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Abstract 

This paper investigates cooperative advertising decisions in production–retailing channels for 

seasonal products under demand seasonality. We develop analytical game-theoretic models to 

examine how advertising cooperation influences channel coordination and profit distribution 

between manufacturers and retailers. Two channel structures are considered: a single-manufacturer–

single-retailer channel and a single-manufacturer channel with two competing retailers. For each 

structure, Stackelberg and Nash equilibrium settings are analyzed and compared. Our results show 

that cooperative advertising can serve as an effective coordination mechanism by increasing 

advertising intensity and improving channel efficiency. Retailers always benefit from manufacturer-

supported advertising through cost sharing and higher profitability, whereas the manufacturer’s 

incentive to participate depends on whether demand expansion outweighs shared advertising costs. 

Importantly, we demonstrate that channel leadership plays a critical role: the Stackelberg equilibrium 

consistently dominates the Nash equilibrium in terms of total channel profit. This study contributes 

to the cooperative advertising literature by explicitly incorporating demand seasonality and 

competing retailers, and by clarifying when cooperative advertising leads to Pareto improvements in 

seasonal supply chains. 

Keywords: cooperative advertising; game theory; production-retailing market channel; seasonal 

products 

 

1. Introduction 

Regional or local advertising refers to promotional activities conducted by retailers within a 

specific geographic market, such as a city, district, or store trading area. Its primary impact lies in 

generating immediate sales stimulation through price promotions, discounts, limited-time offers, and 

traffic-driving campaigns. Because messages can be adapted to local consumer preferences, income 

levels, and competitive environments, retailers gain high responsiveness and flexibility, enabling fast 

execution not possible with nationwide campaigns. Local advertising also strengthens the retailer’s 

own brand identity and encourages repeat visits, fostering store loyalty. However, its limitations 

include restricted reach and scale, a tendency to focus heavily on price rather than brand value, and 

relatively weak contribution to long-term brand equity. 

National advertising is created and funded by manufacturers to promote their brands across a 

broad or nationwide market, often using large-scale media such as television, online video platforms, 

and national digital campaigns. Its primary role is building brand awareness and shaping brand 

identity, helping consumers perceive quality and develop emotional connections—an essential 
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foundation for long-term brand equity. National advertising also creates a strong pull effect, 

encouraging consumers to seek out the brand at retail stores and increasing their willingness to pay. 

Additionally, it supports retailers by reducing their selling efforts since consumers already recognize 

the brand. Nonetheless, national campaigns require significant financial investment, offer limited 

adaptation to local differences, and tend to have a weaker direct effect on immediate store-level sales. 

Cooperative advertising (co-op advertising) is a collaborative promotional arrangement in 

which the manufacturer and retailer share advertising expenses while jointly featuring both the 

brand and the store. This type of advertising often displays the manufacturer’s brand, products, and 

imagery alongside the retailer’s store name, pricing, and promotional details. The structure allows 

both parties to combine strengths—manufacturer brand power and retailer local presence—while 

optimizing the return on advertising investment. Through co-op advertising, manufacturers gain 

greater influence at the retail level, and retailers receive financial and creative support that enhances 

their promotional impact. 

Cooperative advertising can take multiple forms depending on the extent of funding and 

control. In manufacturer-supported co-op advertising, manufacturers reimburse a significant 

proportion—often 50% to 100%—of the retailer’s advertising expenses, provided the retailer follows 

brand guidelines regarding logos, messaging, and visual style. Another form is joint promotional 

campaigns, in which both parties collaboratively plan seasonal promotions, new product launches, 

or special retail events that integrate national branding with local execution. Digital cooperative 

advertising has become increasingly important, with manufacturers supplying digital materials and 

funding, while retailers manage local targeting, placement, and on-platform optimization in their 

specific markets. 

Cooperative advertising provides significant advantages for both manufacturers and retailers. 

For manufacturers, it strengthens the push effect within distribution channels by motivating retailers 

to actively promote the brand, improving shelf space, in-store displays, and visibility. It also ensures 

consistent brand messaging across diverse local markets and prevents excessive price-focused 

promotions that may damage brand equity. Furthermore, co-op advertising helps convert national 

brand awareness into actual retail-level sales. For retailers, benefits include reduced advertising costs, 

improved promotional effectiveness through combining brand credibility with local price incentives, 

and competitive advantages—since not all rivals receive the same level of manufacturer support. 

Together, these advantages create stronger promotional positioning and enhanced market 

performance at the local level. 

In real-world business environments, it is often difficult to draw a clear boundary between 

conflict and cooperation. Firms frequently compete and collaborate simultaneously, forming a 

complex relationship commonly described as co-opetition. This phenomenon is particularly evident 

in production–retail distribution channels, where manufacturers and retailers pursue their own profit 

objectives while remaining mutually dependent. For example, global manufacturers such as Procter 

& Gamble frequently engage in cooperative advertising programs with major retailers like Walmart, 

jointly funding seasonal promotions for fast-moving consumer goods. While such cooperation 

enhances demand and market visibility, underlying conflicts persist regarding cost-sharing ratios, 

pricing power, and profit allocation. Similar dynamics can be observed in the beverage industry, 

where Coca-Cola cooperates with retailers worldwide on seasonal advertising campaigns during 

peak consumption periods, such as summer or major sporting events, while simultaneously 

negotiating aggressively over margins and shelf space. These examples illustrate how cooperation 

and competition coexist within distribution channels, making strategic decision-making inherently 

interactive and interdependent. As a result, game theory has emerged as a powerful analytical 

framework for modeling such strategic interactions, as it explicitly captures the strategic behavior of 

multiple decision-makers operating under conflicting yet interlinked objectives.  

Game theory, and in particular Nash and Stackelberg equilibrium concepts, provides firms with 

a systematic approach to evaluating optimal strategies by anticipating competitors’ responses. In 

advertising and promotion decisions, where outcomes depend heavily on rivals’ actions, game-
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theoretic analysis enables firms to assess whether cooperative or non-cooperative strategies yield 

superior outcomes. For instance, in the smartphone industry, Apple often engages in cooperative 

advertising with telecom operators, sharing promotional expenditures for new product launches 

during seasonal demand peaks such as holiday periods. While retailers benefit from increased traffic 

and shared costs, manufacturers must carefully evaluate whether the resulting demand expansion 

compensates for the additional advertising investment. These strategic considerations become even 

more complex when multiple competing retailers are involved, as advertising cooperation with one 

retailer may intensify competition among downstream firms. Moreover, leadership structure within 

the channel plays a crucial role. When manufacturers act as leaders, as in Stackelberg-type 

relationships, they can design advertising cost-sharing mechanisms that improve channel 

coordination and overall profitability. In contrast, when manufacturers and retailers act 

simultaneously under Nash equilibrium conditions, the lack of coordination often leads to lower 

advertising levels and reduced profits for all parties. Despite the prevalence of cooperative 

advertising in seasonal markets, existing studies have paid limited attention to the combined effects 

of seasonality, channel leadership, and retailer competition. This paper addresses this gap by 

developing game-theoretic models to analyze cooperative advertising decisions under seasonal 

demand, offering both theoretical insights and practical guidance for firms seeking to design effective 

advertising cooperation mechanisms that balance competition and collaboration within modern 

supply chains (Yang et al., [1]; Zhang et al., [2]). 

2. Literature Review 

Advertising is typically divided into two categories: national advertising and local advertising, 

based on whether it is conducted by the manufacturer or the retailer Young & Greyser [3]. National 

advertising refers to campaigns conducted by manufacturers in the national market to enhance 

consumer awareness of the product through various channels and to build a strong brand image that 

drives potential customers to appreciate their products or make purchase decisions (Karray & 

Zaccour [4] ; Karray et al. [5]; Su et al., [6]). In contrast, local advertising pertains to campaigns 

undertaken by retailers within their business circles, primarily focusing on price incentives to boost 

immediate sales. Hypermarkets like Carrefour, Walmart, and Costco serve as prime examples of 

mass merchandise stores that exert significant influence on the consumer market. With their extensive 

product offerings and competitive pricing, they attract a large number of consumers who prefer 

shopping at these locations. Local advertising can transmit messages regarding promotional activities 

and discounts of mass merchandisers. It will directly affect consumers' purchasing behavior and 

consumption habits (Zhang et al., [7]; Li et al., [8]). 

