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Circular and Hyperbolic Symmetry Unified
in Hyper-Spacetime

Peter J. Brands

Lumina Innovation, Zoutelande, the Netherlands; peter.lumina@zeelandnet.nl

Abstract

We present a unified geometric framework for the full Lorentz group, based on a bounded angle
parametrization of spacetime transformations within a hyper-spherical geometry. By mapping the
unbounded hyperbolic angle ¢ to a bounded angle S using the Gudermannian function,
hyperbolic, causal, and Euclidean three-spheres are brought together into a single structure: hyper-
spacetime. This structure unifies the Euclidean R* and Minkowski R'? domains, incorporates
discrete symmetries in a continuous way, and removes discontinuities at the lightlike boundary. Each
three-sphere carries a natural spinor set, encoding symmetry, and acting as eigen-spinors of
corresponding observables. These reproduce the Dirac spectrum while confining singular behavior
to a scalar factor. The bounded angle parametrization therefore provides a continuous, closed
representation of the full Lorentz group and a transparent geometric basis for spacetime symmetry.

Keywords: full Lorentz group; spacetime spinors; three-sphere; hyper-spacetime; geometric algebra;
Dirac equation; null spinors; geometric duality

1. Introduction

The full Lorentz group 0(1, 3) [1-6] encodes the fundamental symmetries of spacetime. It
includes both continuous transformations - boosts and spatial rotations - as well as discrete
reflections. Conventionally, Lorentz boosts are parameterized by the unbounded angle ¢ €
(=, +) (rapidity). While effective, this parametrization leads to discontinuities at the lightlike
boundary, and leaves the discrete symmetries disconnected from identity.

In this paper, we introduce a bounded representation of the full Lorentz group by embedding
its transformations into a closed hyper-spherical geometry, which we term hyper-spacetime. The
main step is to map the unbounded angle ¢ to a bounded angle f using the Gudermannian
function [7,8]. This mapping enables smooth passage across infinity, incorporates discrete
transformations in a continuous manner, and eliminates algebraic singularities at the lightlike
boundary.

The core of the paper (Sections 2-6) develops the mathematical framework. We first reformulate
Lorentz boosts using a bounded angle parametrization that unifies circular and hyperbolic symmetry
and applies naturally to special relativity, yielding harmonic relativistic proportionality factors [9].
Extending to four dimensions, we introduce a triplet of three-spheres that define hyper-spacetime
and show how the full Lorentz group, with both continuous and discrete symmetries, emerges within
its hyper-spherical coordinates. Spinor sets are then constructed and analyzed as eigen-spinors of
geometric observables, reproducing the Dirac spectrum while confining singularities to scalar factors.
The final part of the paper (Sections 7-8) turns to interpretation and outlook, discussing the physical
implications of hyper-spacetime, and concludes with a summary of its unifying features.

The mathematical formalism throughout is based on the geometric algebra (GA) of spacetime
(STA) as developed by David Hestenes [10,11] (Appendix A). Foundations of geometric algebra
where laid by Grassmann [12] and Clifford [13] in the 19th century, and the decisive motivation for
its use lies in the generalization of rotations via rotors [14-18]. In STA [10], a spacetime inertial frame
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{t.x, 4,2} is represented by four orthogonal basis vectors y, = {y,,¥1,¥2,¥3}, which satisfy the
algebra of the Dirac gamma matrices [4].

2. Hyperbolic Rotation

Lorentz boosts are conventionally expressed as hyperbolic rotations, parameterized by the
unbounded angle ¢ € (—oo,+00) (rapidity) (Figure 1a).

w(¢g) = cosh(p)y, + sinh(¢p) y3 w(B) = sec(B)y, +tan(B)ys

R sec(B) L 7
‘\ 'B 0 W(ﬁ) - LzyoLz
RN T
‘ ‘ ‘ ‘ ‘ Y ‘ =
o > / > \S@
@ € (=0, +00) [ LEE ¥ 1 B €[0,2n] AN Vs

R,(¢) = cosh(¢/2)+sinh(p/2)0; L,(B) = /sec(B) (cos(B/2) + sin(B/2) o3)
(a) (b)

Figure 1. Comparison of hyperbolic rotation. (a) In the unbounded parametrization, the rotor R,(¢) covers only
one branch H!, with a discontinuity at lightlike boundaries. (b) Using the bounded angle §, the rotor L,(8)
spans the full symmetry S} = Hi®H!. The Gudermannian mapping ensures smooth continuity through

infinity, closing the hyperbola into a one-sphere S}.

A boost along the y;-axis (3-axis) is generated by the hyperbolic rotor R,(¢):

R, (@) = exp(e 03/2) = cosh(¢/2)+sinh(¢/2)0s, @ € (=00, +0), R.R, =1 (1)

Where bivector o3 = y3y, represents the temporal plane of rotation. Acting on the temporal basis
vector y,, the rotor generates the boosted spacetime vector w(¢p):

w(@) = R,yoR, = cosh(p)y, + sinh(¢) 3, lw(@)lI? =1 )

However, rotor R,(¢) only covers the positive branch H} of the hyperbola. The negative branch of
the hyperbola H! is not present (Figure 1a).

To cover the full hyperbolic symmetry in a single parameter domain, we map the unbounded
angle ¢ € (—o,+o) onto the bounded angle g € [0, 2r] using the Gudermannian function ¢ =
tanh™*(sin(B)) (Appendix B) [7,8]. Substituting of this function into R,(¢) yields the rotor L,(B):

L,(B) = exp(tanh~*(sin())03/2) = V/sec(B) Lin (B),  L.L, =1

Ly1(B) = cos(B/2)+sin(B/2)a3, LysLyy = cos(B)

The scalar factor /sec(f) ensures normalization, while L,;(f) acts as a temporal spinor (Appendix
C). Applying rotor L,(f) to y, generates the boosted spacetime vector w(f):

w(B) = LyyoLs =sec(B)yo +tan(B)vs, B €l0,2n], lwBI?*=1 (4)

Where the full hyperbolic symmetry is covered continuously (Figure 1b).

