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Abstract: Application of the Ramsey Theory to the set of the points placed in the plane is discussed.
Consider a set of N points located in the same plane. The straight lines connecting these points are
Vie(x) = agx + By (i, k = 1...N). Listed below values of slopes a;, are possible: ay, > 0; ay = 0;
@y, is not defined; a;, < 0. Following coloring procedure is introduced: we connect the pairs of
points for which ay, > 0, a; =0 or ay, is not defined, with the red links, and the pairs of points
for which a;, < 0 place with green links. The suggested coloring procedure enables building of the
complete bi-colored graph for any set containing N points located in the same plane. We apply the
Ramsey theorem to the complete graph emerging from the suggested coloring. For the set
containing N = 6 points at least one monochromatic triangle will necessarily appear in the graph.
The values of the slopes a;;, depend on the chosen coordinate system. The rotation of coordinate
axes changes the coloring of the graph; however, at least one monochromatic triangle will be present
for N = 6. The introduced coloring procedure diminishes the order of the symmetry group of the
regular hexagon, irrespectively to the orientation of the coordinate axes. We hypothesized that this
will be true for arbitrary regular n-polygon, independently on the orientation of coordinate axes.
The inverse bi-color Ramsey graphs arise, when we replace red links appearing in the source graph
with red ones, and vice versa. The total number of triangles in the “direct” and “inverse” Ramsey
graphs is the same. We considered the particular case of the set of points for which a; > 0 or a; <
0 is true in the given coordinates. In this particular case, the rotation of the Cartesian coordinate
axes to the angle 6 = % yields the inverse complete graph. Generalization of this coloring for an

arbitrary number and arbitrary location of the source points is introduced.
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1. Introduction

The mathematical investigation of combinatorial structures in which a certain degree of order
necessarily occurs as the size of the object becomes sufficiently large is labeled in the scientific society
as the Ramsey Theory. Ramsey Theory is named after Frank Plumpton Ramsey, who carried out his
outstanding research in this area before his untimely death at age 26 in 1930. The theory, introduced
by Ramsey, was subsequently developed extensively by Erdds, Gyarfas and Graham [1-9]. The
typical problem addressed by the Ramsey theory is the party problem, which defines the minimum
number of guests R(m,n) that must be invited so that at least m of the guests will be familiar, or at
least n of them will not know each other [5]. In this case R(m,n) is defined a Ramsey number [5]. A
typical result in Ramsey theory states that if some mathematical structure is separated into finitely
many parts, then one of the parts necessarily must contain a substructure of the predefined type.
Consider the following example, it is given that if # is large enough and U is an n-dimensional vector
space over the field of integers (mod p), then however U is separated into r sub-spaces, one of the
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sub-spaces contains an affine subspace of dimension d. When Ramsey theory is re-shaped in the
notions of the graph theory, it states that any structure will necessarily contain an interconnected
substructure [1-9]. The Ramsey theorem, in its graph-theoretic forms, states that one will find
monochromatic cliques in any edge color labelling of a sufficiently large complete graph [5,7-9]. One
more example of the Ramsey-like thinking is exemplified by the van der Waerden’s theorem:
colorings of the integers by finitely many colors must have long monochromatic arithmetic
progressions [5,7-9]. An accessible introduction to the Ramsey theory is found in refs. 6-7. More
rigorous approach is presented out in refs. 8-9. Problems in Ramsey theory typically ask a question
of the form: "how big must some structure be to guarantee that a particular property holds?"
Generalizations of the classical Ramsey Theory are discussed recently in ref. 10; in particular, bipartite
Ramsey numbers, k-Ramsey numbers, s-bipartite Ramsey numbers, Ramsey sequences of graphs,
and ascending Ramsey indices are considered [10].

