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Abstract: The finite element discretization of computational physics problems frequently involves the manual

generation of an initial mesh and the application of adaptive mesh refinement (AMR). This approach is employed to

selectively enhance accuracy of resolution in regions that encompass significant features throughout the simulation

process. In this paper, we introduce Adaptnet, a Graph Neural Networks (GNNs) framework for learning mesh

generation and adaptation. The model is composed of two GNNs: the first one, Meshnet, learns mesh parameters

commonly used in open-source mesh generators, to generate an initial mesh from a Computer Aided Design

(CAD) file; while the second one, Graphnet, learns mesh-based simulations to predict the components of an

Hessian-based metric to perform anisotropic mesh adaptation. Our approach is tested on structural (Deforming

plate - Linear elasticity) and fluid mechanics (Flow around cylinders - steady-state Stokes) problems. Our findings

demonstrate the model’s ability to precisely predict the dynamics of the system and adapt the mesh as needed.

The adaptability of the model enables learning resolution-independent mesh-based simulations during training,

allowing it to scale effectively to more intricate state spaces during inference.

Keywords: artificial intelligence; message passing graph neural networks; mesh adaptation; computational fluid

dynamics

1. Introduction

The generation of meshes constitutes a crucial stage in numerically simulating diverse problems
within the domain of computational science [1]. Unstructured meshes find prevalent application,
notably in fields like computational fluid dynamics (CFD) [2,3] and computational solid mechanics
(CSM) [4,5], wherein the finite element (FE) method is employed to approximate solutions for general
partial differential equations (PDE), particularly in domains featuring challenging geometries [6,7].
The accuracy of the FE solution is intricately linked to the quality of the associated mesh.

Mesh generation depends on a number of parameters, such as the local metrics at given points, but
also, in the general case, the maximum and minimum sizes of cell elements, the Hausdorff coefficient,
the acceptable gradation of the metric, and so on [8]. A set of parameters whose choice is far from
trivial and whose poor choice can lead to meshes of poor quality, a generation process that is too long
(because it is over-constrained), or even a generation failure.

A mesh can be adapted and refined to suit the physical problem being solved. The adaptation
of unstructured meshes has proven very effective for stationary calculations in Fluid Mechanics and
Solid Mechanics, with the aim of capturing the behaviour of physical phenomena while obtaining
the desired accuracy for the numerical solution. In addition, this method considerably reduces the
computational cost of the numerical solution by reducing the number of degrees of freedom. The a
priori and a posteriori error estimators generally give an upper bound in the approximation error of
the solved PDE. These estimates depend on the approximation space, the mesh size, the equation, the
approximate solution in the case of a posteriori estimators and the exact solution in the case of a priori
estimators.

Theoretical frameworks for anisotropic error estimation have been extensively developed, result-
ing in a degree of standardisation in the adaptation process. Various works [9–11], have contributed to
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the estimation of approximation and interpolation errors. Recent analyses of interpolation error [12–16]
have refocused attention on metric-based mesh adaptation, particularly utilising a metric derived
from a recovered Hessian. Notably, Hessian-based metric mesh adaptation offers several advantages,
including a general computational framework, a relatively straightforward implementation, and, most
importantly, robustness.

The use of Machine Learning (ML) or Deep Learning (DL) in the field of numerical simulation
has until now focused mainly on the prediction of stationary or non-stationary fields as solutions to
a given differential equation. This work has been motivated by the desire to reduce the calculation
time of an approximate solution by relying on a neural network (NN) for the prediction task, rather
than on a FE solver [17,18]. The field has benefited from the emergence of neural networks, and more
specifically convolution neural networks (CNNs), which are generally used to extract local and global
information from an image, represented as an array of pixels [19]. To reproduce this framework, the
simulation domains are represented by Cartesian grids, onto which the geometry and certain initial
conditions are projected [20–25]. This operation results in the loss of the information carried by the
initial unstructured mesh, and produces regular meshes that can contain many more points, resulting
in higher computation costs.

To address this constraint, a model can be formulated to perform convolutions on graph structures.
The extension of CNNs to graphs holds significant importance, especially given that numerous solvers
rely on FE methods utilising unstructured meshes for discretisation in both CFD and CSM.

Message passing neural networks (MPNNs) is a subclass of GNNs [26] that have gained promi-
nence in the domain of mesh-based simulations, offering a framework for handling complex spatial
data. The use of MPNNs in the context of mesh-based simulations represents a departure from
traditional convolutional approaches, providing a more flexible methodology.

One notable instance of MPNN application is found in the work of Gilmer et al. (2017) [27], where
a message-passing neural network is proposed for quantum chemistry simulations. This approach
divides the convolution process into two stages: the aggregation of information from neighbouring
nodes and edges into a hidden node state, followed by the use of this hidden state to update node
features.

Battaglia et al. (2018) [28] introduce a slightly different approach known as graph network (GN).
Messages are first transmitted from nodes to edges through an edge convolution kernel, leading to
the update of edge features. Subsequently, updated edge features are aggregated to nodes using
permutation-invariant operations, forming the edge messages. Finally, a node convolution kernel
processes the original node features along with the edge messages to produce updated node features.
This method proves to be particularly adept at capturing intricate relationships within graph-structured
data.

Pfaff et al. (2021) [29] extended the application of graph networks to mesh-based simulations,
focusing on scenarios such as incompressible flow around cylinders and compressible flow around
airfoils. Their proposed neural network functions as an accurate incremental simulator with the added
capability of adapting to the mesh structure. An intriguing feature of this approach is its ability to
generalise well to mesh shapes and sizes not encountered during the training phase, emphasising its
robustness in handling diverse simulation conditions.