®)

In summary, the bounded angle parametrization provides several advantages. It removes
singularities by isolating them in the scalar density factor ./sec(f), while the associated spinor
remains regular. At f = £m/2, the mapping passes smoothly through infinity, ensuring continuity
across the lightlike boundary where crossing corresponds to a time reversal. The two disconnected
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hyperbolic branches H} and H! are thereby closed into a single hyperbolic one-sphere S}; (Figure
1b). In this way, hyperbolic symmetry is unified within a single angular cycle.

3. Harmonic Relativistic Proportionality Factors

In special relativity, the relative speed v/c is conventionally mapped to the unbounded angle
@ € (=, +00) (rapidity). Using instead the bounded angle g € [0,2n] introduced in Section 2, this
mapping provides a harmonic set of relativistic proportionality factors:

sin(B) =+ v/c, cos(B) = /1 —(v/c)?
1 tv/c )

—_— tan(f) = ————

+/T- /P +/T- /P

These factors form a bridge between circular and hyperbolic symmetry:
sin?(B) + cos?(B) =1, sec?(B) —tan?(B) =1

Sl c RZ PEEN SIIJ c Rl’l

sec(B) =

(6)

Consequently, the bounded angle mapping unifies circular $* ¢ R* with hyperbolic Sj ¢ R*
symmetry (Figure 1b). A complete cycle on one-sphere S' c R* corresponds one-to-one with a
complete cycle on hyperbolic one-sphere S}; ¢ R This includes a smooth passage through infinity
at the lightlike boundaries f = +m/2.

To incorporate all the symmetries of the full Lorentz group 0(1,3), the framework must extend
from the two-dimensional (2D) relation R? <> R'! to a four-dimensional (4D) relation that unifies
the Euclidean domain R* with the Minkowski domain R?.

4. One Unified Geometry Bridging R* and R13

The generalization from two to four dimensions is realized by the introduction of a triplet of
three-spheres embedded in a Euclidean {y,,0,} € R* and a Minkowski {y,y;} € R*® domain
(Appendix A). We define three distinct but related three-spheres:

Si =1{p = aoyo + axyx € R*®|q, ER, lipll? =1}, metric: {+1,—1,—1, -1}
St={a = votayk €RY|a €ER, llgll* = cos*(B)}, metric: {(+1,~1,~1,~1} @)
S = {u, = apyo + axox € R* | a, € R, 0, = yy¥o, llu,lI? = 1}, metric: {+1,+1,+1, +1}

Here:

e The hyperbolic three-sphere S, is preserved by spacetime rotor A, (Figure 2b).
e The causal three-sphere S} is preserved by spacetime spinor U, (Figure 3a).
e The Euclidean three-sphere $* is preserved by Euclidean spinor V; (Figure 3b).

Each of these three-spheres is preserved by a specific spinor structure (as defined in section 4.1),
which ensures that the geometry remains invariant under both Lorentzian and Euclidean
transformations. In this way, every three-sphere is not only defined by its metric but also carries a
natural spinor representation that encodes its symmetry.
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Two-sphere: §§, € R>?; (y)? = —1 Hyperbolic three-sphere: S, c R13
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(a) (b)

Figure 2. (a) The spatial two-sphere §3, ¢ R%?, spanned by vectors e3(8, ¢), is preserved by the spatial spinor
S;. (b) The hyperbolic three-sphere S}, ¢ R, spanned by vectors p, is preserved by the spacetime rotor A;.

The spatial vectors e; € S3, are all orthogonal to the temporal axis y,.

Causal three-sphere: §3 c R*3 Euclidean three-sphere: $3 c R*

N .
,

sin(B) q = U1)’0ﬁ1

Causality’ Proper length

volume V, llgll = lcos(B)]
‘ ‘ o ‘ . .
B €10, 2n] N es(6,0) €55, p €[0,2m]
6 €[0,m] L . 6 € [0,m]
pelo2n] ¢ € 10,27
0 e3=uzyo - ez Auz=0 uz=e3yp = ez Auz=0

, N
. N

,
B N
, N
. N

q(ﬁ' 9: ¢) =Yo + Sln(ﬁ) 63(9r ¢))
(a) (b)

Figure 3. (a) The causal three-sphere S$? ¢ R'3, spanned by vectors g, is preserved by the spacetime spinor Uj.

. N

ur(B,6,¢) = cos(B) v + sin(B) u3(6, ¢)

(b) The Euclidean three-sphere $* c R*, spanned by vectors u,, is preserved by the Euclidean spinor V;. In this
structure, each of the aligned vectors e; € $3, and uz € S? is orthogonal to temporal axis y, in its respective
domain, thereby fixing a common temporal bivector plane..

All three-spheres share: a common temporal axis y,, a common origin (spacetime event), and a
common temporal bivector plane. They differ in their metric and spatial subspaces {y;} ¢ R*® and
{ox} € R* (Eq.7), which define two complementary two-spheres:

St2 = {es = axyk € R | ax € R, (e5)* = —1} ®
$? ={u; = ayo € R*® | q; € R, (u3)? = +1}
Both two-spheres are preserved by spatial spinor S; (Figure 2a):
51(6,¢) = exp(—ioz¢/2)exp(—io,6/2), 551 =1, 517081 = Yo ©)
Applying spinor S; generates the spatial unit vectors e; and u; (Figure 2 and 3):
e3(0, ) = S;¥3S; = sin(8) cos(¢)y; + sin() sin(p)y, + cos(8)ys, (e3)? =—-1, e3=1usy,

uz (0, ¢) = S;035; = sin(0) cos(¢p)o; + sin(8) sin(p)o, +cos(B)az, (Uz)? =+1, uz = ezy,

(10)
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They are orthogonal to y,, aligned (e; Auz = 0), and define spatial direction. Moreover, they span
a common temporal bivector plane (e; = uzyy < uz = e3Y,), which is a cornerstone of the unified
geometry. The Minkowski vectors e; € R™® thus reappear in the Euclidean domain as temporal
bivectors, while the Euclidean vectors u; € R* play the same role in the Minkowski domain. This
geometrical duality: specifies spatial direction while simultaneously encoding for temporal
orientation in the opposite domain. Their associated dual spatial bivector planes fuz; belongs to the
common three-dimensional even subalgebra (Appendix A), ensuring domain-independence of
spatial orientation.

