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Abstract

This paper introduces a novel framework for designing fair and sustainable unemployment benefits,
grounded in cooperative game theory and real-time fiscal policy. We conceptualize the labor market as
a coalitional game, where a random subset of individuals is employed, generating stochastic economic
output. To ensure fairness, we adopt equal employment opportunity as a normative benchmark
and introduce a dichotomous valuation rule that assigns value to both employed and unemployed
individuals. Within a continuous-time, balanced budget framework, we derive a closed-form payroll
tax rate that is fair, debt-free, and asymptotically risk-free. This tax rule is robust across alternative
objectives and promotes employment, productivity, and equality of outcome. The framework naturally
extends to other domains involving random bipartitions and shared payoffs, such as voting rights,
health insurance, road tolling, and feature selection in machine learning. Our approach offers a
transparent, theoretically grounded policy tool for reducing poverty and economic inequality while
maintaining fiscal discipline.

Keywords: payroll tax; unemployment benefits; fair division; continuous-time balanced budget;
dichotomous valuation; equal employment opportunity; sustainability; equality of outcome; feature
selection; shapley value

JEL Classification: C71; D63; E24; E62; H21; J65

1. Introduction

This paper addresses a fundamental issue in economics: not everyone in the labor force can be em-
ployed simultaneously. Consequently, while some individuals are employed and receive wages along
with employment-related benefits—such as pensions, health and life insurance, social security, and
paid leave—others remain unemployed. This reality raises two key questions: 1. Should unemployed
individuals receive financial support? 2. If so, what constitutes a fair amount?

In most advanced economies, the answer to the first question is generally “yes.” This paper
supports that view, advocating for unemployment benefits for all individuals in the labor market,
including recent graduates. In both legal and economic contexts, such financial support may be
referred to as unemployment benefits, unemployment insurance, unemployment payments, or unemployment
compensation.

To address the second question, this paper proposes a method for fairly distributing unemploy-
ment benefits and determining a just payroll tax rate for the employed. The proposed framework
ensures a reasonable allocation of a randomly generated economic output between two randomly
formed groups within the labor market. A broader objective is to reduce economic inequality and
alleviate poverty.

The problem of fair division arises in many real-world contexts. For example, consider a k-out-of-
n redundant system with n identical components, where the system remains functional as long as any
k components are operational. Intuitively, each component—whether active or idle—should be valued
equally. A similar principle applies in majority voting systems: even if only some voters support a
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measure, all voters are assumed to have equal voting power. In the health insurance industry, not all
policyholders fall ill or use their coverage, yet the total cost must be fairly shared among both healthy
and sick policyholders.

The labor market presents a more complex version of this familiar problem: while not everyone
can be employed at the same time, everyone desires employment. Moreover, individuals contribute
differently to overall production. Across these varied scenarios, four common features emerge: 1. A
cooperative group of participants; 2. A random division of these participants into two subgroups; 3. A
payoff resulting from this division; 4. A goal of distributing the payoff fairly among all participants.

This paper develops a framework to address such situations. In systems like the k-out-o f-n model
or majority voting, the desired outcome is equality. The same principle underpins our approach to fair
distribution in the labor market.

Determining a fair tax rate and a just distribution of welfare and benefits—both implemented
by the employed—presents several challenges. First, while fairness is a central concept, it remains
inherently abstract and subject to multiple interpretations. This paper argues that the prevailing social
norm should prioritize equal employment opportunity over equal outcomes or productivity.

Second, even when job availability is limited, every individual in the labor market can contribute
in some capacity. Unemployment, therefore, should not be viewed as a personal failure or a systemic
flaw. Rather, it should be understood as a self-regulating mechanism that enhances labor market
efficiency, consistent with search and matching models (e.g., Mortensen and Pissarides, 1994).

Third, applying tax policy to the labor market is complicated by the economy’s dynamic nature
and fluctuating productivity levels. For taxation and benefit distribution to be effective, they must be
adaptable to uncertainty and sustainable over time. Ideally, these policies should maintain a balance
between the value created and the value distributed, even as employment conditions evolve.

In an objective, data-driven framework, a fair tax rate should be determined solely based on
observable data. This approach reduces the influence of political negotiations and minimizes the risk
of costly strategic voting. However, a major challenge lies in the fact that the heterogeneous-agent
production function—which maps all possible combinations of labor participants to economic output—
is not directly observable. In practice, we only observe the outcomes of specific labor groupings at
discrete points in time. This function is essential for evaluating individual contributions and plays a
critical role in assessing benefits and welfare.

Another complication arises from the mismatch in timing between how frequently unemployment
data are updated and how often tax rates are adjusted. Unemployment rates are typically reported
frequently (e.g., monthly), whereas tax rates are revised less often (e.g., annually). As a result,
policymakers often base tax decisions on outdated unemployment data. To address this issue, we
propose a fair tax rate model designed for a continuous-time production and employment environment.
This model aims to maintain stability in a lower-frequency policy setting by minimizing variability in
tax rates.

A substantial body of literature has explored fairness in taxation and unemployment benefits
from various perspectives (e.g., Kornhauser, 1995; Fleurbaey and Maniquet, 2006). A foundational
contribution is Shapley’s (1953) fairness axiom, which led to the development of the Shapley value—
a widely used method for allocating employment compensation and welfare (see Moulin, 2004;
Devicienti, 2010; Giorgi and Guandalini, 2018; Krawczyk and Platkowski, 2018). However, the Shapley
value relies on two key assumptions: (1) all participants contribute to value creation without division,
and (2) the distributor has complete knowledge of the production function.

Recent work by Hu (2006, 2020) relaxes the first assumption and generalizes the Shapley value
by introducing non-informative probability distributions to model the division of participants. In
this framework, a participant is valued either by their marginal contribution—if directly involved
in production—or by their opportunity cost to production otherwise. This dichotomous valuation
approach is further developed in Hu (2020), which employs a beta-binomial distribution to represent
equal opportunities for participation. While this paper adopts that distribution, many of its results
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hold independently of it. Crucially, this framework does not require full knowledge of the production
function and relies only on a single observed outcome. As a result, both marginal contributions and
opportunity costs remain unobservable.

Beyond its extensions to the Shapley value, this work offers three additional contributions.
First, while much of the literature on unemployment insurance is empirical or structural, this paper
introduces a normative framework grounded in fairness and sustainability. It provides a game-
theoretic microfoundation for financing unemployment insurance, complementing or extending
standard macroeconomic models. Second, it develops a fair-division solution for a random payoff
within a coalitional game framework. This solution is broadly applicable to similar settings with
minimal modification and can be adapted using alternative identification schemes beyond those
discussed in Section 4. For instance, when applied to feature selection in machine learning, the fair-
division approach achieves significantly higher accuracy than many widely used methods. Third,
the derived tax rule is simple, interpretable, and robust—qualities essential for real-world policy
design. It depends solely on the unemployment rate and a reserved spending rate for common goods
and services. Total unemployment compensation is determined entirely by the tax rate and realized
production. Under an additional assumption about production, the model also implies equality of
outcome, helping to mitigate income inequality. This equality may still hold despite disparities in
employment opportunities and productivity among labor force participants.

In addition to methodological innovations such as dichotomous valuation, mixed-frequency anal-
ysis, and data-driven approach, this paper embeds policy instruments within a Bayesian framework
by linking objectives and constraints to hyperparameters. Moreover, the balanced budget rule is
formulated as a functional equation that holds across all labor market contingencies, while the tax
solution—expressed as a function of the unemployment rate—is uniquely determined from the equa-
tion. In deriving this unique solution, the paper deliberately avoids unnecessary complexity—such as
randomness, hypotheticals, ambiguity, and latency. This includes, but is not limited to, competitive
and cooperative labor market dynamics, endogenous job search behavior, non-linear tax schedules,
precise labor market size, and fluctuations in the unemployed population. While this simplicity entails
a degree of abstraction, any real-world application of the fair-division solution should be carefully
tailored to its specific context.

The rest of the paper is organized as follows. Section 2 applies the dichotomous valuation
(“D-value”) framework from Hu (2006, 2020) to assess the value of each individual in the labor
market, assuming equal employment opportunity. The two components of the D-value are aggregated
separately for the unemployed and the employed. Section 3 formulates a set of fair allocations of net
production using these aggregated D-value components and derives a set of fair tax rates based on two
accounting identities that ensure a balanced budget. Section 4 identifies a specific tax rate by either
maximizing the stability of the posterior unemployment rate or minimizing its expected value. This
solution is shown to be robust under several alternative criteria. Under a productivity assumption, the
identified tax rate leads to equality of outcome, as demonstrated in Section 5. Section 6 explores four
additional applications of the division rule: voting power, health insurance, highway tolls, and feature
selection. Finally, Section 7 concludes with suggestions for extending this framework. The paper is
self-contained, and all mathematical proofs are provided in the appendices.

2. Dichotomous Valuation

Before delving into the formal analysis, we introduce some notations. In a general economy, the
labor force consists of both employed and unemployed individuals, excluding part-time workers for
simplicity. Let N = {1,2,- - - ,n} represent the set of individuals in the labor force, indexed accordingly.

Let S C N denote the random subset of employed individuals, which varies daily. A specific
realization of this random subset is denoted by S. For any subset T C N, let |T| denote its cardinality.
For simplicity, we often use lowercase letters to represent cardinalities: n for [N|, t for |T|, z for |Z|,
and s for both |S| and its realization |S|.
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The employment rate is denoted by w = & = 1— (unemployment rate). We also use a vinculum
(overbar) to denote singleton sets; for example, “i” represents the singleton set {i}. Additionally, we

use “\"” for set subtraction, “U” for set union, and (6, p) for the beta function with parameters 6 and p.