Yet, this recent literature has not been applied to predict the complete process of AMR, from the
initial geometry to the adapted mesh, in three dimensions. To this end, we propose Adaptnet, which
is a framework for learning mesh parameters and tetrahedral mesh-based simulations using GNNs
(Figure 1). This framework consists of two networks trained to generate unstructured meshes adapted
to the physics under study:

• Meshnet is trained to predict mesh parameters of a given geometry (CAD file) later used to
generate an initial mesh.

• Graphnet is trained to predict a metric field, either directly or indirectly by predicting the velocity
field, later used to generate an anisotropic adapted mesh.
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Figure 1. Diagram of Adaptnet framework to predict a mesh adapted to some physics, given an
initial geometry.

Both models are message passing graph neural networks that rely on the architecture 111

of MeshGraphNets [36,37] that was further adapted to steady-state predictions. We will 112

explain in detail material, methods and results for the case of the steady-state Stokes 113

problem. The linear elasticity problem will be presented at the end to demonstrate the 114

model’s ability to switch from one physics to another. We made use of open-source libraries 115

to direct our work towards open-source solutions and to promote reproducibility. 116

2. Materials and Methods 117

2.1. Problem statement 118

2.1.1. Stokes problem 119

We consider the steady-state Stokes problem of a fluid flow around a cylinder. The 120

domain Ω is a box of size (L × h × 1) with circular obstacles of radius r in the centre. The 121

boundary ∂Ω is divided into four parts: ∂Ωin, ∂Ωout, ∂Ωwall and ∂Ωobs, corresponding to 122

the boundaries of inlet, outlet, wall, and obstacles, respectively. The problem is defined as 123

follows: 124



−ν∆u +∇p = f in Ω
∇ · u = 0 in Ω
u = uin on ∂Ωin

u = 0 on ∂Ωobs

(1)

Figure 1. Diagram of Adaptnet framework to predict a mesh adapted to some physics, given an initial
geometry.

Both models are message passing graph neural networks that rely on the architecture of Mesh-
GraphNets [29,30] that was further adapted to steady-state predictions. We will explain in detail
material, methods and results for the case of the steady-state Stokes problem. The linear elasticity
problem will be presented at the end to demonstrate the model’s ability to switch from one physics to
another. We made use of open-source libraries to direct our work towards open-source solutions and
to promote reproducibility.
The remainder of this paper is structured as follows:

• Section 2: Materials and Methods - This section presents the problem statement, describes the
dataset used, elaborates on the model architecture, and details the training configuration.

• Section 3: Results - Here, we provide the results of our experiments, focusing on the performance
of the proposed models Meshnet, Graphnet, and Adaptnet.

• Section 4: Discussion - This section discusses the implications of our findings, in particular the
generalization of our approach to unseen data and configurations.

• Section 5: Conclusion - Finally, we summarize the key contributions of our work and suggest
directions for future research.

2. Materials and Methods

2.1. Problem Statement

Both the Stokes flow and linear elasticity problems will be examined using the same geometric
configuration. Specifically, each problem will be analyzed within a domain featuring a rectangular box
with circular obstacles at its center, allowing for a consistent comparison of the effects of fluid flow and
structural deformation on a shared geometry.

2.1.1. Stokes Problem

We consider the steady-state Stokes problem of a fluid flow around a cylinder. The domain Ω is a
box of size (L × h × 1) with circular obstacles of radius r in the centre. The boundary ∂Ω is divided
into four parts: ∂Ωin, ∂Ωout, ∂Ωwall and ∂Ωobs, corresponding to the boundaries of inlet, outlet, wall,
and obstacles, respectively. The problem is defined as follows:





−ν∆u +∇p = f in Ω

∇ · u = 0 in Ω

u = uin on ∂Ωin

u = 0 on ∂Ωobs

(1)

where u is the velocity field, p is the pressure field, f is the body force, ν is the viscosity and uin is the
inlet velocity. The inlet velocity is set to uin = (1, 0, 0) and the viscosity is set to ν = 0.1. The body
force is set to f = (0, 0, 0).
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2.1.2. Linear Elasticity Problem

We consider the structural mechanics problem of an elastic plate, fixed on both sides, deformed
by the action of two cylindrical actuators. The domain Ω is a plate of size (L × h × 1). The boundary
∂Ω is divided into three parts: ∂Ωload, ∂Ωwalls and ∂Ωborder, corresponding to the loaded cylinders, the
fixed walls and the rest of the borders of the plate . The problem is defined as follows:





−∇ · σ(u) = f in Ω

σ(u) = λtr(ϵ(u))I + 2µϵ(u) in Ω

ϵ(u) = 1
2

(
∇u + (∇u)T

)
in Ω

u = 0 on ∂Ωwalls

σ · n = T on ∂Ωload

(2)

The load is set to T = (0,−10, 0), the Young modulus to 21.5 × 104Pa and the Poisson ratio to 0.29.
Body force is set to f = (0, 0, 0).

2.2. Dataset

The data set is composed of 500 geometries of size (L × h × 1) with 2 circular obstacles of radius
(r1, r2) inside (Figure 2). The geometries are generated by randomly setting the box dimensions and
the obstacles radius around control values.
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(a) Labelled CAD file from sample 106 for Stokes
problem.The boundary is divided into inlet, out-
let, walls and obstacles.

(b) Labelled CAD file from sample 106 for linear
elasticity problem.The boundary is divided into
walls, loads and borders.

Figure 2. Labelled CAD from fluid and structural mechanics cases.

The data sets are divided into 375 training samples, 75 validation samples, and 50 test 140

samples. The training and validation samples are used to train the model, whereas the test 141

samples are used to evaluate the model’s performance. Each sample is numbered from 0 to 142

499. Most illustrative figures will use sample 106 from the test set. 143

2.3. Mesh parameters 144

CAD files are automatically generated under .geo_unrolled extension using a python 145

script. In this work, the mesh parameters are limited to the mesh size defined at each point 146

of the CAD file. Mesh size is set randomly around 0.1 at the circular obstacles while the 147

one at the box extremities is set accordingly to their proximity to an obstacle, in order to 148

test the network under real-case mesh parametrization, rather than a uniform one. Figure 3 149

highlights in red the 12 points representing each CAD file and labelled with a mesh size 150

used to generate the initial mesh. Mesh generation is performed using Gmsh [38]. 151

Figure 2. Labelled CAD from fluid and structural mechanics cases.