4.1. Definition of the Spinors {Uy,V1}, Rotor Ay = pU,, and Vectors {p, q,u,}

The two spinors {U;,V;}, and associated rotor A; = pUy, form a spinor structure that preserves
the triplet of three-spheres {S},S3, S} (Figure 2 and 3). Thus, every three-sphere carries a natural
spinor representation that encodes its symmetry. The Euclidean spinor V; (preserving §°) and
spacetime spinor U, (preserving S? and Sj3)) are defined as:

V1(B,6,9) = $1(6,$)Ly1(B), Ly (B) = cos(B/2)+sin(B/2)ys, V1V1_1 =1
U1(B,0,¢) = 51(60,9)L1(B), Ly1(B) = cos(B/2)+sin(B/2)03, U,U, = cos(B) (11)
Al (ﬁl 9! ¢) = Vv Sec(ﬁ) Ul(ﬁ! 9' ¢)' Alxl =1

Here S; acts as a spatial spinor (Eq.9), L,; and L,; actas temporal spinors (Appendix C), and the
scalar factor +/sec(B) ensures the unitarity of rotor A, the normalized form of U;. Applying the
spinors U; and V; yields the vectors spanning the three-spheres:

pE SI%I . p(B,6,9) = A1V0K1 = sec(B) yo + tan(p) e3(6, ¢), ||p||2 =1
qeSi: q(B,6,¢) =Uyyl, = Yo +sin(B) e3(0,¢), llqll*> = cos*(B) (12)

u €S% u(B,0,9) = ViyoVit = cos(B)yo +sin(B)uz (0, 9), llu,lI* =1

Here, p € S} is a hyperbolic unit vector, g € S} is a causal vector with variable norm, and u, € $3

is a Euclidean unit vector. The causal three-sphere S} covers the spacetime region bounded by the
light cone of a past event (Figure 3a). Each vector q € S} is future pointing and its norm represents
proper length, vanishing at the lightlike boundaries. In this way, S? integrates a natural form of
causality in the triplet of three-spheres.

In summary, the three-spheres {S},S?, $3} (Eq. 7) exhibit the following features:

e A common temporal axis ¥, with a shared origin (spacetime event).

e  Unit vectors e; € R™® and u; € R* that encode spatial direction and temporal orientation
through the dual relation {e; = uzy, © uz = e3y,}, expressing a geometric duality between
domains.

¢ Domain-independent spatial bivector planes fu; ¢ R?, common to both domains.

A complete cycle on the Euclidean three-sphere $* corresponds one-to-one with a complete
cycle on hyperbolic three-sphere S}, thereby unifying R* and R3. The apparent boundary at
infinity (8 = +m/2) is absorbed smoothly, making the entire structure closed and traversable. We
therefore define the unified geometry constructed from the triplet of three-spheres {S3,S?, S} as
hyper-spacetime B:

B ={S},S3,$%} (13)

Its coordinates are given by the hyper-spherical set (8, 8, ¢), where the spatial angles (6, ¢) encodes
direction and the temporal angle § encodes relative speed (Eq. 5). Hence, the familiar relativistic
parameters of direction and speed are reformulated as angular variables in a closed domain, and
continuity at the lightlike boundaries.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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5. Full Lorentz Group

The full Lorentz group 0(1,3) [19-21] contains the symmetries of spacetime that preserve the
Minkowski metric. It includes: 1) continuous transformations as boosts and spatial rotations, and 2)
spacetime event reflections {I,P,T,PT}: identity (I), parity (P), time-reversal (T), and spacetime-
reversal (PT). Thus, the full Lorentz group is defined as:

0(1,3) = {I,P, T, PT}.50*(1,3) (14)

where S07*(1,3) is the proper orthochronous Lorentz subgroup connected to identity.

In the conventional formalism: boosts in SO*(1,3) are parameterized by the unbounded angle
@ € (=, +00), leading to singularities at the lightlike boundaries. Moreover, the discrete reflections
{P,T,PT} remain disconnected from identity. The standard way to extend the full Lorentz group
0(1,3) is through its double cover Pin(1,3), as it includes both proper and improper transformations
[21]. However, even within Pin(1,3), the discrete transformations remain disconnected from identity,
leaving a gap between reflections and continuous transformations. This gap is closed by hyper-
spacetime, in which continuous and discrete symmetries arise naturally within a unified geometry.

5.1. A Unified Geometry

In the hyper-spherical coordinates (f,6,¢) of hyper-spacetime (defined in Section 4), the
spacetime event reflections {I,P,T,PT} manifest naturally as smooth angular transformations:

Identity I (8 .6 ,¢9)
Parity P :(*#p ,0+tm¢)

(15)
Time-reversal T :(F8xm6 ,¢)

Spacetime-reversal PT : (£ +m, 0 +m, ¢)
These transformations correspond to changes in temporal orientation (sign changes or *m
shifts in f) and spatial orientation (+m shifts in 6). Crucially, all four reflections are smoothly
connected to identity, eliminating discontinuities.

