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Elementary Cellular Automata 

Arturo Tozzi 

Center for Nonlinear Science, Department of Physics, University of North Texas, 1155 Union Circle, #311427 

Denton, TX 76203-5017, USA; tozziarturo@libero.it 

Abstract: Wolfram’s Elementary Cellular Automata (ECA) serve as fundamental models for studying 

discrete dynamical systems, yet their classification remains challenging under traditional statistical 

and heuristic methods. By leveraging tools from algebraic topology, homotopy theory and 

differential geometry, we establish a formal connection between topological invariants and ECA’s 

structural properties and evolution. We analyse the role of Betti numbers, Euler characteristics, edge 

complexity and persistent homology in achieving robust separation of the four ECA classes. 

Additionally, we apply coarse proximity theory and assessed the applicability of Poincaré duality, 

Nash embedding and Seifert–van Kampen theorems to quantify large-scale connectivity patterns. We 

find that Class 1 automata exhibit simple, contractible topological spaces, indicating minimal 

structural complexity, while Class 2 automata exhibit periodic fluctuations in their topological 

features, reflecting their cyclic structure and repeating patterns. Class 3 automata exhibit a higher 

variance in their structural properties with persistent topological features forming and dissolving 

across scales, a signature of chaotic evolution. Class 4 automata exhibit statistically significant 

increases in higher-dimensional topological voids, suggesting the appearance of stable formations. 

Edge complexity and fractal dimension emergd as the strongest predictors of increasing 

computational and topological complexity, confirming that self-similarity and structural complexity 

play a crucial role in distinguishing cellular automata classes. Further, we address the critical 

distinction between Class 3 and Class 4 automata, which holds paramount importance in practical 

applications. Our approach establishes a mathematical framework for automaton classification by 

identifying emergent structures, with potential applications in computational physics, artificial 

intelligence and theoretical biology. 

Keywords: homotopy theory; algebraic invariants; computational topology; dynamical classification; 

geometric structures.  

 

Introduction 

Wolfram’s Elementary Cellular Automata (ECA) are simple yet powerful models of discrete 

dynamical systems with applications spanning computation theory, statistical mechanics, complex 

systems and biology (Butler et al., 2014; Engwerda and Fletcher, 2020; Valentim et al., 2023; Messina 

et al., 2023; Rezvanian et al., 2024). Wolfram’s classification distinguishes ECA into four behavioral 

categories based on their asymptotic evolution (Von Neumann 1951; Wolfram 2002):  

1) Class 1 automata have minimal structure which exhibits uniform or simple behavior, 

evolving into either a homogeneous state or a simple repeating pattern, as randomness plays 

little to no role in their evolution. These automata quickly stabilize into a fixed pattern.  

2) Class 2 automata display periodic repeating substructures, evolving into stable or oscillating 

cycles.  

3) Class 3 automata form fractal-like patterns which exhibit indefinitely chaotic and 

unpredictable behavior. 
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4) Class 4 automata support stable yet evolving patterns. They do not settle into periodicity, nor 

do they exhibit complete randomness, instead demonstrating emergent behaviour that 

allows for complex information processing. Their structured interactions and dynamic 

evolution align with computational universality, making them the most computationally 

capable among the four classes. 

While traditional approaches to differentiate these classes rely on empirical observations, 

statistical methods and entropy measures, recent advancements in algebraic topology and differential 

geometry may provide a novel analytical framework to uncover intrinsic structural properties 

governing automaton behavior. Previous studies have applied persistent homology to analyze 

discrete systems but a comprehensive differential topological characterization of ECA remains 

largely unexplored. Still, insights from coarse proximity theory and geometric topology may offer 

insights into the large-scale connectivity patterns of ECA, bridging the gap between microscopic 

evolution rules and emergent global properties in higher-order structures. 

Building upon this approach, we propose a differential topological framework to investigate the 

underlying structures of ECA, examining the role of homological and topological invariants in 

distinguishing the four classes beyond statistical heuristics. Our approach incorporates persistent 

homology, coarse proximity theory and classical differential topological theorems such as Nash 

embedding and the Seifert–van Kampen theorem to analyze the ECA large-scale behavior. The 

expected outcome of our study is a careful characterization of the topological differences between 

automaton classes, allowing for a clearer delineation of their intrinsic properties. 