Researchers have focused on the exploration of manufacturers' cooperative advertising 

mechanisms with retailers. Various studies highlight different forms of subsidies, models, and 

contractual arrangements aimed at optimizing advertising efforts, coordinating supply chains, and 

maximizing profits. These mechanisms, grounded in game theory and cooperative strategies, address 

market demand influences, cost-sharing, and inventory management between manufacturers and 

retailers. Jørgensen et al. [9] identified two main types of manufacturers' subsidies for retailers’ 

advertising: direct cash subsidies and cooperative mechanisms to share costs indirectly. Using a two-

stage Stackelberg model, they showed how manufacturers lead in designing cooperative advertising 

to boost retailers' efforts, meet market demand, and maximize profits. Huang and Li [10] used game 

theory to explore how both national and local advertising affect demand and the benefits of 

cooperative advertising. Krishnan et al. [11]  proposed contracts to regulate manufacturer-retailer 

relationships, addressing market demand uncertainties, return prices, advertising cost sharing, and 

inventory management. Maciel & Fischer [12]  addressed that firms can achieve market evolution 

through cooperative strategies with their peers and other stakeholders. They outline the triggers that 

lead firms to engage in collective action and how these collaborations can transform shared resources 

into effective market-driving power. Zhang et al. [13] developed a cooperative advertising model 

focusing on supply chains with differing power dynamics between manufacturers and retailers. The 
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study uses game theory to assess how manufacturers and retailers can coordinate advertising efforts, 

balancing their roles to maximize efficiency and profitability in the supply chain under vertical 

cooperative advertising models. 

Seasonal goods have uncertain demands and limited, short selling periods. Once the selling 

period ends, although the goods retain their value and function, seasonal changes render surplus 

stocks, leading to their sale at lower prices or destruction (Wolters & Huchzermeier [14]; Daniel et al. 

[15]). Examples include Christmas cards, seasonal fashion clothes, 3C electronics, and other high-tech 

products. These items are typically priced high at the beginning of the selling period, with prices 

gradually decreasing to promote sales of remaining stocks. Some goods, such as milk in 

supermarkets, fresh food, airline seats, hotel rooms, concerts, and movie tickets, may lose their 

original function and value upon expiration. The residual value of such items approaches zero, which 

resembles the traditional newsboy problem. 

The newsboy problem involves determining the optimal order quantity to maximize expected 

profit or minimize cost in uncertain demand within a fixed period. As products left unsold in one 

period cannot be used in the next selling period, overordering leads to value loss or minimal residual 

value, while underordering results in stockouts, reputational damage, or opportunity costs (Jadidi et 

al., [16]; Su et al., [17]). Seasonal goods, characterized by single-period stocks and short selling seasons, 

require retailers to order all stock for the season at its start, with no replenishment possible. This 

uncertainty in demand can cause overstock or stockout issues. This study uses the stock theory and 

model of Petrutti and Dada [18] to address these stock problems and determine the optimal order 

quantity for retailers. 

In distribution channel management, manufacturers and distributors must maintain a close 

production-sales relationship, with transparent production and sales information across the entire 

sales channel. This transparency allows manufacturers to adjust production swiftly to meet market 

demands while distributors ensure consistent supply to downstream retailers (Andersen & Bering 

[19]). Proper coordination between production and sales can improve overall channel costs (Apornak 

& Keramati, [20]). From a product sales channel management perspective, distributors are crucial in 

coordinating production and sales. “Advertising” is a critical function in the distribution system, 

serving as a key method to stimulate consumption and increase demand. Choi [21] identified four 

types of channel structures: single distribution channel, monopolistic retailer channel, monopolistic 

manufacturer channel, and dual manufacturer-retailer channel. 

This study explores the cooperative advertising strategy of a two-stage production and sales 

system, aiming to maximize profits for both upstream manufacturers and downstream retailers. It 

examines different relationship dynamics, including those under the Stackelberg and Nash equilibria, 

and compares their outcomes. In the Stackelberg equilibrium, one party acts as the leader and the 

other as the follower. In contrast, the Nash equilibrium assumes equal market power for both parties. 

This study considers the demand function and seasonal pricing in relation to manufacturers’ national 

advertising and retailers’local advertising. Higher advertising levels increase the market demand and 

raise advertising costs, necessitating a balance between profits and costs. In a cooperative advertising 

arrangement, manufacturers may agree to share a portion of the rretailers’advertising costs to 

enhance advertising efforts and, consequently, their own profits. 

3. Modelling 

The mathematical model in this study is developed based on the following assumptions: 

(1) The selling period in the sales process is limited and known. 

(2) Only a single seasonal product is considered. 

(3) Consumers do not have complete information about the price of the product before entering the 

store; they only get to know the price information of the product upon entering. 

(4) After the initial inventory decision, no further orders and replenishments occur, and only limited 

stocks are sold during the selling period. 

(5) At the end of the selling period, the residual value of the unsold products is 0. 
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(6) Cyclical price adjustments are made during the selling period. 

(7) A two-stage production and sales system are assumed. 

(8) Market demand is influenced by seasonality, national advertising by manufacturers, and local 

advertising by retailers. D(a, n, ε) = α − β ∙ a−γ ∙ n−δ 

(9) Seasonal demand is related to the selling price of a product (Bitran & Mondschein [22]). 

Pk = sale price for the kth period 

N = the total number of selling periods 

M = the probability that a customer is willing to buy when the price is Pk 

M = 1 − F(Pk) 

M∗ = the expected probability that a customer is willing to buy 

M∗ = ∑
1− F(Pk)

N

k=N

k=1

 

(1) Seasonality may affect demand uncertainty and the residual value of goods. 

(2) Each selling period is of equal length. 

The following notations are used in the study: 

Decision variables: 

a = regional advertising level 

n = national advertising level 

a1 = Retailer 1’s local advertising level 

a2 = Retailer 2’s local advertising level 

t = the ratio that the manufacturer shares with the advertising cost of retailers , 0 ≤ t ≤ 1 

q = quantity ordered by the retailer to the manufacturer 

q1 = quantity ordered by the Retailer 1 from the manufacturer 

q2 = quantity ordered by the Retailer 2 from the manufacturer 

Objective function: 

πm = manufacturer’s profit 

πr = retailer’s profit 

πr1 = Retailer 1’s profit 

πr2 = Retailer 2’s profit 

Parameters: 

ρm = manufacturer’s profit 

ρr = retailer’s profit 

c = unit acquisition cost of the retailer’s product 

h = unit residual value of unsold products 

s = unit reputation cost suffered by the retailer due to stockout 

 D = the demand function related to the advertising level  

 f(. ) = the probability density function 

F(. ) = the cumulative probability density function of f(. ) 

ρm = manufacturer’s marginal profit 

ρr1 = Retailer 1’s marginal profit 

ρr2 = Retailer 2’s marginal profit 

c = the unit acquisition cost of the retailer’s product 

θ = the impact degree of another retailer’s advertising 

e−θt = unit present value 

h = unit residual value of unsold products 

s = unit reputation cost suffered by the retailer due to stockout 

z1 = Retailer 1’s inventory level factor 

z2 = Retailer 2’s inventory level factor 

Pk = sale price for the kth period 

M =  the probability that a customer is willing to buy when the price is Pk 
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3.1. Single-Manufacturer and Single-Retailer in a Production-Retailing Market Channel  

When the market structure comprises a single distribution channel consisting of a manufacturer 

and a retailer, as shown in Figure 1, the retailer’s sales are influenced by both its own advertising 

level and the manufacturer’s advertising level. Customers are assumed to be rational, and the 

retailer’s advertising affects their purchase willingness based on their preferences. Increased 

advertising investment by the manufacturer and the retailer can attract more customers. Through 

channel negotiation and cooperation, appropriate sharing of advertising costs and incentives for 

credit transactions can expand market demands for both the manufacturer and the retailer. This 

collaboration also helps mitigate some risk costs for the retailer caused by over-ordering, particularly 

for seasonal goods. 

 

Figure 1. Single-manufacturer single-retailer channel. 

Retailers, being the final link in the production and sales channel, can most directly reflect 

market information. It is assumed that market demand is related to the national advertising level of 

the manufacturer (n) and the local advertising level of the retailer (a). These two types of advertising 

serve different functions—national advertising aims to attract potential customers and enhance brand 

image while local advertising focuses on immediate purchase incentives—but they are mutually 

reinforcing and indispensable.  