We shall adopt the graph-theoretic and Ramsey-theoretic notation and terminology introduced
by Roberts [11,12]. Assume that R(p4, P, P3 ... De; () is the smallest integer N with the property that
whenever S is a set of N elements and we divide the r-element subsets of S into ¢ sets, X;,X, ... X;,
then for some i, there exists a p;-element subset of S all of whose {-element subsets are in X;. R(p, q)
is R(p,q; 2). Eventually if Gy,G, ...G, are graphs, R(G;,G; ...G;) is the smallest integer N with the
property that every coloring of the edges of the complete graph Ky, in the t colors (1,2 ...t) yields
for some i, to a subgraph that is isomorphic to G; and is colored all in color i, that is, to a
monochromatic graph G; [11,12]. We apply the Ramsey theory to the set of points located in the same
plane, when coloring is defined by the sign of the slope of straight lines connecting the points and,
thus, forming the complete graph. Present work is generalizing the approach introduced in ref. 13, in
which the coloring procedure was suggested for the points arranged on a closed contour and
connected as a complete graph. The procedure exploited the sign of the slope of the straight line
connecting the points placed on the Jordan curve, for coloring. Now we extend the suggested
approach for an arbitrary set of points located in the same plane.

2. Results

2.1. Ramsey theory and geometry of closed curves

Consider the set of six points placed on the plane X0Y, as shown in Figure 1. The points are
numbered: (x;, y;); i =1...6 depicted in Figure 1 with blue circles.
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Figure 1. Ramsey construction for six points (x;, ¥;); i = 1...6 placed on the plane X0Y.
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Now connect the points i = 1...6 in pairs. The connection yields a complete graph. Every pare

generates straight lines, given in Cartesian coordinate axes by Eq. 1:
Vi (x) = agx + By (i, k = 1...6), 1)
where y;(x) is the equation of the straight line connecting points numbered i and k respectively;
oy, is the slope of the straight line and f;;, is its y-intercept. Obviously, Eq. 2 holds:
Qi = tGPir )

where ¢y is the angle made by the edge connecting the points (x;, ¥;); (xx,¥r) with the x-axis.
Slopes aj;, depend on the orientation of coordinated axes, namely: a;, = a;,(6), defined by angle 6,
as depicted in Figure 1.

Following values of slopes «a;;, are possible:

i. @y > 0; this is true for pairs (1,3); (2,3); (1,5); (2,5), as shown in Figure 1.

ii. a;, = 0; this takes place for the pair (3.4) (see Figure 1).

iii. @y is not defined; this occurs for the pair (1,2) (see Figure 1).

iv. ay < 0; this is true for pairs (3,5); (4,5); (1,6); (3,6); (5,6), as shown in Figure 1.

The aforementioned possibilities exhaust all of the possible mutual locations of the points placed
in the plane. Now consider the following coloring procedure: lets us connect the pairs of points for
which a; >0, a; =0 or ay is not defined with the red links, and the pairs of points for which
ay, < 0 place with green links, as illustrated with Figure 1. It should be emphasized, that the
introduced coloring procedure is non-transitive [14]. The suggested coloring procedure yields the
complete bi-color graph, shown in Figure 1. The introduced coloring procedure enables building of
the complete bi-colored graph for any set containing six points located in the same plane. It should
be emphasized that the values of the slopes a;;, (and consequently coloring of the graph) depend on
the chosen coordinate system X0Y. Now we can apply the Ramsey theorem to the graph, shown in
Figure 1. According to the seminal Ramsey theorem, at least one monochromic triangle should
necessarily appear within the aforementioned graph; due to the fact that the Ramsey number is
R(3,3) = 6.Indeed, the triangle “125” is built of red edges and the triangle “456” contains only green
edges (see Figure 1). And this result will be true for any set of six points located in the plane. It should
be mentioned that coloring of polygons will depended on the angle § (see Figure 1). This dependence
will be addressed below.