The data sets are divided into 375 training samples, 75 validation samples, and 50 test samples.
The training and validation samples are used to train the model, whereas the test samples are used to
evaluate the model’s performance. Each sample is numbered from 0 to 499. Most illustrative figures
will use sample 106 from the test set.

2.3. Mesh Parameters

CAD files are automatically generated under .geo_unrolled extension using a python script. In
this work, the mesh parameters are limited to the mesh size defined at each point of the CAD file.
Mesh size is set randomly around 0.1 at the circular obstacles while the one at the box extremities is
set accordingly to their proximity to an obstacle, in order to test the network under real-case mesh
parametrization, rather than a uniform one. Figure 3 highlights in red the 12 points representing
each CAD file and labelled with a mesh size used to generate the initial mesh. Mesh generation is
performed using Gmsh [31] software.
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Figure 3. Generated 3D tetrahedral mesh for sample 106 using mesh size at geometry points highlighted
in red. The mesh is generated using Gmsh [31].

2.4. Mesh-Based Simulations

Mesh-based simulations are performed using the open-source FE library FreeFem++ [32]. For the
Stokes problem, it outputs the velocity field u and the pressure field p on the mesh (Figure 4a). This
library uses an Hessian-based metric to perform anisotropic mesh adaptation. Given a triangulation
Ωh, one can derive an upper bound of the approximation error using an interpolation error analysis.
This upper bound is expressed thanks to the recovered Hessian of the approximated solution uh [9]. In
fact, using P1 linear elements, we usually cannot directly compute the Hessian of the solution. Instead,
we compute an approximation called the recovered Hessian matrix HR(uh(x)) [10].

The recovered Hessian matrix is not a metric because it is not positive definite. Therefore, we
define the following metric tensor:

M = RΛRT (3)

where R is the orthogonal matrix built with the eigenvectors (e1, e2, e3) of HR(uh(x)) and Λ =

diag(|λ1|, |λ2|, |λ3|) is the diagonal matrix of absolute value of the eigenvalues of HR(uh(x)). By
construction in FreeFem++ and Mmg [33], the prescribed size is the inverse of the square root of the
metric eigenvalues, so 1

λ2
1

is the size imposed in the first direction, 1
λ2

2
, in the second direction, and 1

λ2
3

in the third direction. Ultimately, M is symmetric positive definite and is characterised by only six
components: (m11, m21, m22, m31, m32, m33).

A similar set of figures can be found in Appendix A.1 for the linear elasticity problem.
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(a) Velocity field for sample 106 solved by
FreeFem++ along x − axis.

(b) Velocity field for sample 106 solved by
FreeFem++ along y − axis.

(c) First diagonal component (m11) of the metric
tensor for sample 106 computed by FreeFem++.

(d) First non-diagonal component (m21) of the
metric tensor for sample 106.

(e) Second diagonal component (m22) of the met-
ric tensor for sample 106.

(f) Second non-diagonal component (m31) of the
metric tensor for sample 106.

Figure 4. Cont.
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(g) Third diagonal component (m33) of the metric
tensor for sample 106.

(h) Third non-diagonal component (m32) of the
metric tensor for sample 106.

(i) Adapted mesh to Stokes problem for sample
106.

Figure 4. Finite Element solving of Stokes problem and anisotropic metric computation.
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data, we can access: 176

• Geometry: 3D coordinates 177

• Topology: node connections 178
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• Initial Conditions (IC): velocity and pressure field (mesh-based simulations only) 180

A graph is denoted by G = (V , E) where V and E are vertex and edge sets, respectively. 181

Each mesh vertex i is represented by a graph node i ∈ V . Two nodes i and j connected 182

are represented by two graph edges, with edge (i, j) ∈ E pointing to node j and edge 183

(j, i) pointing to node i. In other words, the mesh nodes become graph nodes V , and 184

mesh edges become bidirectional mesh-edges E in the graph. This serves to compute 185

the internal dynamics of the mesh. Properties associated with node i are termed as node 186

feature, xn
i : V −→ RnN . The properties corresponding to edge (i, j) are referred to as edge 187

feature, f(i, j) : E −→ RnE . The dimensions of the node and edge features, nN and nE, are 188

specified below. 189

For both networks, node features xn
i consists of the cell type (BC) ni, a one-hot vector 190

of dimension 5, and, for Graphnet, the velocity field, a vector of dimension 3, such that the 191

dimension of the node features is nMeshnet
N = 5 and nGraphnet

N = 8. The edge feature f(i, j) 192

of edge (i, j) is constructed to enrich the graph connectivity information with the (signed) 193

distance between nodes, uj − ui ∈ R3, and its absolute value, such that nE = 4. Figures 5 194

and 6 illustrate this process for Meshnet and Graphnet, respectively. 195

Figure 5. Meshnet encoding illustration. The encoder encodes the current mesh into a graph
G = (V , E). Mesh nodes become graph nodes V , and mesh edges become bidirectional mesh-edges
in the graph E . This serves to compute the internal dynamics of the mesh.

Figure 4. Finite Element solving of Stokes problem and anisotropic metric computation.