Therefore, the demand function of the retailer can be assumed to include both types of 

advertising, where α represents the primary market demand, β, r, and δ are all numbers greater than 

zero, and r and δ represent the effect of two different types of advertising on demand. The larger the 

value of r, the greater the impact of local advertising on demand. The greater the value of δ, the 

greater the impact of national advertising on demand. ε is a random variable affecting demand and 

is assumed to follow the same distribution. The demand function is given by D(a, n, ε) = α − β ∙ a−γ ∙

n−δ + ε= y (a, n) +ε. Due to the uncertainty in market demands, retailers cannot accurately predict 

market demands. When a retailer orders (q) items from a manufacturer during a single selling season, 

there may be overstock or stockout. If demand is less than the retailer’s order quantity, overstock 

occurs. In a single-period production and sales model, unsold goods cannot be carried over to the 

next period, leaving only the residual value per unit (h). If market demands exceed the retailer’s 

stocks, the retailer sells out and incurs a reputation cost per unit(s) due to the stockout. According to 

the model, the advertising cost of manufacturers and retailers is assumed to be proportional to their 

advertising level [10]. Therefore, the local advertising cost is assumed to be a, and the national 

advertising cost of the manufacturer is assumed to be n. Given that national advertising costs are 

generally higher than local ones, n>a>0 is true. The profit functions for retailers and manufacturers 

are as follows:  

Retailers’ profit function:  

 
Manufacturers’ profit function: 

𝐷(𝑎,𝑛, 𝜀 ∙ 𝑀∗) ≤ 𝑞

𝐷(𝑎,𝑛, 𝜀 ∙ 𝑀∗) > 𝑞

 

 

𝜋𝑟 =   

𝜌𝑟 ∙ 𝐷(𝑎,𝑛, 𝜀 ∙ 𝑀∗) + (−𝑐 + ℎ ∙ 𝑀∗) ∙  𝑞 − 𝐷(𝑎,𝑛, 𝜀 ∙ 𝑀∗) − (1 − 𝑡) ∙ 𝑢 ∙ 𝑎,

𝜌𝑟 ∙ 𝑞 − 𝑠 ∙  𝐷(𝑎,𝑛, 𝜀 ∙ 𝑀∗) ∙ −𝑞 − (1 − 𝑡) ∙ 𝑢 ∙ 𝑎,
 (1) 

 1 

 2 

 3 

    4 

                                                                      5 

 6 

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 28 January 2026 doi:10.20944/preprints202601.2159.v1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202601.2159.v1
http://creativecommons.org/licenses/by/4.0/


 7 of 24 

 

 
Due to demand uncertainty, this study employed the inventory model of Petrutti & Dada[18], 

introducing the inventory level factor z = q−y(a, n). Thus, the quantity of the retailer orders can be 

simplified as q = y(a, n) +z. When ε∙ 𝑀∗ ≤ z, it suggests that the demand is less than the ordered 

quantity, potentially causing overstock. Conversely, when ε∙ 𝑀∗ > z, it indicates that the demand is 

greater than the ordered quantity, possibly leading to stockout. To derive the expected profit 

equations for manufacturers and retailers, their respective profit functions were integrated, and the 

random variable that affects demands in the definite expected equation as ε was indicated. The 

expected inventory and the expected stockout levels are also denoted by H (z) and S (z), respectively.  

S(z) = ∫ (M ∙ ε − z
∞

z
M

)f(ε)dε 

H(z) = ∫ (z − M ∙ ε

z
M

−y(a,n)
M

)f(ε)dε 

One has retailers’ expected profit: 

E(πr) = ∫  ρr ∙ D(a, n,
z

M∗

−y(a,n)

M∗

M∗ ∙ ε) + (−c + h ∙ M∗) ∙ (q − D(a, n,M∗ ∙ ε)) − (1 − t) ∙ u ∙ a ∙ f(ε)  

         

dε

+∫  
∞

z
M∗

ρr ∙ q − s ∙  D(a, n,M∗ ∙ ε) − q − (1 − t) ∙ u ∙ a ∙ f(ε) dε 

= ρr ∙ D(a, n,M
∗ ∙ ε) + (−c + h ∙ M∗) ∙ H(z) − (ρr + s) ∙ S(z) − (1 −

t) ∙ u ∙ a      (5) 

Manufacturers’ expected profit:  

E(πm) = ∫ [ρm ∙ q − t ∙ u ∙ a − g ∙ n − ℎ ∙ 𝑀∗ ∙  𝑞 − 𝐷(𝑎, 𝑛, 𝜀 ∙ 𝑀∗) ]

z
M∗

−y(a,n)
M∗

f(ε)𝑑𝜀 

      +∫  
∞
z

M∗
ρm ∙ q − t ∙ u ∙ a − g ∙ n f(ε) dε                

= ρm ∙ q − t ∙ u ∙ a − g ∙ n − h ∙ M∗ ∙ H(z)              (6) 

3.1.1. Stackelberg Equilibrium  

The Stackelberg equilibrium model describes a scenario where the dominant party in a channel 

can influence transaction behaviors throughout the entire channel. In this study, the Stackelberg 

equilibrium model implies that the manufacturer, as the leader, prioritizes its own profits and sets 

rules favoring itself. Subsequently, as the follower, the retailer optimizes its profit based on the 

conditions set by the manufacturer. When both parties adhere to the conditions of the Stackelberg 

equilibrium model, the manufacturer can first determine the national advertising level n and the 

πm =   

ρm ∙ q − t ∙ u ∙ a − g ∙ n − ℎ ∙ 𝑀∗ ∙  𝑞 − 𝐷(𝑎,𝑛, 𝜀 ∙ 𝑀∗) ,

ρm ∙ q − t ∙ u ∙ a − g ∙ n,
 

𝜋𝑟 =   

𝜌𝑟 ∙ 𝐷(𝑎,𝑛, 𝜀 ∙ 𝑀∗) + (−𝑐 + ℎ ∙ 𝑀∗) ∙  𝑧 − (𝜀 ∙ 𝑀∗) − (1 − 𝑡) ∙ 𝑢 ∙ 𝑎,

𝜌𝑟 ∙ 𝑞 − 𝑠 ∙  𝜀 ∙ 𝑀∗ − 𝑧 − (1 − 𝑡) ∙ 𝑢 ∙ 𝑎,
 

πm =   

ρm ∙ q − t ∙ u ∙ a − g ∙ n − ℎ ∙ 𝑀∗ ∙  𝑧 − 𝜀 ∙ 𝑀∗ ,

ρm ∙ q − t ∙ u ∙ a − g ∙ n,
 

 1 

 2 

 3 

             4 

 5 

 6 

 7 

 8 

 9 

 10 

 11 

 12 

 13 

 14 

 15 

 16 

 17 

 18 

 19 

   20 

       𝜀 ∙ 𝑀∗ ≤ z

       
𝜀 ∙ 𝑀∗ > z

 (4) 

𝐷(𝑎,𝑛, 𝜀 ∙ 𝑀∗) ≤ 𝑞

𝐷(𝑎,𝑛, 𝜀 ∙ 𝑀∗) > 𝑞

 

 

(2) 

       𝜀 ∙ 𝑀∗ ≤ z

       
𝜀 ∙ 𝑀∗ > z

 
(3) 
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cooperative advertising rate t to be implemented by the retailer. Then, guided by these parameters, 

the retailer can determine its local advertising level a and the quantity of goods to order from the 

manufacturer q. 

The “backward-induction method” was employed to solve the Stackelberg equilibrium, 

calculating the optimal local advertising level and inventory factor that maximizes the retailer’s profit 

in the second stage. Subsequently, the retailer’s optimal response in the second stage is integrated 

into the manufacturer’s profit function in the first stage. As the leader, the manufacturer then 

determines the most suitable levels of national advertising and the cooperative advertising rate. 