2.1. Equality of Employment Opportunity

Equal employment opportunity (EEO) is a widely recognized principle and serves as the foun-
dational axiom for our study of fairness. In the United States, EEO was institutionalized through
Executive Order 11246, signed by President Lyndon Johnson in 1965. This order prohibits federal
contractors from discriminating on the basis of race, sex, creed, religion, color, or national origin.
Similarly, the Equality Act 2010 in the United Kingdom imposes comparable obligations on employers,
service providers, and educational institutions.

The literature offers a rich array of both qualitative and formal discussions on the concept of
equal opportunity (e.g., Friedman and Friedman, 1990; Roemer, 1998; Rawls, 1999). Given the multiple
interpretations of equality, it follows that there are many definitions of fairness—and consequently,
numerous possible fair tax rates.

Many scholars interpret fairness or justice as equality of opportunity, particularly in the context of
distributive justice and economic outcomes. A comprehensive review by Almads (2023) explores fairness
preferences and beliefs about inequality, emphasizing that equality of opportunity is a core principle
of justice. According to this view, differences in outcome are unfair if they arise from factors beyond
personal responsibility, but fair if they result from individual’s choices and efforts. Joseph (1980)
examines various conceptions of equality of opportunity, distinguishing it from equality of outcomes.
He frames equality of opportunity as a form of procedural fairness, where access to positions is
based on merit and free from discrimination. In Rawlsian theory (e.g., Segall, 2014), fair equality of
opportunity is a foundational element of justice. It asserts that individuals with similar talents and
willingness to apply them should have equal chances to attain desirable positions, regardless of their
social background.

Beyond the justification rooted in EEO, unemployment compensations can also be supported by
other rationales, including social protection, income flow insurance, poverty prevention, and political
considerations (e.g., Sandmo, 1998; Tzannatos and Roddis, 1998; Vodopivec, 2004).

In this study, we introduce a probabilistic version of EEO, where employment opportunities are
assumed to be equitably distributed among all individuals in the labor force. Under a distribution-
free EEO framework, the probability that any individual i € N is employed (i.e.,, i € S) is given
by Prob(i € S) = s/n for all i € N. However, the proportion s/n itself varies over time. Beta
distributions are commonly used to model proportion data (e.g., Ferrari and Cribari-Neto, 2004) due
to their continuous range over the interval (0, 1), flexible shape, role as conjugate priors in Bayesian
analysis, and applicability in regression models with unknown parameters.

Given that both # (the total labor force) and s (the number of employed individuals) are nonnega-
tive integers, we model the randomness of the employed subset S using a three-layered uncertainty
framework:

1. First Layer: The size of the employed subset |S| follows a binomial distribution with parameters
(n,p), where p is the probability that any given individual is employed.

2. Second Layer: The employment probability p is treated as a random variable with a beta prior
distribution characterized by hyperparameters (6, p). The joint probability density of p and
|S| = tis given by:

pPa—p)r! < n >pt(1 et = < n ) pri(a - pyertt O

t B(0,p)
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This implies that the marginal probability of observing t employed individuals is:
1 _ i
n 0+t 1(1_ )p+n t—1 n ,5(9+t —I—H—t)
P(|S| =t) = / P P dp = P
(Isl=t=) 1, F6.0) =\, |  pep @

foranyt=0,1,--- ,n.
3. Third Layer: Given an employment size ¢, all subsets of size ¢ are equally likely to be the employed

group S. Since there are ( TZ ) such subsets, the probability of a specific employment scenario

S=Tis:
CP(S|=¢) { Blotspin=s) ifp—;

P(S=T)= ( plop) 7 (©)
n
)

0, otherwise.

This three-layered uncertainty model ensures that every individual in the labor market has an
equal probability of being employed. While this assumption may seem somehow unrealistic—given
the realities of structural unemployment and skill mismatches—it is important to clarify that this
interpretation of EEO does not imply perfect labor mobility. That is, it does not assume that workers
can move freely between jobs, industries, or locations without barriers or costs.

Moreover, EEO does not suggest that all workers are identical; production still requires a het-
erogeneous workforce. Nor does it imply that all applicants have an equal chance at any specific job.
Hiring decisions remain at the discretion of employers, who select candidates based on their suitability
for specific roles.

EEO is more likely to be realized in labor markets characterized by high market depth, strong labor
mobility, low structural unemployment, and minimal skills mismatch. Diversity and inclusiveness
also play a crucial role in enhancing EEO by bridging gaps across different types of positions. In
such inclusive markets, opportunities are accessible to all—including recent graduates who begin in
entry-level roles and build experience toward their ideal careers.

To uphold EEO, governments can take several proactive measures. These include stimulating job
creation across diverse industries to balance labor supply and demand, offering free training programs
for unemployed individuals in high-demand fields, and developing efficient job-matching platforms
to connect job seekers with emerging opportunities, particularly as these opportunities shift across
sectors. Female labor participation often lags behind that of males. In response, numerous fiscal
policies have been implemented in recent decades to promote greater inclusion. Professionals can
leverage these evolving dynamics to advance their careers or transition into roles that better align with
their skills and aspirations.

Since the employment rate s/# results from the interaction of labor demand and supply, the
hyperparameters (6, p) of the beta distribution can be interpreted as representing the intensity of
demand and supply, respectively. Consequently, 8 4 p represents the overall intensity of the labor
force—that is, labor force participation. Explanatory variables may be linked to these intensities. In
particular, 8 and p can serve as as policy instruments through which constraints are imposed and
objectives are defined. Their influence is reflected in the posterior employment rate, which emerges
from both policy intervention and observed outcomes. Based on the profile of this posterior rate, we
solve the problem in reverse to determine an optimal policy rule.

According to Egs. (1) and (2), the posterior density function of p, given |S| = s, is:

O+s—1(1_p)p+n—s—1
T (ﬁ(ffp)) _pPei A - pypts

t PB+s,p+n—s) O+s,0+n—s
s!(:fs)! B(0,0) 'B( P )
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Thus, the posterior employment rate follows a Beta distribution with parameters (6 +s,p +n —s). We
denote this posterior employment rate as p, ,, given the observation of n and |S| = nw. In contrast, p
remains an unobservable parameter for the binomial random variable |S]|.

2.2. Aggregate Values of the Employed and the Unemployed

For any subset S C N, we define a heterogeneous-agent production function v(S) to measure the
net aggregate production generated by the employed group S. The function v(S) represents net profit,
excluding labor costs—these costs compensate individuals for their time and efforts. To isolate the
value added by labor, v(S) also excludes the cost of consumed physical and financial resources. Both
labor and resource costs are exempt from taxation. Without loss of generality, we assume v(@) = 0 for
the empty set @. Importantly, v(S) does not necessarily increase with the size of S; in fact, a certain
level of unemployment may enhance productivity.

To retain labor and minimize turnover, firm often share a portion of their net profit with employees.
For simplicity, we refer to this shared portion of v(S) as employment welfare, distinguishing it from
unemployment benefits, which are provided to those not currently unemployed. Employment welfare
plays a critical role in employee retention and business continuation—both of which significantly
influence productivity. The longer employees remain in their roles, the more skilled and efficient they
become, and the fewer costly mistakes they make. In contrast, new hires typically require months to
acclimate and years to reach full proficiency. As key contributors, firm owners also claim a share of
v(S) to compensate for their risk-bearing investments, entrepreneurial efforts, and financing costs.

We now formally introduce the components of the D-value. For any individual i € N, we analyze
their marginal effect on the value-generation process by considering two mutually exclusive and jointly
exhaustive events:

e Event1:ic S (ie, the individual is currently employed). In this case, the marginal contribution
of i is given by the difference v(S) — v(S \ i), referred to as the marginal gain. This represents
the value added by individual i due to their presence in the employed group S. The expected
marginal gain is defined as:

1ilo] == E[o(S) —v(S\ 7)] @)

where “=2=" denotes definition and “E” represents the expectation with respect to the probability
distribution of S.

e Event2:i ¢S (ie, the individual is currently unemployed). This may occur if the individual has
just entered the labor market (e.g., after completing school) or is experiencing cyclical, structural,
or frictional unemployment. In this case, the marginal contribution is v(S U7) — v(S), representing
the marginal loss due to the absence of i from the workforce. If i were included in S, production
would increase by this amount. The expected marginal loss is defined as:

Ailo] ==

E[o(SUi) —o(S)]. (5)
Let y;[v] denote the employment welfare received by individual i when employed, and A;[v]
the unemployment benefits received when unemployed. Note that even if i remains continuously
employed, the sets S and S \ i evolve over time, so the marginal gain is not constant. Similarly, if i
remains unemployed, the sets S and S U i, and thus the marginal loss, also vary. To account for this
uncertainty, we define -y;[v] and A;[v] as expectations, as shown in Egs. (4) and (5).
The valuation framework primarily emphasizes the labor force, often overlooking the contribu-
tions of other stakeholders. Several implicit considerations underlie this approach:
e  Compensation for Human Capital: In addition to receiving employment welfare, employed

individuals are compensated for their labor. This compensation reflects the value of human capital
used in generating v(S). Human capital is developed not only through current employment but
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also through prior work experience and pre-employment education. In contract, unemployed
individuals receive only unemployment benefits.

e Observability of Marginal Contributions: When i € S, the value v(S \ i) is unobservable; we
can only observe v(S). Similarly, when i ¢ S, we cannot simultaneously observe both v(S U1)
and v(S). Therefore, it is necessary to transform aggregate marginal values into observable forms,
as outlined in Theorem 1.

e Redistribution of Surplus: The total employment welfare, ZS [0(S) — v(S \ 7)], does not equal

i€
the total value v(S). As a result, some of the surplus v(S) — ¥ [0(S) — v(S \ i)] is redistributed

i€S
to the unemployed individuals in N\ S. This redistribution occurs not through direct transfers,

but via government taxation and unemployment benefit systems. This mechanism also supports
national-level welfare and benefits, as formalized in Theorem 1.

