (108)-(110) in the form

K̂i,1(t, ε) = K̂o
i,0(t) + K̂b

i,0(τ) + ε
(
K̂o

i,1(t) + K̂b
i,1(τ)

)
, τ =

t − t f

ε
, i = 1, 2, 3. (115)

The terms in (115) have the same meaning as the corresponding terms in (33). These terms are
obtained substituting K̂i,1(t, ε) into the problem (108)-(110) instead of K̂i(t, ε), (i = 1, 2, 3) and equating
the coefficients for the same power of ε on both sides of the resulting equations, separately depending
on t and on τ.

6.2.1. Obtaining the Boundary Correction K̂b
3,0(τ)

This boundary correction satisfies the equation

dK̂b
3,0(τ)

dτ
= 0, τ ≤ 0. (116)
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To obtain a unique solution of this equation, we need an additional condition on K̂b
3,0(τ). By

virtue of the Boundary Function Method [37], such a condition is: K̂b
3,0(τ) → 0 for τ → −∞. Subject to

this condition, the equation (116) yields the solution

K̂b
3,0(τ) = 0, τ ≤ 0. (117)

6.2.2. Obtaining the Outer Solution Terms K̂o
1,0(t), K̂o

2,0(t), K̂o
3,0(t)

For these terms, we have the following equations in the time-interval [0, t f ]:

0 =
(
K̂o

1,0(t)
)2 − Λ1(t), (118)

0 = −K̂o
1,0(t)A2(t) + K̂o

1,0(t)K̂
o
2,0(t), (119)

dK̂o
3,0(t)
dt

= −
(
K̂o

2,0(t)
)T A2(t)− K̂o

3,0(t)A4(t)− AT
2 (t)K̂

o
2,0(t)

−AT
4 (t)K̂

o
3,0(t) +

(
K̂o

2,0(t)
)TK̂o

2,0(t) +
(
K̂o

3,0(t)
)2, K̂o

3,0(t f ) = 0.

(120)

The equation (118) yields the solution

K̂o
1,0(t) = Λ1/2

1 (t) = diag
(
λ1/2

1 (t), ..., λ1/2
l (t)

)
, t ∈ [0, t f ]. (121)

Solving the equation (119) and taking into account the invertibility of K̂o
1,0(t) = Λ1/2

1 (t) for all
t ∈ [0, t f ], we obtain

K̂o
2,0(t) = A2(t), t ∈ [0, t f ]. (122)

Substitution of (122) into (120) yields the following terminal-value problem with respect to K̂o
3,0(t):

dK̂o
3,0(t)
dt

= −K̂o
3,0(t)A4(t)− AT

4 (t)K̂
o
3,0(t) +

(
K̂o

3,0(t)
)2 − AT

2 (t)A2(t),

t ∈ [0, t f ], K̂o
3,0(t f ) = 0.

(123)

Since AT
2 (t)A2(t) is a positive definite/positive semidefinite matrix for all t ∈ [0, t f ], then by

virtue of the results of [46], the problem (123) has the unique solution K̂o
3,0(t) in the entire interval

[0, t f ].

6.2.3. Obtaining the Boundary Corrections K̂b
1,0(τ) and K̂b

2,0(τ)

Using the equations (121) and (122), we derive the following terminal-value problem for these
corrections:

dK̂b
1,0(τ)

dτ
= K̂b

1,0(τ)Λ
1/2
1 (t f ) + Λ1/2

1 (t f )K̂b
1,0(τ) +

(
K̂b

1,0(τ)
)2, τ ≤ 0,

K̂b
1,0(0) = −K̂o

1,0(t f ) = −Λ1/2
1 (t f ),

(124)
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dK̂b
2,0(τ)

dτ
=
(
Λ1/2

1 (t f ) + K̂b
1,0(τ)

)
K̂b

2,0(τ), τ ≤ 0,

K̂b
2,0(0) = −K̂o

2,0(t f ) = −A2(t f ).

(125)

This problem consists of two subproblems, which can be solved consecutively. First, the subprob-
lem (124) is solved. Then, using its solution K̂b

1,0(τ), the subproblem (125) is solved. The subproblem
(124) is a terminal-value problem for a Bernoulli-type matrix differential equation (see, e.g., [42])
yielding the unique solution

K̂b
1,0(τ) = −2Λ1/2

1 (t f ) exp
(
2Λ1/2

1 (t f )τ
)[

Il + exp
(

2Λ1/2
1 (t f )τ

)]−1
, τ ≤ 0. (126)

Substituting (126) into the subproblem of (125) and solving the obtained terminal-value problem
with respect to K̂b

2,0(τ) yield

K̂b
2,0(τ) = −2 exp

(
Λ1/2

1 (t f )τ
)[

Il + exp
(
2Λ1/2

1 (t f )τ
)]−1

A2(t f ), τ ≤ 0. (127)

Since the matrix Λ1/2
1 (t f ) is positive definite, the matrix-valued functions K̂b

1,0(τ) and K̂b
2,0(τ) are

exponentially decaying, i.e.,∥∥K̂b
1,0(τ)

∥∥ ≤ â1,0 exp(2β̂τ),
∥∥K̂b

2,0(τ)
∥∥ ≤ â2,0 exp(β̂τ), τ ≤ 0, (128)

where â1,0 > 0 and â2,0 > 0 are some constants;

β̂ = min
i∈{1,...,l}

λ1/2
i (t f ) > 0. (129)

6.2.4. Obtaining the Boundary Correction K̂b
3,1(τ)

Using the equations (117) and (122) yields after a routine algebra the equation for this boundary
correction

dK̂b
3,1(τ)

dτ
=
(
K̂b

2,0(τ)
)TK̂b

2,0(τ), τ ≤ 0. (130)

Substituting (127) into (130) and taking into account the diagonal form of the matrix Λ1/2
1 (t), we

obtain the following differential equation for K̂b
3,1(τ):

dK̂b
3,1(τ)

dτ
= 4AT

2 (t f ) exp
(
2Λ1/2

1 (t f )τ
)[

Il + exp
(
2Λ1/2

1 (t f )τ
)]−2

A2(t f ), τ ≤ 0.

Solution of this equation with an unknown value K̂b
3,1(0) is

K̂b
3,1(τ) = K̂b

3,1(0) + AT
2 (t f )Λ

−1/2
1 (t f )A2(t f )

−2AT
2 (t f )Λ

−1/2
1 (t f )

[
Il + exp

(
2Λ1/2

1 (t f )τ
)]−1

A2(t f ), τ ≤ 0, (131)

where Λ−1/2
1 (t f ) is the inverse matrix to the matrix Λ1/2

1 (t f ).
Due to the Boundary Function Method [37], we choose the unknown matrix K̂b

3,1(0) such that
K̂b

3,1(τ) → 0 for τ → −∞. Thus, using (131) and taking into account the positive definiteness of the

matrix Λ1/2
1 (t f ), we have

lim
τ→−∞

K̂b
3,1(τ) = K̂b

3,1(0)− AT
2 (t f )Λ

−1/2
1 (t f )A2(t f ) = 0,
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implying

K̂b
3,1(0) = AT

2 (t f )Λ
−1/2
1 (t f )A2(t f ).

The latter, along with the equation (131), yields after a routine rearrangement

K̂b
3,1(τ) = 2AT

2 (t f )Λ
−1/2
1 (t f ) exp

(
2Λ1/2

1 (t f )τ
)[

Il + exp
(
2Λ1/2

1 (t f )τ
)]−1

A2(t f ), (132)

where τ ≤ 0.
Since Λ1/2

1 (t f ) is a positive definite matrix, the matrix-valued function K̂b
3,1(τ) exponentially

decays for τ → −∞, i.e., ∥∥K̂b
3,1(τ)

∥∥ ≤ â3 exp(2β̂τ), τ ≤ 0, (133)

where â3 > 0 is some constant; the constant β̂ > 0 is given by (129).

6.2.5. Obtaining the Outer Solution Terms K̂o
1,1(t), K̂o

2,1(t), K̂o
3,1(t)

Using the equations (121), (122) and (132) we have the following equations for these terms in the
time-interval [0, t f ]:

dΛ1/2
1 (t)
dt

= −Λ1/2
1 (t)A1(t)− AT

1 (t)Λ
1/2
1 (t) + Λ1/2

1 (t)K̂o
1,1(t) + K̂o

1,1(t)Λ
1/2
1 (t), (134)

dA2(t)
dt

= −A2(t)A4(t)− AT
1 (t)A2(t)

−AT
3 (t)K̂

o
3,0(t) + Λ1/2

1 (t)K̂o
2,1(t) + A2(t)K̂o

3,0(t),

(135)

dK̂o
3,1(t)
dt

= K̂o
3,1(t)

(
K̂o

3,0(t)− A4(t)
)
+
(
K̂o

3,0(t)− AT
4 (t)

)
K̂o

3,1(t),

K̂o
3,1(t f ) = −K̂b

3,1(0) = −AT
2 (t f )Λ

−1/2
1 (t f )A2(t f ).

(136)

Using the results of [43] and taking into account the equation (24), we obtain the solution of the
equation (134)

K̂o
1,1(t) =

∫ +∞

0
exp

(
− Λ1/2

1 (t)ξ
)[dΛ1/2

1 (t)
dt

+Λ1/2
1 (t)A1(t) + AT

1 (t)Λ
1/2
1 (t)

]
exp

(
− Λ1/2

1 (t)ξ
)
dξ, t ∈ [0, t f ].