The retailer’s objective function is as follows:  

Max  E(πr) = ρr ∙ [α − β ∙ a−r ∙ n−δ +M∗ ∙ ε] + (−c + h ∙ M∗) ∙ H(z) − (ρr + s) ∙ S(z) − (1 − t) ∙ u ∙ a  

                     s. t.   0 ≤ t ≤ 1               a, n ≥ 0                                  (7)  

The profit function πr is differentiated with respect to the local advertising level a and the 

inventory level factor z. Setting these derivatives to 0 helps determine the optimal values that 

maximize the retailer’s profits. The profit function reveals that the retailer’s profit is concave relative 

to both local advertising and the inventory factor. Therefore, solving 
∂E(πr)

∂a
= 0 and 

∂E(πr)

∂z
= 0, yields 

the optimal local advertising level a* and the optimal inventory level z* for retailers, which are as 

follows: 

a∗ = (−
(−1+t)∙u∙nδ

ρr∙β∙r
)
−

1

r+1
                            (8) 

z∗ = M∗ ∙ F (
ρr+s

c−h∙M∗+ρr+s
)
−1

                               (9) 

After putting them into the first-stage manufacturer’s profit function (6), the national advertising 

level n and the cooperative advertising rate t that can maximize the manufacturer’s profit can be 

obtained. Substituting these values into the equation, the manufacturer’s objective function can be 

expressed as follows:  

Max  E(πm) = ρm ∙ [α − β ∙ (a∗)−r ∙ n−δ + z∗] − t ∙ u ∙ a∗ − g ∙ n − h ∙ M∗

∙ H(z∗) 

= ρm ∙ [α − β ∙ ((−
(−1 + t) ∙ u ∙ nδ

ρr ∙ β ∙ r
)

−
1
r+1

)

−r

∙ n−δ

+M∗ ∙ F (
ρr + s

c − h ∙ M∗ − ρr − s
)
−1

]  

      −t ∙ u ∙ (−
(−1 + t) ∙ u ∙ nδ

ρr ∙ β ∙ r
)

−
1
r+1

− g ∙ n − h ∙ M∗

∙ H (M∗ ∙ F (
ρr + s

c − h ∙ M∗ − ρr − s
)
−1

) 

                             s. t.  0 ≤ t ≤ 1 and n > 0                                 (10)                        

Partial differentiation is performed on the national advertising level n and the cooperative 

advertising rate t, both of which are set to 0. Thus, 
∂E(πm)

∂t
= 0  and 

∂E(πm)

∂n
= 0 . The maximum 

cooperative advertising rate and the national advertising level of the manufacturer can be obtained 

as follows: 

t∗ =
ρm−(1+r)∙ρr

ρm−r∙ρr
                            (11) 

Since t ranges between 0 to 1, ρm − (1 + r) ∙ ρr ≥ 0 . This condition implies that cooperative 

advertising is only feasible when ρm ≥ (1 + r) ∙ ρr,  where t = 
ρm−(1+r)∙ρr

ρm−r∙ρr
, and then the t value of 

ρm ≤ (1 + r) ∙ ρr is 0. 

n∗ =
(
𝑢∙𝛿

𝑟∙𝑔
)

𝑟
1+𝛿+𝑟

(
𝑔

𝛽∙𝛿∙(𝜌𝑚−𝑟∙𝜌𝑟)
)

1
1+𝛿+𝑟

                                    (12) 
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Since the local advertising level depends on t and n, substituting the national advertising level 

and cooperative advertising rate back into the local advertising level gives a∗∗. 

a∗∗ =

(

 
 
−

u∙((
𝑢∙𝛿

𝑟∙𝑔
)

𝑟
1+𝛿+𝑟

∙(−
𝑔

𝛽∙𝛿∙(𝑟∙𝜌𝑟−𝜌𝑚)
)
−

1
1+𝛿+𝑟)

δ

(r∙ρr−ρm)∙β∙r

)

 
 

−
1

1+r

     (13)   

3.1.2. Nash Equilibrium 

Recent market research spanning two decades has shown that the role of retailers in the current 

channel is equivalent to and even surpasses that of manufacturers. This is because while 

manufacturers’ national advertising builds brand awareness, customers ultimately purchase 

products through retailers. Therefore, various factors, such as product advertising, in-store 

arrangement, product display, and after-sales service, significantly impact product sales and channel 

members directly or indirectly. In the Stackelberg equilibrium model, the manufacturer leads while 

the retailer follows. Conversely, in a scenario where both parties have equal market dominance, 

decisions are made independently to maximize individual profits without any risk-sharing measures 

from the manufacturer. This approach excludes considerations for cooperative advertising 

mechanisms. 

The target profit functions of the manufacturer and the retailer are as follows: 

  Max   E(πm) = ρm ∙ [α − β ∙ (a∗)−r ∙ n−δ + z∗] − t ∙ u ∙ a − g ∙ n − h ∙ M∗

∙ H(z) 

                           s.t. a, n>0 

Max    E(πr) = ρr ∙ [α − β ∙ (a)−r ∙ n−δ +M∗ ∙ ε]  

                                             +(−c + h ∙ M∗) ∙ H(z) − (ρr + s) ∙ S(z) − (1 − t) ∙ u ∙ a 

                           s.t. a, n>0                                                 (14) 

Given that the manufacturer and the retailer operate under equal and non-cooperative 

conditions, the cooperative advertising rate is set to 0. With both parties exerting equal influence in 

the channel, the two-stage objective function can be differentiated at the same time, and the 

simultaneous solution for 
∂E(πr)

∂a
=0, 

∂E(πr)

∂z
=0, 

∂E(πm)

∂n
= 0 can be solved. 

{
 
 

 
 
∂E(πr)

∂a
= ρr ∙ β ∙ a

−r−1 ∙ r ∙ n−δ − (1 − t) ∙ u = 0

∂E(πr)

∂z
= (−c + h ∙ M∗) ∙ F (

z

M∗) + (ρr + s) ∙ [1 − F (
z

M∗)] = 0

∂E(πm)

∂n
= ρm ∙ β ∙ a−r ∙ n−δ−1 ∙ δ − g = 0

    (15)    

After solving the above simultaneous equations, the model’s optimal retailers’ local advertising 

level a**, optimal manufacturers’ national advertising level n**, and optimal inventory level factor 

z** when the manufacturer and retailer are under the Nash equilibrium relationship can be derived. 

n∗∗ =
(
𝜌𝑚∙𝛽∙𝛿

𝑔
)

1
1+𝛿+𝑟

∙(
𝜌𝑚∙𝛽∙𝛿

𝑔
)

𝑟
1+𝛿+𝑟

(
𝜌𝑟∙𝛽∙𝑟
(1−𝑡)∙𝑢

)

𝑟
1+𝛿+𝑟

                  (16) 

a∗∗ =

(

 
 
 
 
 

−

(t−1)∙u∙

(

 
 (

𝜌𝑚∙𝛽∙𝛿
𝑔

)

1
1+𝛿+𝑟

∙(
𝜌𝑚∙𝛽∙𝛿

𝑔
)

𝑟
1+𝛿+𝑟

(
𝜌𝑟∙𝛽∙𝑟
(1−𝑡)∙𝑢

)

𝑟
1+𝛿+𝑟

)

 
 

δ

ρr∙β∙r

)

 
 
 
 
 

−
1

1+r

           (17) 

z∗∗ = M∗ ∙ F (
ρr+s

c−h∙M∗−ρr−s
)
−1

                  (18) 
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3.2. Single-Manufacturer with Two Competitive Retailers in a Production-Retailing Market Channel  

In a market structure comprising only one manufacturer and two competing retailers, as shown 

in Figure 2, the sales performance of each retailer depends not only on its own advertising level but 

also on those of its competitors. This competitive environment often compels retailers to increase 

their advertising investments to attract more customers. 

 

Figure 2. Competitive retailers channel in a production-retailing market channel. 

Market demand is assumed to be related to the manufacturing of a1, a2 . Following the 

competitive demand hypothesis proposed by Padmanabhan and Png [23], the market demand 

function for these two competing retailers can be expressed as follows:  

D(a1, a2, n, ε1) = α − β ∙ a1
−r ∙ n−δ + θ ∙ a2

−r ∙ n−δ + ε1  = y(a1, a2, n) + ε1 

D(a2, a1, n, ε2) = α − β ∙ a2
−r ∙ n−δ + θ ∙ a1

−r ∙ n−δ + ε2 = y(a2, a1, n) + ε2 

where α represents the extent to which the retailer’s demand is affected by its own advertising; 

θ represents the extent to which the retailer is affected by the advertising of the competing retailer. 

Given that a retailer’s demand is primarily affected by its own advertising efforts, it is assumed that 

β>θ. Additionally, γ and δ represent the effects of local and national advertising on demands, 

respectively, while ε1 and ε2 are random variables that affect the demands. According to Huang and 

Li [10], the local advertising cost is assumed to be a1 and a2 for the two retailers, respectively, and n 

denotes the manufacturer’s national advertising cost. Moreover, it is assumed that n>a>0 is true. 