Theorem 1. The aggregate components of the D-value are given by:

o1 . 3 o s(0+p—1)—nb B(0+s,0+n—s)
iGZI:\T i [Z)] - ]E|J€ZS(U(S) U(S \ l))] _ SEN p+n—s—1 ﬁ(G,P) U(S) (6)

and

Y Aol =E| ¥ (o(SUD) —o(8))| = x e Un@l) pltspins) 45) ()
ieN icN\S SCN Bo.)

The coalition S realizes the value v(S), but it could not have achieved this value independently—
support from the broader society and the entire labor market is essential. Accordingly, the government
holds the authority to influence aggregate outcomes, as outlined in Theorem 1, by adjusting the
hyperparameters 6 and p. This control enables the specification of budgetary constraints and the
formulation of optimal fiscal policies. Moreover, substituting certain individuals in S with those from
N\ S may yield the same or even greater value. Although most jobs are functionally replaceable,
neither Eq. (4) nor Eq. (5) captures the value added when replacing individual i with another individual
j from either N\ S or S, respectively.

As demonstrated in Theorem 11 of Hu (2020), when 8 = p = 1 (i.e., when p follows a uniform
distribution on [0, 1]), the Shapley value of player i in the coalitional game (N, v) equals the sum

7i[v] + Ai[v]. Furthermore, if we impose the functional equation Y 7;[v] = v(N) (or ¥ A;[v] = v(N)),
ieN ieN

then 7;[v] (or A;[v], respectively) corresponds to player i’s Shapley value (cf. Hu, 2020). However,
these conditions are generally unrealistic in actual labor markets.

3. Accounting Identities for a Balanced Budget
According to Eq. (3), the expected production is given by:

Bp(s)] = L A S e os), ®

where the probability of each employment scenario S is determined by the hyperparameters 6 and p.
At any given time, only one of the 2" possible employment scenarios is realized. The specific scenario
S = S occurs with probability %

allocation when scenario S = S occurs. In contrast, the Shapley value distributes the total value v(N)

and yields a value v(S). This is the value available for

among all players in N. Hu (2020) proposes solutions for distributing the expected value E[v(S)] among
all participants. Additionally, the literature on unemployment insurance financing (e.g., Hopenhayn
and Nicolini, 1997) frequently addresses how to fund such insurance in a sustainable manner.
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3.1. A Real-Time Balanced Budget Rule

Our division rule must fully respect all entitlements to v(S). Each employed individual receives
their expected marginal gain, y;[v], and each unemployed individual receives their expected marginal
loss, Aj[v]. Additionally, a portion 6v(S) is reserved for common goods and services—supporting
the broader economy and society, which in turn sustain the value-generating process. Thus, the
profit-sharing strategy divides the realized net production v(S) into three components:

1. Employment Welfare: Based on the coefficients of v(S) in Egs. (6) and (8), the employed labor
force collectively retains
s(@0+p—1) —nGv
p+n—s—1

(S)
as employment welfare. The remaining portion,

1_s(6+p—1)—n6
p+n—s—1

v(S),

is paid to the government in the form of a payroll tax.
2. Unemployment Benefits: According to Egs. (7) and (8), the unemployed individuals in N\ S
collectively receive
s(@+p—1)—n(6—-1)
0+s—1

v(S)

as unemployment benefits. This allocation is not equal to v(N) — v(S), since v(N) is unobservable
and may even be less than v(S).

3.  Public Reserve: A reserved proportion 6v(S) is set aside for collective societal and economic
purposes. This portion is not distributed directly to individuals.

In summary, the allocation rule sets up a functional equation:

0(S) =) [0(S) —o(S\i)] + ) [0(SUi) —v(S)] + 6v(S)

ics i

for the random variable v(S), a measurable function from 2" to real numbers. That is, the equation
holds for any of the 2" realized values of v(S). Also, by Egs. (6) and (7), allocations to 7;[v] and A;[v]
are determined through the formula:

Y vilol + ) Ailo] = (1 - 8)E[v(S)).
ieN ieN
This differs from (1 — 6)v(S). Since only one v(S) is revealed or realized, it is impossible to determine
the exact value of E[v(S)]. However, the revealed v(S) serves as both the maximum likelihood and
the least squared estimate of E[v(S)].
We define the tax rate 7 as:

A nw(@+p—1) —no

p+n—nw-—1

T(w,é,n) 1-—

©)

This rate does not directly depend on the production function (S). The tax revenue is used to fund
both unemployment benefits and a reserve fund. Therefore,

nw@+p—1)—n(6—1)
0+nw—1

T(w,é,n) =6+ . (10)

Unemployment benefits can be managed either independently or in conjunction with taxation,
depending on the country. For example, in Australia, unemployment benefits are part of the broader
social security system and are funded through general taxation. In the United States, a compulsory
government insurance system manages unemployment benefits, including both the collection and
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disbursement of funds. In addition to the Federal Unemployment Tax Act, individual states administer
their own unemployment insurance programs, resulting in variation in tax rates across different years
and states.

The reserve portion 6v(S) serves the broader public interest rather than individual needs. Specif-
ically, it may fund—but is not limited to—programs and services such as support for individuals
outside the labor force, Social Security and Medicare, public administration and national defense,
public services, and servicing of past tax deficits, including interest payments. In the United States,
Social Security and Medicare are managed separately and funded through flat tax rates, which are not
adjusted based on gross household income—unlike progressive income tax systems.

The continuous-time balanced-budget rule prohibits borrowing or lending across different labor
market scenarios and over time. This sustainable taxation policy is designed to meet the needs of the
current market scenario while preserving the capacity of future scenarios to meet their own needs.
Importantly, excessive taxation that results in budget surpluses can also have adverse effects: it may
raise consumer prices, reduce output, and stifle competition. These outcomes can lead to a suboptimal
allocation of resources, creating deadweight loss and diminishing overall economic efficiency.

Democratic governments often face challenges in maintaining long-term budget balance. Succes-
sive administrations may lack the incentive to address debt inherited from their predecessors. When
GDP is measured using the expenditure approach, governments may choose to finance crises and
wars through debt and increased spending in an effort to sustain GDP growth. Political competition
can also lead to unsustainable tax cut aimed at appealing to specific voter groups. Over time, such
practices contribute to rising debt levels and tax policies that imposes burdens on future generations.
In contrast, our real-time budget balance framework holds the current administration accountable
for the debt it incurs. Unlike the government’s one-time distribution of net production, households
can optimize their utility through intertemporal strategies such as borrowing, saving, lending, and
consumption.

In practice, implementing a balanced-budget rule at the level of labor market scenarios—or in
real time—is challenging. This difficulty arises from the mismatch in frequency between labor market
fluctuations and tax rate adjustments. For example, in the United States, the employment rate w
fluctuates daily and is reported monthly by the Bureau of Labor Statistics, whereas the tax rate T
is typically adjusted only once per year. To maintain budget balance as effectively as possible, one
strategy is to minimize the variance of the employment rate p,, ., within a given year. Ideally, this rate
would follow a degenerate probability distribution—remaining nearly constant throughout the year.

3.2. The Set of Feasible Solutions

For a given triple (w, ,n), there are three unknowns—b, p, and 7—in a system of two equations,
Egs. (9) and (10). Let Q) 5 , denote the set of all feasible combinations (6, p, T) that satisfy both budget

constraints:
=1 nw(6+p—1)—no
A L e T
Quan 2 30,07 7= 54 0D 00
0<1t<1,6>0,p>0.

There is inherent uncertainty regarding the size of the labor market n. Although 7 is not treated
as a random variable under the EEO assumption, it is considered a time-varying latent variable. This
is due to the lack of a clear boundary between entering and exiting the labor force, and the fact that
many unemployed individuals may not be actively seeking employment. Some may also remain
unemployed by choice, opting to forgo lower-paid positions.

Despite its variability and latency, the labor force size n is generally large in macroeconomic
contexts. Therefore, in addition to solving Egs. (9) and (10) for specific values of 1, we also aim to
derive a tax rule that remains valid for all sufficiently large values of n. We define:

T(w, 6) £ nlgIC}o T(w,é,n)
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if this limits exists for a sequence (6,p, T) € O, 5,. For simplicity, we refer to this limiting value as the
“¢$-rate,” representing the asymptotic behavior of the tax rate that satisfies the budget constraints.

Egs. (9) and (10) form a system of linear functions in the variables 6 and p, expressed in terms of
n, w, T, and J. For notational simplicity, we introduce the following shorthand expressions:

A = wH+T—-4dw—1,

A = bw—w-T4+2=1-A>0,

Ay = SwT—20w — wT:+2wT+T—1,

Ay = 1-1)0—1)=06—-T—-6T+T%><0,

Ay = —0wT+ 0w+ 6T —25 +wt? —2wT+w—1>+371— 1.

All these expressions are bounded since 0 < w, 7,5 < 1. Lemma 1 (used in the proofs of subsequent
theorems) provides a method for extracting 6 and p from Egs. (9) and (10).

Lemma 1. In terms of (n,5, T, w), the values of 6 and p can be extracted from Eq. (9) and Eq. (10) as:

0 = nzwAl +nlr+A3
nA+-A ’
2 5 (11)
_ n (17w)A1 +1’1A4+A3
p= nA+h, .

Given that A; > 0 and A3z < 0in Eq. (11), we require A > 0 to ensure that both 6 and p remain
positive for large but finite values of n. Consequently, Corollary 1 states that a government should
levy at least 1 — w + dw of the production as payroll tax.