(137)

Furthermore, taking into account the invertibility of the matrix Λ1/2
1 (t) for all t ∈ [0, t f ], we obtain

the solution of the equation (135)

K̂o
2,1(t) = Λ−1/2

1 (t)
[

dA2(t)
dt

+ A2(t)A4(t) + AT
1 (t)A2(t)

+AT
3 (t)K̂

o
3,0(t)− A2(t)K̂o

3,0(t)
]

, t ∈ [0, t f ].

(138)
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Finally, solving the problem (136), we obtain

K̂o
3,1(t) = −Φ̂(t)AT

2 (t f )Λ
−1/2
1 (t f )A2(t f )Φ̂

T(t), t ∈ [0, t f ], (139)

where the matrix-valued function Φ̂(t) satisfies the terminal-value problem

dΦ̂(t)
dt

=
(
K̂o

3,0(t)− AT
4 (t)

)
Φ̂(t), t ∈ [0, t f ], Φ̂(t f ) = Il . (140)

6.2.6. Obtaining the Boundary Corrections K̂b
1,1(τ) and K̂b

2,1(τ)

The correction K̂b
1,1(τ) satisfies the following terminal-value problem:

dK̂b
1,1(τ)

dτ
=
(
K̂o

1,0(t f ) + K̂b
1,0(τ)

)
K̂b

1,1(τ) + K̂b
1,1(τ)

(
K̂o

1,0(t f ) + K̂b
1,0(τ)

)
+ Ψ̂1(τ),

τ ≤ 0, K̂b
1,1(0) = −K̂o

1,1(t f ),

(141)

where

Ψ̂1(τ) =

(
τ

dK̂o
1,0(t)
dt

∣∣∣∣
t=t f

+ K̂o
1,1(t f )− AT

1 (t f )

)
K̂b

1,0(τ)

+K̂b
1,0(τ)

(
τ

dK̂o
1,0(t)
dt

∣∣∣∣
t=t f

+ K̂o
1,1(t f )− A1(t f )

)
.

(142)

Due to the first inequality in (128), we can estimate the matrix-valued function Ψ̂1(τ) as:∥∥Ψ̂1(τ)
∥∥ ≤ âΨ,1 exp(β̂τ), τ ≤ 0, (143)

where âΨ,1 > 0 is some constant; the constant β̂ > 0 is given by (129).
Solving the problem (141) and using the results of [44] and the symmetry of the matrices K̂o

1,0(t),
K̂b

1,0(τ), we obtain similarly to (46)

K̂b
1,1(τ) = −Φ̂1(0, τ)K̂o

1,1(t f )Φ̂1(0, τ) +
∫ τ

0
Φ̂1(σ, τ)Ψ̂1(σ)Φ̂1(σ, τ)dσ, τ ≤ 0, (144)

where, for any τ ≤ 0, the n × n matrix-valued function Φ̂1(σ, τ) is the unique solution of the problem

dΦ̂1(σ, τ)

dσ
= −

(
K̂o

1,0(t f ) + K̂b
1,0(σ)

)
Φ̂1(σ, τ), σ ∈ [τ, 0], Φ̂1(τ, τ) = In. (145)

Solving this problem and taking into account the expressions for K̂o
1,0(t) and K̂b

1,0(τ) (see the
equations (121) and (126)), we have

Φ̂1(σ, τ) = exp
(
Λ1/2

1 (t f )(τ − σ)
)
Θ̂−1(τ)Θ̂(σ), 0 ≥ σ ≥ τ > −∞, (146)

where

Θ̂(χ) = In + exp
(
2Λ1/2

1 (t f )χ
)
, χ ≤ 0. (147)

The matrix-valued function Φ̂1(σ, τ) satisfies the inequality∥∥Φ̂1(σ, τ)
∥∥ ≤ âΦ,1 exp

(
β̂(τ − σ)

)
, 0 ≥ σ ≥ τ > −∞, (148)
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where âΦ,1 > 0 is some constant; the constant β̂ is given in (129).
Using the equation (144) and the inequalities (143),(148), we obtain the following estimate for

K̂b
1,1(τ):

∥∥K̂b
1,1(τ)

∥∥ ≤ â2
Φ,1

[∥∥K̂o
1,1(t f )

∥∥ exp(2β̂τ) +
âΨ,1

β̂
exp(β̂τ)

(
1 − exp(β̂τ)

)]
, τ ≤ 0, (149)

meaning that K̂b
1,1(τ) is an exponentially decaying function for τ → −∞.

Proceed to the correction K̂b
2,1(τ). Using the equation (122), we obtain after some rearrangement

the terminal-value problem for this correction

dK̂b
2,1(τ)

dτ
=
(
K̂o

1,0(t f ) + K̂b
1,0(τ)

)
K̂b

2,1(τ) + Ψ̂2(τ),

τ ≤ 0, K̂b
2,1(0) = −K̂o

2,1(t f ),

(150)

where

Ψ̂2(τ) =

(
τ

dK̂o
1,0(t)
dt

∣∣∣∣
t=t f

+ K̂o
1,1(t f ) + K̂b

1,1(τ)− AT
1 (t f )

)
K̂b

2,0(τ)

+K̂b
1,0(τ)K̂

o
2,1(t f )− K̂b

2,0(τ)A4(t f ).

(151)

The analysis and solution of the problem (150) is similar to the above presented analysis and
solution of the problem (141). Namely, the matrix-valued function Ψ̂2(τ) can be estimated as:∥∥Ψ̂2(τ)

∥∥ ≤ âΨ,2 exp
(
(β̂/2)τ

)
, τ ≤ 0, (152)

where âΨ,2 > 0 is some constant; the constant β̂ > 0 is given by (129).
The solution of the problem (150) is

K̂b
2,1(τ) = −Φ̂1(0, τ)K̂o

2,1(t f ) +
∫ τ

0
Φ̂1(σ, τ)Ψ̂2(σ)dσ, τ ≤ 0, (153)

where the matrix-valued function Φ̂1(σ, τ) is given by (145)-(147) and satisfies the inequality (148).
Using the equation (153) and the inequalities (152),(148), we obtain the following estimate of

K̂b
2,1(τ) for all τ ≤ 0:

∥∥K̂b
2,1(τ)

∥∥ ≤ âΦ,1

[∥∥K̂o
2,1(t f )

∥∥ exp(β̂τ) +
2âΨ,2

β̂
exp

(
(β̂/2)τ)

)(
1 − exp

(
(β̂/2)τ

))]
, (154)

meaning that K̂b
2,1(τ) is an exponentially decaying function for τ → −∞.

6.2.7. Justification of the Asymptotic Solution to the Problem (108)-(110)

Lemma 9. Let the assumptions A1-A3 and the case II (see the equation (24)) be valid. Then, there exists a
positive number ε̂10 such that, for all ε ∈ (0, ε̂10], the problem (108)-(110) has the unique solution K̂i(t, ε),
(i = 1, 2, 3), in the entire interval [0, t f ]. This solution satisfies the inequalities

∥∥K̂i(t, ε)− K̂i,1(t, ε)
∥∥ ≤ âK,iε

2,
t ∈ [0, t f ], where K̂i,1(t, ε), (i = 1, 2, 3), are given by (115); âK,i > 0, (i = 1, 2, 3), are some constants
independent of ε.
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Proof. Let us make the transformation of variables in the problem (108)-(110)

K̂i(t, ε) = K̂i,1(t, ε) + ∆K,i(t, ε), i = 1, 2, 3, (155)

where ∆K,i(t, ε), (i = 1, 2, 3) are new unknown matrix-valued functions.
Consider the block-form matrix-valued function

∆K(t, ε)
△
=

(
ε∆K,1(t, ε) ε2∆K,2(t, ε)

ε2∆T
K,2(t, ε) ε2∆K,3(t, ε)

)
. (156)

Substituting (155) into the problem (108)-(110), using the equations for the outer solution terms and
boundary corrections (see (117)-(120),(124)-(125),(130),(134)-(136),(141),(154)) and using the expressions
for the matrices S(t, ε), K(t, ε), A(t), Sv(t), Λ(t) (see the equations (16),(105), (107)) yield after a routine
algebra the terminal-value problem for ∆K(t, ε)

d∆K(t, ε)

dt
= −∆K(t, ε)ÂK(t, ε)− ÂT

K(t, ε)∆K(t, ε)

+∆K(t, ε)S(t, ε)∆K(t, ε)− D̂K(t, ε), t ∈ [0, t f ], ∆K(t f , ε) = 0, (157)

where

ÂK(t, ε) = A(t)− S(t, ε)K̂1(t, ε), K̂1(t, ε) =

(
εK̂1,1(t, ε) ε2K̂2,1(t, ε)

ε2K̂T
2,1(t, ε) ε2K̂3,1(t, ε)

)
; (158)

the matrix-valued function D̂K(t, ε) is expressed in a known form by the matrix-valued functions
K̂1(t, ε), Su(ε) and Sv(t); for any ε > 0, D̂K(t, ε) is a continuous function of t ∈ [0, t f ]; for any t ∈ [0, t f ]

and ε > 0, the matrix D̂K(t, ε) is symmetric.
Let us represent the matrix D̂K(t, ε) in the block form as:

D̂K(t, ε) =

(
D̂K,1(t, ε) D̂K,2(t, ε)

D̂T
K,2(t, ε) D̂K,3(t, ε)

)
,

where the dimensions of the blocks are the same as the dimensions of the corresponding blocks in the
matrix K̂1(t, ε).

