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Abstract

The study of human population dynamics at a country level is a critical topic. Understanding popula-
tion trends in a given country can be highly valuable for designing policies related to birth control,
economy, urban planning, among others. In this work, we analyze data from eight countries whose
population growth tends to follow a logistic pattern over time. In particular, we focus on the car-
rying capacity parameter, and observe how this value can change its interpretation. We define a
socio-economic asymptotic value, and claim that this value plays the role of a socio-economic carry-
ing capacity in some of the countries under study. Each country within this study present different
socioeconomic conditions, densities and population size. However, the sigmoidal growth seems to
be present in all of them. This work invites the community to think different about the traditional
carrying capacity definition.

Keywords: carrying capacity; logistic model; socio-economic asymptotic value

1. Introduction
Living organisms, in one way or another, have managed to persist over generations. A fundamen-

tal part of this survival is thanks to the process of reproduction. In order to survive, species reproduce,
and with favorable conditions increase in their presence until the ecosystem allows them. This clearly
depends on food availability, the presence of predators, climate conditions, and other factors that limit
growth.

On the other hand, mathematical tools have been used to understand the dynamics or behavior
of population growth. The concept of exponential growth was not used until 1798 when the British
economist Thomas Robert Malthus carried out an analysis of the growth of unrestricted human
populations [2]. Later, in 1838, Pierre-François Verhulst proposed for the first time what we know
today as the logistic equation[3]. One of the first mathematical models used to describe the growth of
a species, in this case, the human population of the USA [4], was the use of a first-order autonomous
differential equation, generated from the premise that the change in population size P at time t is
directly proportional to the number of individuals at that time. The following initial value problem
gives the aforementioned model:

dP
dt

= aP with P(0) = P0. (1)

Note that a = α − µ, where α is the birth rate per capita per unit of time, and µ is the death rate
per unit of time. Thus, a is the growth rate per unit of time. It is easy to show that the solution to the
initial value problem is given by the function

P(t) = P0eat. (2)
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Now, note that if a < 0, we interpret this as meaning that there are more deaths than births, and
therefore, the population will tend to become extinct, whereas if a > 0, it implies that the population
will grow infinitely over time. The dynamics of this type of growth are known as exponential growth.
The problem with this model is that the solution tends to infinity. That is, it would predict that the
human population would grow infinitely, which we know is not possible since we live in a place where
food, space, and other factors limit this behavior.

Therefore, to better model the behavior of population growth, considering factors that prevent
exponential growth, the growth rate is considered not to be constant as in the previous case but rather
a rate that depends on the population itself at time t. That is, if the number of individuals at time t
is huge, then a < 0, assuming there will be death due to lack of space or resources. However, if the
population is relatively small, then a must be positive since everyone has space and resources, favoring
reproduction. Thus, considering a = r

(
1 − P

K

)
in 1, we obtain the model known as the logistic model,

given by the initial value problem (IVP)

dP
dt

= rP
(

1 − P
K

)
with P(0) = P0, (3)

where r is the growth rate, and K is the system’s carrying capacity. The function gives the solution to
this IVP

P(t) =
K

1 +
(

K
P0

− 1
)

e−rt
. (4)

Biologically, the system’s carrying capacity represents the maximum sustainable population size
K that the environment can support in the long term. Mathematically, P(t) = K is a constant solution
of the logistic equation and an attractor invariant manifold for the model’s dynamics.

The logistic equation has been extensively studied and used to model phenomena in different
areas, particularly ecology. To mention just a few,[5] provides an extensive analysis of the logistic
equation as a model of ecological phenomena; [6] models the evolution of the Aedes Aegypti mosquito
using the logistic equation, and [7] uses the logistic equation to model fungal growth.

The purpose of this work is to provide with some insights about what is meant by carrying
capacity within the logistic equation. The concept carrying capacity in mathematical biology is well
known and it refers to the maximum population size that an environment can sustainably support
[8–12]. Populations below this level, tend to increase whereas populations above this level tend to
decrease. In both scenarios, the limiting population size is the carrying capacity.