5.2. Spinor Representations

The spinor structure of hyper-spacetime provides explicit representations of the {I,P,T,PT}
transformations. Starting from the spacetime spinor U,;(f,0, ¢), variations in the hyper-spherical
coordinates (B,6,¢) generate the full set of spacetime spinors {U;}, where each of the spinors
represents one of the {I,P,T,PT} transformations:

I U(B.0,9)=U(+p .6 ,¢)=S51(6,9)(+cos(8/2) + sin(B/2)a3)
P: Uy(B,0,9) =Ui(=B  ,0+m¢) = S,(0,9)(+cos(B/2) —sin(B/2)a3)
T: Us(B.0,¢9) =Ui(=B+m6 ,¢)=5(0,¢)(=sin(B/2) — cos(B/2)a3)

PT: Uy(B.0,9) = Uy(+f + m,6 + m,¢) = S,(6,¢)(—sin(B/2) + cos(B/2)03)
With U;U; = cos(B){+1,+1,—1,—1}. Similarly, changes in V;(B,6,¢) generate the full set of
Euclidean spinors {V;}:

L Vi(B.6,¢)=Vi(+p .0  ,¢)=S51(6,¢)(+cos(B/2) + sin(B/2)y3)

P: V;(B,6,¢) =Vi(=B 0+ m ) =S,(0,¢)(+cos(B/2) —sin(B/2)ys)

T: V3(8,0,¢) =Vi(=B+mb ) =251(6,¢)(—sin(B/2) — cos(B/2)ys)

PT: Vo(B,6,¢) =Vi(+B + 1,0 + m,¢) = S,(6, $)(—sin(B/2) + cos(B/2)y3)

(16)

17)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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With le/}‘l = {+1,+1,+1,+1}. Note the algebraic closure: each of the spinors U; and V; can be a
basis to generate the full set of transformations. The spatial spinors {S;,S,} in U; and V; are
generated from spatial spinor S; (Figure 2a) via a parity transformation:

P: 5,6 +m¢)=S,06,9), SiSi = 6 (18)

This orthonormal set {S;} corresponds to the spatial Pauli spinors [22].

Eachset {U;} and {V;} forms an orthonormal basis within its respective metric, and the discrete
transformations remain continuously connected to identity. The components of both sets are
identical, differing only in their temporal bivector plane: (o3 = y3¥,) € R*® in the Minkowski
domain versus (y3 = g37,) € R* in the Euclidean domain.

In summary, hyper-spacetime provides:

e A smooth, closed, continuous angular domain for the full Lorentz group 0(1,3).

e Discrete reflections {P, T, PT}, continuously connected to identity.

e  Spinor sets {U;,V;} forming orthonormal bases in their respective metrics, unifying the
Euclidean domain R* with the Minkowski domain R3.

e A closed realization of the double cover Pin(1,3) through the spinor sets {U]-, V]}

e Isolation of infinities at the lightlike boundaries f = +m/2 into the scalar density factor
Jsec(B) (Eq. 11), while the spinors themselves remain regular.

This prepares the ground for Section 6, where the eigen-spinor and eigenvalue structure of
physical observables in hyper-spacetime is developed.

6. Eigen-Spinors and Eigenvalues in the Geometry of Hyper-Spacetime

Analogous to how the observables of 0(2) lie on the surface of the one-sphere S!, the
observables of hyper-spacetime reside on the surfaces of the three-spheres {S},S2,S°}, each
preserved by the spinor sets {Uj, V;}. These spinor sets act not only as symmetry generators, but also
as eigen-spinors of the corresponding observables {p,q,u,} (Eq. 12). This follows directly from the
geometric algebra eigen-spinor eigenvalue relation (Appendix D):

00 = 4, Qe; > 0= A—’iﬂkelﬁk (19)
Qe
Here, O is an observable, e, is a basis vector (reference observable, e.g., y,,03,0rY3), £ are the
eigen-spinors of O, and 1, the corresponding eigenvalues. In hyper-spacetime, however, the spinor
sets {U;,V;} are generated geometrically by variations in the hyper-spherical coordinates (8,6, ¢)
(Eq. 15), rather than being obtained by solving an eigen-spinor eigenvalue equation explicitly
(Appendix D).

6.1. Spatial Eigen-Spinors

The spatial spinor set S, (Eq. 18), generated from a parity transformation, act as eigen-spinors
of the spatial unit vectors e; € S5, ¢ R*? (Figure 2a) and u; € S c R* (Eq. 10). They satisfy the GA
eigen-spinor eigenvalue relations (Appendix D):

e3 €S5, o esS = ASkys, A € {1}
(20)

Uz € S u3Sk = AkSkO'?,, Ak € {il}
So, e; and u; are observables with eigen-spinors S, and eigenvalues A; = +1. Physically, these
correspond to spin-up or spin-down measurements along the spatial directions of u3(6,¢) and

e3 (91 d))

6.2. Spacetime Eigen-Spinors

The spacetime spinor set {U;} (Eq. 16) and Euclidean spinor set {V;} (Eq. 17) act as eigen-spinors
of the hyper-spacetime observables {p,q,u,} (Eq.12):

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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pESE = pUi=n;Uy,, n; € {+1,+1,-1,-1}

qE€SE v qU; = KUy, Kk;j € cos(B) {+1,+1,-1,-1} (21)

u, €S* » wV,=nViye, n; €{+1,+1,-1,-1}
Here, the eigenvalues 7; encodes two constant spin states combined with positive/negative temporal
orientation in §} and $3, while the eigenvalues k; encodes two variable (& cos(f)) spin states
combined with positive/negative temporal orientation in S?. Unlike 7, the values of k; depend on

relative speed via angle B (Eq. 5). Hence, a spin state in S} vanishes at the lightlike boundaries g =
+n/2.