Using the inequalities (128),(133),(149),(154), we obtain the following estimates for the blocks of
D̂K(t, ε):

∥D̂K,1(t, ε)∥ ≤ bD,1ε2, ∥D̂K,2(t, ε)∥ ≤ bD,2ε3,

∥D̂K,3(t, ε)∥ ≤ bD,3ε3[ε + exp
(
(β̂/2)τ)

)]
,

τ = (t − t f )/ε, t ∈ [0, t f ], ε ∈ (0, ε̂D],

(159)

where b̂D,i > 0, (i = 1, 2, 3), are some constants independent of ε; the constant β̂ > 0 is given by (129);
ε̂D > 0 is some sufficiently small number.

Due to the results of [44], we can rewrite the terminal-value problem (157) in the equivalent
integral form

∆K(t, ε) =
∫ t

t f

Ω̂T(σ, t, ε)
[
∆K(σ, ε)S(σ, ε)∆K(σ, ε)

−D̂K(σ, ε)
]
Ω̂(σ, t, ε)dσ, t ∈ [0, t f ], ε ∈ (0, ε̂D], (160)
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where, for any given t ∈ [0, t f ] and ε ∈ (0, ε̂D], the n × n-matrix-valued function Ω̂(σ, t, ε) is the unique
solution of the problem

dΩ̂(σ, t, ε)

dσ
= ÂK(σ, ε)Ω̂(σ, t, ε), σ ∈ [t, t f ], Ω̂(t, t, ε) = In. (161)

Let Ω̂1(σ, t, ε), Ω̂2(σ, t, ε), Ω̂3(σ, t, ε) and Ω̂4(σ, t, ε) be the upper left-hand, upper right-hand,
lower left-hand and lower right-hand blocks of the matrix Ω̂(σ, t, ε) of the dimensions l × l, l × (n − l),
(n − l)× l and (n − l)× (n − l), respectively. By virtue of the results of [45], we have the following
estimates of these blocks for all 0 ≤ t ≤ σ ≤ t f :∥∥Ω̂1(σ, t, ε)

∥∥ ≤ bΩ
[
ε + exp

(
β̂(t − σ)/ε

)
],∥∥Ω̂k(σ, t, ε)

∥∥ ≤ bΩε, k = 2, 3,
∥∥Ω̂4(σ, t, ε)

∥∥ ≤ bΩ, ε ∈ (0, ε̂Ω],

(162)

where bΩ > 0 is some constant independent of ε; ε̂Ω > 0 is some sufficiently small number.
Applying the method of successive approximations to the equation (160), let us consider the

sequence of the matrix-valued functions
{

∆j
K(t, ε)

}+∞
j=0 given as:

∆j+1
K (t, ε) =

∫ t

t f

Ω̂T(σ, t, ε)
[
∆j

K(σ, ε)S(σ, ε)∆j
K(σ, ε)

−D̂K(σ, ε)
]
Ω̂(σ, t, ε)dσ, j = 0, 1, ..., t ∈ [0, t f ], ε ∈ (0, ε1], (163)

where ∆0
K(t, ε) = 0, t ∈ [0, t f ], ε ∈ (0, ε̂D]; the matrices ∆j

K(σ, ε) have the block form

∆j
K(σ, ε) =

(
ε∆j

K,1(t, ε) ε2∆j
K,2(t, ε)

ε2(∆j
K,2(t, ε)

)T
ε2∆j

K,3(t, ε)

)
, (j = 1, 2, ...),

and the dimensions of the blocks in each of these matrices are the same as the dimensions of the
corresponding blocks in (156).

Using the block representations of all the matrices appearing in the equation (163), as well as
using the inequalities (159) and (162 ), we obtain the existence of a positive number ε̂10 ≤ min{ε̂D, ε̂Ω}
such that for any ε ∈ (0, ε̂10] the sequence

{
∆j

K(t, ε)
}+∞

j=0 converges in the linear space of all n × n-
matrix-valued functions continuous in the interval [0, t f ]. Moreover, the following inequalities are
fulfilled:

∥∆j
K,i(t, ε)∥ ≤ âK,iε

2, i = 1, 2, 3, j = 1, 2, ..., t ∈ [0, t f ],

where âK,i > 0, (i = 1, 2, 3), are some constants independent of ε and j.
Thus, for any ε ∈ (0, ε̂10],

∆∗
K(t, ε)

△
= lim

j→+∞
∆j

K(t, ε) (164)

is a solution of the equation (160) and, therefore, of the problem (157) in the entire interval [0, t f ].
Moreover, this solution has the block form similar to (156) and satisfies the inequalities

∥∆∗
K,i(t, ε)∥ ≤ âK,iε

2, i = 1, 2, 3, t ∈ [0, t f ]. (165)

Since the right-hand side of the differential equation in the problem (157) is smooth w.r.t. ∆K uniformly
in t ∈ [0, t f ], this problem cannot have more than one solution. Therefore, ∆∗

K(t, ε) defined by (164)
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is the unique solution of the problem (157). This observation, along with the equation (155) and the
inequalities in (165), proves the lemma.

6.2.8. Comparison of the Asymptotic Solutions to the Terminal-Value Problem (17) in the Cases I and II

Comparing the asymptotic solutions of the problem (17) in the cases I and II, we can observe the
following.

In the case I, the problem (17) is reduced to the singularly perturbed terminal-value problem with
only fast state variable (see the equation (27)). This feature yields the uniform algorithm of constructing
the entire matrix asymptotic solution and the similar form of all its entries. In particular, the outer
solution terms are obtained from algebraic (not differential) equations. The zero-order (with respect to
ε) boundary corrections appear in all the entries of the asymptotic solution.

In the case II (in contrast with the case I), the problem (17) is reduced to the singularly perturbed
terminal-value problem with two types of the state variables: two fast matrix state variables and
one slow matrix state variable (see the equations (108)-(110)). In this case, the outer solution terms,
corresponding to the slow state variable, are obtained from differential equations. The zero-order (with
respect to ε) boundary correction, corresponding to the slow state variable, equals zero. The outer
solution terms, corresponding to the fast state variables, are obtained from algebraic equations. The
zero-order boundary corrections, corresponding to these state variables, are not zero.

The aforementioned observation means a considerable difference in the derivation and the form
of the asymptotic solutions to the problem (17) in the cases I and II.

Remark 12. For the particular block form of the matrix A(t), where A2(t) ≡ 0, A3(t) ≡ 0, A4(t) ≡ 0, the
second and third components of the solution to the problem (108)-(110) become identically zero, i.e., K̂2(t, ε) ≡ 0
and K̂3(t, ε) ≡ 0. Hence, the problem (108)-(110) is reduced to the much simpler terminal-value problem

ε
dK̂1(t, ε)

dt
= −εK̂1(t, ε)A1(t)− εAT

1 (t)K̂1(t, ε) +
(
K̂1(t, ε)

)2

−ε2K̂1(t, ε)Sv1(t)K̂1(t, ε)− Λ1(t), t ∈ [0, t f ], K̂1(t f , ε) = 0.

This problem has the same form as the terminal-value problem (27). The asymptotic solution of the latter can be
obtained from the asymptotics of K̂1(t, ε) by replacing there A1(t) with A(t) and Λ1(t) with Λ(t). However,
for the sake of the better readability of the paper (including more clear explanation of the differences between
the asymptotic analysis in the case I and in the case II), we present the case I as a separate case with the proper
details.

6.3. Asymptotic Solution of the Terminal-Value Problem (112)-(113)

Similarly to the problem (28), the problem (112)-(113) also is singularly perturbed. However, in
contrast with (28), the problem (112)-(113) contains not only a fast state variable but also a slow one.
Namely, the state variable q̂1(t, ε) is a fast state variable, while the state variable q̂2(t, ε) is a slow state
variable.

Similarly to (51), we look for the first-order asymptotic solution of (112)-(113) in the form

q̂k,1(t, ε) = q̂o
k,0(t) + q̂b

k,0(τ) + ε
(
q̂o

k,1(t) + q̂b
k,1(τ)

)
, τ =

t − t f

ε
, k = 1, 2. (166)

The terms in (166) have the same meaning as the corresponding terms in (51). These terms are
obtained substituting q̂k,1(t, ε) and K̂i,1(t, ε) into the problem (112)-(113) instead of q̂k(t, ε), (k = 1, 2),
and K̂i(t, ε), (i = 1, 2, 3), and equating the coefficients for the same power of ε on both sides of the
resulting equations, separately depending on t and on τ.
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6.3.1. Obtaining the Boundary Correction q̂b
2,0(τ)

This boundary correction satisfies the equation

dq̂b
2,0(τ)

dτ
= 0, τ ≤ 0,

which, subject to the condition limτ→−∞ q̂b
2,0(τ) = 0, yields the solution

q̂b
2,0(τ) = 0, τ ≤ 0. (167)

6.3.2. Obtaining the Outer Solution Terms q̂o
1,0(t) and q̂o

2,0(t)

Taking into account the equation (122), these terms satisfy the following equations:

0 = K̂o
1,0(t)q̂

o
1,0(t), t ∈ [0, t f ],

dq̂o
2,0(t)
dt

= −
(

AT
4 (t)− K̂o

3,0(t)
)
q̂o

2,0(t),

t ∈ [0, t f ], q̂o
2,0(t f ) = 0.