In this article, we analyze solutions to the logistic equation, whose parameters were fitted to
population growth data from some countries. The fit was initially performed using a neural network,
and to improve robustness, a Bayesian approach was adopted. With the results obtained, we can
easily determine the carrying capacity from the equation’s perspective. Although we can observe that
populations exhibit this behavior, we cannot claim that a country has reached its carrying capacity in
the strict (biological) sense of the concept. Based on this work, we aim to provide information that will
allow us to more clearly understand the concept of carrying capacity and how we can reinterpret it,
depending on the country under study.

2. Materials and Methods
To properly understand the carrying capacity concept within the logistic model, we ana-

lyzed the evolution of the population size in the following countries: Mexico, Democratic Repub-
lic of the Congo, India, China, Germany, Angola, Japan, and Brazil. We consulted databases of
https://datacommons.org/ from 1960 to 2020 in 5 years intervals. The data corresponding to these
countries are shown in Table 1.
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Table 1. Number of inhabitants (in millions) for different countries.

Country
Year 1960 1965 1970 1975 1980 1985 1990 1995 2000 2005 2010 2015 2020

Mexico 36.7 43.2 50.8 59 67.3 75 82.8 90.9 98.6 106 114 121 127
Rep. Dem. Congo 1.06 1.21 1.4 1.63 1.8 2.06 2.38 2.75 3.15 3.7 4.46 5.1 5.75
India 436 490 546 611 687 773 865 960 1060 1150 1240 1330 1400
China 66 715 818 916 981 1050 1140 1200 1260 1300 1340 1380 1410
Germany 72.8 76 78.2 78.7 78.3 77.7 79.4 81.7 82.2 82.5 81.8 81.7 83.2
Angola 5.23 5.52 5.9 6.84 8.13 9.78 11.6 13.7 16.2 19.3 23.3 28.2 33.5
Japan 93.2 98 106 112 117 121 123 125 127 127 128 127 126
Brazil 72.4 83.8 94.5 108 121 136 1493 162 174 185 194 202 209

As a first approximation, the parameters of Equation (4) were fitted to the data in Table 1 using the
neural network approach [1]. To do this, (5) was used as the test function and 6 as the error function
(See Appendix A for more details).

PT(t) = Aσ(wt + b) + B =
A

1 + e−(wt+b)
+ B, (5)

E = E(A, B, w, b) =
1

Ndata

Ndata

∑
i=1

(PT(ti)− Pcountry
i )2. (6)

To make the results more robust, the parameter values obtained from neural network fitting
were used to implement Bayesian inference. In these sense, to implement the Bayesian inference,
we consider that the population at year i (i = 1960, 1965, ..., 2020) from a country follows a Normal
distribution with mean P(i), given by the Equation (4), and a standard deviation σ, which will be
estimated. Thus, the sampling distribution is given by

π(−→x |θ) =
2020

∏
i=1960

1
σ
√

2π
e−

(xi−P(i))2

2σ2 (7)

where −→x = (x1960, x1965, x1970, ..., x2020) is the observed data from a country (according to Table 1) and
θ = (K, r, s, σ) is the parameter vector. Assuming prior independence, the joint prior distribution for
the parameter vector is

π(θ) = π(K)π(r)π(s)π(σ) (8)

where π(K), π(r), π(s), and π(σ) are the probability density function of either Uniform or Normal
distributions. The parameters values of each distribution is given in Table 2.

Table 2. Prior distribution for K, r, a and σ parameters by Country.