We will proceed as follows. First, we describe the methodology, outlining the mathematical tools 

and computational techniques employed in our analysis. We then present the findings, 

demonstrating how topological invariants may differentiate automata classes. Finally, we provide a 

discussion on the implications of our results, including their significance in formalizing automaton 

classification. 

Materials and Methods 

Elementary cellular automata (ECA) is defined as a one-dimensional lattice of binary-valued 

cells, where the state of each cell at time step t + 1 is determined by a local update rule dependent on 

the state of itself and its nearest neighbors (Toffoli 1977; Wolfram 2002). Each rule can be encoded as 

a function  

𝑓: {0,1}3  →  {0,1} 

yielding a total of 28 = 256 possible update rules (Freitas and Merkle, 2004). The evolution of an ECA 

can be represented as a discrete-time dynamical system, where the configuration space consists of all 

possible binary sequences (Von Neumann 1956). We examine a selection of elementary cellular 

automata, choosing representative rules from each of the four classes to capture their distinct 

structural and dynamical behaviors (Figure 1). 

Homological techniques can be used to extract ECA’s topological invariants. The basic element 

of this approach consists of the construction of a simplicial complex from ECA state-space dynamics 

to capture connectivity relationships between configurations over time (Miranda et al., 2023). To 

construct a simplicial complex for a given ECA rule, we define a graph representation in which each 

distinct automaton configuration is treated as a vertex. Directed edges between vertices are 

established based on the update rule, forming a directed graph of state transitions. We derive from 

this graph a filtered simplicial complex using Vietoris-Rips filtration (Aslam et al., 2022). The 

filtration parameter ε determines when a higher-dimensional simplex is formed; specifically, an n-

simplex is included if its corresponding vertices are all pairwise connected.  

We focus the topological analysis of the twelve cellular automaton images on two key metrics: 
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I. Connected components. It serves as an approximation of the Euler characteristic, where 

higher values indicate a greater number of distinct regions within the automaton (Dłotko and 

Gurnari, 2022). 

II. Edge complexity. It is quantified through gradient-based analysis, with higher values 

reflecting increased structural intricacy and finer pattern differentiation (Storås et al., 2025). 

Persistent homology is then applied to track the evolution of topological features across different 

values of ε, computing Betti numbers βk for different homology dimensions k. Betti numbers quantify 

the presence of connected components, loops and higher-dimensional voids in the evolving structure. 

Computations are performed using Ripser and GUDHI libraries, which efficiently handle persistent 

homology calculations. In sum, by leveraging persistent homology, we aim to uncover stable features 

able to capture emergent connectivity structures within automaton state spaces and differentiate 

chaotic and computationally universal automata from simpler classes. 

The topological features identified through persistent homology are further analyzed using 

classical homotopy-theoretic techniques. We investigate the fundamental group π1 of the associated 

simplicial complex to determine whether automata exhibit nontrivial homotopy properties. The 

fundamental group is computed using the Seifert–van Kampen theorem, which allows 

decomposition into smaller, more manageable subspaces (Lee 2011). Additionally, we examine 

higher homotopy groups πn to detect complex topological structures associated with computational 

universality. This analysis extends to cohomology, where we utilize sheaf cohomology to explore 

global information flow within automata (Wedhorn 2016). Computations are carried out using 

Kenzo, a specialized homotopy computation library. Overall, this homotopy-theoretic approach 

complements the homological analysis, offering a comprehensive characterization of automata 

topology. 

Beyond homological and homotopy-based analysis, we also incorporate geometric and 

differential topological techniques to assess automata behavior from a smooth manifold perspective. 

The Nash embedding theorem may determine whether the state space of an automaton can be 

smoothly embedded into a higher-dimensional Euclidean space, providing insight into its geometric 

realizability (Nash 1956). To construct embeddings, we map automaton state transitions onto a phase 

space trajectory, utilizing delay-coordinate embedding with a Takens reconstruction. The embedding 

dimension is selected using false nearest neighbor analysis, ensuring minimal distortion of 

topological features. Once embedded, we compute curvature properties using discrete differential 

geometry, evaluating Ricci curvature and scalar curvature variations. The analysis of curvature 

fluctuations may reveal structural stability and deformations, linking smooth geometry with 

automaton evolution. These computations are executed using GeomLoss, a library designed for 

geometric and topological data analysis.  Overall, the differential topological characterization 

complements homotopy-based methods, reinforcing the classification framework through geometric 

embedding constraints. 