2.5. Graph Representation

CAD files and unstructured meshes are essentially a list of points and edges. We can take
advantage of this structure to encode these input data into graphs. Each node and edge of the graph
will carry an initial information (based on coordinates, boundary conditions, and initial conditions)
and the target to predict (either mesh size or physical field). For each data, we can access:

• Geometry: 3D coordinates
• Topology: node connections
• Boundary Conditions (BC): inlet, outlet, walls, obstacles or fluid
• Initial Conditions (IC): velocity and pressure field (mesh-based simulations only)

A graph is denoted by G = (V , E) where V and E are vertex and edge sets, respectively. Each
node vertex i is represented by a graph vertex i ∈ V . Two nodes i and j connected are represented by
two graph edges, with edge (i, j) ∈ E pointing to node j and edge (j, i) pointing to node i. In other
words, the mesh nodes become graph vertices V , and mesh edges become bidirectional mesh-edges
E in the graph. Properties associated with node i are termed as node feature, xn

i : V −→ RnN . The
properties corresponding to edge (i, j) are referred to as edge feature, f(i, j) : E −→ RnE .

For both networks, node features xn
i consists of the belonging to a physical surface (BC) ni, a

one-hot vector of dimension 5, and, for Graphnet, the velocity field, a vector of dimension 3, such that
the dimension of the node features is nMeshnet

N = 5 and nGraphnet
N = 8. The edge feature f(i, j) of edge

(i, j) is constructed to enrich the graph connectivity information with the (signed) distance between
nodes, uj − ui ∈ R3, and its absolute value, such that nE = 4. Figures 5 and 6 illustrate this process for
Meshnet and Graphnet, respectively.

Figure 5. Meshnet encoding illustration. The encoder encodes the current mesh into a graph G = (V , E).
Mesh nodes become graph vertices V , and mesh edges become bidirectional mesh-edges in the graph
E .
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Figure 6. Graphnet encoding illustration.

2.6. Model

In both Meshnet and Graphnet, the behaviour of the targeted variables are captured by learning
directly on the graph using latent node and edge features derived from the physical node and edge
features reviewed in Section 2.5. We use a graph neural network model with an Encoder-Processer-
Decoder architecture [29,34]. See Appendix A.2 for more details.

Figure 7. Diagram of Graphnet operating on Stokes problem. The model uses an Encoder-Processer-
Decoder architecture. The encoder transforms the input mesh into a graph. The processor performs
several rounds of message passing along mesh edges, updating all node and edge embeddings. The
decoder returns the velocity or metric field for each node, which is then used to compute the Hessian
and the metric field in order to trigger remeshing.

The architecture proposed by Pfaff et al. [29] is essentially designed to predict the dynamical
states of a system over time. Since our test cases are steady-state predictions, we adapt this architecture
following the work of Harsch et al. [35] to better capture local and global features.

2.6.1. Encoder

Using the graph representation of Section 2.5, we compute the initial latent feature vectors,
v0

i ∈ RnH and e0
(i,j) ∈ RnH from the physical feature vectors, xi

n and f(i, j). The hyperparameter nH
denotes the size of the latent vectors. The computation of the latent vectors is done using the node and
edge multilayer perceptrons (MLPs) (Table A1), denoted respectively by mlp0

v and mlp0
e , as follows:





v0
i = mlp0

v(x
i
n)

e0
(i,j) = mlp0

e (f(i, j))
(4)
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2.6.2. Processor

The processor consists of m message-passing steps computed in sequence. At step l ∈ {1, . . . , m}
in the sequence, each graph edge feature el

(i,j) is updated using its value at the previous message-
passing step l − 1 and the values of the adjacent node features at step l − 1, as follows

el
(i,j) = mlpl

e

([
el−1
(i,j), vl−1

i , vl−1
j

])
, l ∈ {1, . . . , m} (5)

to obtain the updated value. In Equation (5), the operator [] concatenates the given arguments on
the feature dimension. Then, each graph node vl

i is updated using its value at the previous message-
passing step, l − 1, and the aggregation of its incident edge features at step l − 1:

vl
i = mlpl

v




vl−1

i , ∑
j∈adj(i)

el
(i,j)




, l ∈ {1, . . . , m} (6)

where adj(i) is the set of nodes connected to node i. Using Equations (5) and (6), the processor
computes an updated set of node features.

The update of the edge-based messages, el
(i,j), is the key to the accuracy of the flow predictions as

it propagates information between neighbouring graph nodes (i.e., between neighbouring mesh cell
elements). This design choice differentiates MeshGraphNets [29] from other classical GNN frameworks
relying only on node features, such as GCN and GraphSAGE [36].

2.6.3. Decoder

After performing m steps of the previously described process, the decoder maps the updated
graph nodes latent features vl

i to the node-based properties in physical state using MLP as follows:

ŷi = mlpm+1(vl
i) (7)

where m is the number of steps performed by the processor.

2.6.4. Local and Global Features

To increase the ability to extract local and global properties, we adopt the structure proposed
by Wang et al. [37] for Dynamic Graph CNN and adapted by Harsch et al. [35]. This adaptation
aggregates the information given by each message passing block to calculate a global feature vector. In
that sense, the number of layers is reduced to 5, instead of 15 previously. To avoid potential overfitting,
a pooling operation is added, and the result is concatenated with the previous local features. This
adapted version is called Graphnet (Pool) (Figure 8).
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Figure 8. Adapted model architecture using message passing block with local and global descriptor.
⊕: concatenation.