Solving these equations and taking into account that K̂o
1,0(t) = Λ1/2

1 (t) is an invertible matrix for
all t ∈ [0, t f ], we directly have

q̂o
1,0(t) = 0, q̂o

2,0(t) = 0, t ∈ [0, t f ]. (168)

6.3.3. Obtaining the Boundary Correction q̂b
1,0(τ)

Using the equation (168) yields the terminal-value problem for q̂b
1,0(τ)

dq̂b
1,0(τ)

dτ
= K̂o

1,0(t f )q̂b
1,0(τ), τ ≤ 0, q̂b

1,0(0) = 0,

implying

q̂b
1,0(τ) = 0, τ ≤ 0. (169)

6.3.4. Obtaining the Boundary Correction q̂b
2,1(τ)

Using the equations (167) and (169), we derive the equation for q̂b
2,1(τ)

dq̂b
2,1(τ)

dτ
= 0, τ ≤ 0,

which, subject to the condition limτ→−∞ q̂b
2,1(τ) = 0, yields the solution

q̂b
2,1(τ) = 0, τ ≤ 0. (170)

6.4. Obtaining the Outer Solution Terms q̂o
1,1(t) and q̂o

2,1(t)

Using the equations (122),(168) and (170), we have the equations for q̂o
1,1(t) and q̂o

2,1(t)

0 = K̂o
1,0(t)q̂

o
1,1(t)− 2K̂o

1,0(t) f1(t), t ∈ [0, t f ], (171)
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dq̂o
2,1(t)
dt

= −
(

AT
4 (t)− K̂o

3,0(t)
)
q̂o

2,1(t)− 2AT
2 (t) f1(t)− 2K̂o

3,0(t) f2(t),

t ∈ [0, t f ], q̂o
2,1(t f ) = 0.

(172)

The equation (171) yields immediately

q̂o
1,1(t) = 2 f1(t), t ∈ [0, t f ]. (173)

The terminal-value problem (172) has the unique solution q̂o
2,1(t) in the entire interval [0, t f ]

q̂o
2,1(t) = −2

∫ t

t f

Φ̂(t)Φ̂−1(σ)
[
AT

2 (σ) f1(σ) + K̂o
3,0(σ) f2(σ)

]
dσ, (174)

where the matrix-valued function Φ̂(t) is given by (140).

6.4.1. Obtaining the Boundary Correction q̂b
1,1(τ)

This correction satisfies the following terminal-value problem:

dq̂b
1,1(τ)

dτ
=
(
K̂o

1,0(t f ) + K̂b
1,0(τ)

)
q̂b

1,1(τ), τ ≤ 0, q̂b
1,1(0) = −q̂o

1,1(t f ) = −2 f1(t f ).

The solution of this problem is

q̂b
1,1(τ) = −2Φ̂1(0, τ) f1(t f ), τ ≤ 0, (175)

where the matrix-valued function Φ̂1(σ, τ) is given by (145)-(147) and satisfies the inequality (148).
This inequality, along with the equation (175), yields∥∥q̂b

1,1(τ)
∥∥ ≤ 2âΦ,1

∥∥ f1(t f )
∥∥ exp(β̂τ), τ ≤ 0. (176)

6.4.2. Justification of the Asymptotic Solution to the Problem (112)-(113)

Using the equations (166),(167),(168),(169),(170), we can rewrite the vector-valued functions
q̂1,1(t, ε) and q̂2,1(t, ε) as:

q̂1,1(t, ε) = ε
(
q̂o

1,1(t) + q̂b
1,1(τ)

)
, q̂2,1(t, ε) = εq̂o

2,1(t).

Using this equation, as well as the equations (171),(172),(175) and the inequality (176), we obtain
similarly to Lemma 9 the following assertion.

Lemma 10. Let the assumptions A1-A3 and the case II (see the equation (24)) be valid. Then, for all ε ∈
(0, ε̂10] (ε̂10 > 0 is introduced in Lemma 9), the terminal-value problem (112)-(113) has the unique solution
col
(
q̂1(t, ε), q̂2(t, ε)

)
in the entire interval [0, t f ]. Moreover, there exists a positive number ε̂20 ≤ ε̂10 such that,

for all ε ∈ (0, ε̂20], this solution satisfies the inequalities
∥∥q̂j(t, ε)− q̂j,1(t, ε)

∥∥ ≤ b̂q,jε
2, t ∈ [0, t f ], (j = 1, 2),

where b̂q,j > 0, (j = 1, 2), are some constants independent of ε.

6.4.3. Comparison of the Asymptotic Solutions to the Terminal-Value Problem (18) in the Cases I and II

Comparing the asymptotic solutions of the problem (18) in the cases I and II, we can observe the
following.

In the case I, the problem (18) is reduced (like the problem (17)) to the singularly perturbed
terminal-value problem with only fast state variable (see the equation (28)). This feature yields the
uniform algorithm of constructing the entire vector asymptotic solution and the similar form of all its
entries. In particular, the outer solution terms are obtained from algebraic (not differential) equations.
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The first-order (with respect to ε) boundary corrections appear in all the entries of the asymptotic
solution.

In the case II (in contrast with the case I), the problem (18) is reduced (like the problem (17)) to the
singularly perturbed terminal-value problem with two types of the state variables. The transformed
problem has one fast vector state variable and one slow vector state variable (see the equations (112)-
(113)). In this case, the outer solution terms, corresponding to the slow state variable, are obtained
from differential equations. The first-order (with respect to ε) boundary correction, corresponding to
the slow state variable, equals zero. The outer solution terms, corresponding to the fast state variable,
are obtained from algebraic equations. The first-order boundary correction, corresponding to this state
variable, is not zero.

The aforementioned observation means a considerable difference in the derivation and the form
of the asymptotic solutions to the problem (18) in the cases I and II.

Remark 13. Similarly to Remark 12, for the particular block form of the matrix A(t), where A2(t) ≡ 0,
A3(t) ≡ 0, A4(t) ≡ 0, the second component of the solution to the problem (112)-(113) becomes identically zero,
i.e., q̂2(t, ε) ≡ 0. Due to this feature and that K̂2(t, ε) ≡ 0, K̂3(t, ε) ≡ 0, the problem (112)-(113) is reduced to
the much simpler terminal-value problem

ε
dq̂1(t, ε)

dt
=
(
K̂1(t, ε)− εAT

1 (t)− ε2K̂1(t, ε)Sv1(t)
)
q̂1(t, ε)

−2εK̂1(t, ε) f1(t), t ∈ [0, t f ], q̂1(t f , ε) = 0,

This problem has the same form as the terminal-value problem (28). The asymptotic solution of the latter can
be obtained from the asymptotics of q̂1(t, ε) by replacing there f1(t) with f (t) and Φ̂1(σ, t) with Φ(σ, t) given
in (47). However, for the sake of the better readability of the paper (including more clear explanation of the
differences between the asymptotic analysis in the case I and in the case II), we present the case I as a separate
case with the proper details.

6.5. Asymptotic Solution of the Terminal-Value Problem (114)

Solving the problem (114) and taking into account Lemma 10, we obtain

s(t, ε) =
∫ t

t f

[
1
4
(
q̂T

1 (t, ε)q̂1(t, ε) + q̂T
2 (t, ε)q̂2(t, ε)

)
− ε2

4

(
q̂T

1 (t, ε)Sv1(t)q̂1(t, ε) + q̂T
1 (t, ε)Sv2(t)q̂2(t, ε)

+q̂T
2 (t, ε)ST

v2(t)q̂1(t, ε) + q̂T
2 (t, ε)Sv3(t)q̂2(t, ε)

)
−ε
(

f T
1 (t)q̂1(t, ε) + f T

2 (t)q̂2(t, ε)
)]

dσ, t ∈ [0, t f ], ε ∈ (0, ε̂20].

(177)

Let us consider the function

ŝ(t, ε)
△
= ε2

∫ t

t f

[
1
4

((
q̂o

1,1(σ)
)T q̂o

1,1(σ) +
(
q̂o

2,1(σ)
)T q̂o

2,1(σ)
)

− f T
1 (σ)q̂

o
1,1(σ)− f T

2 (σ)q̂
o
2,1(σ)

]
dσ, t ∈ [0, t f ], ε ∈ (0, ε̂20].
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Using(173), this function can be represented as:

ŝ(t, ε) = ε2
∫ t

t f

[
1
4
(
q̂o

2,1(σ)
)T q̂o

2,1(σ)− f T
1 (σ) f1(σ)− f T

2 (σ)q̂
o
2,1(σ)

]
dσ,

t ∈ [0, t f ], ε ∈ (0, ε̂20].

(178)

The following assertion is proven similarly to Lemma 5, using the equations (177),(178) and
Lemma 10.

Lemma 11. Let the assumptions A1-A3 and the case II (see the equation (24)) be valid. Then, for all ε ∈ (0, ε̂20]

(ε̂20 > 0 is introduced in Lemma 10), the following inequality is satisfied:∣∣s(t, ε)− ŝ(t, ε)
∣∣ ≤ ĉ10ε3, t ∈ [0, t f ], ε ∈ (0, ε̂20], (179)

where ĉ10 > 0 is some constant independent of ε.