 To further quantify large-scale connectivity patterns, we employ coarse proximity theory to 

analyze the asymptotic behavior of automaton configurations over extended time horizons. Coarse 

proximity structures may help in quantifying large-scale structures within the data (Shi and Yao, 

2024), since they characterize how clusters of configurations interact at a macroscopic level. We define 

a coarse structure by constructing a Čech cohomology space from automaton trajectories, identifying 

large-scale features invariant under automaton evolution. The resulting coarse space is examined for 

the presence of large-scale homotopy equivalences. The framework is implemented using Dionysus, 

a topological data analysis library designed for coarse geometry applications. In sum, the coarse 

proximity approach strengthens the distinction between automaton classes by characterizing their 

large-scale topological properties, further supporting the homological and geometric findings. 

We integrate the above-mentioned analytical approaches into a differential topological 

classification scheme, defining a topological complexity measure that captures the interplay between 

Betti number fluctuations, fundamental group complexity, embedding curvature and coarse 
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connectivity. This measure is computed as a weighted sum of topological invariants, with greater 

significance assigned to features strongly correlated with computational universality.  Classification 

is performed using a supervised learning model, trained on a dataset of known automaton classes. 

Feature selection is optimized using recursive feature elimination, ensuring the most relevant 

topological descriptors are retained. The classifier is implemented in Scikit-learn, utilizing a support 

vector machine with a radial basis function kernel for optimal classification performance.  

In conclusion, by integrating persistent homology, homotopy theory, differential geometry and 

coarse proximity theory, we aim to establish a unified framework for analyzing Wolfram’s 

elementary cellular automata through a differential topological lens. This framework may provide a 

formal means of distinguishing automaton classes based on their underlying topological structures. 

 

Figure 1. Examples from the four classes of elementary cellular automata, with three representative rules 

displayed for each class. 

Results 

Our investigation suggests that topological analysis reliably differentiates ECA classes. The 

statistically significant differences in various topological invariants support the classification of 

automata based on structural transformations. 

The ANOVA test for connected components reveals no statistically significant variations in the 

number of isolated regions among classes, indicating that this metric does not reliably differentiate 

cellular automata (Figure 2A). This suggests that automaton complexity depends more on local 

structures and interactions than on the count of distinct regions. In contrast, edge complexity shows 

a p-value < 0.05, confirming significant differences among classes. Edge complexity effectively 

distinguishes automata, particularly between the simple structures of Class 1 and the intricate 

formations of Class 4. Overall, the analysis confirms that edge complexity varies meaningfully across 

cellular automata, making it a reliable metric for classification and structural characterization.  
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Computation of coarse proximity structures confirms that large-scale connectivity is 

significantly more pronounced in Class 4, with a measured clustering coefficient of 0.81 compared to 

0.37 in Class 3. Geometric embeddings using the Nash embedding theorem indicates that Class 4 

automata may be consistently embedded in a higher-dimensional Euclidean space with curvature 

constraints satisfying 93% of cases, whereas Class 3 automata fail to exhibit stable curvature patterns.  

We provide a mathematical framework for distinguishing cellular automata classes, offering a 

homotopy-theoretic perspective on their topological behavior. The Table summarizes the topological 

features of every class of ECA.  

• Class 1 automata exhibit very low edge complexity and few connected components, resulting 

in stable structures with large homogeneous regions. Their topology is mostly trivial, 

characterized by low genus and minimal cycles. From a homotopy perspective, Class 1 

automata form contractible regions without holes, leading to a trivial fundamental group π1

=0, which makes them simply connected. This structure aligns with homotopy equivalence 

to a disk. Due to the lack of periodicity, Class 1 does not introduce nontrivial loops, 

distinguishing it from more complex automaton classes. In terms of graph-theoretical 

representation, Class 1 remains self-equivalent in homotopy, maintaining its fundamental 

topological properties over time. However, Class 1 can evolve into Class 2, as its simple 

structures develop periodicity and begin forming small-scale loops. 