2.7. Loss function and Optimizer 240

We train both networks on training time steps by minimising the misfit between the 241

true node label and the predicted node label. We use the per-node root mean square error 242

(RMSE) loss to quantify the data mismatch for each time step. The loss function reads: 243

L =

√
1

nB

nB

∑
i=1

∥yi − ŷi∥2
2 (8)

where nB denotes the number of nodes in a batch of training meshes, yi denotes the true 244

output in the data set, ŷi is the output predicted by the network, as formalised in Equation 245

(7). 246

An adaptive moment estimation (ADAM) optimiser is used and the learning rate is 247

constant, equal to 0.001. With the data set and a fixed set of hyper-parameters at hand, 248

each epoch takes 30s on two NVIDIA A100 GPUs. The value of specific training hyper- 249

parameters is given in Table A3 . 250

3. Results 251

3.1. Meshnet 252

3.1.1. Fine tuning input data for message-passing GNN 253

Meshnet was trained to learn to predict the mesh size at each point of a given geometry. 254

These mesh sizes are then used to generate a first mesh using Gmsh [38]. The loss curve 255

highlights the message-passing nature of this GNN. When we first trained the network, 256

the case did not converge, giving the blue cyan loss curve on Figure 9a. During the graph- 257

encoding step (Fig. 5), we pass to the network the distance of each edge of the geometry in 258

the edge feature matrix. However, in our geometrical representation, the points of the box 259

are not linked to the obstacles (Fig. 9b). Thus, the network is blind and cannot learn this 260

specific mapping. As a workaround, we manually added controlled edges so that the new 261

edge feature will keep the distance between the points of the box and the obstacles (Fig. 262

9b). 263

Figure 8. Adapted model architecture using message passing block with local and global descriptor
[35] (operator ⊕ denotes the concatenation).

2.7. Loss Function and Optimiser

We train both networks by minimising the error between the true node label and the predicted
node label. We use the per-node root mean square error (RMSE) loss to quantify the data error for each
simulation. The loss function reads:

L =

√
1

nB

nB

∑
i=1

∥yi − ŷi∥2
2 (8)

where nB denotes the number of nodes in a batch of training meshes, yi denotes the true output in the
data set, ŷi is the output predicted by the network, as formalised in Equation (7).

ADAM optimiser is used and the learning rate is constant, equal to 0.001. With the data set and a
fixed set of hyper-parameters at hand, each epoch takes 30s on two NVIDIA A100 GPUs. The value of
specific training hyperparameters is given in Table A3.

3. Results

3.1. Meshnet

3.1.1. Fine Tuning Input Data for Message-Passing GNN

Meshnet was trained to learn to predict the mesh size at each point of a given geometry. These
mesh sizes are then used to generate a first mesh using Gmsh [31]. The loss curve highlights the
message-passing nature of this GNN. However, when we first trained the network, the case did not
converge, giving the blue cyan loss curve on Figure 9a. During the graph-encoding step (Figure 5), we
pass to the network the distance of each edge of the geometry in the edge feature matrix. However, in
our geometrical representation, the points of the box are not linked to the obstacles (Figure 9b). Thus,
the network is blind and cannot learn this specific mapping. As a workaround, we manually added
controlled edges so that the new edge feature will keep the distance between the points of the box and
the obstacles (Figure 9b).
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(a) Meshnet training in 2D and 3D for 10,000 epochs,
without and with controlled edges.

(b) Controlled edges addition (bottom) to
initial geometry (top) on simulation 106.

Figure 9. Influence of the controlled edges on Meshnet learning curve through message-passing.

3.1.2. Evaluating meshes similarity and quality 264

To evaluate the network, we are also interested in the mesh similarities between the 265

mesh generated with the ground truth parameters, and the one generated by the predictions. 266

The comparison of the number of points and tetrahedra between the ground truth and the 267

prediction can only give us a small overview (Fig. 10a). 268

We can take, for instance, the cases of simulations 106 and 130. The former shows a 269

good similarity in terms of points and tetrahedra, while the latter has a prediction with 270

twice as many points and tetrahedra than the ground truth. To better assess the quality of 271

each mesh, we use "Glassmaier" parameter [45] defined as 272

QG = 1 +
True Surf.
Ideal Surf.

+
True Vol.
Ideal Vol.

(9)

and takes on values between 1 and 3. It tends to describe the dimensionality of the figure, 273

as listed in Table 1. The ideal volume and surface are calculated for a regular tetrahedron 274

with a side length equal to the average of the 6 distances between the 4 points. 275

(a) Points and tetrahedra relative error on test set
simulations.

(b) "Glassmaier" parameter distribution for
simulations 106 and 130 (black line: median -
red dotted lines: quartiles).

Figure 10. Quality of meshes predicted by Meshnet on simulations from the test set.

Figure 9. Influence of the controlled edges on Meshnet learning curve through message-passing.

3.1.2. Evaluating Meshes Similarity and Quality

To evaluate the network, we are also interested in the mesh similarities between the mesh
generated with the ground truth parameters, and the one generated by the predictions. The comparison
of the number of points and tetrahedra between the ground truth and the prediction can only give us a
small overview (Figure 10a).
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Figure 10. Quality of meshes predicted by Meshnet on simulations from the test set.

We can take, for instance, the cases of simulations 106 and 130. The former shows a good similarity
in terms of points and tetrahedra, while the latter has a prediction with twice as many points and
tetrahedra than the ground truth. To better assess the quality of each mesh, we use "Glassmaier"
parameter [38] defined as

QG = 1 +
True Surf.
Ideal Surf.

+
True Vol.
Ideal Vol.

(9)

and takes on values between 1 and 3. It tends to describe the dimensionality of the figure, as listed in
Table 1. The ideal volume and surface are calculated for a regular tetrahedron with a side length equal
to the average of the 6 distances between the 4 points.
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Table 1. Special values of the Glassmeier parameter.

QG Meaning

1.0 The four points are colinear.
2.0 The four points all lie in a plane .
3.0 A regular tetrahedron is formed .

The distribution of this quality estimator among the ground truth and predicted meshes are very
similar for both cases (Figure 10b), and the visual observation confirm this conclusion (Figure 11).
In fact, the number of points and tetrahedra is greatly sensitive to the the mesh size defined on the
obstacles, since it is the smallest one, thus giving the greatest number of points of tetrahedra. Thus, in
the case of simulation 130, the ground truth and the prediction have a similar pattern of mesh, but one
is finer at the obstacles.
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3.2. Graphnet 282

3.2.1. Direct predictions: velocity and anisotropic metric fields 283

Graphnet was trained to learn mesh-based simulations. First, we trained one network 284

to predict the three components of the velocity field, in order to use it to compute an 285

anisotropic metric thanks to a mesh software (Fig. 12a (a)). Then, we decided to predict 286

directly the metric field by training one network for each of the six components of the 287

metric tensor(Fig. 12a (b)). Finally, we use the adapted architecture Graphnet (Pool) to 288

improve the training (Fig. 12a (c)). 289

(a) Comparison of training loss as a function of
the number of predicted components ((a)-(b)) and
network architecture ((b)-(c)).