Remark 14. Comparison of the equation (73) and Lemma 5 with the equation (178) and Lemma 11, respectively,
directly shows that the asymptotic solutions of the problem (19) in the cases I and II considerably differ from
each other. However, due to Remarks 12 and 13, if A2(t) ≡ 0, A3(t) ≡ 0, A4(t) ≡ 0, then the asymptotic
solution of the problem (19) in the case I is obtained from the asymptotic solution of this problem in the case II by
replacing A1(t) with A(t) and Λ1(t) with Λ(t).

6.6. Asymptotic Approximation of the CCDG value

Consider the following value, depending on z0:

J I I
app(z0)

△
= zT

0 K̂1(0, ε)z0 + zT
0 Q̂1(0, ε) + ŝ(0, ε), (180)

where K̂1(t, ε) is given in (158), ŝ(t, ε) is given by (178), and

Q̂1(t, ε) = col
(
εq̂1,1(t, ε), εq̂2,1(t, ε)

)
. (181)

Using the equations (22),(105),(106),(180), as well as Lemmas 9, 10 and 11, we directly have the
assertion.

Theorem 3. Let the assumptions A1-A3 and the case II (see the equation (24)) be valid. Then, for all ε ∈ (0, ε̂20]

(ε̂20 > 0 is introduced in Lemma 10), the following inequality is satisfied:∣∣J∗ε (z0)− J I I
app(z0)

∣∣ ≤ ε3(âK,1∥z0,1∥2 + b̂q,1∥z0,1∥+ b̂q,2∥z0,2∥+ ĉ10
)

+ε4(2âK,2∥z0,1∥∥z0,2∥+ âK,3∥z0,2∥2),
where z0,1 ∈ Rl is the upper block of the vector z0, while z0,2 ∈ Rn−l is lower block of the vector z0.

Consider the following matrix and vector:

K̄1(ε)
△
=

(
ε
(
K̂o

1,0(0) + εK̂o
1,1(0)

)
ε2(K̂o

2,0(0) + εK̂o
2,1(0)

)
ε2(K̂o

2,0(0) + εK̂o
2,1(0)

)T
ε2(K̂o

3,0(0) + εK̂o
3,1(0)

) ),

Q̄1(ε)
△
= col

(
ε2q̂o

1,1(0), ε2q̂o
2,1(0)

)
.

Based on these matrix and vector, let us construct the following value, depending on z0

J I I
app,1(z0)

△
= zT

0 K̄1(ε)z0 + zT
0 Q̄1(ε) + ŝ(0, ε). (182)

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 3 July 2025 doi:10.20944/preprints202507.0210.v1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202507.0210.v1
http://creativecommons.org/licenses/by/4.0/


39 of 53

Similarly to Corollary 2, we have the following assertion.

Corollary 3. Let the assumptions A1-A3 and the case II (see the equation (24)) be valid. Then, there exists a
positive number ε̌20 ≤ ε̂20 such that, for all ε ∈ (0, ε̌20], the following inequality is satisfied:∣∣J∗ε (z0)− J I I

app,1(z0)
∣∣ ≤ ε3(ǎK,1∥z0,1∥2 + b̌q,1∥z0,1∥+ b̌q,2∥z0,2∥+ ĉ10

)
+ε4(2ǎK,2∥z0,1∥∥z0,2∥+ ǎK,3∥z0,2∥2),

where ǎK,i > 0, (i = 1, 2, 3) and b̌q,k > 0, (k = 1, 2) are some constants independent of ε.

6.7. Approximate-Saddle Point of the CCDG

Consider the following controls of the minimizer and the maximizer, respectively:

ûε(z, t) = − 1
ε2 K̂1(t, ε)z − 1

2ε2 Q̂1(t, ε) ∈ U ,

v̂ε(z, t) = G−1
v (t)CT(t)K̂1(t, ε)z +

1
2

G−1
v (t)CT(t)Q̂1(t, ε) ∈ V ,

(z, t) ∈ Rn × [0, t f ], ε ∈ (0, ε20].

(183)

Remark 15. The controls ûε(z, t) and v̂ε(z, t) are obtained from the controls u∗
ε (z, t) and v∗ε (z, t) (see the

equations (20) and (21)) by replacing there K(t, ε) with K̂1(t, ε) and q(t, ε) with Q̂1(t, ε).
Due to the linearity of these controls with respect to z ∈ Rn for any t ∈ [0, t f ], ε ∈ (0, ε20] and their

continuity with respect to t ∈ [0, t f ] for any z ∈ Rn, ε ∈ (0, ε20], the pair
(
ûε(z, t), v̂ε(z, t)

)
is admissible in

the CCDG.

Substituting
(
u(t), v(t)) =

(
ûε

(
z(t), t

)
, v̂ε

(
z(t), t

))
into the system (6) and the cost functional

(7), using the equation (16) and taking into account the symmetry of the matrix K̂1(t, ε), we obtain
(similarly to (79)-(81)) the following system and cost functional:

dz(t)
dt

= ÂK(t, ε)z(t) + f̂ (t, ε), t ∈ [0, t f ], z(0) = z0, (184)

Ĵ(z0) =
∫ t f

0

[
zT(t)Λ̂(t, ε)z(t) + zT(t)ĝ(t, ε) + ê(t, ε)

]
dt, (185)

where ÂK(t, ε) is given in (158), and

f̂ (t, ε) = f (t)− 1
2

S(t, ε)Q̂1(t, ε),

Λ̂(t, ε) = Λ(t) + K̂1(t, ε)S(t, ε)K̂1(t, ε),

ĝ(t, ε) = K̂1(t, ε)S(t, ε)Q̂1(t, ε),

ê(t, ε) =
1
4
Q̂T

1 (t, ε)S(t, ε)Q̂1(t, ε).

Using these functions, we construct similarly to (82)-(84)) the following terminal-value problems:

dL̂(t, ε)

dt
= −L̂(t, ε)ÂK(t, ε)− ÂT

K(t, ε)L̂(t, ε)− Λ̂(t, ε), L̂(t, ε) ∈ Rn×n, t ∈ [0, t f ],

L̂(t f , ε) = 0,

(186)
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dη̂(t, ε)

dt
= −ÂT

K(t, ε)η̂(t, ε)− 2L̂(t, ε) f̂ (t, ε)− ĝ(t, ε), η̂(t, ε) ∈ Rn,

t ∈ [0, t f ], η̂(t f , ε) = 0,

(187)

dκ̂(t, ε)

dt
= − f̂ T(t, ε)η̂(t, ε), κ̂(t, ε) ∈ R, t ∈ [0, t f ],

κ̂(t f , ε) =
∫ t f

0
ê(σ, ε)dσ,

(188)

where ε ∈ (0, ε̂20].

Remark 16. Due to the linearity, the problem (186) has the unique solution L̂(t, ε) in the entire interval [0, t f ]

for all ε ∈ (0, ε̂20]. Therefore, the problems (187) and (188) also have the unique solutions η̂(t, ε) and κ̂(t, ε),
respectively, in the entire interval [0, t f ] for all ε ∈ (0, ε̂20].

Similarly to Lemma 6, we have the following assertion.

Lemma 12. The value Ĵ(z0), given by the equations (184)-(185), can be represented in the form

Ĵ(z0) = zT
0 L̂(0, ε)z0 + zT

0 η̂(0, ε) + κ̂(0, ε), ε ∈ (0, ε̂20]. (189)

Taking into account the symmetry of the matrix L̂(t, ε), let us represent this matrix in the block
form as:

L̂(t, ε) =

(
εL̂1(t, ε) ε2 L̂2(t, ε)

ε2 L̂T
2 (t, ε) ε2 L̂3(t, ε)

)
, (190)

where the matrices L̂1(t, ε), L̂2(t, ε) and L̂3(t, ε) are of the dimensions l × l, l × (n − l) and (n − l)×
(n − l), respectively; L̂T

1 (t, ε) = L̂1(t, ε), L̂T
3 (t, ε) = L̂3(t, ε)

Lemma 13. Let the assumptions A1-A3 and the case II (see the equation (24)) be valid. Then, there exists a
positive number ε̂30 ≤ ε̂20 (ε̂20 > 0 is introduced in Lemma 10) such that, for all ε ∈ (0, ε̂30] , the following
inequalities are satisfied:∥∥K̂i(t, ε)− L̂i(t, ε)

∥∥ ≤ âL,iε
4, i = 1, 2, 3, t ∈ [0, t f ], (191)

where
{

K̂1(t, ε), K̂2(t, ε), K̂3(t, ε)
}

is the solution of the terminal-value problem (108)-(110); the matrix-valued
function K(t, ε), given by (105), is the solution of the terminal-value problem (17); âL,i > 0, (i = 1, 2, 3), are
some constants independent of ε.

Proof. For any ε ∈ (0, ε̂20], let us consider the matrix-valued function

∆̂KL(t, ε)
△
= K(t, ε)− L̂(t, ε), t ∈ [0, t f ]. (192)

Similarly to (87), we obtain the terminal-value problem for ∆̂KL(t, ε)

d∆̂KL(t, ε)

dt
= −∆̂KL(t, ε)ÂK(t, ε)− ÂT

K(t, ε)∆̂KL(t, ε)

+
(
K(t, ε)− K̂1(t, ε)

)
S(t, ε)

(
K(t, ε)− K̂1(t, ε)

)
, t ∈ [0, t f ], ∆̂KL(t f , ε) = 0,

where K̂1(t, ε) is given in (158).
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Solving this terminal-value problem and using the results of [44], we have

∆̂KL(t, ε) =
∫ t

t f

Ω̂T(σ, t, ε)
(
K(σ, ε)− K̂1(σ, ε)

)
S(σ, ε)

(
K(σ, ε)− K̂1(t, ε)

)
Ω̂(σ, t, ε)dσ,

0 ≤ t ≤ σ ≤ t f , ε ∈ (0, ε̂20],

(193)

where for any given t ∈ [0, t f ) and ε ∈ (0, ε̂20], the matrix-valued function Ω̂(σ, t, ε) is the unique
solution of the terminal-value problem (161); the blocks of the matrix-valued function Ω̂(σ, t, ε) satisfy
the inequalities (162).