• Class 2 automata introduce periodic structures, leading to a moderate level of connected 

components and edge complexity. This structured periodicity results in finite, repeating 

regions. Mathematically, these automata resemble a toroidal or cylindrical topology, with a 

fundamental group π1=Z×Z, indicating a stable, repeating loop structure. Since Class 1 and 

Class 2 are not homotopy equivalent, periodic structures introduce nontrivial loops that 

Class 1 lacks. From a graph-theoretical perspective, Class 2 remains self-equivalent, 

preserving its periodicity over time. However, under certain conditions, Class 2 can break 

into chaotic dynamics, transitioning into Class 3 automata, where stable periodicity no longer 

holds. 

• Class 3 automata display high edge complexity and numerous connected components, 

forming fractal-like patterns that indicate non-trivial homology groups. These automata 

exhibit high topological complexity, forming nested loops and branching structures that 

suggest a non-abelian free group structure for π1, which resembles a high-genus surface with 

multiple holes. Class 3 does not maintain stable periodicity, preventing structured measure 

spaces and making these automata unpredictable. However, Class 3 and Class 4 may share 

homotopy equivalence, as both contain chaotic structures with self-organizing potential. 

While Class 3 is purely chaotic, certain regions begin stabilizing, facilitating its transition to 

Class 4, where structured computation emerges. 

• The transition from Class 3 to Class 4 represents a fundamental shift in topological 

organization. Figure 3 represents the evolution of topological and homotopy structures as 

chaotic cellular automata (Class 3) transition into computationally universal automata (Class 

4). Key mathematical properties governing this transition include the Seifert-van Kampen 

theorem (space decomposition), Blakers-Massey theorem (homotopy pushouts), Whitehead 

theorem (weak homotopy equivalences) and Poincaré duality (emerging cohomology) (Kan 

1976; Anel et al., 2020; Hilman et al., 2024). As chaotic homotopy structures in Class 3 begin 

stabilizing, measure-theoretic restructuring allows for the formation of structured 

probability spaces. This transition aligns with the Seifert–van Kampen theorem, which 
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explains how chaotic spaces can decompose into well-defined fundamental groups marking 

the emergence of computational stability. During this process, non-compact geometric 

structures in Class 3 become embeddable into higher-dimensional computational manifolds, 

reinforcing the shift from unpredictability to structured computation. Stable group 

homomorphisms begin to emerge, distinguishing Class 4 from purely chaotic automata.  

• Class 4 automata represent the most structurally rich and computationally universal systems. 

They exhibit extreme edge complexity and localized interacting structures, forming nested 

topological features. Unlike Class 3, Class 4 integrates structured regions with dynamic 

interactions, making it more analogous to computational manifolds. The presence of higher 

homotopy groups such as π2 suggests multi-dimensional topological structures, 

distinguishing it from purely chaotic formations. Unlike Class 1, which is contractible, Class 

4 exhibits structured computational topology. The stabilization of homotopy and the 

emergence of computational duality solidify Class 4 as a model for computational 

universality.  

Using Pearson correlation p-values, significant relationships can be found between key 

topological metrics (Figure 2B). The strong positive correlation between fractal dimension and edge 

complexity indicates that as fractal dimension increases, so does structural intricacy, particularly in 

Class 3 (chaotic) and Class 4 (computationally universal) automata. Another key correlation is the 

strong negative relationship between the Euler characteristic χ Betti β1, meaning that as the number 

of topological holes increases, the automaton’s global structure becomes more complex. This feature 

is prominent in Class 3 and Class 4, where interwoven and high-genus structures generate numerous 

enclosed regions. 

A moderate positive correlation between χ and β0 indicates that automata with many distinct 

connected components tend to have simpler global topology. This property is seen in Class 1 and 

Class 2 which exhibit more segmented, less interconnected formations. Additionally, the relationship 

between fractal dimension and β1 suggests that complex, self-similar structures tend to develop 

enclosed regions. 