6.3. Null Spinors
At the lightlike boundaries f = +m/2 (v = tc), the spacetime spinors U; reduce to null

spinors:

1

V2

These spinors have zero intensity but preserve direction, lying on the light cone of $} and Sj. For
the Euclidean spinors V;, the corresponding boundary form is:

L
vz

Thus, the Euclidean spinors V; keep their unit intensity, while the intensities of spacetime

U(8,6,6) = SO, 0)LsB) = Uj(£5.60,9) ==SO.)E o), UT =0 (22

B(B.0.0) = SO.PLy(B) = V(£5.0.0) = =S O,8)F1 ), VVil=1  (29)

spinors U; become zero. Each spinor set pass smoothly through the lightlike boundary.

6.4. Correspondence with the Dirac Equation

The eigen-spinors U; (Eq. 21) and eigenvalues 7; of the observable p € S} reproduce those of
the Dirac equation [14] (two spin states combined with positive/negative temporal orientation, i.e.,
matter/antimatter) (Appendix E). This agreement is remarkable, because in hyper-spacetime these
eigen-spinors are generated geometrically (Eq. 16), rather than being obtained by solving an eigen-
spinor eigenvalue equation (Appendix D). This establishes a direct geometric origin for the Dirac
spectrum, demonstrating that the fundamental structure of spacetime eigen-spinors emerges
naturally within the hyper-spacetime framework.

In summary, the eigen-spinor structure of hyper-spacetime reproduces the Dirac spectrum,
isolates singularities into a scalar density, and reveals null spinors as natural lightlike states.

7. Discussion

The unified hyper-spacetime framework B = {S},S2, S} extends the full Lorentz group 0(1,3)
into a continuous, bounded, and closed representation that reproduces the Dirac eigen-spinor
spectrum while exposing structural features obscured in conventional formulations.

The agreement between Dirac eigen-spinors and the spinors of hyper-spacetime is striking:
whereas Dirac spinors encode intrinsic particle properties, in hyper-spacetime they emerge directly
from geometry through variations in the hyper-spherical coordinates (f,6,¢) (Eq. 15). This
correspondence shows that the algebraic structure of the Dirac equation can be understood as a
geometric property.

In hyper-spacetime, boosts and spatial rotations combine seamlessly with the discrete
symmetries {I,P,T,PT}, which appear as smooth angular transformations in the closed domain of
(B,6,¢). The replacement of the unbounded rapidity ¢ by the bounded angle S closes the
hyperbola S}, incorporating the lightlike boundaries as regular points. This generalizes naturally to
the four-dimensional (4D) hyperbolic three-sphere Sj, where infinities are absorbed into a smooth
boundary.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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The causal three-sphere S} covers the spacetime region bounded by the light cone of a past
event, a four-dimensional causality volume containing all information accessible to observation
(Figure 3a). It is spanned by future-pointing vectors q of variable norm cos?(8). The Euclidean
three-sphere $3, with its positive-definite metric, ensures completeness. Together, the three-spheres
share a common temporal axis y,, origin (spacetime event), and temporal bivector plane
(e3 = uzyy « uz = e3y,) (Eq. 10). This bivector plane expresses the geometric duality of the aligned
spatial vectors, as e; and u; act as vector < bivector counterparts in opposite domains. They are
linking spatial direction with temporal orientation and thereby unifying the Euclidean {y,, 0} ¢ R*
and Minkowski {y,,y,} € R domains. Hyper-spacetime thus provides a natural setting for Wick
rotations and periodic time in path integrals [23,24], without the need to introduce imaginary time.

A direct manifestation of this duality is the emergence of temporal spinors (Appendix C). Both
spacetime spinors U; and the Euclidean spinors V; decompose into spatial and temporal spinors (Eq.
16, 17). The spatial spinors encode orientation in the spatial bivector plane fu;(6, ¢) c R?, which lies
in the common three-dimensional even subalgebra and is domain-independent, while the temporal
spinors encode orientation in the shared temporal bivector plane. In this way, the spinor
decomposition mirrors the dual geometric structure of hyper-spacetime.

The physical status of hyper-spacetime must ultimately be tested experimentally. We therefore
challenge experimentalists [25,26] to search for phenomena that could reveal the predicted link
between particle properties and spacetime geometry. Such confirmation would show that hyper-
spacetime is not only mathematically consistent but also offers a new perspective on nature. This
article has focused on establishing hyper-spacetime as a consistent framework: a closed
representation of the full Lorentz group enriched by new geometric elements - temporal spinors, null
spinors, and a shared bivector plane - that provide a foundation for future work.

8. Conclusion

The hyper-spacetime framework provides a bounded, continuous, and closed representation of
the full Lorentz group 0(1,3). Through a unified three-sphere geometry and hyper-spherical
coordinates (f,0,¢), it removes discontinuities, incorporates both continuous and discrete
transformations in a single smooth domain, and reproduces the Dirac eigen-spinor spectrum with
singularities isolated in scalar factors. Beyond these established results, hyper-spacetime introduces
new elements - temporal spinors, null spinors, and a shared bivector plane - that offer a fresh
perspective on spacetime symmetry. Together, these features define a consistent framework and a
foundation for future exploration of geometric structure in nature.

Appendix A: Spacetime Algebra

Table 1A. Spacetime algebra bridging R* and R'?

# Spacetime algebra [10,14,27,28] Description

1 {t. 2,42} = VoY1 V2 Vs CRY ¥ = or¥o The four orthogonal basis vectors {yy, ¥} € R¥® and {y,, 04} €

(62,43} = (o, 01,09, 05} € R* O = V¥ R* span the same four-dimensional (4D) spacetime axes
XY, %5 = 1/0,01,02,03 k — rklro

{t.x,y, 2}

Metric diagonal for R*® - {+1,-1,-1,-1}
The common temporal basis vector y, € (R*¥*NR*) squares to
Metric diagonal for R* — {+1,+1,+1,+1}

Go)? =41 )?*=-1 (g)*=+1

plus one (+1).
The spatial basis vectors {y,} € R* square to minus one (-1).