Corollary 1. The minimal ¢-rate is T(w,d) =1 — w + dw.

The posterior employment rate, p, ,, reflects a balance between observed data and policy-specified
prior expectations. As the volume of data increases, the influence of the prior diminishes significantly.
Accordingly, Theorem 2 states that p, , converges to a degenerate distribution as n — oo, provided
that A > 0. This implies that a fixed tax rule does not affect the central tendency of p, ,, as long as the
tax rate satisfies 7(w,d) > 1 — w + dw. This result motivates further exploration of other properties of
P...» such as its variance, rate of convergence, and behavior under varying tax rates—especially given
that the labor force size n is finite, regardless of its magnitude.

Theorem 2. For any ¢-rate T € (1 — w + dw, 1), as n — oo, the posterior employment rate p, , converges in
distribution to a degenerate probability distribution concentrated at w.

To derive a unique solution from the set (), 5 , or its limiting boundary, an additional constraint
must be imposed, as infinitely many solutions exist for a given triple (w, §, ). One approach is to

leverage the statistical relationship between p and the hyperparameters (6, p): the mean and mode of p
-1
0+p—27
the mean or the mode equal to the average employment rate from the previous year. Alternatively, these

are % and respectively (see Johnson et al., 1995, Chapter 21). For example, one might set either
expressions could be aligned with a target or natural employment rate. However, this identification
strategy requires additional input. Historical averages may not reflect recent trends, natural rates are
prone to estimation errors, and target rates may be unattainable.

An alternative approach involves determining a tax rate that maximizes certain properties of p,,
such as its expected value for large but finite values of n. If the ¢-rate depends on the realized value of
p, rather than its unobservable uncertainty, a natural way to eliminate this uncertainty is to analyze
the posterior rate p, ,, treating w as fixed while allowing 6 and p to remain at the decision-maker’s
discretion.

Although w provides informative insight into the central tendency of the posterior labor market
as n — oo, other critical aspects of the full profile of p, , include its asymptotic dispersion and the
labor market’s response to the ¢-rate T(w, §)—especially when n is large but finite. Therefore, optimal
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criteria over the domain (), 5« can still be established by minimizing dispersion or optimizing the
expected market response. For instance, selecting the ¢-rate that minimizes dispersion results in the
fastest convergence to the degenerate distribution described in Theorem 2. This approach helps bridge
the frequency gap between the daily employment rate w and the annually adjusted tax rate 7.

4. An Optimal Fair Tax Rate

In this section and the next, we derive the minimal ¢-rate T(w,d) = 1 — w + dw from multiple
perspectives. A well-designed distribution of benefits should not compromise market efficiency, and
an effective tax policy must preserve incentives for employment and productivity, as emphasized in
Theorems 5 and 7. At the same time, a robust and optimal tax rule should satisfy several key criteria.
Accordingly, we examine five such criteria in Theorems 3, 4, 5, 6, and 8—each of which independently
identifies the same solution. Together, these criteria aim to either minimize employment market risk or
maximize expected employment, all while respecting the constraints of market capacity and budget
balance.

The formulation of this tax rule is grounded in observed market behavior. While an efficient
labor market enhances productivity v(S), a higher employment rate does not necessarily imply
higher productivity—and vice versa. Acemoglu and Shimer (2000) argue that a moderate level of
unemployment can actually improve productivity by enhancing job quality. Unemployment can
foster peer pressure to increase output, facilitate the reallocation of labor from declining firms, and
enable growing companies—and the broader economy—to respond more effectively to external shocks.
Therefore, our proposed tax rule does not aim merely to maximize the employment rate. Instead, it
is rooted in empirical market behavior and is designed to enable the market to achieve the highest
feasible employment rate within the constraints of budgetary discipline and market capacity.

4.1. Asymptotic Risk-Free Tax Rate

A stable tax rate creates a favorable environment for maintaining a balanced budget, reducing
labor market uncertainty, and encouraging investment in both technology and human capital. As a
function of the employment rate w, the tax rate T serves as a mechanism for transmitting risk from
fluctuations in unemployment to fiscal policy.

In the absence of external shocks, a stable tax rate effectively corresponds to a stable unemploy-
ment rate. However, directly targeting a stable employment rate w does not eliminate its variability,
as it remains susceptible to numerous shocks. Instead, a well-designed tax policy can mitigate the
magnitude of these risks and address the inequities that raise from the mismatch in timing between
the frequently changing employment rate w and the typically annual adjustment of the tax rate 7. For
instance, if w is high in the first half of the year and low in the second, a constant tax rate throughout
the year ensures equal payment to unemployed individuals in both periods. However, under a tax rule
such as the ¢-rate T(w,d) = 1 — w + dw, the unemployment benefits may still differ between periods.

Theorem 3. The ¢p-rate T = 1 — w + dw minimizes the asymptotic variance of the posterior employment rate
Py that is:
argmin lim VAR (Vn1p, ,[(0,0,T) € Quopn) =1—w+bw,
T *® ’

and the minimum limiting variance is zero.

When the variance of \/np, , is used as a measure of instability, Theorem 3 demonstrates that
the ¢-rate tax rule 7(w,d) = 1 — w + dw minimizes this asymptotic variance. However, several
clarifications are necessary:

1.  Limit Behavior: The stability described is achieved only in the limit as 7 — co, where the variance
approaches zero. In practice, p, , remains subject to exogenous shocks, as discussed by Pissarides
(1992) and Blanchard (2000). Therefore, the minimum limiting variance is greater than zero.
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2. Practical Adjustment: While 1 — w + éw is the limiting tax rule, for large but finite n, a small
positive adjustment may be added to ensure the positivity of 6 and p. For example,

20(1 — w)(1 —6)2

T(w,6,n) =1—w+dw + -

ensures that the denominators in Eq. (11) remain positive, thereby guaranteeing 8 > 0 and p > 0.
This adjustment becomes negligible as n grows large.

3. Labor Mobility: With near-zero variance in the unemployment rate, labor mobility implies
that layoffs and new hires nearly offset each other, keeping the total employment size s nearly
constant. It also means that the number of employed individuals s changes proportionally with
the labor market size n. Consequently, the employment rate § remains stable.

4. Asymmetric Risk Minimization: Although the posterior distribution is skewed, the ¢-rate tax
rule minimizes both total and one-sided risks in /np, ,, as further elaborated in Theorem 4.
Policymakers are particularly concerned with downside risk.

Theorem 4. As n — oo, the ¢-rate T(w, ) = 1 — w + dw minimizes both the lower and upper semivariance
of V/np,,, where (6,0,7) € Q5.

4.2. Consistency and Robustness

The ¢-rate T(w,d) = 1 — w + dw captures several essential features of the labor market. First,
it represents the policymaker’s optimal response to stimulate employment while satisfying the con-
straints of Egs. (9) and (10). Traditional unemployment insurance literature (e.g., Baily, 1978; Chetty,
2006) emphasizes the trade-off between income smoothing for the unemployed and incentives to
search for work. Second, this tax rule can also be derived by minimizing statistical dispersion measures
that are more robust than variance or semivariance. Additionally, it contributes to reducing income in-
equality. Importantly, the tax policy is predetermined before any specific economic scenario S unfolds.
This transparency reduces both the size and influence of government, which might otherwise spend
months deliberating over tax schedules. It also prevents opportunistic behavior, such as favoring
certain employment scenarios or manipulating unfavorable ones to justify debt.

The rule 7(w,d) = 1 — w + dw represents an effective taxation strategy that maximizes employ-
ment without compromising equal opportunity or budget balance. For policymakers, a central concern
is the forward-looking employment profile p, . Unlike Theorem 2, which considers the limit as n — oo
for a fixed T, Theorem 5 holds 7 fixed and allows T to vary. According to Theorem 5, the mean of p, ,
decreases as T increases, for any fixed, large n. Therefore, to maximize the posterior mean, the tax rate
should be minimized—while still satisfying the conditions 7(w,d) € (1 — w + dw, 1), with 6 > 0, and
p > 0. Thus, the ¢-rate that maximizes the mean of p, , is T(w,d) = 1 — w + dw. The condition w > .5
in Theorem 5 is typically met in real-world economies.

Theorem 5. For any w € (.5,1) and a finitely large n, the mean of p, , decreases as the ¢p-rate T € (1 — w +
dw, 1) increases. Consequently,

lim argmax Ep,. | (6,0,7) € Q(w,6,n)] =1—w + éw.
n—oo T .

Moreover, this tax rule also minimizes the mean absolute deviation (MAD) from the mean as
n — oo. For Beta distributions—especially with large parameters—MAD is a more robust measure of
dispersion than variance or semivariance.

The MAD for the posterior p, , is given by (see Gupta and Nadarajah, 2004, p.37):

2(6 + S)9+s(p +n— S)p+nfs
B0 +s,0+n—s)(0+p+mn)ftetn

EHPn,w_]E(Pn,w)H = (12)
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Theorem 6. The ¢-rate T(w,d) = 1 — w + dw minimizes the asymptotic MAD of p,, ,, that is:
argmin lim lnp,., —E(mp,,)| | (6,0,7) € Qw,én)| =1-w+dw.
T o ’ ’

5. Labor Productivity and Equality of Outcome

An individual’s productivity is shaped by their workplace environment. For any individual
i € S, their productivity within v(S) reflects how consistently and efficiently they complete tasks and
achieve goals. However, actual performance—measured as v(S) — v(S \ i)—depends on the specific
composition of the group S. When comparing two individuals, one may outperform the other in
certain scenarios but not in others. Even with a fixed group size s, the overall production v(S) varies
with the composition of the group.