Country K r s σ

Mexico U (130, 200) U (0.01, 0.1) U (1, 5) U (0.01, 10)
RD Congo N (110, 10) U (0.01, 0.1) N (100, 10) U (0.01, 5)
India U (1500, 2500) U (0.01, 0.1) U (2, 7) U (1, 30)
China U (1200, 1800) U (0.01, 0.1) U (1, 5) U (1, 30)
Germany N (80, 5) N (0.03, 0.01) N (0.1, 0.03) U (0.01, 10)
Angola N (450, 10) U (0.01, 0.1) N (100, 10) U (0.01, 5)
Japan N (127, 2) N (0.06, 0.01) N (0.8, 0.03) N (8, 2)
Brazil U (200, 300) U (0.01, 0.1) U (1, 5) U (0.01, 5)

Then, the posterior distribution of the parameters of interest is

π(θ|−→x ) ∝ π(−→x |θ)π(θ) (9)
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We used a Markov Chain Monte Carlo (MCMC) method based on the Metropolis-Hasting algorithm
[13] to obtain the estimated probability density of the parameters. We run the algorithm for one million
iterations, and use the last 100,000 to generate the posterior distributions.

3. Results
When we implemented the Bayesian inference method with the Equation (4), there were identi-

fiability problems with the parameters that form the term K
P0

, so, in order fit the data, we define the
parameter s as s := K/P0 − 1 in the Equation (4). Thus, we consider the solution:

P(t) =
K

1 + s ∗ e−r(t−t0)
. (10)

where t0 = 1960. The parameters of model (10) were estimated using a Bayesian inference
approach. Then, we obtain the following results.

The median and 95% credible intervals of the posterior distributions for K, r, and s are given in
Table 3.

Table 3. Parameter estimates by country: median and 95% credible intervals.

Country K r s

Mexico 160.417 0.042 3.281
([154.331, 168.341]) ([0.039, 0.044]) ([3.153, 3.444])

DR Congo 106.421 0.030 104.938
([92.398, 120.848]) ([0.029, 0.031]) ([91.142, 119.113])

India 2211.064 0.034 4.240
([2016.008, 2446.791]) ([0.031, 0.036]) ([3.858, 4.697])

China 1550.180 0.044 1.383
([1503.309, 1608.064]) ([0.040, 0.048]) ([1.317, 1.457])

Germany 83.749 0.035 0.128
([82.174, 86.052]) ([0.022, 0.051]) ([0.096, 0.161])

Angola 448.044 0.036 108.939
([428.883, 467.651]) ([0.034, 0.034]) ([100.272, 117.652])

Japan 129.681 0.077 0.771
([126.302, 133.036]) ([0.062, 0.093]) ([0.710, 0.831])

Brazil 245.886 0.044 2.450
[(240.683, 251.680)] [(0.042, 0.046)] [(2.388, 2.514)]

Figure 1 displays the posterior distribution of the parameters obtained using Mexico data. The
results for all other countries are provided in Appendix B.

Figure 1. Posterior distribution of parameters using Mexico’s data.
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Figures 2 and 3 show the graph of the population data for each country studied, as well as the fit
obtained with the logistic model.

Figure 2. Country study data and model fit.

Figure 3. Country study data and model fit.

Based on the results, we note that in the analyzed cases, the populations exhibit logistic behavior.
In some cases, the parameter known as the carrying capacity appears to be well-defined for countries
such as Japan and Germany (See Figure 3). As shown in Figure 2, for countries such as Brazil, Mexico,
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India, and China, we observe a change in curvature that is characteristic of populations approaching
their carrying capacity. Finally, for Angola and the Democratic Republic of the Congo, it is difficult to
determine when a change in curvature will occur ( See Figure 3).

3.1. Insights into the Carrying Capacity

Starting from the biological interpretation of carrying capacity, we begin by considering adjusting
the logistic equation to the evolution of the number of individuals in the countries mentioned above. It
is worth mentioning that the countries analyzed here were selected by looking for those that exhibited
this behavior. In these cases, we can observe that some countries exhibit exponential growth, meaning
they have not yet perceived the problem of overpopulation; that is, they have not reached their carrying
capacity. Other countries are in the middle of the logistic curve, and a change in curvature is observed
in their behavior; in this scenario, overpopulation is beginning to slow the population growth rate.
Finally, we also present cases in which some countries appear to have reached their carrying capacity.