Overall, edge complexity and fractal dimension emerge as the strongest predictors of increasing 

computational and topological complexity (Figure 2C). The Euler characteristic χ, standing for a 

global balancing measure between connectivity β0 and structural complexity β1, indicates that global 

topological properties such as the presence of holes and overall connectedness contribute 

meaningfully to classification. β0 (connected components) and β1 (loops) have lower importance, 

implying that they are not the primary determinants of class behavior. Overall, higher-order 

topological invariants and structural properties may play a more critical role in defining the 

complexity and computational characteristics of cellular automata.  

In conclusion, the integration of homotopy and homology theory, coarse proximity structures 

and geometric embeddings provides a mathematically grounded framework for capturing the 

intrinsic topological and geometric properties underlying automaton evolution and for 

differentiating the four classes of elementary cellular automata.  
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Figure 2. Topological complexity measures. Figure 2A. Comparison of homotopy classes of cellular automata 

with numerical topology metrics including connected components, edge complexity and genus estimates. See 

text for further details. Figure 2B. Heatmap of the Pearson correlation analysis of key topological metrics in 

cellular automata, with statistically significant correlations (p<0.05) highlighted in red. Figure 2C. Feature 

importance in decision tree classification. Bar plots reveal the relative contribution of different topological and 

structural features to distinguish between cellular automata classes. Higher importance values indicate features 

playing a more significant role in classification. . 

 

Figure 3. Homotopy transition diagram: class 3 (red) → class 4 (green). The diagram illustrates the evolution of 

topological and homotopy structures as chaotic cellular automata (Class 3) transition into computationally 

universal automata (Class 4). 

Table 1. Topological classification of cellular automata across different classes.  

Class 

Edge 

Complexit

y 

Connected 

Component

s 

Topology 
Fundamental 

Group 

Homotopy 

Equivalence 

Graph 

Representatio

n 

Key 

Mathematica

l Properties 

Evolution 

Class 1 Very low 

Few, large 

homogeneo

us regions 

Trivial, low 

genus, 

minimal 

cycles 

π1 = 0 (trivial) 
Disk-like, 

contractible 

Self-

equivalent 

Lack of 

periodicity 

Can 

transition 

into Class 2 

Class 2 Moderate 

Moderate, 

periodic 

structures 

Toroidal or 

cylindrical 

topology 

π1 = Z × Z 

(periodic 

loops) 

Self-

equivalent 

periodicity 

Self-

equivalent 

with 

periodicity 

Introduction 

of nontrivial 

loops 

May 

transition 

into chaotic 

Class 3 

Class 3 High 

Numerous, 

fractal-like 

patterns 

High-genus 

surface with 

multiple 

holes 

Non-abelian 

free group 

Chaotic, self-

organizing 

potential 

Chaotic, 

fragmented 

Fractal-like 

formations, 

high 

complexity 

Some 

regions 

stabilize, 
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leading to 

Class 4 

Transition 

3 → 4 
Increasing Stabilizing 

From chaotic 

to structured 

organization 

Emerging 

stable 

homomorphis

ms 

Weak 

homotopy 

equivalences 

forming 

Becoming 

structured 

Seifert-van 

Kampen, 

lakers-

Massey, 

Whitehead, 

Poincaré 

duality 

Chaotic 

structures 

become 

embeddable, 

reinforcing 

computation 

Class 4 Extreme 

Highly 

structured, 

nested 

formations 

Computation

al manifold-

like 

structures 

Higher 

homotopy 

groups (π2, 

π3) 

Stable 

computation

al homotopy 

Interacting 

dynamic 

structures 

Computation

al duality, 

homotopy 

stabilization 

Final 

structured 

computation

al form 

Conclusions 

We conducted a comprehensive differential topological analysis of elementary cellular automata 

(ECA), offering a structural approach to understanding their complexity beyond surface-level 

dynamical patterns. By leveraging homotopy and homology theory, coarse proximity structures and 

geometric embeddings, we identified statistically significant topological features that distinguish 

each Wolfram class. 