At the macroeconomic level, individual productivity does not always align with national produc-
tivity, since the marginal contribution v(S) — v(S \ i) does not perfectly correlate with total output
v(S). However, under the proposed distribution rule for v(S), aggregate employment welfare aligns
exactly with total production for a given tax rate 7. This alignment incentivizes labor market efficiency.
Meanwhile, the imperfect alignment of individual incentives fosters labor mobility, which further
enhances overall efficiency.

To connect personal productivity with incentives, we introduce a partial ordering in the labor
market. For any two individuals i,j € N with i # j, we say that individual i uniformly outperforms
individual j in productivity v if the following two conditions hold:

e 9(TUi)—o(T) >v(TUj)—o(T) forany T C N\ {i,j}; and
e 9(T)—o(T\i) >o(T)—o(T\j) forany T C N with {i,j} C T.

These conditions imply that individual i has higher marginal productivity than individual j in all
comparable employment scenarios—whether both are employed or both are unemployed.

Since productivity plays a central role in Egs. (4) and (5), individual j should receive less em-
ployment welfare and fewer unemployment benefits than individual i. This principle is formalized
in Theorem 7. Importantly, the theorem does not rely on the beta-binomial distribution from Eq. (3),
as long as individuals i and j have equal employment opportunity. Other individuals in the labor
market may still face unequal opportunities. Moreover, the theorem holds for all tax rates, including
the specific ¢-rate: T(w,d) =1 — w + dw.

Theorem 7. If individual i € N uniformly outperforms individual j € N in production v, and both have equal
employment opportunity, then y;[v] > y;[v] and A;[v] > A;[0].

We say that individuals i and j are symmetric in the production function v if they uniformly
outperform each other. According to Theorem 7, if i and j are symmetric and have equal employ-
ment opportunity, they should receive the same amount of unemployment benefits when both are
unemployed, and the same amount of employment welfare when both are employed.

While the assumption of bilateral symmetry or uniform outperformance is conceptually appealing,
it is often overly idealized. In practice, it is not necessary for individual i to uniformly outperform
individual j; it is sufficient if the probability that i performs better than j—that is, v(S Ui\ j) >
v(S Uj\ i)—is significantly high, or if i is a fast learner, capable of quickly acquiring the necessary
skills. Factors such as education, interest, motivation, and experience all influence this probability.
Skilled job interviewers can often estimate these probabilities effectively.

In large and medium economies, it is impractical to apply 7;[v] or A;[v] to allocate individual
welfare or benefits. The complexity and scale of economic activities make it difficult to estimate these
values accurately. Instead, individual payoffs can be determined by market forces, while ensuring
that the overall employment welfare remains within the desired range of (1 — 7)v(S) and aggregate
unemployment benefits are about (T — 6)v(S). By making reasonable assumptions about productivity
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levels and EEO, a more nuanced approach can be devised. This method overlooks various economic
factors and individual contributions but allows for a simpler allocation.

In the absence of detailed analysis or prior knowledge about the production function v, assuming
symmetry among the unemployed (or the employed) can serve as a reasonable a priori basis for
distributing unemployment benefits (or employment welfare, respectively). For instance, the Cobb-
Douglas production function assumes symmetry among all employed individuals. In many real-world
systems—such as in the United States—unemployment insurance benefits are not strictly proportional
to the amount an individual has contributed. Instead, benefits are typically determined by recent
earnings history, state-specific formulas and caps, and eligibility criteria. These systems function more
as social insurance mechanisms than private insurance models, prioritizing income smoothing and
poverty prevention over strict actuarial fairness.

Both group symmetry and EEO reflect the principle of the veil of ignorance. Under this hypo-
thetical veil, policymakers are unaware of their own social status, wealth, employment condition,
productivity, or other personal characteristics. This perspective compels them to design a fair system
that applies equally to all individuals, regardless of their future circumstances (cf. Rawls 1999). EEO
can also be justified by the principle of insufficient reason (also known as the principle of indifference),
which assigns equal probabilities to all competing scenarios of S when there is no basis for favoring
one over another.

Assuming EEO and symmetry among both employed and unemployed individuals, the ¢-rate
tax formula T(w, d) = 1 — w + dw eliminates income inequality when income is defined as the sum
of employment welfare and unemployment benefits. Theorem 8 confirms this equality of outcome.
Importantly, the theorem imposes no restrictions on the size of the labor force 1, nor on the specific
probability distribution used to model EEO—though the ¢-rate is derived from the EEO condition
defined in Eq. (3).

Theorem 8. Assume EEO and symmetry among the employed in N, and also EEO and symmetry among
the unemployed in N. Then, T(w, ) = 1 — w + éw if and only if employment welfare equals unemployment
benefits.

The theorem remains valid even when employed and unemployed individuals differ in the
production function or face unequal employment opportunities. In practice, the employed group tends
to have higher average employment probability and productivity than the unemployed group. This
disparity is an outcome of market mechanism, not an a priori assumption. These posterior variations in
EEO and productivity reflect market efficiency and contribute to overall economic efficiency.

6. Applications and Labor Costs

The preceding analysis has focused on a normative policy framework—one that incorporates
value judgments and prescriptive perspectives on how policy should function, rather than emphasizing
empirically testable claims. Accordingly, this section does not attempt to validate the division rule
using real-world data. Instead, it presents several alternative applications to demonstrate the broader
utility of the proposed approach.

In abstract terms, the earlier sections offer a fair-division solution within the following game-
theoretic context: players are randomly divided into two groups, each granted equal opportunity,
and the random payoff to be allocated originates from one of these groups. This type of model has
wide-ranging applications. In this section, we explore four such examples to illustrate the practical
relevance of the previously derived formulas. Additionally, we introduce methods for estimating labor
costs and the reserve ratio 4.

6.1. Voting Rights

In a voting game (e.g., Shapley, 1962), the function v : 2V — {0, 1} is a monotonically increasing
set function. Let S denote the random subset of voters who support a proposal. The proposal passes
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if v(S) = 1; otherwise, it is blocked when v(S) = 0. In this context, however, v does not represent
“production” or a similar concept.

According to Hu (2006), 7;[v] denotes the probability that individual i can change an indecisive
outcome into a passed one, while A;[v] represents the probability that i can change an indecisive
result into a blocked one. The sum 7;[v] 4+ A;[v] quantifies individual i’s political power—that is, their
influence over outcome.

The ratio 6 becomes relevant in specific scenarios. For example, suppose 5% of voters initiate a
petition to hold a referendum on a proposal. These petitioners are not part of the random subset S, as
their votes are predetermined. Collectively, they hold § = .05 of the total voting power.

Many voting games are symmetric, particularly those governed by the principle of “One Person,
One Vote.” In such cases, equality of outcome corresponds to an egalitarian distribution of voting
power.

6.2. Health Insurance

Health insurance typically involves two types of policyholders: those who are sick and use the
insurance to cover medical expenses, and those who are healthy and do not utilize it. Let S represent
the random set of sick policyholders, v(S) denote the total medical expenses (after deducting copays),
and 69v(S) be the surcharge paid to the insurance company. Define 6 = —4. The total expenses,
excluding copays, amount to (1 — 6)v(S), which are distributed among all policyholders.

If T = 1 — w4+ dw, and the function v is symmetric across two types of policyholders, then—by the

M. Here, we

principle of equality of outcome—the cost of purchasing an insurance policy is:
take the expectation of v(S) because policyholders pay this cost upfront. In contrast, unemployment
benefits and employment welfare are distributed after the realization of v(S).

In practice, the principle of equality of outcome is applied, and thus the rule T = 1 — w + dw
holds. In this scenario, patients also pay predetermined copays. Since the same copay applies to all
patients regardless of illness severity, it can be set based on the minimum medical cost incurred when

any policyholder becomes sick.

6.3. Dynamic Highway Toll

The I-66 highway segment inside the Capital Beltway (I-495) employs a dynamic tolling system
during rush hours: carpool drivers travel toll-free, while solo drivers pay a dynamic toll, denoted as
&(n,s), where n is the total number of drivers and s is the number of solo drivers. Let S represent the
set of solo drivers.

Let g(n) denote the average cost per driver—excluding tolls—when traffic volume is # cars. This
function increases nonlinearly with n. A practical estimate of g(n) is the expected driving time (in
hours) multiplied by the average hourly wage. Thus, the total cost for all drivers is ng(n), and the
total cost for carpool drivers—assuming no solo drivers—is (n — s)g(n — s). The total over-traffic cost
caused by solo drivers, after tolls are deducted, is:

0(S) =ng(n) — (n—s)g(n —s) —sg(n,s).

Since all drivers are symmetric, the equality of outcome principle implies that each driver should

bear the same cost, 23). A carpool driver incurs an additional cost of g(n) — g(n — s), so we equate

n
@ = g(n) — g(n —s). Solving this yields the toll:

¢(n,s) = g(n—s). (13)

An administrative surcharge § may be added to this base toll.

This toll formula in Eq. (13) is based on per-vehicle equality of outcome. It represents the average
saving if any passenger were to pair with a solo driver—converting the solo driver into a carpool driver
while keeping all others unchanged. We can extend this framework to include carpool passengers,
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who experience the same traffic conditions as drivers. Let ¢ > 1 be the expected number of passengers
per carpool vehicle, excluding the driver. Then, the expected total over-traffic cost caused by solo
drivers—excluding tolls—becomes:

E[o(S)] = [n+c(n —s)lg(n) = (¢ +1)(n —s)g(n —s) —s¢(n,s).

This expected cost is evenly shared among all [n + ¢(n — s)] (expected) individuals, including both

E[o(S)] 7= g(n) — g(n —s) leads to the same toll formula

drivers and passengers. Solving the equation wre(n—s)

as in Eq. (13), regardless of the value of c.