3.1.1. Population Density

Population density is one of the most fundamental factors influencing the determination of
carrying capacity. Table 4 show the population density of the selected countries for the year 2021. In
the table, we see that India, Japan, and Germany are the countries with the highest population density.
Among these three, Japan and Germany are developed nations. In the cases of Japan and Germany,
note that they appear to have reached their carrying capacity, In such scenarios, one could consider
using the logistic equation to model population growth dynamics in terms of population density rather
than the number of individuals. In this way, Using population density as a metric helps standardize
the comparative framework among different countries.

Table 4. Population density for each country for year 2021. Sources: (a) https://datacommons.org/, (b)
https://www.theglobaleconomy.com/.

Country Population Source
Density (people/km2)

India 423 (a)
Mexico 64.8 (a)

Germany 235 (a)
China 148 (a)
DR Congo 42 (b)
Japan 335 (a)
Angola 28 (b)
Brazil 25.1 (a)

Let be A the area of a country. Then, Q = P
A , represents the population density of that country.

From Equation (4), we obtain the following equation

dQ
dt

= rQ
(

1 − Q
Md

)
. (11)

In this scenario, Md = K/A, plays the role of the maximum density allowed in a country. In this
ideal model, we observe that Md is a quantity that depends on each country’s culture, geographic
location and living standards. For example, according to Table 4, Japan, has a considerably higher
Md value than Germany, even though both countries are approximately the same size. One possible
factor is Japan’s maritime environment, facilitating their adaptation through resource exploitation.
On the other hand, India, the country with the highest population density, has not reached a level
that we could identify as the country’s carrying capacity. The significance could be that India can
support more population due to food resources. Or simply that carrying capacity through population
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density does not provide a complete measure for a population that behaves logistically. Perhaps, in
human populations, one factor to consider is how wealthy can be in average an adult in a country.
For densely populated countries, economic prosperity may be of help to enable the identification of
optimal population stabilization levels.

3.1.2. Social and Economical Factors.

In addition to population density, other factors appear to be responsible for a populations reaching
an apparent stable level, which is far from the concept of maximum density. Countries such as Mexico,
China, and Brazil, with much lower population densities than the three previous countries, are
approaching a constant population level that behaves as the carrying capacity in the logistic model.
However, in this case, this artificial carrying capacity value can be thought of as a consequence of
other factors such as social or governmental policies [14–19], the desire for procreation among new-
generation couples, and economic problems that led to fewer children than previous generations.
In other words, these artificial carrying capacity values are simply a consequence of the reduction
in birth rates relative to death rates and appear unrelated to the actual size of the population. In
this scenario, we refer to Ksec as the level of socioeconomic convergence, to differentiate it from the
traditional biological level of carrying capacity.

In this regard, we focus on the data for Brazil, Mexico, India and China. In these countries, there
is evidence of logistic behavior, where population growth has shown a significant decline over the
past 20 years. In seeking to understand the behavior of the population growth dynamics of these
individuals, there are two important magnitudes to analyze: the instantaneous growth rate and the
instantaneous per capita growth rate. The former is given by

rP
(

1 − P
Ksec

)
, (12)

whereas the latter is given by

Ṗ
P
= r

(
1 − P

Ksec

)
. (13)

These two quantities help us to understand this socio-economic convergence level. As mentioned
earlier, Ksec is a quantity that is not given apriori, but rather is a consequence of all the different factors
related to social and economical events. In a more general sense, we can assume that a population
follows the general rule

Ṗ = h(P)P, (14)

where h(0) = r, h(Kse) = 0 and h(U) is a decreasing function. The simplest scenario is the logistic
growth, in which h(P) = r

(
1 − P

Kse

)
. However, this linear behavior does not necessarily have to be

satisfied by a population. Even the theoretical value that we consider as a carrying capacity in its
traditional sense could probably satisfy an equation of the type given by Equation (14). However,
the fit of the data by the solution of the logistic equation gives us some direction to see whether the
instantaneous growth rate and the per capita growth rate follows the form given in Equations (12) and
(13), respectively.