The spatial basis vectors {g;} € R* square to plus one (+1).

2 | Y Ve =210, The basis vectors {y,} c R? satisfy the algebra of the Dirac

. . . . C R* sati
0.0 + 0.0 = 28, gamma matrices, while the spatial basis vectors {0} ¢ R* satisfy

the algebra of three-dimensional space.
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3 Grade (#) Spacetime Spacetime The algebra of four-dimensional (4D) spacetime, unifying the
(M); rovi} € RY | {yo,00} = R* Minkowski domain {y,,7,} € R'® with the Euclidean domain
{¥o, 0k} € R*, is a graded (M), linear space with dimension 2* =
o - 16. Multi-vectors M are “geometric numbers” being scalars (M),
(M); 4 Vo vi} Yo, ouc} vectors (M), bivectors (M),, trivectors (M);, and pseudoscalars
(M),
Ok = YrYo Yk = OkYo
(M), (6) Both domains, {yg, v} € R*® and {y,,0,} € R*, share: scalar 1,
(foy = fyxyo) € R® temporal basis vector y,, three spatial bivectors 1oy, four trivectors
fiy,, and pseudoscalar i.
(M); (4 iy, = {ivo, ioxyo}
The spatial basis vectors {y;} € R*® correspond to temporal
M)y (D) 1= YorVzys = 010,03 bivectors oyy, € R* in the Euclidean domain, while the spatial
basis vectors {o;} € R* correspond to temporal bivectors yyy,
R'? in the Minkowski domain.
This geometric duality (spatial vector < temporal bivector)
unifies the two domains at the level of temporal bivector planes.
4 | i=yey1vaVs i2=-1 Pseudoscalar i in the Minkowski domain {y,,y,} € R*3.
i = 0,0,05 = ¥1Y0 AV2Yo AV3Yo = YoV1V2V3 Pseudoscalar i in 3D space R® of the Euclidean domain

. _ {ro, 0} c R
I =7YoY1Y2Y3 = 010,03

These pseudoscalars are equal.

5 | M =(M)+(M); + (M), +(M); + (M), The form of a general spacetime multi-vector M.
B = (M) + (M), — (M), — (M)s + (M), Revision operator ~ on top of a multi-vector is an invariant type of
conjugation.
6 | My = %(M — iMi) = (M) + (M), + (M), The even subalgebra M, (see A7).
MM, =M, The even subalgebra M, is closed under a geometric product
(GP).

M M, = (M) + (M),

The GP of M, M, gives a scalar (M) plus a pseudoscalar (M),.

7 Grade (#) 3D even subalgebra M, The three orthogonal basis vectors {g;} € R* span the spatial axes

{#, 4,2} of 3D space. Together with scalar 1, the spatial bivectors

(M) (1) 1 fio,, and the pseudoscalar i, they provide an eight-dimensional

common 3D even subalgebra M,.
(M), (6) Ok = YiYo
The spatial basis vectors {3} € R*, orthogonal to the temporal
foy, = {0,035, 0501, 0105}

basis vector y,, correspond to the temporal bivectors {y;y,} ¢ R*?

. in the Minkowski domain. Both domains R* and R therefore
(M), (1) 1= 010,03 = YoV1V2V3

share the three spatial bivectors ig, € R®, ensuring domain-

independence of spatial orientation.

Appendix B: Gudermannian Function
The Gudermannian* function [7,8]:

tanh(¢) =sin(f) < ¢ = tanh™'(sin(p)) (BI)

r(s). Distributed under a Creative Commons CC BY license.
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relates the unbounded hyperbolic angle ¢ € (Fo0,+) to the bounded and periodic angle g €
[0, 2m] (Figure B1).

¢ = tanh~1(sin(B))
+00J’(p

NTEY S

Figure B1. The Gudermannian function ¢ = tanh™!(sin()) provides a smooth mapping between the
unbounded angle ¢ € (Fo0,+) and the bounded angle § € [0, 2r].

A hyperbolic unit vector +w(¢) spans the two separate branches of a hyperbola.

+w(p) = + cosh(p)y, + sinh(¢) y3, @ € (Foo,),  |lw(p)ll* =1 (B2)

Substitution of the Gudermannian function ¢ = tanh™(sin()) into +w(¢) eliminates the need to
treat the two branches separately, yielding a single smooth parametrization:

w(B) = sec(B)y, + tan(B)ys, B € [0,2m], Iw@II? =1 (B3)

Consequently, the full hyperbola is covered in one continuous domain, including the points at
infinity (8 = +m/2), which appear as regular boundary points.

The choice of the Gudermannian function is not arbitrary. It establishes a direct one-to-one
correspondence between trigonometric and hyperbolic functions without introducing complex
arguments. The Gudermannian function in its primary form maps unbounded angle ¢ to the
bounded angle interval g € [-m/2, /2], where the hyperbolic functions are positive. To extend
this mapping to the full periodic domain g € [0, 27], one must also include the negative hyperbolic
functions, which correspond to a +m shift of the trigonometric functions. This yields the following
Gudermannian functions:

+tanh(¢) =sin(B), +sech(¢p) =cos(B), +sinh(¢p) =tan(B) - BEe[-n/2, n/2] (B4)
—tanh(g) =sin(f £ ), —sech(p) =cos(f +m), —sinh(p)=tan(B+n) » Btme[+n/2,3n/2]

Together, the positive and negative branches cover the full periodic domain g € [0,2r] (Figure B1).
So, the Gudermannian function ¢ = tanh™'(sin(B)) unifies circular S§' and hyperbolic Sj
symmetry, ensuring that both boosts and rotations are treated within a single angular domain.