6.4. Feature Selection in Machine Learning and Econometrics

Feature selection, also known as variable selection, involves identifying the most relevant pre-
dictors from a large set of candidates to model and predict a dependent variable. Suppose we have
n candidate features X, Xp, - - - , X;; € N, a dependent variable Y, and a performance measurement
function v : 2N — R. The subset of relevant features S C N is unobservable, and our goal is to estimate
it.

Each relevant feature contributes to explaining some aspect of Y. However, if its explanatory
power is already captured by other features in S, it should be excluded to avoid overfitting or
collinearity. Thus, a feature outside S may still be relevant but not necessary for inclusion.

In the absence of prior information, we assume each candidate feature has an equal probability of
being selected into S. Since S is unobservable, we simulate it using the following steps: 1. Sample a
value p from the beta distribution; 2. Simulate a size s from the binomial distribution with parameters
n and p; 3. Simulate S from the uniform distribution over all subsets of size s. This simulation process
depends on the hyperparameters 6 and p.

The most relevant feature X; may either be included in the simulated subset S, contributing a
marginal gain, or excluded from S, contributing a marginal loss. In either case, it influences the value
v(S), and the combined marginal contribution—both gain and loss—represents its explanatory or
predictive power for Y. To assess relevance, we use the sample mean, denoted as v;[v] + A;[v], of
marginal contributions in many simulated S. In contrast, an irrelevant feature contributes neither
marginal gain nor loss to v(S), aside from random noise.

The dependent variable Y is typically not fully determined by the available features. It may
include an unknown constant intercept and a random residual, which together represent the J share of
v(S) not attributed to any feature in N. In linear regression, for example, we begin with a preliminary
regression using all candidate features. The resulting R-squared value measures the proportion of Y’s
variability explained by these features. Accordingly, we set 6 as 1 minus the R-squared. From this,
Egs. (9) and (10) imply the following relationship:

s(9+p—1)—n9+s(9+p—1)—n(9—1)

=1-4. 14
p+n—s—1 0+s—1 (14)

We sequentially admit relevant features, beginning with the most significant one. At each step,
we select at most one candidate from the remaining pool—specifically, the feature with the greatest
and statistically significant marginal contribution. Let S denote the set of features already admitted,

and let 2 = N\ § represent the remaining candidate features. To select the next feature, we impose the

0

conditions s = 1, n = |E|, and E[p] = o

= & in Eq. (14), which uniquely determines the values of 6
and p.

Using the identified values of (6, p), we simulate many subsets S C E to estimate the marginal
contribution 7;[v] + A;[v] for all candidates in E. The feature with the most significant marginal
contribution is admitted into S and removed from the candidate set & . We then update (1,6,6,p)
accordingly. This process continues until no remaining candidate exhibits a statistically significant

marginal contribution. The procedure is outlined in Algorithm 1, where J takes the value of 1 minus
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the R-squared when E is used to model Y In Step 2, and max{30, 2”*1} random subsets S C = are
used to estimate the marginal contribution in Step 4.

Algorithm 1 Feature Selection by a Fair Division Rule

1: Initialize: £+ N, $ + @
2: while E # @ do > admit at most one feature per loop
3. Setn < |E| and update (4,6, p)

4 Estimate 7;[v] + A;[v] in the game (E, v) where v also includes regressors from $
5. Letj < argmax 7;[v] + A;[7] > j has the largest marginal contribution
icg
6 if 7;[v] + A;[v] is significantly positive then
7 Add X; to 5
8: Update E + N\ § > bipartition of N into Z and $
9: else .
10: Return §
11: end if

12: end while

Simulation studies show that Algorithm 1 significantly outperforms popular feature selection
methods such as stepwise, uni-directional, swapwise, combinatorial, auto-search/GETS, and Lasso—
all of which are implemented in econometrics software like EViews. In these simulations, the per-
formance function v(S) is defined as the negative log-likelihood when the features in S are used to
model the dependent variable. Consequently, the likelihood ratio test is used to assess the statistical
significance of 2(7;[v] + A;[v]), which is considered significant if it exceeds the critical value for a .05
significance level under the chi-square distribution with 2 degrees of freedom.

6.5. Labor Costs

Sections 6.2 and 6.3 address minimal medical costs and equality of outcome, respectively, to
help calibrate labor costs—factors that are excluded from the function v(S). An alternative approach
considers both the demand and supply sides of the labor market. For example, the labor cost for any
i € S can be defined as the minimum wage required for all j € N\ S, where j is either symmetric to
or uniformly outperforms i in terms of v. In other words, someone from N \ S can replace i without
reducing the production value v. This minimum acceptable wage is known as the reservation wage,
below which j is unwilling to work.

At this market replacement cost, the subset S can substitute i with j without sacrificing net profit,
and j is willing to accept the job (see Horowitz and McConnell, 2003). Using the prevailing market
minimal wage implies that raises or promotions become necessary when market conditions change or
when employees acquire more relevant skills and experience.

To avoid disincentivizing work, unemployment benefits must be lower than the sum of the
reservation wage and employment welfare. To sustain a high labor participation rate, other incentive
compatibility measures may include a minimum wage floor for labor costs and sufficient unemploy-
ment benefits to cover the unpaid efforts involved in job searching and skill learning, which contributes
positively to market efficiency.

Under the symmetry and EEO assumptions in Theorem 8, Corollary 2 states that the average
employment welfare is no greater than the average unemployment benefits for any ¢-rate. Given its
advantages discussed above, the tax rate T = 1 — w + dw is likely to be adopted. Thus, when labor
costs are included, employed individuals remain better off than unemployed participants in the labor
force.

Corollary 2. Under the assumptions in Theorem 8, the average employment welfare is no greater than the
average unemployment benefits for any ¢-rate.
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Finally, labor costs indirectly influence T when the reserve 6v(S) is fixed. As labor costs increase,
v(S) decreases. If 6v(S) remains constant, then § must increase, which in turn raises T = 1 — w + dw.
In the context of health insurance, for example, a higher copay reduces the cost of purchasing the
policy. Moreover, the government could implement a countercyclical fiscal policy by adjusting the
spending level é in response to changes in w, such that:

dr  d(l-w+dw) dé

7. Discussion and Conclusions

This paper develops a fair-division framework for allocating unemployment benefits in an
economy characterized by a largely unknown, heterogeneous-agent production function and a labor
market divided into two randomly formed groups. We define “fairness” as equal employment
opportunity, modeled using a beta-binomial probability distribution. Although this distribution
supports the derivation of a key tax rate, many of the paper’s results hold independently of it.

“Sustainability” is defined as a balanced taxation budget—free from both deficits and surpluses—
ensuring government accountability for any liabilities incurred. To assign value to unemployed labor,
we adopt the dichotomous valuation framework proposed by Hu (2006, 2020), which describes how
net production is shared between employed and unemployed individuals.

Assuming a static labor market, we identify a sustainable tax policy by minimizing the asymptotic
variance of the posterior employment rate, which links policy variables to observable outcomes. This
policy can also be uniquely determined by maximizing the posterior mean of the unemployment rate,
minimizing downside risk, or reducing the posterior mean absolute deviation.

The proposed tax rule is both practical and transparent. It incentivizes the unemployed to seek
employment and motivates the employed to enhance productivity. Moreover, under a symmetry
assumption regarding productivity, the model achieves equality of outcome, thereby contributing to a
reduction in income inequality.

While the static model offers a foundational perspective, it overlooks several critical aspects of
real-world labor markets. First, it fails to capture the dynamic nature of income inequality and its
rational response to tax policies. Second, although limiting the fungibility of future borrowing can help
mitigate the risk of national debt accumulation, it also constrains the government'’s ability—particularly
through monetary policy—to intervene effectively in the economy. Nevertheless, moderate economic
stimulation during recessions remains feasible by adjusting the reserve ratio, . Third, the assumption
of labor market mobility does not reflect recent developments in incomplete-market theory (e.g., Magill
and Quinzii, 1996). Additionally, a multi-criteria objective function may be more appropriate than
a minimum-variance one, especially in contexts of high unemployment (1 — w) or a large ¢. Lastly,
relying on a single tax rule, T(w, §), may oversimplify the complexities of real-world taxation systems,
which are influenced by numerous additional factors.

These limitations highlight opportunities for further development of the current framework.
Several potential extensions are worth exploring. For instance, the probability distribution used
to model EEO could be redefined in various ways. One option is to replace the two-parameter
Beta distribution with a four-parameter version or a beta-rectangular distribution. Alternatively,
the beta-binomial distribution could be substituted with a Dirichlet-multinomial or a beta-geometric
distribution. Each alternative would require additional identification restrictions to precisely determine
the function 7(w, d).

Another approach involves allowing the hyperparameters 6 and p to depend on economic
variables, such as through beta regression. Moreover, the function v could be extended to a multidi-
mensional form—capturing aspects such as production, social justice, and other societal dimensions.

There are also several alternative approaches to determining a unique ¢-rate, depending on the
specific goals and methodologies employed. Statistically, one option is to estimate the structural model
using data collected monthly, weekly, or even daily. Other methods include minimizing the ex-ante
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risk of w or applying the statistical techniques discussed in Section 3.2. Objectives might also focus on
characteristics such as skewness, kurtosis, the Gini coefficient, or the entropy of the posterior rate py, ..

A game-theoretic approach offers an additional avenue for analysis, particularly through the
identification of a bargaining solution from the set of feasible outcomes (), ., 5, which is especially
useful when 7 is small. Policymakers might also consider modeling the reserve ratio ¢ as a function of
w, or prioritize marginal gains over marginal losses to more effectively stimulate job growth.

Different priors and identification strategies can yield varying results. Ideally, the outcomes should
be robust—minimally sensitive to the choice of priors and consistent across different identification
methods.