Using the equations (16),(105),(158),(190),(192),(193), as well as Lemma 9 and the inequalities
(162), we obtain by a routine algebra the validity of the inequalities in (191) with ε̂30 = min{ε̂20, ε̂Ω}.
This completes the proof of the lemma.

Let us represent the vector η̂(t, ε) in the block form as:

η̂(t, ε) =

(
εη̂1(t, ε)

εη̂2(t, ε)

)
, t ∈ [0, t f ], ε ∈ (0, ε̂20], (194)

where the vectors η̂1(t, ε) and η̂2(t, ε) are of the dimensions l and (n − l), respectively.

Lemma 14. Let the assumptions A1-A3 and the case II (see the equation (24)) be valid. Then, for all ε ∈ (0, ε̂30]

(ε̂30 > 0 is introduced in Lemma 13), the following inequalities are satisfied:∥∥q̂j(t, ε)− η̂j(t, ε)
∥∥ ≤ âη,jε

4, j = 1, 2, t ∈ [0, t f ], (195)

∣∣s(0, ε)− κ̂(0, ε)
∣∣ ≤ âκ,1ε4 + âκ,2ε5,

âκ,1
△
=

1
4
(
b̂2

q,1 + b̂2
q,2
)
t f , âκ,2

△
=
(
âη,1 + âη,2

)(1
4

t f +
∫ t f

0

∥∥ f (σ)
∥∥dσ

)
.

(196)

where col
(
q̂1(t, ε), q̂2(t, ε)

)
is the solution of the terminal-value problem (112)-(113); the vector-valued function

q(t, ε), given by (106), is the solutions of the terminal-value problems (18); the scalar function s(t, ε) is the
solutions of the terminal-value problem (19) and of the equivalent problem (114); âη,j > 0, (j = 1, 2) are some
constants independent of ε; the constants b̂q,1 > 0 and b̂q,2 > 0 are introduced in Lemma 10.

Proof. We start the proof with the inequalities (195).
For any ε ∈ (0, ε̂30], let us consider the vector-valued function

∆̂qη(t, ε)
△
= q(t, ε)− η̂(t, ε), t ∈ [0, t f ].

Similarly to (95), we obtain the terminal-value problem for ∆̂qη(t, ε)

d∆̂qη(t, ε)

dt
= −ÂT

K(t, ε)∆̂qη(t, ε) + 2
(

L̂(t, ε)− K(t, ε)
)

f (t)

+
(
K(t, ε)− L̂(t, ε)

)
S(t, ε)Q̂1(t, ε) +

(
K(t, ε)− K̂1(t, ε)

)
S(t, ε)

(
q(t, ε)− Q̂1(t, ε)

)
,

t ∈ [0, t f ], ∆qη(t f , ε) = 0,

where K̂1(t, ε) and Q̂1(t, ε) are given in (158) and (181), respectively.
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Solving this terminal-value problem, we have

∆̂qη(t, ε) =
∫ t

t f

ΩT(σ, t, ε)
[
2
(

L̂(σ, ε)− K(σ, ε)
)

f (σ)

+
(
K(σ, ε)− L̂(σ, ε)

)
S(σ, ε)Q̂1(σ, ε)

+
(
K(σ, ε)− K̂1(σ, ε)

)
S(σ, ε)

(
q(σ, ε)− Q̂1(σ, ε)

)]
dσ,

0 ≤ t ≤ σ ≤ t f , ε ∈ (0, ε̂30],

(197)

where for any given t ∈ [0, t f ) and ε ∈ (0, ε̂30], the matrix-valued function Ω(σ, t, ε) is the unique
solution of the terminal-value problem (161); the blocks of the matrix-valued function Ω̂(σ, t, ε) satisfy
the inequalities (162).

Using the equations (16),(105),(158),(181),(194),(197), as well as Lemmas 9, 10, Lemma 13 and the
inequalities (162), we obtain by a routine algebra the validity of the inequalities in (195).

The inequality (196) is shown similarly to the inequality (93) (see the proof of Lemma 8).
Thus, the lemma is proven.

Theorem 4. Let the assumptions A1-A3 and the case II (see the equation (24)) be valid. Then, for all ε ∈ (0, ε̂30]

(ε̂30 > 0 is introduced in Lemma 13), the following inequality is satisfied:

∣∣J∗ε (z0)− Ĵ(z0)
∣∣ ≤ ε4 âκ,1 + ε5

(
âL,1
∥∥z0,1

∥∥2
+ âη,1

∥∥z0,1
∥∥+ âη,2

∥∥z0,2
∥∥+ âκ,2

)
+ε6

(
2âL,2

∥∥z0,1
∥∥∥∥z0,2

∥∥+ âL,3
∥∥z0,2

∥∥2
)

.

Proof. The statement of the theorem directly follows from the equations (22),(189), as well as the
equations (105),(106),(190),(194) and Lemmas 13, 14.

Remark 17. Due to Theorem 4, the outcome Ĵ(z0) of the CCDG, generated by the pair of the controls(
ûε(z, t), v̂ε(z, t)

)
, approximate the CCDG value J∗ε (z0) with a high accuracy for all sufficiently small ε > 0.

This observation allows us to call the pair
(
ûε(z, t), v̂ε(z, t)

)
an approximate-saddle point in the CCDG.

7. Example
In this section, we consider a particular case of CCDG (see (6)-(7)) with the following data:

n = 2, m = 2, t f = 2, Λ(t) = Λ = diag(λ1, λ2).

A(t) = A =

(
1 − 1

−3 2

)
, C(t) = C =

(
4 0
0 4

)
, Gv(t) = Gv =

(
8 0
0 8

)
,

f (t) =

(
2t
t

)
, z0 =

(
1
1

)
.

(198)

In this example, the symmetric matrix-valued functions K(t, ε) and P(t, ε), given by the terminal-
value problems (17) and (27), respectively, are of the dimension 2 × 2. The vector-valued functions
q(t, ε) and p(t, ε), given by the terminal-value problems (18) and (28), respectively, have the dimension
2.
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7.1. Case I of the Matrix Λ

In this subsection, we treat the differential game (6)-(7),(198) in the case I (see (23)), i.e., for λ1 > 0
and λ2 > 0. We choose

λ1 = 9, λ2 = 9. (199)

We start the asymptotic solution of the differential game (6)-(7),(198),(199) with the asymptotic
solution of the terminal-value problem for P(t, ε) (see the equation (27)).

Using the equations (36),(38),(42) and the data of the example (198),(199), we directly have

Po
0 (t) = Po

0 = 3I2, Pb
0 (τ) = − 6 exp(6τ)

1 + exp(6τ)
I2, Po

1 (t) = Po
1 =

(
1 − 2

−2 2

)
. (200)

Proceed to obtaining Pb
1 (τ), which is based on the equations (44),(46),(47) and the data of the

example (198),(199).
Using the equations (44) and (200), we obtain by a routine matrix calculations that Ψ(τ) ≡ 0.

From (47) and (199), we have Φ(σ, τ) =

(
1+exp(6σ)

)
exp
(

3(τ−σ)
)

1+exp(6τ)
I2. Thus, due to (46),

Pb
1 (τ) = − 4 exp(6τ)(

1 + exp(6τ))2

(
1 − 2

−2 2

)
. (201)

From the above derived expressions for Pb
0 (τ) and Pb

1 (τ), we can see that both matrix-valued
functions exponentially decay for τ → −∞.

Based on the equations (33),(200),(201), let us construct the asymptotic solution P1(t, ε) of the
problem (27) subject to the data (198),(199). For this purpose, we represent this matrix-valued function
in the block form

P1(t, ε) =

(
P1,11(t, ε) P1,12(t, ε)

P1,12(t, ε) P1,22(t, ε)

)
. (202)

The latter yields

P1,11(t, ε) =

(
3 − 6 exp(6τ)

1 + exp(6τ)

)
+ ε

(
1 − 4 exp(6τ)(

1 + exp(6τ))2

)
,

P1,12(t, ε) = ε

(
−2 +

8 exp(6τ)(
1 + exp(6τ))2

)
,

P1,22(t, ε) =

(
3 − 6 exp(6τ)

1 + exp(6τ)

)
+ ε

(
2 − 8 exp(6τ)(

1 + exp(6τ))2

)
,

(203)

where τ = (t − t f )/ε = (t − 2)/ε.
In Figure 1, the absolute errors

∆Pij(ε) = max
t∈[0,t f ]

∣∣Pij(t, ε)− P1,ij(t, ε)
∣∣, {ij} = {11}, {12}, {22},

are depicted for ε ∈ [0.015, 0.1] along with their mutual estimate function 5ε2. The figure illustrates
Lemma 3.
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Figure 1. Absolute errors of the asymptotic expansion P1(t, ε) of P(t, ε).