(b) Training loss for the six components of the
metric tensor. Each component was learnt by one
specific network.

Figure 12. Graphnet training for 10,000 epochs.

Figure 11. Mesh visualisation of simulations 106 and 130 using Gmsh [31].

3.2. Graphnet

3.2.1. Direct Predictions: Velocity and Anisotropic Metric Fields

Graphnet was trained to learn mesh-based simulations. First, we trained one network to predict
the three components of the velocity field, in order to use it to compute an anisotropic metric from
the Hessian of the velocity field (Figure 12a). Then, we decided to predict directly the metric field by
training one network for each of the six components of the metric tensor(Figure 12b). Finally, we use
the adapted architecture Graphnet (Section 2.6.4) to improve the training (Figure 12c).
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Table 2. Training duration for two different batch sizes.

Component m11 m21 m22 m31 m32 m33

Duration
(h)

52.13 52.03 52.28 47.83 42.13 42.38

Batch size 2 2 2 4 4 4

The case of simulation 106 highlights that the velocity field, in addition to be a 3-component field,
is a more complex learning task than the metric field. As expected, error is concentrated around the
obstacles, where the gradients are higher and the boundary conditions changing (Figure 13). The
metric field prediction still shows some error, but catches precisely the evolution of this variable across
the simulation domain (Figure 14).
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metric field. We use Mmg software to realise such adaptation in 3D. Again, generated 298

meshes show great visual similarity (Fig. 15), confirmed by quality analysis (Fig. 16b). As 299

expected, the number of points and tetrahedra has been divided by two through the AMR 300

process, both for ground truth and prediction in the case of simulation 106. 301

(a) Ground truth mesh adaptation. (b) Predicted mesh adaptation.
Figure 15. 3D mesh adaptation using Mmg for the ground truth metric field and the one predicted by
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errors in number of points and tetrahedra (Fig. 16a) show great improvement in comparison 303

to Meshnet (Fig. 10a), meaning that the gap in points an tetrahedra created by the prediction 304
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more important, as it is almost conserved through the AMR process (Fig. 16b). 306
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3.2.2. Mesh Adaptation

Ultimately, we are looking for the resulting adapted mesh generated through this metric field.
We use Mmg software [33] to realise such adaptation in 3D. Again, generated meshes show great
visual similarity (Figure 15), confirmed by quality analysis (Figure 16b). As expected, the number of
points and tetrahedra has been divided by two through the AMR process, both for ground truth and
prediction in the case of simulation 106.
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(a) Points and tetrahedra relative error on test set simu-
lations.

(b) "Glassmaier" parameter distribution for
simulations 106 on Meshnet and Graphnet
ground truths and predictions (black line:
median - red dotted lines: quartiles and p:
points - t: tetrahedra).

Figure 16. Quality of meshes predicted by Graphnet on simulations from the test set.

3.3. Adaptnet 307

Adaptnet is the framework combining Meshnet and Graphnet (Fig. 1. Given an initial 308

geometry, it will predict initial mesh sizes (Meshnet) to produce an initial mesh and predict 309

on this mesh an metric field to adapt it to the Stokes problem. This process has already been 310

illustrated through the example of the 3-hole geometry. First, we showed how Meshnet 311

produces an initial mesh (Fig. 17), and then, we use this mesh to predict the anisotropic 312

metric tensor at each point of the simulation domain and adapt the mesh (Fig. 18). By 313

predicting directly the metric tensor, we are able to skip the calculation of the velocity field, 314

unlike a FE solver, speeding up calculation time accordingly (Table 3). For Graphnet, we 315

compare the prediction time of the six models (one for each component of the metric tensor) 316

with the computation time of FreeFem++, on the 3-hole test case, using a single CPU. For 317

Meshnet, the prediction time should be compared with the engineering time needed to 318

choose the mesh parameters. 319

Table 3. CPU time comparison for computation and prediction of each phase

Model Meshnet Graphnet

Computation Engineer time 50.06s
Prediction 0.68s 0.79s
Speed-up NaN 63.4

4. Discussion 320

4.1. Meshnet generalisation 321

The architectural choice of using relative encoding on graphs has been shown to be 322

very conducive to generalisation [41]. Our model generalises well, as can be seen when we 323

want it to predict the mesh size at each point on a 3-hole geometry (Fig. 17). 324

Figure 17. Generalisation of the Meshnet prediction for 3-hole geometry.

Figure 16. Quality of meshes predicted by Graphnet on simulations from the test set.

This result can be extended to the remaining simulations of the test sets. The relative errors in
number of points and tetrahedra (Figure 16a) show great improvement in comparison to Meshnet
(Figure 10a), meaning that the gap in points an tetrahedra created by the prediction of the initial mesh
has very little influence on the ultimate adapted mesh. Mesh quality is more important, as it is almost
conserved through the AMR process (Figure 16b).

3.3. Adaptnet

Adaptnet is the framework combining Meshnet and Graphnet (Figure 1. Given an initial geometry,
it will predict initial mesh sizes (Meshnet) to produce an initial mesh and predict on this mesh an
metric field to adapt it to the Stokes problem. This process has already been illustrated through the
example of the 3-hole geometry. First, we showed how Meshnet produces an initial mesh (Figure 17),
and then, we use this mesh to predict the anisotropic metric tensor at each point of the simulation
domain and adapt the mesh (Figure 18). By predicting directly the metric tensor, we are able to skip
the calculation of the velocity field, unlike a FE solver, speeding up calculation time accordingly (Table
3). For Graphnet, we compare the prediction time of the six models (one for each component of the
metric tensor) with the computation time of FreeFem++, on the 3-hole test case, using a single CPU.
For Meshnet, the prediction time should be compared with the engineering time needed to choose the
mesh parameters.
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Figure 17. Generalisation of the Meshnet prediction for 3-hole geometry.
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4.2. Graphnet generalisation 325

The same observation can be made when we want to predict the adaptation metric in 326

a 3-hole geometry (Fig. 18). 327

(a) Metric field prediction.