Therefore, the profit function for the retailers and the manufacturer can be expressed as follows:  

Retailer 1’s profit function:  

𝜋𝑟1 =  

𝜌𝑟1 ∙ D(a1, a2, n, M1
∗ ∙ ε1) + (−𝑐 + ℎ ∙ M1

∗) ∙  𝑞1 − D(a1, a2, n, M1
∗ ∙ ε1) 

−(1 − 𝑡) ∙ 𝑢 ∙ a1,

𝜌𝑟 ∙ 𝑞1 − 𝑠 ∙  D(a1, a2, n, M1
∗ ∙ ε1) ∙ −𝑞1 − (1 − 𝑡) ∙ 𝑢 ∙ a1,

                     

                                                   (19) 

Retailer 2’s profit function: 

𝜋𝑟2 =  

𝜌𝑟2 ∙ D(a2, a1, n, M2
∗ ∙ ε2) + (−𝑐 + ℎ ∙ M2

∗) ∙  𝑞2 − D(a2, a1, n, M2
∗ ∙ ε2) 

−(1 − 𝑡) ∙ 𝑢 ∙ a2,

𝜌𝑟 ∙ 𝑞2 − 𝑠 ∙  D(a2, a1, n, M2
∗ ∙ ε2) ∙ −𝑞2 − (1 − 𝑡) ∙ 𝑢 ∙ a2,

  

Manufacturer’s profit function:  

πm = ρm ∙  q1 + q2 − t ∙ u ∙  a1 + a2 − g ∙ n − ℎ ∙ M1
∗ ∙  𝑞1 − D(a1, a2, n, M1

∗ ∙ ε1) 
+  −  ℎ ∙ M2

∗ ∙  𝑞1 −

D(a2, a1, n, M2
∗ ∙ ε2) 

+                             (21) 

Applying the inventory model developed by Petrutti and Dada [18], the inventory level factors 

for the two retailers are defined as z1 = q1 − y(a1, a2, n), z2 = q2 − y(a2, a1, n). The profit equation can 

be simplified as follows:  

𝜋𝑟1 =

{
 
 

 
 𝜌𝑟1 ∙ [α − β ∙ a1

−r ∙ n−δ + θ ∙ a2
−r ∙ n−δ +M1

∗ε1] + (−𝑐 + ℎ ∙ M1
∗) ∙  𝑧1 −M1

∗ ∙ ε1 

−(1 − 𝑡) ∙ 𝑢 ∙ a1,

𝜌𝑟1 ∙ [α − β ∙ a1
−r ∙ n−δ + θ ∙ a2

−r ∙ n−δ + z1] − 𝑠 ∙  M1
∗ ∙ ε1 − 𝑧1 

−(1 − 𝑡) ∙ 𝑢 ∙ a1,

 

D(a1, a2, n,M1
∗ ∙ ε1) ≤ 𝑞1

D(a1, a2, n,M1
∗ ∙ ε1) > 𝑞1

 

 

(20) 

M1
∗ ∙ ε1 ≤ 𝑧1

M1
∗ ∙ ε1 > 𝑧1

 

(22) 
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𝜋𝑟2 =

{
 
 

 
 𝜌𝑟2 ∙ [α − β ∙ a2

−r ∙ n−δ + θ ∙ a1
−r ∙ n−δ +M2

∗ε2] + (−𝑐 + ℎ ∙ M2
∗) ∙  𝑧2 −M2

∗ ∙ ε2 

−(1 − 𝑡) ∙ 𝑢 ∙ a2,

𝜌𝑟 ∙ [α − β ∙ a2
−r ∙ n−δ + θ ∙ a1

−r ∙ n−δ + z2] − 𝑠 ∙  M2
∗ ∙ ε2 ∙ −𝑧2 

−(1 − 𝑡) ∙ 𝑢 ∙ a2,

 

                   πm = ρm ∙  q1 + q2 − t ∙ u ∙  a1 + a2 − g ∙ n − ℎ ∙ M1
∗ ∙  𝑧1 −M1

∗ ∙ ε1 
+ 

− ℎ ∙ M2
∗ ∙  𝑧2 −M2

∗ ∙ ε2 
+       (24) 

Their respective profit functions were integrated to derive the expected profit equations for the 

manufacturer and the retailers. The expected stock quantity and expected stockout quantity are 

replaced by H (z1), H (z2), S (z1), and S (z2), respectively. 

S(z1) = ∫ (M1 ∙ ε1 − z1
∞

z1
M1

)f(ε1)dε1 

H(z1) = ∫ (z1 − M1 ∙ ε

z1
M1

−y(a1,a2,n)
M1

1)f(ε1)dε1 

S(z2) = ∫ (M2 ∙ ε2 − z2
∞

z2
M2

)f(ε2)dε2 

H(z2) = ∫ (z2 − M2 ∙ ε

z2
M2

−y(a2,a1,n)
M2

2)f(ε2)dε2 

One has retailer 1’s expected profit:  

𝐸(𝜋𝑟1) = ∫  𝜌𝑟1 ∙  α − β ∙ a1
−r ∙ n−δ + θ ∙ a2

−r ∙ n−δ +M1
∗ε1 

z1
M1
∗

−y(a1,a2,n)
M1
∗

+ (−𝑐 + ℎ ∙ M1
∗) ∙  𝑧1 −M1

∗ ∙ ε1  

                     −(1 − 𝑡 ∙ 𝑢 ∙ a1 ∙ f(ε1) dε1   + ∫  
∞

z1
M1
∗

𝜌𝑟1

∙ [α − β ∙ a1
−r ∙ n−δ + θ ∙ a2

−r ∙ n−δ + z1] 

                      −𝑠 ∙  M1
∗ ∙ ε1 − 𝑧1 − (1 − 𝑡) ∙ 𝑢 ∙ a1 ∙  f(ε1) dε1  

             = 𝜌𝑟1 ∙ [α − β ∙ a1
−r ∙ n−δ + θ ∙ a2

−r ∙ n−δ +M1
∗ε1] + (−𝑐 + ℎ ∙

M1
∗) ∙ 𝐻(𝑧1)      

       −(𝜌𝑟1 + 𝑠) ∙ 𝑆(𝑧1) − (1 − 𝑡) ∙ 𝑢 ∙ a1                 (25) 

Retailer 2’s expected profit: 

𝐸(𝜋𝑟2) = ∫  𝜌𝑟2 ∙ [𝛼 − 𝛽 ∙ 𝑎2
−𝑟 ∙ 𝑛−𝛿 + 𝜃 ∙ 𝑎1

−𝑟 ∙ 𝑛−𝛿 +𝑀2
∗𝜀2]

𝑧2
𝑀2
∗

−𝑦(𝑎2,𝑎1,𝑛)
𝑀2
∗

+ (−𝑐 + ℎ ∙ 𝑀2
∗) ∙  𝑧2 −𝑀2

∗ ∙ 𝜀2  

                     −(1 − 𝑡) ∙ 𝑢 ∙ 𝑎2 ∙ f(ε2) dε2  + ∫  
∞

z2
M2
∗

𝜌𝑟2

∙ [α − β ∙ a2
−r ∙ n−δ + θ ∙ a1

−r ∙ n−δ + z2]  

                     −𝑠 ∙  M2
∗ ∙ ε2 − 𝑧2 − (1 − 𝑡) ∙ 𝑢 ∙ a2 ∙ f(ε2) dε2 

            = 𝜌𝑟2 ∙ [α − β ∙ a2
−r ∙ n−δ + θ ∙ a1

−r ∙ n−δ +M2
∗ε2] + (−𝑐 + ℎ ∙

M2
∗) ∙ 𝐻(𝑧2)     

  

                −(𝜌𝑟2 + 𝑠) ∙ 𝑆(𝑧2) − (1 − 𝑡) ∙ 𝑢 ∙ a2       (26)                

Manufacturer’s expected profit:  

E(πm) =  ρm ∙  q1 + q2 − t ∙ u ∙  a1 + a2 − g ∙ n − ℎ ∙ M1
∗

∙ ∫  𝑧1 −M1
∗ ∙ ε1 

z1
M1
∗

−y(a1,a2,n)
M1
∗

f(ε1) dε1 −  ℎ ∙ M2
∗   

∙ ∫  𝑧2 −M2
∗ ∙ ε2 

z2
M2
∗

−y(a2,a1,n)
M2
∗

∙ f(ε2) dε2                                 

                = ρm ∙ [2α − (β − θ) ∙ (a1
−r + a2

−r) ∙ n−δ + z1 + z2] − ℎ ∙ M1
∗

∙ H(z1) −  ℎ ∙ M2
∗ ∙ H(z2) 

M2
∗ ∙ ε2 ≤ 𝑧2

M2
∗ ∙ ε2 > 𝑧2

 (23) 
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        −t ∙ u ∙  a1 + a2 − g ∙ n                                    (27) 

Next, the dominant power dynamics of a single manufacturer and two competing retailers in 

the channel were examined using both the Stackelberg equilibrium model and the Nash equilibrium 

model. 