Let us exemplify the suggested procedure with bi-coloring of regular hexagons shown in Figure
2, demonstrating coloring of hexagon (123456) and coloring of the same hexagon rotated

Anaaas

234 are recognized in inset (A); in turn, monochromatic red triangles (123), (128), (?7}3) (345)
appear in inset (B).
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Figure 2. Bi-coloring of regular hexagons is depicted. Pristine hexagon (123456) is shown in inset (A);
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It is recognized from Figure 2, that rotation of the pristine hexagon changes its coloring, carried
out within the suggested procedure, and this result is quite expectable. Indeed, rotation of the
hexagon changes the slopes of its edges. More interesting result is related to the symmetry of the
hexagon: the symmetry group of a regular monocromatoc hexagon is a group of order 12, this group
is usually labeled as the dihedral group Dg. The suggested bi-coloring procedure illustrated inset (A)
of Figure 2, diminishes the order of the group. The bicolored hexagon is characterized by
centrosymmetric point group, which contains an inversion center as one of its symmetry elements;
thus the order of the group is reduced to two, containing the inversion and a trivial 27 rotation. It is
noteworthy that rotation of the colored hexagon depicted in inset (B) of Figure 2 changes the coloring
of the hexagon under keeping the symmetry group untouched. Indeed the symmetry of the rotated
bi-colored hexagon also characterized by two distinguishable elements, namely: the inversion and
trivial 2w rotation.

Now we address the minimal complete graphs, arising from triangles, emerging from the
suggested coloring procedure and shown in Figure 3.
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Figure 3. Coloring of triangles according to the procedure introduced in Section 2.1 is demonstrated.
The color of the edge corresponds to the sign of its slope. (A) Monochromatic triangles are shown. (B)
Equilateral triangle will be bi-chromatic at any orientation of the triangle relatively to the coordinate

axes.

Obviously monochromatic (red or green) triangles are possible, as shown in inset A of Figure 3,
when the aforementioned coloring procedure is adopted. However, equilateral monochromatic
triangle is impossible for any value of the rotation angle 6.

Moreover, monochromatic complete graphs, arising from arbitrary monochromatic regular
polygons are impossible as illustrated with Figure 4.
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Figure 4. Complete graphs generated by the regular triangle, quadrangle and pentagon are depicted.
No monochromatic complete graph is recognized.

We hypothesize that this result will be true for arbitrary regular n-polygon, independently on
the orientation of coordinate axes. This statement should be rigorously proven in our future
investigations.

2.2. Ramsey structures and rotations of coordinates

We start from the set of points (x;,¥;),i =1...6 located in the plane X0Z shown in Figure 1.
Now we consider rotation of the coordinates about z-axis through an a angle 6, as illustrated in
Figure 1. The equations of straight lines passing through the vertices of the graph in the new rotated
system (primed) now appear as follows:

Yie () = ay (0)x + By (0), ®)
ay = tg(py —0) 4

The suggestion rotation will change the coloring of the pristine (source) complete graph (we
keep the coloring procedure introduced in Section 2.1 untouched). However R(3,3) holds; thus, at
least one monochromatic triangle will be found in the complete graph, whatever is the rotation angle
0. Thus, the following theorem is proven:

Theorem: Consider set of six points (x;,¥;) located on the plane. Connect the lines with straight
lines y;,(x) = ayx + By (i, k = 1...6). Following bi-coloring procedure is introduced: we connect
the pairs of points for which a;, > 0, a;, = 0 or ay, is not defined, with the red links, and the pairs
of points for which a;, <0 place with green links. The introduced coloring procedure yields the
complete bi-color graph including at least one monochromatic triangle, whatever are the Cartesian
coordinate axes. Thus, the Ramsey theory supplies a kind of invariant appearing in all of possible
Cartesian coordinate axes. The Ramsey generalization of the suggested approach to a set of N
arbitrary points belonging to the same plane is straightforward.