In summary, the tax policy proposed in this study is grounded in strong theoretical foundations.
It is straightforward to implement, promotes both productivity and employment, and performs well
across a range of objectives. When applying this framework in real-world contexts, it is essential to
consider alternative models of equal opportunity, incorporate diverse evaluation criteria, introduce
additional constraints, and account for dynamic elements.
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The following abbreviations are used in this manuscript:

EEO Equal Employment Opportunity
¢-rate  Limit of tax rates that satisfy Eqs. (9) and (10) as n — co.

Appendix A. Proof of Theorem 1

In this proof, we use the following properties of the beta function:

Blx—1,y+1) = LB(xy), Vx>1,y>0;
plx+Ly—-1) = Hpxy), Yx>0,y>1

|
®
-

First, the expected aggregate marginal gain and loss are given by:

E{Z (v(S) —v(s\?))_ = YL P(S=S) ¥ [v(S)—v(S\i)]
€S i SCN i€S B
= L Y PS=95[v(S)-v(s\i)]= L 7]
_ ieN SCN:ieS ieN
E| ¥ (v(SUD)—o(S))| = L P(S=5) ¥ [0(SUi)—0(S)]
ieN\S ] SCN ieN\S
= Y Y P(@=5)[uSui)-o(S)] = L Al0].
ieN SCN:i¢S ieN
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Using Egs. (3)—(5), we can rewrite the expected marginal gain and loss as follows:
g bq p g g
wel = T B 0() —o(s\D)
CN:S>i
z=5\i B(6+s,p+n—s) _ B(0+z+1,0+n—2z-1)
a sm%s;i g ) ZCZIW Fep) o
- _ T (A1)
Aol = z\%wzuo ~0(2)]
ZCN\i
S=_ZU? B(0+s—1,04+n—s+1) B(0+z,p+n—z)
= y BT T 0(S) - Y BT Hg(Z
SCN:$3i Alép) ) ZCN\i Plo) @

From Eq. (A.1), the aggregate value of employed labor becomes:

o B(6+s,0+n—s) B(0+z+1,p+n—z—1)

i[v = B2 = 2 o(S) — e ——0v(Z
ig\lﬂ ] ieXI:\I sg%sy pop) ) ieZN ZQZN\; pop) (2)
S=Z §(9+s,p+n—s)v S) ﬁ(9+s+1,p+n—s—1)v S

sgN:Zs;A@ zgs BOp) ) SQN%#N ie%\s P(op) (5)
o sB(6+s,0+n—s) _ (n—s)B(0+s+1,0+n—s—1)
SCNZS;&@ pOp) o(5) CNZS;éN BO) v(5)
_ n 9+np nB(6+1,0+n—1)
o N~ e (@)
+ Y sB(0+s,0+n—s)—(n—s)p (9+s+1,p+n—s—1)v(s)
SCN: S;é(Z)SaéN pOp)
9+ 0,0+
R
_ n—s S S,p+1n—s
+SCN:S§N,S7£(Z) T s } BOp) o(5)
_ “s(04+p—1)—n P(6+s,p+n—s) ZJ(S)
sCN p+n—s—1 B(0.p0)

Similarly, the aggregate value of unemployed labor is given by:

Aol = BO+s—Lotn—stl) oy _ BO+zptn—2)
z‘eZN o) ieZN sg\%s;i pOr) ) IQN zgzN\i pop (%)
5=2 BO+s—Lptn=st1) oy v g Bltspin=s) g
sgN:Zs;@ iezs Bor) 5) SCNS#AN icN\$ B(0.0) (5)
_ sB(0+s—1,0+n—s+1) . (n—s)B(0+s,0+n—s)
a SQN%#CD pOp) S) SCN%#N B(0.0) v(S)
_ "ﬂ(ezzl(;;)’pﬂ)v(N) _ 5(9 p+n) 2(®)
+ 5 sB(0+s— 1p+n s+1)—(n— s)ﬁ(9+s,p+nfs)v(s)
SCN:S#®,5#N B6.0)
f+n, 0,0+
rr Ut o () — (@)
s(ptn—s) B(6+s,0+n—s)
+S§N:S#®,S#N{ trs-1 S)] s, ©(S)
_ s(0+p—1)—n(0—1) B(0+s,0+n—s)
= SEN TrsT B(6,0) v(S)

Appendix B. Proof of Lemma 1

For simplicity, we introduce the following shorthand notations:

As = —0w+OT—204+w—T2+4T—2=NM+ Ay,
N = —wéd+wt+T1—1=A7A+ wA3,

Ay = ——wtH2t+w—-1=7M+(1—-w)A3,
ANg = —dw—06+w+3t—2=A7A3+As,

Ny = —20w—0+2w+4T1 -3 =A+Ag.

All these expressions are bounded since 0 < w, T, < 1.
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Letting s = nw, we rewrite Egs. (9)-(10) as a linear system in the unknowns (6, p):

1-7)(p+n—-s—1) = s(@+p—1)—nb,
(t=0)(0+s—1) = s(@+p—1)—n(6-1).

This system has a unique symbolic solution for (6, p). We now verify that Eq. (11) satisfies this system.
Assuming Eq. (11), we derive the following identities (also used in other proofs):

0+s = n2wA+nhy+Az + nw(nA+Az) _ n 2w+nhg+As
nA+A3 nA+As3 nA+Az 7
Ors—1 — nfwtnAe+As _ nA+A; _ nPwtn(be=A) _ nPwtnw(t—1)
nA+A3 HA+A3 VlA+A3 HA+A3 4
0+ _ nfwb+n+A; + n2(1=w) A +ndy+83 _ n?A+nAs+2A;
P nA+As nA+A; nAthy 7
0tpo—1 = n2M +nAs 203 nA+Az _ nPA4n(6T-20—1431-1)+A;
p nA+A; nA+A; nATA; ,
n2A+nAs5+2A n(nA+A 1?2 +nhg+2A
O+p+n = CAtA, T (nA+A33) = AtAs
n2+nAg+2A nA+A n2+nhg+3A
O+p+n+1 = e e Ty e Ty i v
2 +nhg+2A nA+A n2+4+n(Ag—A)+A
O+p+n—-1 = . WA, T nhtAL = r(zAiAg 2,
+nAg+2A 2(nA+A n2+n(Ag—2A
9 + p + n— 2 - HAJEAg 2 — (11A+A33) = VIA(+8A3 )’
_ 2(1 W)A1+nAg+A73 n(1-w)(nA+Az) _ nz(lfw)+nA7+A3
ptn—s = AT A + nA+A23 = A TA ,
g1 = ™ 2(1—w)+nd7+85  nA+D; _ n*(1—w)+n(l-w)(t— (5)
ptn—s = nATA; WATA; — nAT A

we now compute the following expressions:

s@+p—1)—n = ”‘*’[”ZAlJr”(‘STnAZjAT +3t-1)+43] _ n(n? wﬁx:@ﬁ&)
_ 1 w(0Tt=26—T2+31—1)—Ap)+n(w—-1)A; _ n*(1-w)(1-7)+n(w—1)A;
o nA+A3 - nA+A; ’
s@+p—-1)—n(@—-1) = [s(6+p—1)—nb]+n
2 (1—w)(1-1)+n(w-1)A3 | n(nA+Az) _ nPw(t— 5)+nwA3
- nA+As + nA+As T nA+Az

Thus, we verify the identities:

s(0+o—-1)-n0 _  n?(1-w)(1-1)+n(w—1)As 1-1
ptn—s—1 T n2(1-w)+n(1-w)(r-9) - !
s(0+0—1)-n(0-1) _  nPw(t—0)+nwhs - 1_
0+s—1 T nPwtnw(t-1) - :

Appendix C. Proof of Theorem 2

For any integer z > 0, by the proof of Lemma 1, as n — oo, we have:

2w-+nhg+A A+A
0+s+z - wn/ﬂ& * + Z(:AJFA;) w4+ n(Ag+zA) + (1+2)As
T n24nAg+2A A+A3) T 2
0+o+n+z n T +Z(;A+A33) n2+n(Ag+2z0) + (2+2)As3

From Section 2.1, p, , has a Beta distribution with parameters (6 + s, + n — s). Thus, its charac-
teristic function is (e.g., Johnson et al., 1995, Chapter 21):

kkl

0+s+z
E ”7in =1
[ } + 2 H G0+p+n+z
where i is the imaginary unit, i.e., i> = —1. Taking the limit as n — oo, we observe:
li ]E[iﬂpnw]—1+oo (i” Ii_[l Otstz —1+i(i’7w)k— xp(inw)
e L6 = k; k! n%oo 9—|—p—|—n+z_ — k! = expw).
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Therefore, the random variable p, , converges in distribution to a point mass at w as n — co.

Appendix D. Proof of Theorem 3

To analyze the asymptotic relationship between the functions f(n) and g (1), we use the following
standard notations:

e f(n)=0(g(n))if limsup‘m‘ < 00;
mSUP| gl

o f(n)~g(n)if lim g? = 1.

n=co §(1)

Since p, , follows a Beta distribution with parameters (6 4 s, 0 + n — s), its variance is given by
(see Gupta and Nadarajah, 2004, p.35):

(0+5)(p+n—s)
O+p+n)2O0+p+n+1)

VAR(p,,) =

From the proof of Lemma 1, the variance VAR(y/np, , ) is

n2w+nA6+A3 nz(lfw)+nA7+A3

nA+A; nA+h; . n(nA+A3)(n2w+nA6+A3)[nz(l—w)+nA7+A3]
2 4nig+283 | n21ndg 30, (n24nAg+2A3)% (n24+nAg+3A3)
nA+Az nA+Az

(a4 %) [+ 78+ 2% )H“*‘”(”%*ﬁﬂ
(1+A8+2A3) (1+52 +3A3)

= wl-w)(A+%) 1+ + o -2 -+ 0(h)]

= w(1-w)d+ D Ag 4 ASE + 122 205 - 80)] + O( &) > w1 - w)a.