Figures 4 and 5 show the average growth rate and the average per capita growth rate for four
different countries, calculated from the data (blue dots) as follows

Avg. growth rate(tn) =
P(tn)− P(tn−5)

5
,

and

Per capita avg. growth rate =
Avg. growth rate(tn)

P(tn)
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respectively, and the instantaneous growth rate and the per capita instantaneous growth rates, obtained
with Equations (12) and (13) (red lines). We chose those countries as they have shown to be in a
similar stage on the logistic solution. Clearly, we can see that formulations (12) and (13), are good
representatives from the data. This means that a population approaching a value different from its
carrying capacity also follows a logistic behavior, i.e. the population behaves as if it were reaching
its carrying capacity. In this case, however, it is not direct how such a value is defined, but rather is
an experimental observation. Moreover, we note that dynamics follow a behavior given by Equation
(14), but with h(P) = r

(
1 − P

Kse

)
, i.e. it follows a linear per capita growth rate, which means to have a

behavior given by the traditional logistic equation, but with an asymptotic socio-economical value,
instead of the carrying capacity.
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Figure 4. Behavior of the average growth rate compared to the instantaneous one. The blue dots represent the
average values given by data, whereas the red lines are the instantaneous values given by the Equation (12).
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Figure 5. Behavior of the average per capita growth rate compared to the instantaneous one. The blue dots
represent the average values given by data, whereas the red lines are the instantaneous values given by Equation
(13).

4. Discussion
An explanation of the possible factors behind the existence of asymptotic socio-economical levels

varies from country to country. For example, in China, the implementation of the one child policy
from 1979 to 2015, has led to a behavior of possible convergence to a socioeconomic value [14,15,19].
This can be seen in Figure 5, where the data adjustment is evident along this time period. In countries
like Mexico, there are factors that could add to have this socioeconomic level. Among those factors
we have (i) Cost of living; (ii) Avoidance of parenthood role, (iii) Provision to a better life quality
to new generations, (iv) social progress, (v) incorporation of women into the workforce, a product
of migration from rural to urbanized areas, which provides greater access to sexual education and
health. All these factors, and others, impact the population’s awareness of how to avoid pregnancies,
especially in women on childbearing age [16–18]. These factors can act separately or together, resulting
in a reduction in the birth rate with respect to the death rate. Figure 6 shows the evolution of the total
fertility rate for each country analyzed, defined as the number of births per woman, from 1960 to 2020.
From the graph, we observe the consistency between the stabilization of the population in a country as
a consequence of the reduction of the total fertility rate.

The last case in this study belongs to countries like Angola and Congo. These two countries
have less dense populations within our country sample, without counting Brazil. The case of Brazil is
misleading as most of the population lives in a very small portion of the country. In these two African
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countries, exponential growth follows. Clearly, the sigmoidal part of the logistic equation has not yet
been observed as there seem not to be factors that stop population growth.

Figure 6. Behavior of the average the total fertility rate for Countries studied. Information taken from [16].

Why are they not showing like Mexico, Brazil or China a reduction in their growing? Is that a
possibility that these nations are not completely connected to other countries such that they feel the
pressure of reducing birth rates?, Could it be the case that these countries have characteristics that do
not see the need to reduce their birth rates? These are just some of the author’s thoughts. However, a
deeper analysis can be done in this direction.

5. Conclusions
In this work, the purpose was to give some insights into what is meant by the carrying capacity of

a system in human populations. Does this quantity truly measure the maximum number of individuals
a system can sustain? Can it be different when dealing with human populations? In this work, we
observed that when a population is far from reaching the real carrying capacity value, we can obtain a
logistic behavior with an asymptotic value that is different from the true carrying capacity. We have
called this value the socio-economic convergence level. In other words, convergence to an asymptotic
value does not necessarily mean that we have reached a biological carrying capacity, but rather a
socio-economic asymptotic level. And the rate at which populations tend to this value, follows a
logistic behavior.