2.3. Direct and inverse Ramsey graphs

Consider set of six arbitrary distinguishable points (x;, ¥;); i =1..6 located in the plane
X0Z, depicted in Figure 5. Let us connect these points with straight lines and color them, as suggested
in Section 2.1. Thus, the source complete graph, shown in inset (A) of Figure 5 is formed. Let us
introduce the notion of the inverse bi-color Ramsey graphs, generated by the source graph; namely
we replace red links appearing in the source graph with red ones, and vice versa, as shown in inset (B)
of Figure 5. The vertices of this complete graph are denoted (1, ...6) in inset (B) of Figure 5. We call
such a Ramsey network the “inverse graph”. Obviously, introducing an inverse Ramsey network is
possible for any complete source graph. According to the Ramsey theorem both the source and
inverse graphs, arising from six vertices, contain at least one monochromatic triangle. Indeed, we
recognize red monochromatic triangles (126) and (256) in inset (A), and, correspondingly green
triangles (126) and (258) in inset (b) of Figure 5.

It is noteworthy, that the total number of triangles in the “direct” (source) and “inverse” Ramsey
graphs is the same, thus, yielding the conservation law:

(=t +t; =1 +1, (5)
where t,andt, are the numbers of red and green triangles in the source graph; f,and{, are
correspondingly the numbers of red and green triangles in the inverse graph. Eq. 5 represents the
“conservation law” for the Ramsey complete networks built of six elements. It is noteworthy that
direct and inverse graphs form the Abelian (commutative group), when the inversion of the color of
the link is taken as an operation.
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depicted. Triangles (126) and (256) in inset (A), and triangles (126) and (236) are
monochromatic.

Generally speaking, rotation of the coordinate axes will change the total number of
monochromatic triangles ¢ in the graph. It should be noted, that Eq. 5 holds for any fixed rotation
angle 6 and arbitrary number of the source points. There exists the particular case of rotation,
yielding the inverse graphs, introduced in Section 2.2. This case will be discussed below.

2.4. Rotation of coordinate axes generates inverse complete graphs

Now consider the set of points for which a; > 0 or a; < 0 in given coordinates is true, in
other words we restrict ourselves with the sets of points for which ¢, # 0; @, # g takes place. Let
us connect the pairs of points for which a;;, > 0 with the red links, and the pairs of points for which
a;, < 0 takes place with the green links. Now consider rotation of coordinate axes to the angle 6 =

%‘ In this particular case, Eq. 6 takes place:
1

! = ——
iy = = ©)
Hence, the inverse complete graph emerge, and Eqs. 7 occur:
t, =ty ty =1, (7)

In particular for the complete graph, built of six points, this implies that at least one
monochromatic triangle will necessary appear in the “source” and “inverse” complete graphs,
colored according to the aforementioned procedure. Again, the generalization of suggested Ramsey
approach to complete graphs containing N vertices is straightforward.

Now consider following generalization/symmetrization of the aforementioned coloring
procedure. We introduce now the following coloring ,applicable for any set of points belonging to
the same plane: lets us connect the pairs of points for which a;, > 0 or a; = 0 is not defined with
the red links, and the pairs of points for which a;;, < 0 and a;; is not defined place with green links,
as illustrated for regular polygons with Figure 6.
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Figure 6. Complete graphs generated by the regular triangle, quadrangle and pentagon are depicted.
The pairs of points for which a;, > 0 or a;, = 0 is not defined are connected with the red links, and
the pairs of points for which a; < 0 and a;; is not defined place are connected with green edges.
No monochromatic complete graph is recognized.

It is noteworhy that only quandrangle changed its coloring when compared to that depicted in
Figure 4. And again no monocromatic regular polygon is recognized. This kind of coloring is of a
particular interest due the fact that the rotation of coordinate axes to the angle 6 = % gives rise to the
inverse graph for the arbitrary set of points. Let us illustrate the suggested coloring with the complete
bi-color graphs, arising from the sets of points forming regular hexagons, shown in Figure 7.
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Figure 7. Bi-coloring of regular hexagons is depicted. Pristine hexagon (123456) is shown in inset (A);
of points for which a;, > 0 or a; = 0 is not defined are connected with the red edges, and the pairs
of points for which a;, <0 and ay;, is not defined place are connected with green edges.