3.2.1. Stackelberg Equilibrium for Competing Retailers 

The dominant party controls channel transactions in the Stackelberg equilibrium model between 

manufacturer and retailer. Here, the manufacturer assumes leadership, with the retailer as the 

follower. Initially, the manufacturer devises a strategy that prioritizes its own benefit, subsequently 

allowing the retailer to adjust its strategy accordingly. 

Under this equilibrium, the manufacturer first determines the national advertising level n and 

cooperative advertising rate t. Based on these parameters, the retailer can determine its own local 

advertising level a and the quantity of goods to order q from the manufacturer. 

Using the backward induction method inherent to the Stackelberg equilibrium, the problem is 

solved. Starting from the second stage, the retailer response equation computes the local advertising 

and inventory factors that could maximize the retailer’s profit. These decisions are then incorporated 

into the manufacturer’s first-stage profit function for optimization. 

As the leader in this model, the manufacturer determines the optimal level of national 

advertising and cooperative advertising rate. The profit functions of both parties are as follows: 

Max 𝐸(𝜋𝑟1) = 𝜌𝑟1 ∙ [α − β ∙ a1
−r ∙ n−δ + θ ∙ a2

−r ∙ n−δ +M1
∗ε1]

+ (−𝑐 + ℎ ∙ M1
∗) ∙ 𝐻(𝑧1) − (𝜌𝑟1 + 𝑠) ∙ 𝑆(𝑧1)  − (1 − 𝑡) ∙ 𝑢

∙ a1                                                         

s. t.           0 ≤ t ≤ 1       a1, a2n ≥ 0                    (28) 

Max 𝐸(𝜋𝑟2) = 𝜌𝑟2 ∙ [α − β ∙ a2
−r ∙ n−δ + θ ∙ a1

−r ∙ n−δ +M2
∗ε2]

+ (−𝑐 + ℎ ∙ M2
∗) ∙ 𝐻(𝑧2) − (𝜌𝑟2 + 𝑠) ∙ 𝑆(𝑧2)  − (1 − 𝑡) ∙ 𝑢

∙ a2                                                     

s. t.           0 ≤ t ≤ 1       a1, a2n ≥ 0                        (29) 

Max E(πm) = ρm ∙ [2α − (β − θ) ∙ (a1
−r + a2

−r) ∙ n−δ + z1 + z2] − ℎ ∙ M1
∗

∙ H(z1) −  ℎ ∙ M2
∗ ∙ H(z2) 

                            −t ∙ u ∙  a1 + a2 − g ∙ n                               

s. t.           0 ≤ t ≤ 1  and  a1, a2, n ≥ 0       (30) 

To find the local advertising level and inventory level factor that can help retailers maximize 

their profits, the advertising level and inventory level factors in the retailers’ expected profit equation 

were differentiated and set to 0. Therefore, the optimal local advertising level a and the optimal 

inventory level z for retailers can be obtained. 

a1
∗ = (−

(−1+t)∙u∙nδ

ρr1∙β∙r
)
−

1

r+1
                           (31) 

a2
∗ = (−

(−1+t)∙u∙nδ

ρr2∙β∙r
)
−

1

r+1
                         (32) 

z1
∗ = M1

∗ ∙ F (
ρr1+s

c−h∙M1
∗+ρr1+s

)
−1

                       (33) 

z2
∗ = M2

∗ ∙ F (
ρr2+s

c−h∙M2
∗+ρr2+s

)
−1

                           (34) 

After determining the optimal local advertising level a and inventory level z for retailers, these 

values are incorporated into the first-stage manufacturer profit equation to ascertain the optimal 

national advertising level n and cooperative advertising participation rate t, maximizing the 

manufacturer's profits. This involves differentiating the manufacturer’s cooperative advertising rate 

t and the national advertising level n and making them equal to 0. By doing so, the cooperative 

advertising rate that helps the manufacturer maximize profits and the optimal national advertising 

level can be obtained. 

t∗ =
((−ρm+ρr2+r∙ρr2)∙β+ρm∙θ)∙ρr1

(
r

1+r)+ρr2
(
r

1+r)∙((−ρm+ρr1+r∙ρr1)∙β+ρm∙θ)

(((−ρm+r∙ρr2)∙β+ρm∙θ)∙ρr1
(
r

1+r)+((−ρm+r∙ρr1)∙β+ρm∙θ)∙ρr2
(
r

1+r))

                  (35) 
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n∗ =

[
 
 
 

(
δ

g
)
r+1

∙ [
u∙(ρr1

1
r+1+ρr2

1
r+1)

r
]

r

∙

[
ρm ∙ (β − θ) ∙ (ρr1

−r

r+1 + ρr2
−r

r+1)

−β ∙ r ∙ (ρr1
1

r+1 + ρr2
1

r+1)
]

]
 
 
 

1

r+δ+1

              (36) 

3.2.2. Nash Equilibrium for Competing Retailers 

When the manufacturer and the two competing retailers have equal market power, each member 

in the channel focuses solely on maximizing their own profits. No party holds a stronger position, 

and the manufacturer does not share risks with the retailers. Therefore, the cooperative advertising 

rate t is 0, and retailers make decisions independently without needing to conform to the conditions 

set by the manufacturer. In this model of equal status within the channel, the profits of manufacturers 

and retailers must all be taken into account. The profit functions are as follows:  

𝑀𝑎𝑥 𝐸(𝜋𝑟1) = 𝜌𝑟1 ∙ [α − β ∙ a1
−r ∙ n−δ + θ ∙ a2

−r ∙ n−δ +M1
∗ε1] +

(−𝑐 + ℎ ∙ M1
∗) ∙ 𝐻(𝑧1) − (𝜌𝑟1 + 𝑠) ∙ 𝑆(𝑧1) − 𝑢 ∙ a1  

 s. t.        a1, a2, n ≥ 0                   (37) 

Max 𝐸(𝜋𝑟2) = 𝜌𝑟2 ∙ [α − β ∙ a2
−r ∙ n−δ + θ ∙ a1

−r ∙ n−δ +M2
∗ε2] +

(−𝑐 + ℎ ∙ M2
∗) ∙ 𝐻(𝑧2) − (𝜌𝑟2 + 𝑠) ∙ 𝑆(𝑧2) − 𝑢 ∙ a2  

s. t.         a1, a2, n ≥ 0                               (38) 

Max E(πm) = ρm ∙ [2α − (β − θ) ∙ (a1
−r + a2

−r) ∙ n−δ + z1 + z2] − ℎ ∙

M1
∗ ∙ H(z1) −  ℎ ∙ M2

∗ ∙ H(z2) − g ∙ n  

s. t.          a1, a2, n ≥ 0                            (39) 

In addition, by differentiating the two-stage objective function, the optimal solutions for the two-

stage Nash equilibrium model can be obtained as follows: 
∂E(πr1)

∂a1
= ρr1 ∙ β ∙ 𝑎1

(−1−r) ∙ r ∙ n−δ − u = 0                 (40) 

∂E(πr2)

∂a2
= ρr2 ∙ β ∙ 𝑎2

(−1−r) ∙ r ∙ n−δ − u = 0                   (41) 

∂E(πr1)

∂z1
= (−c + h ∙ M1

∗) ∙ F (
z1

M1
∗) + (ρr1 + s) ∙ [1 − F (

z1

M1
∗)]      (42) 

∂E(πr2)

∂z2
= (−c + h ∙ M2

∗) ∙ F (
z2

M2
∗) + (ρr2 + s) ∙ [1 − F (

z2

M2
∗)]      (43) 

∂E(πm)

∂n
= (β − θ) ∙ (𝑎1

−r + 𝑎2
−r) ∙ n−δ−1 ∙ δ − g = 0           (44) 

After solving the above simultaneous equations, the model’s optimal solution for a1
∗∗, a2

∗∗, n∗∗ 

and z1
∗∗, z2

∗∗ when the manufacturer and retailer are under the Nash equilibrium can be derived. 

a1
∗∗ = (

u

ρr1∙β∙r
)
−

1

1+r
∙ (

g∙r
r

1+r∙u
−r
1+r

ρm∙δ∙(ρr1
(−

r
1+r)+ρr2

(−
r

1+r))∙(β
1

1+r−θ∙β
−

1
1+r)

)