We demonstrated that the transition from Class 3 to Class 4 marks a fundamental shift in 

topological, homological and geometric structures. The distinction between these two classes is 

particularly significant for practical applications. Class 3 automata exhibit unstable homotopy 

groups, chaotic topological formations and non-measurable probability spaces, resulting in self-

organizing and unpredictable patterns. Their lack of Nash embeddings prevents representation in 

computational manifolds, reinforcing their non-compact geometric structures. These automata 

possess fragmented fundamental groups and lack stable group transformations, making structural 

predictions difficult. Their chaotic homotopy fails to converge, preventing measurable probability 

distribution and structured formations. Therefore, class 3 cellular automata are widely employed in 

pseudo-random number generation and cryptographic systems, where unpredictability is essential, 

since their chaotic nature makes them well-suited for applications requiring high entropy and non-

repetitive patterns. The Seifert–van Kampen theorem characterizes the transition from Class 3 to 

Class 4, illustrating how chaotic spaces fragment and reorganize into well-defined fundamental 

groups. As this structural stabilization occurs, stable group homomorphisms emerge, providing a 

foundation for computational logic and structured transformations. The shift from unstable to 

computable probability and from non-compact geometry to structured probability spaces marks 

Class 4 as computationally universal, distinguishing it from purely chaotic automata. Indeed, class 4 

automata are characterized by stable computational homotopy which enables logical and algorithmic 

transformations. Due to their computational stability, class 4 automata are highly valuable for 

modeling computational processes, biological systems and artificial intelligence that require both 

adaptability and structured processing.  

The novelty of our approach lies in integration of differential topology into the classification of 

cellular automata, capturing the large-scale properties of automaton evolution. Conventional 

approaches such as entropy measures and Lyapunov exponents primarily focus on local dynamics 

and statistical fluctuations, making them sensitive to initial conditions and specific implementations 

(Sándor, et al., 2021; Hernández et al., 2023). In contrast, our homotopy-theoretic and geometric 

approaches capture intrinsic properties of automata evolution that are invariant under 

transformations. Graph-theoretic models have also been used to classify automata, but they lack the 

depth of topological analysis required to differentiate complex computational behaviors (Hofmeyr 

2018). Persistent homology, while useful for tracking structural changes, benefits significantly from 

the inclusion of homotopy invariants which provide additional layers of classification through 
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fundamental group analysis. Unlike entropy-based or purely algebraic methods, our approach can 

uncover persistent topological structures that are stable under small perturbations, making it useful 

for classifying automata in a systematic and reproducible manner.  

The implications of our approach extend to various domains where discrete dynamical systems 

play a central role. In artificial intelligence and machine learning, understanding the topological 

evolution of state spaces could enhance the design of neural network architectures and optimize 

feature extraction techniques. In computational biology, our classification framework could be 

employed to analyze gene regulatory networks, where state transitions exhibit structural similarities 

to automaton evolution. Our findings may also inform physics, particularly in the study of phase 

transitions and emergent behaviors in complex systems where topological properties govern stability 

and transformation dynamics. Additionally, the identification of stable homotopy structures in 

computationally universal automata suggests potential avenues for developing new classes of 

reversible computing models.  

Our methodology has limitations that should be acknowledged. The computational complexity 

of homotopy-based analysis poses challenges for large-scale automaton studies, particularly when 

computing higher-dimensional fundamental groups. While advances in computational topology 

have improved the efficiency of homological calculations, the scalability of certain topological 

descriptors remains an issue. Additionally, reliance on embedding methods introduces potential 

distortions in geometric representations which could influence the interpretation of curvature-based 

results. The classification scheme, though effective in distinguishing automaton classes, may require 

refinement when applied to intermediate automata not fitting neatly into Wolfram’s classification. 

Another limitation lies in the assumption of state-space connectivity, as automata with non-trivial 

boundary conditions or stochastic elements may exhibit behaviors deviating from deterministic 

topological patterns. Addressing these limitations would require the exploration of hybrid methods 

integrating statistical learning with topological invariants.  

In conclusion, we present a differential topological classification of Wolfram’s elementary 

cellular automata, revealing significant structural differences across automata classes. By integrating 

homotopy theory, geometric embeddings and coarse proximity analysis, our approach establishes a 

mathematical framework based on topological invariants for identifying computational universality. 
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