* Christoph Gudermann (25 March 1798 — 25 September 1852) introduced this function and the concept of uniform
convergence. See Wikipedia.
Appendix C: Spinors and Rotors

In geometrical algebra (GA) the rotation of a multivector M by a rotor R is performed by a
double-sided geometric product (GP):

M' = RMR (CD)

This is a powerful generalization of rotation, as it applies in any dimension and to any multivector.
A rotor R can be written as a scalar density p times a spinor Sg:

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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1/2

R=pSy, RR=1 v p=(SSz) (C2)

Here the unitarity of the rotor determines the scalar density p € R. In general, for a spinor to define
a proper rotor, its intensity must be a scalar:

(SgSr V SgSg') ER (C3)

Any nonzero additional grade contribution to the intensity would prevent normalization with a
scalar density p (Eq. C2).

A spinor is characterized by its bivector, i.e., the plane of rotation. In hyper-spacetime the
Minkowski domain {y,,y,} € R® and the Euclidean domain {y,, 0,} € R* share the three spatial
bivectors ig, € R* (Appendix A). Hence a general spatial spinor is:

Seys = cos(@/2) + oy sin(@/2),  SyysSeyzs =1 » p=1, (fop)? = —1 (C4)

The three temporal bivectors in the Minkowski domain {y,,y,} € R*® are o = yxy,. Hence, a
general Minkowski temporal spinor is:

S, = cos(a/2) + o, sin(a/2), S8, =cos(a) » p=sec(a), (0)% = +1 (C5)
The three temporal bivectors in the Euclidean domain {y,, o3} € R* are y; = oyy,. Hence, a general
Euclidean temporal spinor is:

S¢ = cos(a/2) +y sin(a/2), SSet=1 v p=1, n)?=-1  (C6)

Both the spatial S,,, and the two temporal spinors S, are pure spinors, since their intensities reduce
to scalar values.

The pure spinors {U;,V;} (Eq. 16, 17) preserving hyper-spacetime and acting as eigen-spinors,
are geometrically generated from the spinors U; and V; (Eq. 11). Both are composed of a spatial
spinor S;(6,¢) (Eq.9) and the temporal spinors Ly, (8) and L,;(B):

Vi(8,0,¢) = 51(6,d)Ly1(B), Ly1(B) = cos(B/2)+sin(B/2)ys, nit=1 )
U1(B,6,¢) = 510, $) Ly (B), Lyy (B) = cos(B/2)+sin(f/2) 03, U U, = cos(B)

The associated proper rotor A4, the normalized form of Uy, is:
A1 (B, 6, ¢) = y/sec(B) U1 (B, 6, ), MA, =1 (C8)

The rotor associated with spinor V; is equal to V;, since its intensity satisfies V;V;"* = 1. The same
holds for the spatial spinor S;, which also has unit intensity.

The temporal spinors L,; and L,; (Eq. C7), characterized by the temporal bivectors (y; = 03¥,) ©
R* and (03 = y3Y,) € R'?, reveal the dual role of these temporal bivector planes across hyper-spacetime
B = {S},S2,S°}. In this dual relation, the temporal bivectors (y; = oyy,) of the Euclidean domain
appear as the spatial basis vectors of the Minkowski domain, while the temporal bivectors (i = ¥i¥o)
of the Minkowski domain play the same role in the Euclidean domain. This geometric duality unifies the
two domains at the level of their temporal bivector planes. Moreover, the two domains share the three
spatial bivectors ig, € R® (Eq. C4), which belong to a common three-dimensional even subalgebra,
ensuring that the spatial spinors remain domain-independent.

Appendix D: Eigen-Spinors and Eigenvalues

The hyper-spacetime spinor sets {U;,V;} (Eq. 16, 17), which preserve the three-spheres
{S3,S2,S%}, act also as eigen-spinors of the corresponding observables {p, g, u,}. Their connection is
described by the geometric algebra eigen-spinor eigenvalue relation:

A -
00, =4, Qe;, » 0=—20,e,0, (D1)
Qe

Here, O isaobservable, e; isabasis vector (reference observable, e.g., ¥y, 03,0r ¥3), £, is the eigen-
spinor set of 0, and 4, the eigenvalues of 0. However, in hyper-spacetime these spinor sets {U;, V;}

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202510.1008.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 14 October 2025 d0i:10.20944/preprints202510.1008.v1

13 of 15

are geometrically generated (Eq. 16, 17), rather than being obtained by solving an eigen-spinor
eigenvalue equation.

To calculate eigen-spinors and eigenvalues in practice, one uses the linear algebra (LA) eigen-
spinor eigenvalue equation:

[0][Qk] = A [Qk] (D2)

where [0] is the matrix representation of the observable, [Q;] the column vector representation of
the eigen-spinors, and 4, the eigenvalues. A one-to-one conversion between GA and LA is obtained
via the standard matrix representations of the basis vectors:

o < [l={GDCo)C )6 =V

R AR (G N ()

Using these, the observables {p, q,u,} become 4 by 4 matrices:

(D3)

+sec(B) [o,] —tan(B)[S] )
+tan(B) [S] —sec(B) [oo]

o] —sin(B)s]
v sl o ) @9

+cos(B) [ap]  +sin(B) [S] )
+sin(B) [S] — cos(B) [ay]

where [S] is the 2 by 2 spatial spin observable matrix associated with the spatial unit vectors e; and
uz (Eq. 10):

pesh: p =sec(B)ro+tan®)es0,4) [l =

gesi: q = Yo +sin(B) e;(6,4) © [q] =(

U €5% = cos(B) yo +sin(A) us(0,9) [l = (

_( +cos(8) +sin(9)e‘”“”) Y

Is1= (+ sin(@) e**®  —cos(9) /' t=v-l (D5)
Solving the LA eigen-spinor eigenvalue equation (D2) for [S] gives the spatial eigen-spinors S, with
eigenvalues 1, = %1:

(Do)

(SIS = 4[5 = [Sd = {(cos(ﬁ/Z)e—iqb/Z) (—Sin(Q/Z)e_’id’/Z )}

sin(8/2) e**®/2 )"\ + cos(0/2) e*®/?