δ

r+δ+1

   (45) 

a2
∗∗ = (

u

ρr2∙β∙r
)
−

1

1+r
∙ (

g∙r
r

1+r∙u
−r
1+r

ρm∙δ∙(ρr1
(−

r
1+r)+ρr2

(−
r

1+r))∙(β
1

1+r−θ∙β
−

1
1+r)

)

δ

r+δ+1

  (46) 

z1
∗∗ = M1

∗ ∙ F (
ρr1+s

c−h∙M1
∗+ρr1+s

)
−1

                              (47) 

z2
∗∗ = M2

∗ ∙ F (
ρr2+s

c−h∙M2
∗+ρr2+s

)
−1

                              (48) 

   n∗∗ = (
g∙r

r
1+r∙u

−
r

1+r

ρm∙δ∙(ρr1
(−

r
1+r)+ρr2

(−
r

1+r))∙(β
1

1+r−θ∙β
−

1
1+r)

)

−
1+r

r+δ+1

           (49) 

  

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 28 January 2026 doi:10.20944/preprints202601.2159.v1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202601.2159.v1
http://creativecommons.org/licenses/by/4.0/


 14 of 24 

 

4. Results and Sensitivity Analysis 

The hypothesis and solutions proposed by Huang and Li [10] are applied to the proposed model 

to validate its rationality. Given a single retailer and two competing retailers, changes in profitability 

among channel members under the Stackelberg equilibrium and Nash equilibrium are compared. 

Sensitivity analysis was conducted to analyze and discuss significant parameters. 

It is assumed that at the beginning of the selling period, the retailer orders the quantity of 

products needed for the entire selling period from the manufacturer at a unit price. Random demands 

are assumed to follow a normal distribution ε~N(0,25), and are influenced by seasonal probabilities 

of customer purchase intentions. As a result, retailers may encounter issues of stock insufficiency or 

stock out. During the selling period, insufficient quantities of goods may result in a reputation loss 

of 250 per unit. Conversely, at the end of the selling period, unsold goods retain a value of 200 per 

unit, which may diminish due to seasonal effects. The manufacturer is assumed to profit 400 per unit 

sold, while the retailer profits 100 per unit sold. The main demand in the market is 30, with an 

advertising factor influencing market demand set at 10. The advertising effects of the manufacturer 

and the retailer are δ = 1 and r = 0.5 , respectively. According to the hypothesis [10], advertising 

costs are scaled by multipliers of 50 and 5,000 for all respective levels. All parameters and demand 

functions are defined as follows: {ρm, ρr, u, g, α, β, δ, r, c, h, s, N, P1, P2, P3} =

{400, 100, 50, 5000, 30, 10, 1, 0.5, 500, 200, 250, 3, 300, 200, 100}  

4.1. Single-Manufacturer Single-Retailer Channel 

Table 1(a) illustrates the outcomes under the Stackelberg equilibrium relationship where the 

manufacturer leads and does not engage in cooperative advertising. Here, the manufacturer and the 

retailer earn profits of 6,403.11 and 958.99, respectively. However, with the increase of the cooperative 

advertising rate t, the manufacturer’s expected profit peaks at 6,869.39 when t=0.714286. This 

demonstrates that cooperative advertising can significantly enhance profits for manufacturers and 

retailers in the single-manufacturer single-retailer channel. Alternatively, cooperative advertising 

benefits retailers by improving advertising quality and increasing profits through shared costs. 

However, manufacturers must carefully evaluate whether cost-sharing impacts their actual profits 

shown as Table 1(b). 

Table 1. Optimal solution of Stackelberg game given t. 

(a) by Stackelberg game 

t a n q 𝐸(𝜋𝑚) 𝐸(𝜋𝑟) 

0.71 19.83 0.40 24.13 6869.39 1399.36 

(b) Comparison of the result of between E(πm) and E(πr) with different t. 

t 𝐸(𝜋𝑚) 𝐸(𝜋𝑟) 

0.05 6403.11 959.00 

0.10 6439.18 980.86 

0.15 6475.70 1003.51 

0.20 6512.63 1027.02 

0.25 6549.91 1051.47 

0.30 6587.44 1076.95 

0.35 6625.10 1103.60 

0.40 6662.69 1131.55 

0.45 6699.92 1160.97 

0.50 6736.40 1192.07 
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0.55 6771.50 1225.12 

0.60 6804.28 1260.46 

0.65 6833.26 1298.52 

0.70 6856.07 1339.90 

0.75 6868.60 1385.43 

0.80 6863.41 1436.35 

0.85 6825.53 1494.60 

0.90 6720.67 1563.59 

0.95 6450.11 1650.24 

1.00 5565.94 1773.76 

Figure 3(a) depicts the non-linear nature of the manufacturer’s profit curve. Beyond t=0.714286, 

the curve declines rapidly. This decline occurs because while cooperative advertising boosts market 

demand and increases retail orders, an exponential relationship exists between demand and the 

effectiveness of a retailer’s local advertising level. Therefore, when the cooperative advertising rate 

exceeds 0.714286, the manufacturer's advertising subsidy to retailers escalates, potentially surpassing 

the profits generated. Figure 3(b) indicates an increasing retailer preference for higher cooperative 

advertising rates. Greater willingness from manufacturers to share advertising costs results in higher 

retailer profits by enhancing advertising levels. 

 

(a) t vs. E(πm) 

 

𝐸(𝜋𝑚) 

𝐸(𝜋𝑟) 
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(b) t vs. E(πr) 

Figure 3. Effect of advertising rate. 

Figure 4 demonstrates that higher seasonal probabilities adversely affect profits due to the 

increased likelihood of stockouts, leading to reputation costs and reduced profitability. 

 

(a) M vs. E(πr) 

 

(b) M vs. E(πm) 

Figure 4. Seasonal impact. 

Without advertising cooperation, the cooperative advertising rate is 0. Table 2(a) displays the 

optimal decision under Nash equilibrium conditions. Table 2(b) shows that when retailers and 

manufacturers operate under the Stackelberg equilibrium led by the manufacturer, sharing 

advertising costs can prompt retailers to increase their local advertising levels, thus increasing the 

market demand. Numerical analysis indicates that profits under the Stackelberg equilibrium with 

cooperative advertising surpass those under the Nash equilibrium, where both parties have equal 

status. 

Table 2. Optimal solutions between Stackelberg game and Nash game. 

(a) By Nash game. 

t a n q 𝐸(𝜋𝑚) 𝐸(𝜋𝑟) 

0 6.90 0.55 22.89 6306.74 1214.21 

(b) Comparison between Stackelberg game and Nash game. 

𝐸(𝜋𝑟) 

𝐸(𝜋𝑚) 
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 t a n q 𝐸(𝜋𝑚) 𝐸(𝜋𝑟) 

Stackelberg 

game 
0.71 19.83 0.40 24.13 6869.39 1399.36 

Nash game 0 6.90 0.55 22.89 6306.74 1214.21 

In a Stackelberg equilibrium, the manufacturer, as the leader, aims to elevate profits through a 

cooperative advertising mechanism, which benefits both parties. Conversely, in the Nash equilibrium 

relationship, where both parties are equal, the profits for both the manufacturer and retailer are lower 

than the optimal profits under the Stackelberg equilibrium. Numerical analysis demonstrates that 

optimal profits are achieved under Stackelberg equilibrium. However, this may also vary depending 

on specific circumstances. As shown in Figure 5(a), when the marginal profit of retailers exceeds 183, 

retailers may prefer the Nash equilibrium. This is because higher marginal profits make retailers less 

inclined to be constrained by the manufacturer and more likely to seek independent, optimal 

decisions. Figure 5(b) illustrates that when the retailer’s marginal profit exceeds 266, the 

manufacturer’s profit increase from cooperative advertising fails to cover the retailer’s advertising 

costs. Therefore, higher retailer marginal profit leads to lower cooperative advertising rates. Figure 

5(c) shows that when the manufacturer offers cooperative advertising, it aims to lead the production 

and sales behavior under the Stackelberg equilibrium conditions to maximize its own profits. 

 

(a) ρr vs. E(πr) 

 

𝐸(𝜋𝑟) 

183 

266 

𝑡 
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(b) ρr vs. t 

 

(c) ρr vs. E(πm) 

Figure 5. Effect of retailer marginal profit. 

4.2. Single-Manufacturer with Two Competitive Retailers Channel 

When a manufacturer faces two competing retailers, it is assumed that the manufacturer can 

make a profit of 400 on each item sold, Retailer 1 can make a profit of 100 on each item sold, and 

Retailer 2 can make a profit of 80 per item sold. The main demand in the market is 30, the advertising 

factor affecting the market demand is 10, the advertising impact factor of the competing retailer is 5, 

and the advertising effects of the manufacturer and the retailer are δ = 1, r = 0.5 , respectively. 