(b) Adapted mesh using Mmg.
Figure 18. Generalisation of the Graphnet
prediction for 3-hole geometry.

Figure 19. "Glassmaier" parameter distribution
(black line: median - red dotted lines: quartiles) for
Meshnet and Graphnet predictions.

328

Finally, we tested our model with a different geometry from those seen previously. 329

This time, we chose a square (Fig. 20). The point here is not to test our model with every 330

possible shape but simply to highlight its ability to interpolate in a wide spectrum of graph 331

structures. 332

(a) Metric field prediction.

(b) Adapted mesh using Mmg.
Figure 20. Generalisation of the Graphnet
prediction for square geometry.

Figure 21. "Glassmaier" parameter distribution
(black line: median - red dotted lines: quartiles) for
Meshnet and Graphnet predictions.

333

4.3. Linear elasticity problem 334

The attempt to train the graph neural net-
work (GNN) on the linear elasticity prob-
lem proved to be less successful than ex-
pected (Fig. 22), highlighting the chal-
lenges inherent in this complex task. De-
spite meticulous parameter tuning and
a comprehensive dataset, the network
struggled to effectively capture and gen-
eralise the underlying patterns within the
graph structures. The intricate interplay
of nodes and edges posed a formidable
challenge, and the model exhibited diffi-
culties in discerning meaningful relation-
ships and dependencies.

Figure 22. Training loss for the six compo-
nents of the metric tensor. Each component
was learnt by one specific network.

335

Figure 18. Generalisation of the Meshnet prediction for 3-hole geometry.

Table 3. CPU time comparison for computation and prediction of each phase.

Model Meshnet Graphnet

Computation Engineer time 50.06s
Prediction 0.68s 0.79s
Speed-up ND 63.4

4. Discussion

4.1. Meshnet Generalisation

The architectural choice of using relative encoding on graphs has been shown to be very conducive
to generalisation [34]. Our model generalises well, as can be seen when we want it to predict the mesh
size at each point on a 3-hole geometry (Figure 17).

4.2. Graphnet Generalisation

The same observation can be made when we want to predict the adaptation metric in a 3-hole
geometry (Figure 18).

Finally, we tested our model with a different geometry from those seen previously. This time,
we chose a square (Figure 20). The point here is not to test our model with every possible shape but
simply to highlight its ability to interpolate in a wide spectrum of graph structures.
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Figure 19. "Glassmaier" parameter distribution (black line: median - red dotted lines: quartiles) for
Meshnet and Graphnet predictions.
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335

Figure 20. Generalisation of the Graphnet prediction for square geometry.

Figure 21. "Glassmaier" parameter distribution (black line: median - red dotted lines: quartiles) for
Meshnet and Graphnet predictions.

4.3. Linear Elasticity Problem

The attempt to train the graph neural network (GNN) on the linear elasticity problem proved
to be less successful than expected (Figure 22), highlighting the challenges inherent in this complex
task. Despite meticulous parameter tuning and a comprehensive dataset, the network struggled to
effectively capture and generalise the underlying patterns within the graph structures. The intricate
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interplay of nodes and edges posed a formidable challenge, and the model exhibited difficulties in
discerning meaningful relationships and dependencies.

Figure 22. Training loss for the six components of the metric tensor. Each component was learnt
independently by one specific network.

These results underscore the need for further investigation into refining GNN architectures
and training methodologies, emphasising the intricate nature of graph-based data and the nuances
associated with their representation in neural networks.

At first glance, the quality of the mesh produced may seem even better than the reference (Figure
23). But quantitative analysis highlights the poorer quality of prediction in this case (Figure 24). Still, it
can be noticed that the plate is very thin along z - axis. As a consequence, the tetrahedra generated will
necessarily be stretched in this direction, resulting in lower quality. But the overall quality distribution
is more satisfactory, as the first visual impression suggested.
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(a) Reference mesh for sample 106.

(b) Adapted mesh using Mmg for sample 106.
Figure 23. Graphnet prediction for 3-hole ge-
ometry.

Figure 24. "Glassmaier" parameter distribution
(black line: median - red dotted lines: quartiles) for
Reference and Graphnet predictions.
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5. Conclusion 346

We propose a Deep Learning mesh-based method to model fluid dynamics and solid 347

mechanics for an accurate and efficient prediction of metric fields. We extended the 348

approach of Pfaff et al. [36] to tetrahedral meshes. Following the work of Harsch et al. 349

[42], we adapted the GNN architecture to better suit the prediction of steady states. Our 350

method may allow for more efficient simulations than traditional simulators, and because 351

it is differentiable, it may be useful for design optimisation or optimal control tasks. 352

The experiments demonstrate the model’s strong understanding of the geometric 353

structure. The method is independent of the structure of the simulation domain, being able 354

to capture highly irregular meshes. We show that the model does not require any a priori 355

domain information, e.g. inflow velocity or material parameters. Thus, the model can be 356

used for any other systems represented as field data. 357

The strength of this work lies in the tetrahedral mesh generation and adaptation 358

pipeline. The emphasis was placed on producing work based on open source tools [38–40] 359

to promote reproducibility and enable others to build on it. Future work in this area should 360

address several topics. It could explore more complex geometries to prove its applicability 361

to industrial problems. Alternative architectures could also be explored. Adding concate- 362

nation and pooling has been shown to improve performance, but other options could show 363

even better improvements. Finally, variants tailored to specific physical domains, with 364

physics-based auxiliary loss terms, or energy-conserving integration schemes have the 365

potential to increase the performance further. 366
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Figure 23. Graphnet prediction for 3-hole geometry.
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Figure 24. "Glassmaier" parameter distribution (black line: median - red dotted lines: quartiles) for
Reference and Graphnet predictions.