Each of the studied countries has its own population size, population density, economic wealth,
and traditions. However, in these particular cases, there is a sigmoid behavior. The resulting asymptotic
value acts as a carrying capacity. Now, some of the questions that arise are: even though there are
different conditions that lead to the new carrying capacity, in each country, this capacity may depend
mainly on a particular and dominant situation within the country?, Is it possible to understand the
reason a carrying capacity is formed? If another situation is ruling the country, can we obtain a different
carrying capacity?

Clearly, the concept of carrying capacity and the socio-economic-cultural convergence level are
factors that will depend from country to country, i.e. these are not absolute values. The carrying
capacity, seen in terms of density, depends on many factors, such as economic wealth, resources,
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technological advance, among others. Some factors to be studied is the percentage of conscious
individuals in a country that choose to have few or not have descendants. It is possible that above
some percentage of conscious individuals, could lead to a change of mind in most of the population.
Additionally, it could be of interest how is the behavior over all the countries around the world and see
if their population change behavior is linked to culture type, religious background, economy network,
or maybe another quantity of importance.

In this work, we have taken all the population into account, such that all humans are already at
reproductive age. This statement is clearly not correct. However, we are not interested in having a real
estimation of the parameters, but rather we want to observe the overall behavior of the population.
In this sense, clearly the per capita growth rate is not well estimated, but, clearly gets reduced as the
number of individuals increase.

The value of the socio-economic convergence level Kse is a quantity that is not necessarily constant.
Up to this point, from the revised countries, it appears to have a definite value. However, as the
socio-economic conditions in a country change, we may expect changes on how population levels
change as well.

In this work, it was not the purpose to find predictive values for the human population across
countries. Similar approximations can be found with different parameter values. However, it is the
purpose to state that country populations can be seen in different stages of logistic growth and that the
carrying capacity does not necessarily have to behave in the usual sense. In some scenarios, like India,
we may have been experiencing the closest scenario to the traditional definition of carrying capacity.
However, in other countries, economic and social factors are redefining this concept.
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Appendix A
In order to adjust the data with Equation (4), we have used the neural network approach [1], with

one layer and a single node. The test function is given by (5)

PT(t) = Aσ(wt + b) + B =
A

1 + e−(wt+b)
+ B,

where it follows that this one neuron setting has the same structure as the solution of the logistic
equation, Therefore, error minimization can be done by using either the differential equation or its
solution. In this work, we consider the error function given by

E = E(A, B, w, b) =
1

Ndata

Ndata

∑
i=1

(PT(ti)− Pcountry
i )2

where Pcountry
i represents the number of individuals for a particular country at time ti. Minimization

follows by the use of the Adams method to minimize the neural network. For each of the countries
used as examples, an initial solution approximation was taken empirically and then the optimization
of the parameters was initialized. During the optimization process, we took the value B equal to zero
in Equation (5) for each optimization step, to obtain a solution of the form given in Equation (4). Once
we find the values of (A, w, b), we can obtain k, M and P0, as k = w, M = A, and P0 = M

1+e−b .
In Table A1 we show the parameters that provided with the least error. Figures A1 and A2 show

the population data for each country and the resulting fit curve.
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Table A1. Parameters used in Figure A1 to fit the data.

Country r K P0 b

Mexico 0.0418 160.303 37.475 −1.18711568
Dem. Rep. Congo 0.0299 110.768 1.005 −4.69348868
India 0.0337 2194.481 421.557 −1.43643128
China 0.0440 1549.413 650.880 −0.32243721
Germany 0.0387 83.746 73.843 2.00775859
Angola 0.0362 461.452 4.0282 −4.73228208
Japan 0.0684 129.179 71.29 0.88267978
Brazil 0.0442 245.843 71.299 −0.8952919

Clearly, in all the cases, we have obtained a good fit by using the logistic equation.

Figure A1. Country study data and model fit.

Figure A2. Country study data and model fit.
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Appendix B

Figure A3. Posterior distribution for parameters K, r, and s.
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Figure A4. Posterior distribution for parameters K, r, and s.
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