And again, the bicolored hexagons shown in Figure 7 are characterized by centrosymmetric
point group, thus the order of the group is two, containing the inversion and a trivial 2m rotation.
Rotation of the colored hexagon to gdepicted in inset (B) of Figure 7 changes the coloring of the
hexagon under keeping the symmetry group untouched. According to the Ramsey Theorem
monochromatic triangles inevitably appear in the graphs, depicted in Figure 7.

3. Discussion

Various coloring procedures were introduced for Ramsey graphs [8,9,15]. We introduce the
coloring procedure valid for any set of points located in the same plane. The coloring follows the sign
of the slope a;, of straight lines connecting the points/vertices, numbered correspondingly i and k.
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For a sake of generalization the certain color is prescribed for the situations when a;, = 0 or a; is
not defined. Thus, for any set of points located in the same plane the complete graph emerges, and
the Ramsey theorem becomes immediately applicable [5-10]. When and why the suggested coloring
procedure may of interest:

i)  The introduced coloring bridges between the Ramsey theory and linear algebra. The reasonable
problem to be addressed in future is formulated as follows: what is the interrelation between the
properties of the matrix a;, and the number of monochromatic polygons, recognized in the
complete graph, built according to the aforementioned procedure?

ii) We introduce the coloring procedure which yields the inverse complete graph arising from an
arbitrary set of points belonging to the same plane, when the coordinate axes are rotated to g

iii) Numerous physical processes are described by linear equations such as Ohm’s, Charle’s, Gay-
Lussac's law or Hook’s laws. Thus, the X0Y plane may be seen, for the example, as maps of
thermodynamic states or volt-ampere characteristics. The suggested coloring procedure will
supply the predictions related to emerging of cycles in these maps [16-21].

4. Conclusions

We introduce the application of the Ramsey theory to the set of the points placed in the plane.
We introduce the following coloring procedure: consider a set of arbitrary number N of points located
in the same plane. Connect the points in pairs with the straight lines in a given Cartesian coordinates.
Thus, the complete graph emerges. The straight lines connecting these points are y;,(x) = a;x +
Bix (i, k = 1...N). Following values of slopes a;, are possible: a; > 0; a; = 0; ay, is not defined;
@, < 0. The coloring procedure is introduced: we connect the pairs of points for which a;, > 0,
ay =0 or ay, isnot defined, with the red links, and the pairs of points for which a;, < 0 place with
green links. The introduced coloring procedure yields the complete bi-color graph. The suggested
coloring procedure enables building of the complete bi-colored graph for any set containing N points
located in the same plane. For the set containing N = 6 points, at least one monochromatic triangle
will necessarily appear in the graph, as it follows from the seminal Ramsey Theorem. The values of
the slopes a;, depend on the chosen coordinate system. The rotation of coordinate axes changes the
coloring of the graph, however at least one monochromatic triangle will be present in the complete
graph. Thus, the Ramsey theory supplies a kind of invariant appearing in all of possible Cartesian
coordinate axes, irrespectively to their orientation. It is instructive to consider the set of six point
forming the regular hexagon. The introduced coloring procedure breaks the symmetry of the
hexagon, irrespectively to the orientation of the coordinate axes. The same is true to equilateral
triangle, quadrangle and pentagon. We hypothesized that this will be true for any arbitrary regular
n-polygon, independently on the orientation of coordinate axes. We introduced the notion of the
inverse bi-color Ramsey graphs, generated by the source graph; namely, we replace red links
appearing in the source graph with red ones, and vice versa. The total number of triangles in the
“direct” (source) and “inverse” Ramsey graphs is the same. We also considered the particular case of
the set of points for which a;; > 0 or a; < 0 in given coordinates is true. In this specific case, the

T

rotation of the Cartesian coordinate axes to the angle 6 = - yields the inverse complete graph for an

arbitrary number of the source points. Generalization of the introduced coloring for arbitrary set of
points, belonging to the same plane is suggested. Numerous physical processes are described by
linear equations. Thus, the coordinate plane may be seen, for the example, as maps of thermodynamic
states or volt-ampere characteristics. Hence, the suggested Ramsey approach will supply the
predictions related to emerging of cycles in these maps.
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