Here, the set [Sy] are the orthonormal spatial Pauli spinors [22]. Similarly, solving equation (D2) for
the observables {p, q, u,} yields the column vector eigen-spinor sets:

— _ {(tcos(B/2)[S1]\ (+cos(B/2)[S.]\ (—sin(B/2)[S:]\ (—sin(B/2)[S.]
[p][Uj] - T’j[Uj] - [Uj] - {(+ sin(ﬂ/Z)[Sll])'(—sin(ﬂ/Z)[Szz])'(— cos(B/Z)[Sll])’<+ cos(B/Z)[SZ])}

D7
a1 [y] =[U] ®7
_ N _ [(Fcos(B/2)[Si]\ (+cos(B/2)[S:]\ (—sin(B/2)[S1]\ (—sin(B/2)I[S,]

V] =nv] ~ ] = {(+ sin(ﬁ/Z)[Sl])’(—sin(ﬁ/Z)[Sz])’(— cos(ﬁ/z)[Sl])’(+ cos(ﬁ/Z)[Sz]>}
with eigenvalues k; € cos(f) {+1,+1,—1,—1} and n; € {+1,+1,—-1,—1}
In summary, the eigen-spinors U; and V; (D7) obtained by solving the LA eigen-spinor
eigenvalue equation are equal to the geometrically generated (Eq. 15) spacetime spinor sets {Uj, V;}
(Eq. 16, 17).

Appendix E: Dirac Equation

This appendix provides the explicit correspondence between 1) the spacetime spinors U;
obtained as solutions of the Dirac equation and 2) the geometrically generated spacetime spinors U;
(Eq. 16).

The observables {p,q,u,}, as elements of the three-spheres {S3, S}, $*}, are normalized vectors
and can directly be linked to relativistic dynamics. The hyperbolic three-sphere S}, vector p
corresponds to normalized momentum:
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p= nr;—:lc = Pm = PeVo + Pa¥1 + Dy¥z + Pr¥s = moc(sec(B) vo + tan(B) e3(6,9)),  (pm)? = mic? (E1)

While the causal three-sphere S} vector q corresponds to normalized distance:
q= % S G =tye+ 2y, + y¥2 + 275 = cht(vy + sin(B) ex(8,9)), (q0)? = c?At? cos?(B) (E2)

The geometric product of p,, and g, yields relativistic action S [29]:

S =Pmq: = moc?Atcos(B) — S =+myc?At\/1— (v/c)? (E3)

Treating action as a phase S/h, a free particle plane-wave state [14] is defined as:
¥1(cAt, B,6,) = Uy (B, 6, p)eios Pme/ (E4)

Where, p,,q.:/# is the normalized action, and U;(B, 0, ¢) is a constant spacetime spinor. This plane-
wave state 1, is a solution of the Dirac equation in geometric algebra [14]:

a a a a
& _ 2 — — i — 40 1 2 2 u — SH
Vs (Dios —moc® hr(Xyo =0, V=¥, =y° —+y o+ Ve Yw 8,  (E5)

which is equivalent to the linear algebra (LA) form [4]:
(h[y*19, — mec? (M) [ ()] = 0 (E6)

Substitution of the plane wave state 1, in (Eq. E5) shows that spinor U; satisfies the GA eigen-
spinor eigenvalue relation:

pU; = Uiy (E7)
Multiplying from the right with U; gives:

pULT, = Uyyo0, = U0, =cos(B) = peos(B) =q = yo+sin(B)es(6,d) =y, + sin(B) es(6, ) (E8)

Hence, plane wave state 1, (cAt, 3,0, ¢) (Eq. E4) is a solution of the Dirac equation.
Finally, variations in the hyper-spherical coordinates (8,6, ) of 1, encoded by the spacetime
event reflections {I,P,T,PT} (Eq. 15), generate the four Dirac plane-wave solutions:

I: P,(cAt, B,0,¢) = P, (cAt, +f ,0 L) = Uy (B,0, p)e 10:Pmat/h s § = +mc?At cos(B)
P Y,(cAt, B,0,p) = P (cAt,—B 0 +m, ) = U,(B,0,p)e '9:Pmidc/h s § = +m,c?At cos(B)

(E9)
T: P3(cAt,B,0,¢) = i (cAt,—B +m,8 ) = Us(B, 0, p)etiosPmat/h s § = —m c?At cos(B)

PT: Y,(cAt,8,0,9) = P, (cAt, +8 + 1,0 + m,¢) = Uy(B, 0, $)eti0%Pmit/h s § = —m c?At cos(B)

The orientation of action S = p,,q; depends on the temporal angle £, such that matter and
antimatter solutions follow naturally from the spacetime event reflections {/, P, T, PT}. Each of these
plane-waves 1; is a valid solution of the Dirac equation, demonstrating the remarkable
correspondence between the Dirac equation and the spacetime event reflections {I,P,T,PT}.

In addition to the four fermionic Dirac plane-wave solutions 1, these solutions also yield a
lightlike boundary solution at § = +m/2:

W, (cAt, B = +1/2,0,8) = %Sk(e, F)(E1+ ) (E10)

This corresponds to a photon-like state with vanishing mass term. At the lightlike boundary, the
fermionic plane-wave solutions reduce to null spinors with zero intensity while retaining
directionality. Thus, the hyper-spacetime framework produces both fermionic (massive) and
photonic (massless) solutions as limiting cases of a unified spinor structure.
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