5. Conclusions

We propose a Graph Neural Network mesh-based method to model fluid dynamics and solid
mechanics problems for an accurate and efficient prediction of anisotropic adaptation metric fields.
We extended the approach of Pfaff et al. [29] to tetrahedral meshes in three dimensions. Following the
work of Harsch et al. [35], we adapted the GNN architecture to better suit the prediction of steady
states. Our method may allow for more efficient simulations than traditional simulators, and because
it is differentiable, it could be used to retrieve the Hessian matrix directly, when traditional solvers
have to compute a recovered Hessian matrix.

The experiments demonstrate the model’s strong understanding of the geometric structure. The
method is independent of the structure of the simulation domain, being able to capture highly irregular
meshes. We show that the model does not require any a priori domain information, e.g. inflow velocity
or material parameters. Thus, the model can be used for any other systems represented as field data.

Training phase underlined the model’s strong understanding of the geometric structure of the
unstructured meshes. It was shown that it can achieve effective prediction with the sole knowledge of
connectivity and the belonging to a physical surface. It doesn’t rely on any prior information such
as the inflow velocity or the material parameters. This, it can be easily adapted and scaled to other
physical problems governed by PDEs. However, our test show that some specific tuning might be
necessary to achieve correct predictions when adapting from a fluid problem to a solid one for instance.

The strength of this work lies in the tetrahedral mesh generation and adaptation pipeline. The
emphasis was placed on producing work based on open source tools [31–33] to promote reproducibility
and enable others to build on it. Future work in this area should address several topics. It could explore
more complex geometries to prove its applicability to industrial problems. Alternative architectures
could also be explored. Adding concatenation and pooling has been shown to improve performance,
but other options could show even better improvements. Finally, this framework could be further
improved by adding a specific physical constraints to the loss function, similar to Physics-Informed
Neural Networks (PINNs) [39], which could enable learning on sparse datasets, reducing the need for
generating hundreds of simulations.
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Appendix A 382

Appendix A.1 Linear elasticity problem 383

(a) Displacement field for sample 106 solved by FreeFem++ along z − axis.

(b) First diagonal component (m11) of the metric
tensor for sample 106 computed by FreeFem++.

(c) First non-diagonal component (m21) of the met-
ric tensor for sample 106.

(d) Second diagonal component (m22) of the met-
ric tensor for sample 106.

(e) Second non-diagonal component (m31) of the
metric tensor for sample 106.

Figure A1. Cont.
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(f) Third diagonal component (m33) of the metric
tensor for sample 106.

(g) Third non-diagonal component (m32) of the
metric tensor for sample 106.

(h) Adapted mesh to Stokes problem for sam-
ple 106.

Figure A1. Finite Element solving of Elasticity problem and anisotropic metric computation.

Appendix A.2 Model 384

The MLPs of the Encoder, Processor, and Decoder are ReLUactivated two-hidden-layer 385

MLPs with layer and output size of 128, except for the Decoder MLP whose output size 386

matches the prediction. All MLPs outputs except the Decoder one are normalized by a 387

LayerNorm. All input and target features are normalised to zero mean unit variance, using 388

dataset statistics. 389

Table A1. Details of node and edge encoders.

Node MLP (mlpv) Edge MLP (mlpe)

Input: x Input: x
x = Linear(5/8, 128)(x) x = Linear(3, 128)(x)
x = RELU(x) x = RELU(x)
x = Linear(128, 128)(x) x = Linear(128, 128)(x)
x = RELU(x) x = RELU(x)
x = Linear(128, 128)(x) x = Linear(128, 128)(x)
x = RELU(x) x = RELU(x)
x = Linear(128, 128)(x) x = Linear(128, 128)(x)
x = LayerNorm(128)(x) x = LayerNorm(128)(x)

Table A2. Hyperparameters used for processor.

Parameter name Value

Number of GNN layer for the processor 15
Latent size for the processor 128
Activation ReLu
Type of normalization Layer normalization
Input feature size of Node MLP 256
Input feature size of Edge MLP 384

Models are trained on two NVIDIA A100 GPUs with the Adam optimizer for 10,000 390

training steps, using an constant learning rate of 1.10−3. 391

Figure A1. Finite Element solving of Elasticity problem and anisotropic metric computation for sample
106.

Appendix A.2. Model

The MLPs of the Encoder, Processor, and Decoder are ReLUactivated two-hidden-layer MLPs with
layer and output size of 128, except for the Decoder MLP whose output size matches the prediction. All
MLPs outputs except the Decoder one are normalized by a LayerNorm. All input and target features
are normalised to zero mean unit variance, using dataset statistics.

Table A1. Details of node and edge encoders.

Node MLP (mlpv) Edge MLP (mlpe)

Input: x Input: x
x = Linear(5/8, 128)(x) x = Linear(3, 128)(x)
x = RELU(x) x = RELU(x)
x = Linear(128, 128)(x) x = Linear(128, 128)(x)
x = RELU(x) x = RELU(x)
x = Linear(128, 128)(x) x = Linear(128, 128)(x)
x = RELU(x) x = RELU(x)
x = Linear(128, 128)(x) x = Linear(128, 128)(x)
x = LayerNorm(128)(x) x = LayerNorm(128)(x)

Table A2. Hyperparameters used for processor.

Parameter name Value

Number of GNN layer for the processor 15
Latent size for the processor 128
Activation ReLu
Type of normalization Layer normalization
Input feature size of Node MLP 256
Input feature size of Edge MLP 384
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