Proceed to construction of the asymptotic solution to the terminal-value problem (28) subject to
the data (198),(199).

Using the equations (53),(55),(56),(59) and the equation (48), we obtain

po
0(t) ≡ 0, pb

0(τ) ≡ 0, po
1(t) =

(
4t
2t

)
, pb

1(τ) = − exp(3τ)

1 + exp(6τ)

(
16
8

)
.

Using these results, as well as the equation (51) and the block representation of the vector-valued
function p1(t, ε)

p1(t, ε) =

(
p1,1(t, ε)

p1,2(t, ε)

)
, (204)

we obtain

p1,1(t, ε) = ε

(
4t − 16 exp(3τ)

1 + exp(6τ)

)
, p1,2(t, ε) = ε

(
2t − 8 exp(3τ)

1 + exp(6τ)

)
, (205)

where (like in (203)) τ = (t − 2)/ε.
In Figure 2, the absolute errors

∆p1(ε) = max
t∈[0,t f ]

∣∣pup(t, ε)− p1,1(t, ε)
∣∣, ∆p2(ε) = max

t∈[0,t f ]
|plow(t, ε)− p1,1(t, ε)|, p(t, ε) =

(
pup(t, ε)

plow(t, ε)

)
,

are depicted for ε ∈ [0.015, 0.1] along with their mutual estimate function 1.7ε2. The figure illustrates
Lemma 4.
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H]

Figure 3. Absolute errors of the asymptotic expansion s̄(t, ε) of s(t, ε).

Figure 2. Absolute errors of the asymptotic expansion p1(t, ε) of p(t, ε).

To complete the construction of the asymptotic solutions to the terminal-value problems, associ-
ated with the solvability conditions of the CCDG, we should construct the asymptotic solution to the
problem (29) subject to the data (198),(199). Using the equation (74), we directly obtain

s̄(t, ε) =
5ε2

3
(8 − t3), t ∈ [0, 2]. (206)

In Figure 3, the absolute error

∆s̄(ε) = max
t∈[0,t f ]

|s(t, ε)− s̄(t, ε)|,

is depicted for ε ∈ [0.015, 0.1] along with the estimate function 6.6ε3. The figure illustrates the inequality
(74) in Lemma 5 with c10 = 6.6.
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Now, using the equations (75),(77), as well as the equations (202)-(203),(204)-(205),(206) and the
data (198), we obtain the following two approximations of the CCDG value:

J I
app(z0) = 6ε

(
1 − 2 exp(−12/ε)

1 + exp(−12/ε)

)
+ε2

(
37
3

+
4 exp(−12/ε)(

1 + exp(−12/ε)
)2 − 24 exp(−6/ε)

1 + exp(−12/ε)

)
,

J I
app,1(z0) = 6ε +

37ε2

3
.

The components of the approximate-saddle point have the form (78), where P1(t, ε) is given by
(202)-(203), p1(t, ε) is given by (204)-(205), z ∈ R2, t ∈ [0, 2].

The game value J∗ε , the values J I
app , J I

app,1 and the outcome of the game J̃, generated by the
approximate-saddle point, are shown in Table 1 for ε = 0.1, 0.05, 0.015 (the initial state position z0

is fixed by (198) yielding the simplified notation). Note that J I
app and J I

app,1( are not distinguishable
because the differences

∣∣∣J I
app(ε)− J I

app,1(ε)
∣∣∣ = ∣∣∣∣∣−12ε exp(−12/ε)

1 + exp(−12/ε)
+ ε2

(
4 exp(−12/ε)(

1 + exp(−12/ε)
)2 − 24 exp(−6/ε)

1 + exp(−12/ε)

)∣∣∣∣∣
are negligible small (2.1 · 10−27, 4.6 · 10−54, and 1.03 · 10−176, respectively).

Table 1. Values of J∗ε , J I
app , J I

app,1, and J̃ in the Case I.

ε J∗ε J I
app J I

app,1 J̃
0.1 0.7271 0.7233 0.7233 0.7273

0.05 0.3312 0.3308 0.3308 0.3312
0.015 0.09282 0.09278 0.09278 0.09282

In Table 2, the absolute and the relative errors of the game value approximations in the case I

∆J I
app(ε) =

∣∣∣J∗ε − J I
app

∣∣∣, δJ I
app(ε) =

∣∣∣∣∣∆J I
app(ε)

J∗ε

∣∣∣∣∣ · 100%,

∆J I
app,1(ε) =

∣∣∣J∗ε − J I
app,1

∣∣∣, δJ I
app,1(ε) =

∣∣∣∣∣∆J I
app,1(ε)

J∗ε

∣∣∣∣∣ · 100%,

∆ J̃(ε) =
∣∣∣J∗ε − J̃

∣∣∣, δ J̃(ε) =

∣∣∣∣∣∆ J̃(ε)
J∗ε

∣∣∣∣∣ · 100%,

are presented. It is seen that all errors decrease with decreasing ε. The approximation J̃, calculated
by employing the approximate-saddle point controls, is more accurate than J I

app and J I
app,1 (which

accuracies are identical). The relative errors are not larger than 0.52% for J I
app and J I

app,1, and not larger

than 0.029% for J̃.

Table 2. Absolute and relative errors of J∗ε approximations in the Case I.

ε ∆J I
app(ε) ∆J I

app,1(ε) ∆ J̃(ε) δJ I
app(ε) δJ I

app,1(ε) δ J̃(ε)
0.1 3.78 · 10−3 3.78 · 10−3 2.1 · 10−4 0.52 0.52 0.029

0.05 3.42 · 10−4 3.42 · 10−4 7.31 · 10−6 0.10 0.10 0.0022
0.015 4.11 · 10−5 4.11 · 10−5 2.46 · 10−8 0.044 0.044 2.65 · 10−5
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7.2. Case II of the Matrix Λ

In this subsection, we treat the differential game (6)-(7),(198) in the case II (see (24)), i.e., for λ1 > 0
and λ2 = 0. We choose

λ1 = 9. (207)

We start the asymptotic solution of the differential game (6)-(7),(198),(207) with the asymptotic
solution of the terminal-value problem for

{
K̂1(t, ε), K̂2(t, ε), K̂1(t, ε)

}
(see the equations (108)-(110)).

Using the equations (117),(121),(122), we directly have

K̂b
3,0(τ) ≡ 0, K̂o

1,0(t) = K̂o
1,0 = 3, K̂o

2,0(t) = K̂o
2,0 = −1. (208)

To obtain K̂o
3,0(t), we should solve the terminal-value problem (120) subject to the data (198),(207).

This, problem has the form

dK̂o
3,0(t)
dt

= −4K̂o
3,0(t) +

(
K̂o

3,0(t)
)2 − 1, t ∈ [0, 2], K̂o

3,0(2) = 0,

yielding the unique solution

K̂o
3,0(t) = 2 +

√
5 +

[
2 −

√
5

10 + 4
√

5
exp

(
− 2

√
5(t − 2)

)
− 1

2
√

5

]−1

, t ∈ [0, 2]. (209)

Subject to the data (198),(207), the equations (126),(127),(131) yield

K̂b
1,0(τ) = − 6 exp(6τ)

1 + exp(6τ)
, K̂b

2,0(τ) =
2 exp(3τ)

1 + exp(6τ)
, K̂b

3,1(τ) =
(2/3) exp(6τ)

1 + exp(6τ)
. (210)

Furthermore, using the equations (137)-(140) and the data (198),(207), we obtain

K̂o
1,1(t) = K̂o

1,1 = 1, K̂o
2,1(t) = −1

3
(
3 + 2K̂o

3,0(t)
)
, K̂o

3,1(t) = −1
3
(
Φ̂(t)

)2, t ∈ [0, 2], (211)

where Φ̂(t) is the solution of the terminal-value problem

dΦ̂(t)
dt

=
(
K̂o

3,0(t)− 2
)
Φ̂(t), t ∈ [0, 2], Φ̂(2) = 1. (212)

Finally, using the equations (142),(144),(146),(147),(151),(153) and taking into account the data
(198),(207) and the equations (210)-(211), we derive K̂b

1,1(τ) and K̂b
2,1(τ)

K̂b
1,1(τ) = − 4 exp(6τ)(

1 + exp(6τ)
)2 ,

K̂b
2,1(τ) =

exp(3τ)

1 + exp(6τ)

(
4

3
(
1 + exp(6τ)

) + 2 exp(3τ)− 4τ − 2
3

)
.

(213)
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Thus, due to the equations (115),(208)-(213), we obtain the asymptotic solution of the problem
(108)-(110) subject to the data (198),(207)

K̂1,1(t, ε) = 3 − 6 exp(6τ)

1 + exp(6τ)
+ ε

(
1 − 4 exp(6τ)(

1 + exp(6τ)
)2

)
,

K̂2,1(t, ε) = −1 +
2 exp(3τ)

1 + exp(6τ)
+ ε

[
− 1

3
(
3 + 2K̂o

3,0(t)
)

+
exp(3τ)

1 + exp(6τ)

(
4

3
(
1 + exp(6τ)

) + 2 exp(3τ)− 4τ − 2
3

)]
,

K̂3,1(t, ε) = 2 +
√

5 +

[
2 −

√
5

10 + 4
√

5
exp

(
− 2

√
5(t − 2)

)
− 1

2
√

5

]−1

+ε

(
−1

3
(
Φ̂(t)

)2
+

(2/3) exp(6τ)

1 + exp(6τ)

)
,

(214)

where τ = (t − 2)/ε.
In Figure 4, the absolute errors

∆K̂i(ε) = max
t∈[0,t f ]

∣∣∣K̂i(t, ε)− K̂i,1(t, ε)
∣∣∣, i = 1, 2, 3,

are depicted for ε ∈ [0.015, 0.1] along with their mutual estimate function 5.75ε2. The figure illustrates
Lemma 9.