To minimize this asymptotic variance , lim VAR(y/np,,) = w(1—w)A, while ensuring non-negativity,
n—oo 4

we must set A = 0. Therefore, the value of T that minimizes the asymptotic variance is:

argffmnnlgrc}o VAR(Vnp,,) =1—w+dw.

Appendix E. Proof of Theorem 4

Let u, = 9+9;in be the mean of p, ,, and let f(x) = % be its probability density
function, defined on 0 < x < 1. Let 02 be the variance of p, ,, and define a, = M > 0. The

lower semivariance of p, , is defined as:

o3 A [" £ (= e

and ng? is the lower semivariance of v/np, . We apply this in the Chebychev inequality:

Hn—&n Hn—0&n X— i 2
P(po Spn—) = [ fdv< [ fo(5) dx
0 0 i i (A.2)
< & [f@E -y dr = = Gty

Letx, = (,Jr:;jin% and ¢, denote the mode and median of p, ,, respectively. Since the median lies

between the mean and the mode, and using identities from Appendix B, we have:

_ _ _ 0+s O+s—1 _ n+p—60—2s
|V” 8”| < |V" K"‘ - ‘9+p+n 0+o+n— 2’ ‘ (0+p+n)(0+p+n—2)

TR I Sl )

IN

’ (0+p+n)(0+p+n—2) (9+p+n)(9+p+n72)
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To estimate a lower bound, we use Stirling’s approximation for the Gamma function I'(-) where
I'(z+1) = v2mz z* exp(—z). Then, the probability that p, , < pn — ay is:

En
IP)( nw — ]/ln ) :P( n,w S 8”) f f(X)dx
Hn—&n
0+s—1 0+s—1 )p+n7$71

—wwww—%w«@:;{M+qpﬂwwﬂ (1-sty

v

T(6+s)T(p+n—s)
T(0+p+n)
(6+571)9+S_1 (p+n7571)9+"7571

_ 1 I 1 T(6+s) T(p+n—s)
= 57— |an+ O(E)] (0+p+n—2)0 P2
) (QW
_ exp(f+s— exp(p+n—s—
~ L |a 4+ O(l) V2r(0+s-1) \/2r(p+n—s—1) 1 |:“n + O(l)} (0+p+n—1)4/0+p+n—2
~ 2 n n exp(0+p+n—2) -2 n _ g
: (0+p+n—1)/27(0+p+n—2) \/27‘[(9+s 1)(p+n s 1)
~ 1_ |,/ wld-w) 1 %\/% _ 11 1
~ 2 \/T++O(n):| / e n(1—w) - 2 2n+o(\/ﬁ>'
- )y

Finally, rewriting Eq. (A.2), we obtain:

(;—\/%T>w(1—w)A+O< L > < no? §n(f,%—w(1—w)A+O(111>.

Taking the limit as n — oo, we get:

S

1 1
—— —— |Jw(l —w)A < hmmfna < limsu na < w(l—w)A.
(3- 5 )ot-w) msup (1-w)

Therefore, setting A = 0 minimizes the limiting lower semivariance of \/np, .
A similar argument applies to the upper semivariance of \/np, , .

Appendix F. Proof of Theorem 5

Note that:
Ag —whg = (1 —1)(2w — 1) + w?(5 — 1).

From the proof of Lemma 1, we have:

2wtnhg+A
]E[pn,w | (6’p’ T) € Q(w’(s’n” = Qﬁj;j*i’l = Zzﬁnggi2A§

_ Ag—wAg)+(1—2w)A; 1-7)2w—1)+w?(6-1) 1
o MO0y (0o seteol | oL,

In this approximation, the mean decreases with increasing T when 7 is large and w > .5. To maximize
the mean, we minimize T € (1 — w + dw, 1) such that 6 > 0 and p > 0.
It is straightforward to verify that > 0 and p > 0 when:

20(1 — w)(1 —6)?
n

T=1—w+dw+

and n is sufficiently large. Therefore,

20 (1 — w)(1 - 8)?

1—w+dw < argmax E[p, , | (6,0,7) € Qw,d,n)] <1—w+dw+
T

Taking the limit as n — oo, we obtain:

nh_r)n argmax E[p, . | (6,0,7) € Q(w,6,n)] =1 — w + dw.
[o0] T 4
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£ nw+nhe+Az

Additionally, we can confirm this result by analyzing the derivative of 75"~ A 12As

with respect
to T:

oE [pn’w ‘ (6,0,7) EQ(w,&,n)}
oT

<nagLT6> (n?)—(n’w) (nagirs) +0(n?)
(n2+nAg+2A3)*

_ 1—n2w —|—O(%).

This derivative is negative for w > .5 and # is large, confirming that increasing 7 reduces the expected
value.

Appendix G. Proof of Theorem 6

When # is large, the condition (6,p,7) € Q(w,d, n) implies A > 0, based on Lemma 1, where
A1 > 0, and Az < 0. Therefore, as shown in the proof of Lemma 1, both# +s - coand p+n —s — oo
asn — oo.

Applying Stirling’s formula, Johnson et al. (1995, p.219) derive the following result for the ratio of
the variance to the squared MAD around the mean:

lim (EHpn,w _E(pn,w)H)z _ 2
f+4s—00,0+n—s—c0 VAR(pn/w) 7T )

Thus, minimizing the MAD is equivalent to minimizing the variance of p, , when 7 is large.
By Theorem 3, this completes the proof of Theorem 6.

Appendix H. Proof of Theorem 7
Since individual i uniformly outperforms individual j, and both have EEO, j’s expected marginal
gain ;[v] is:

o5 B =D - o(T\ )]
= Y PS=DRT)-o(T\Hl+ ¥ P(S=T)[(T)—o(T\])
. TCN:jeT,ieT TCN:;jeT,i¢gT
= P(S=T)[o(T) —o(T\)]+ L PB(S=ZU)p(ZU]) ~o(Z)]
TCN:jeT,ieT B ZCN:j¢Z,i¢Z ) B
= Y B(S=T)o(T)~o(T\)]+ ¥ P(S=ZU)(ZUJ)—0(Z)]
TCN:jeT,ieT B ZCN:j¢Z,i¢Z B B
< Y PS=T)p(T)-o(T\)J+ ¥ P(S=ZUip(ZUi)-0(Z)]
TCN:;jeT,ieT ZCN:jeZ,i¢Z
=z Y PB(S=T)[o(T)~o(T\)]+ ¥ P(S=T)[o(T)—o(T\)
TCN:jeT,ieT TCN:j¢T,ieT

Y P(S=T)[o(T)—v(T\i)] = 7i[0].

TCN:ieT

Notably, the beta-binomial distribution from Eq. (3) is not required for this result. Moreover, EEO

is not necessary for all other players in N, except for the condition:

P(S=ZUi)=P(S=ZUj)

forall ZCN\i\j.

This condition ensures that individuals i and j have an equal chance of being hired when both are

unemployed.
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Similarly, individual j’s expected marginal loss A;[?] is:
(S = T)[(TUj) —o(T)]
TCN:j¢T - -
- L BS=Dp(TUj)—oT)]+ £ BS=T)e(TUj)—o(T)
i TCN:j¢T,ieT TCN:j¢T,i¢T
=Y E RS=Z\DR@)-oZ\PI+_ L B(S=De(TU))-oT)]
ZCN:jeZ,ieZ ~ - TCN:j¢T,i¢T -
- . BS=Z\Db(@)-vZ\)]+ ¥ PB(S=T)p(TUj)—o(T)
ZCN:jeZ,iceZ - - TCN:j¢T,i¢T B
< L PE=2zZ\)pZ)-oZ\)]+ ¥ PS=T)u(TUi)-o(T)]
] ZCN:jeZ,iceZ TCN:jET,i¢T
T2 Y P(S=T)o(Tul)—o(T)]+ ¥ P(S=T)[o(TUi) - oT)]
TCNjET,igT TCN:j@T,igT
-~ ¥ P(S=T)p(TUi)—o(T)] = Al
TCN:i¢T

In these arguments, we use the identity:
P(S=2Z\i)=P(S = Z\])

for any subset Z C N such that i,j € Z. This identity ensures that individuals 7 and j have an equal
chance of being laid off when both are employed.

Appendix I. Proof of Theorem 8

We allocate (1 — 7)v(S) to the subset S as employment welfare, and (7 — 6)v(S) to the subset
N\ S as unemployment benefits. When the employed individuals are symmetric in v and have EEO,

each employed person receives:
(1-1v(S) _ (1=1)o(S)

S nw

as their employment welfare, according to Theorem 7. Similarly, when all unemployed individuals are
symmetric in v and have EEO, each receives:

(t=0)o(S) _ (t—98)v(S)

n—s n(l—w)

as their unemployment benefits.

Therefore, the condition:
(1—7)o(S) _ (r—=9)v(S)

s n—s
is equivalent to:
-7 196
w 1l-w
Solving this equation yields:
T=1—-w+dw

Appendix J. Proof of Corollary 2
By Corollary 1, any ¢-rate T > 1 — w + dw. Therefore, we have:

1-1<w(l1-9).
Multiplying both sides by (1 — w), we obtain:

1-7)(1-w) <w(1-90)1-w)=w(l-—w+dw—19¢) <w(t—79).
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Hence, it follows that:

1—T§1T_—5 and (1*T)U(S)S(T*5_)U(S)‘

The remaining arguments follow directly from the proof of Theorem 8 in Appendix I.
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