Figure 4. Absolute errors ∆K̂1(ε), ∆K̂2(ε) and ∆K̂3(ε).

Proceed to construction of the asymptotic solution to the terminal-value problem (112)-(113)
subject to the data (198),(207).

Using the equations (167),(168),(169),(170),(173),(174),(175) we directly have

q̂b
2,0(τ) ≡ 0, q̂o

1,0(t) ≡ 0, q̂o
2,0(t) ≡ 0, q̂b

1,0(τ) ≡ 0, q̂b
2,1(τ) ≡ 0, q̂o

1,1(t) = 4t,

q̂o
2,1(t) = 2

∫ t

2
Φ̂(t)

(
Φ̂(σ)

)−1[2σ − σK̂o
3,0(σ)

]
dσ, q̂b

1,1(τ) = − 16 exp(3τ)

1 + exp(6τ)
,

(215)
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where Φ̂(t) is the solution of the terminal-value problem (212); K̂o
3,0(t) is given by (209).

Thus, due to the equations (166),(215), we obtain the asymptotic solution of the problem (112)-(113)
subject to the data (198),(207)

q̂1,1(t, ε) = ε

(
4t − 16 exp(3τ)

1 + exp(6τ)

)
, q̂2,1(t, ε) = 2ε

∫ t

2
Φ̂(t)

(
Φ̂(σ)

)−1[2σ − σK̂o
3,0(σ)

]
dσ, (216)

where τ = (t − 2)/ε.
In Figure 5, the absolute errors

∆q̂i(ε) = max
t∈[0,t f ]

|q̂i(t, ε)− q̂i,1(t, ε)|, i = 1, 2,

are depicted for ε ∈ [0.015, 0.1] along with their mutual estimate function 6ε2. The figure illustrates
Lemma 10.

Figure 5. Absolute errors ∆q̂1(ε) and ∆q̂2(ε).

Using the equation (178) and the equation (215), we obtain the asymptotic solution of the problem
(114) subject to the data (198),(207)

ŝ(t, ε) = ε2
∫ t

2

[
1
4
(
q̂o

2,1(σ)
)2 − 4σ2 − σq̂o

2,1(σ)

]
dσ, t ∈ [0, 2]. (217)

In Figure 6, the absolute error

∆ŝ(ε) = max
t∈[0,t f ]

|s(t, ε)− ŝ(t, ε)|,

is depicted for ε ∈ [0.015, 0.1] along with the estimate function 5.2ε3. The figure illustrates the inequality
(179) in Lemma 11 with ĉ10 = 5.2.
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Figure 6. Absolute error of the asymptotic expansion ŝ(t, ε) of s(t, ε).

Now, using the equations (180),(182),(214),(216),(217) and the data (198), we obtain the following
two approximations of the CCDG value:

J I I
app(z0) = εK̂1,1(0, ε) + 2ε2K̂2,1(0, ε) + ε2K̂3,1(0, ε)

+εq̂1,1(0, ε) + εq̂2,1(0, ε) + ŝ(0, ε),

J I I
app,1(z0) = ε(3 + ε)− 2ε2

(
1 +

1
3

ε
(
3 + 2K̂o

3,0(0)
))

+ ε2(K̂o
3,0(0) + εK̂o

3,1(0)
)

+ε2q̂o
2,1(0) + ŝ(0, ε).

Due to the equation (183) and the data (198), the components of the approximate-saddle point
have the form

ûε(z, t) = −
(

(1/ε)K̂1,1(t, ε)z1 + K̂2,1(t, ε)z2 + (1/2ε)q̂1,1(t, ε)

K̂2,1(t, ε)z1 + K̂3,1(t, ε)z2 + (1/2ε)q̂2,1(t, ε)

)
,

v̂ε(z, t) =
1
2

(
εK̂1,1(t, ε)z1 + ε2K̂2,1(t, ε)z2 + (ε/2)q̂1,1(t, ε)

ε2K̂2,1(t, ε)z1 + ε2K̂3,1(t, ε)z2 + (ε/2)q̂2,1(t, ε)

)
,

where K̂i,1(t, ε), (i = 1, 2, 3) are given in (214); q̂k,1(t, ε), (k = 1, 2) are given in (216); z1 and z2 are upper
and lower scalar blocks, respectively, of the state vector z.

The values of J∗ε , J I I
app , J I I

app,1 and the outcome of the game Ĵ, generated by the approximate-saddle

point, are shown in Table 3 for ε = 0.1, 0.05, 0.015 In this case, the difference between J I I
app(ε) and

J I I
app,1(ε) is also negligible.

Table 3. Values of J∗ε , J I I
app , J I I

app,1, and Ĵ in the Case II.

ε J∗ε J I I
app J I I

app,1 Ĵ
0.1 0.3588 0.3545 0.3545 0.3598

0.05 0.16503 0.1646 0.1646 0.16508
0.015 0.046399 0.0463718 0.0463718 0.0463999
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The absolute and the relative errors of the game value approximations in the Case II

∆J I I
app(ε) =

∣∣∣J∗ε − J I I
app

∣∣∣, δJ I I
app(ε) =

∣∣∣∣∣∆J I I
app(ε)

J∗ε

∣∣∣∣∣ · 100%,

∆J I I
app,1(ε) =

∣∣∣J∗ε − J I I
app,1

∣∣∣, δJ I I
app,1(ε) =

∣∣∣∣∣∆J I I
app,1(ε)

J∗ε

∣∣∣∣∣ · 100%,

∆ Ĵ(ε) =
∣∣∣J∗ε − Ĵ

∣∣∣, δ Ĵ(ε) =

∣∣∣∣∣∆ Ĵ(ε)
J∗ε

∣∣∣∣∣ · 100%,

are presented in Table 4.

Table 4. Absolute and relative errors of J∗ε in the Case II.

ε ∆J I I
app(ε) ∆J I I

app,1(ε) ∆ Ĵ(ε) δJ I I
app(ε) δJ I I

app,1(ε) δ Ĵ(ε)
0.1 4.38 · 10−3 4.38 · 10−3 9.68 · 10−4 1.22 1.22 0.27

0.05 4.55 · 10−4 4.55 · 10−4 5.46 · 10−5 0.28 0.28 0.033
0.015 2.77 · 10−5 2.77 · 10−5 4.07 · 10−7 0.06 0.06 8.78 · 10−4

It is seen that all errors decrease with decreasing ε. The approximation Ĵ, calculated by employing
approximate-saddle point controls, is more accurate than J I I

app and J I I
app,1 (which accuracies are identical).

The relative errors are not larger than 1.22% for J I I
app and J I I

app,1, and not larger than 0.27% for Ĵ.

8. Conclusions
In this paper, a two-player finite-horizon zero-sum linear-quadratic differential game was studied

in the case where the control cost of the minimizing player (the minimizer) in the cost functional is
much smaller than the state cost and the cost of the control of the maximazing player. This smallness
is represented by the presence of the small multiplier ε > 0 in the control cost of the minimizer. Due
to this feature of the minimizer’s control cost, the considered game is a cheap control game. The
differential equation of the considered game is non-homogeneous. The dimension of the minimizer’s
control equals to the dimension of the state vector and the matrix-valued coefficient of the minimizer’s
control in the differential equation has full rank. This means that the entire state variable is a "fast" one.
For this game, the state-feedback saddle point and the value were sought. By the proper changes of the
state and minimizer’s control variables, the initially formulated game was transformed equivalently
to the much simpler zero-sum cheap control differential game. In this new game, the matrix-valued
coefficient of the minimizer’s control in the differential equation is the identity matrix. The matrix-
valued coefficient for the state cost in the integral part of the game’s cost functional is a diagonal one.
In the sequel of the paper, this new game was considered as an original cheap control game. The
following two cases of the matrix-valued coefficient for the state cost in the integral part of the game’s
cost functional were treated: (a) all the entries of the main diagonal are positive; (b) only part of the
entries are positive, while the rest of the entries are zero. In each of the cases, the asymptotic analysis
with respect to the small parameter ε > 0 of the state-feedback solution in the original cheap control
game was carried out. This analysis includes: (i) the first-order asymptotic solutions of the terminal-
value problems for the three differential equations, appearing in the game’s solvability conditions;
(ii) obtaining asymptotic approximations of the game value; (iii) derivation of approximate-saddle
point. The approaches to this analysis in the cases (a) and (b) and the results of this analysis were
compared with each other. This comparison clearly shows the essential novelty of the case (b) and its
analysis. The analysis of the case (b) clearly shows that the assumption on the positive definiteness of
the quadratic cost of the "fast" state variable in the integral part of the cost functional is not necessary.
Positive semi-definiteness of this quadratic cost is not an obstacle in the asymptotic analysis of the
cheap control game. Along with this, the property of this quadratic cost (positive definiteness or
positive semi-definiteness) effects considerably on the asymptotic solution of the cheap control game.
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