According to Huang and Li (2001), the multipliers of the respective advertising levels can be set as 50 

and 5000. All parameters and demand functions are set as 

follows: (ρ
m
,ρ

r1
, ρ

r2
,u,g,α,β, δ, r, c,h, s,N,P11,P12,P13,P21,P22,P23) =

 (400, 100, 80, 50, 5000, 30, 10, 1, 0.5, 500, 200, 250, 3, 300, 200, 100, 240, 160, 80). 

As shown in Table 3(a), under the Stackelberg equilibrium with the manufacturer as the leader 

and without cooperative advertising, the profits of the manufacturer, Retailer 1, and Retailer 2 are 

18,041.22, 1,480.73, 761.49, respectively. However, with the increase of the cooperative advertising 

rate t, the manufacturer’s expected profit reaches a maximum of 18143.8767 at t=0.42244. Therefore, 

cooperative advertising can indeed bring higher profits for manufacturers and retailers. 

Table 3. Optimal solution of Stackelberg game gven t. 

(a) Optimal solution for Stackelberg game 

t a1 a2 n q1 q2 𝐸(𝜋𝑟1) 𝐸(𝜋𝑟2) 𝐸(𝜋𝑚) 

0.42 11.66 10.05 0.43 26.68 25.89 1601.16 873.31 18143.87 

(b) Comparison the result of between E(πm), E(πr1)and E(πr2) with different t. 

t 𝐸(𝜋𝑟1) 𝐸(𝜋𝑟2) 𝐸(𝜋𝑚) 

0.00 1480.73 761.49 18041.22 

0.05 1492.13 772.07 18059.03 

0.10 1504.11 783.20 18076.06 

𝐸(𝜋𝑚) 
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0.15 1516.75 794.93 18092.08 

0.20 1530.11 807.34 18106.81 

0.25 1544.29 820.50 18119.87 

0.30 1559.39 834.53 18130.77 

0.35 1575.55 849.53 18138.89 

0.40 1592.92 865.66 18143.35 

0.45 1611.70 883.10 18143.01 

0.50 1632.14 902.08 18136.23 

0.55 1654.56 922.90 18120.70 

0.60 1679.38 945.94 18093.00 

0.65 1707.14 971.72 18047.89 

0.70 1738.64 1000.96 17976.95 

0.75 1775.00 1034.72 17865.69 

0.80 1817.92 1074.58 17687.00 

0.85 1870.26 1123.18 17383.14 

0.90 1937.33 1185.45 16802.82 

0.95 2031.74 1273.11 15347.61 

Figure 6(a) illustrates that the manufacturer’s profit does not continuously increase. When the 

cooperative advertising rate is between 0 and 0.42244, there is only a slight increase in profit. This is 

because the cooperative advertising mechanism provided by the manufacturer offers limited 

incentives for competing retailers to increase their order quantity. Consequently, the manufacturer’s 

profit does not increase significantly. However, there is an exponential correlation between demands 

and the impact of retailers’ local advertising levels. When the cooperative advertising rate exceeds 

0.42244, the advertising cost that the manufacturer incurs to subsidize the retailers increases 

substantially, potentially outweighing the manufacturer’s profit and causing it to decline. 

The profits of Retailer 1 and Retailer 2 positively correlate with the cooperative advertising rate. 

If the manufacturer shares more advertising costs, retailers’ profits increase. As shown in Figure 6(b), 

cooperative advertising provided by the manufacturer is wholly beneficial to the retailers, enhancing 

their advertising levels and profits as the manufacturer shares the advertising cost. However, this 

may not be equally beneficial for the manufacturer, which must consider whether sharing advertising 

costs effectively enhances its profits, as shown in Table 3(b). 

 

𝐸(𝜋𝑚) 
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(a) t vs. E(πm) 

 

(b) t vs. E(πr) 

Figure 6. Effect of cooperative advertising mechanism. 

Without advertising cooperation, the cooperative advertising rate is 0. Table 4(a) shows the 

optimal decision under the Nash equilibrium conditions. Table 4(b) shows that when retailers and 

manufacturers are in the Stackelberg equilibrium led by the manufacturer, the retailers may increase 

their local advertising level if the manufacturer is willing to share the advertising cost of the retailers, 

thereby increasing market demand. The profit under the Stackelberg equilibrium condition with the 

cooperative advertising by both parties is higher than under the Nash equilibrium condition, where 

the parties have equal status. 

Table 4. Optimal solutions between Stackelberg game and Nash game. 

(a) by Nash game. 

t a1 a2 n q1 q2 𝐸(𝜋𝑟1) 𝐸(𝜋𝑟2) 𝐸(𝜋𝑚) 

0 6.79 5.86 0.56 26.66 25.865 1595.75 868.29 17928.67 

(b) Comparison between Stackelberg game and Nash game. 

 t a1 a2 n q1 q2 𝐸(𝜋𝑟1) 𝐸(𝜋𝑟2) 𝐸(𝜋𝑚) 

Stackelberg game 0.42 11.66 10.05 0.43 26.68 25.89 1601.16 873.31 18143.87 

Nash game 0 6.79 5.86 0.56 26.65 25.86 1595.75 868.29 17928.67 

4.3. Comparison Under the Conditions of a Single Retailer and Competing Retailers 

When the marginal profit of a single retailer ρr is the same as that in a channel containing two 

competing retailers ρr1, sensitivity analysis can be used to compare the differences between the two 

scenarios. Table 5 indicate that the higher the marginal profit of the retailer, the lower the cooperative 

advertising rate and the national advertising level set by the manufacturer. Therefore, under the 

condition of competing retailers, when the competitor’s marginal profit becomes larger, the retailer’s 

own profit is affected and decreases. 

Retailer #2 

Retailer #1 

𝐸(𝜋𝑟) 
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When the marginal profits of two competing retailers in a channel are equal, and they match the 

condition of a single retailer (ρ
r1
= ρ

r2
= ρ

r
), the manufacturer of the single retailer will be willing to 

offer a larger cooperative advertising rate. Conversely, when the marginal profits of two competing 

retailers are equal and half of the marginal profit under the condition of a single retailer (2ρr1 =

2ρr2 = ρr), the cooperative advertising rate the manufacturer provides to the competing retailers will 

be the same as that provided under the single retailer condition. 

Table 5. Optimal solutions given competing retailers. 

(a) Optimal solutions t and n with different ρr comparison between Stackelberg game and Nash 

game (single retailer) 

 Stackelberg Nash 

𝜌𝑟 t n t n 

50 0.867 0.407 0 0.408 

75 0.793 0.402 0 0.402 

100 0.714 0.397 0 0.396 

125 0.630 0.391 0 0.391 

150 0.538 0.385 0 0.385 

(b) Optimal solutions t and n with different ρr1, ρr1 comparison between Stackelberg game and Nash 

game (competing retailers) 

Parameter Stackelberg Nash 

ρ
r1

 ρ
r2

 n t n t 

50 50 0.455 0.714 0.455 0 

50 75 0.451 0.636 0.451 0 

50 100 0.447 0.560 0.447 0 

50 125 0.444 0.485 0.445 0 

50 150 0.442 0.411 0.442 0 

75 50 0.450 0.634 0.451 0 

75 75 0.442 0.538 0.442 0 

75 100 0.436 0.445 0.437 0 

75 125 0.431 0.352 0.431 0 

75 150 0.427 0.259 0.427 0 

100 50 0.447 0.560 0.447 0 

100 75 0.436 0.445 0.436 0 

100 100 0.428 0.333 0.428 0 

100 125 0.422 0.222 0.422 0 

100 150 0.416 0.109 0.416 0 

125 50 0.445 0.486 0.445 0 

125 75 0.431 0.352 0.431 0 

125 100 0.422 0.222 0.422 0 

125 125 0.413 0.091 0.414 0 

125 150 0.406 -0.043 0.406 0 

150 50 0.442 0.411 0.442 0 
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150 75 0.426 0.258 0.427 0 

150 100 0.415 0.108 0.416 0 

150 125 0.406 -0.043 0.406 0 

150 150 0.398 -0.200 0.398 0 

(c) The optimal results of E(πr1), E(πr2) and E(πm) with different ρr1, ρr1 comparison between 

Stackelberg game and Nash game (competing retailers) 

Parameter Stackelberg Nash 

ρ
r1

 ρ
r2

 E(πr1) E(πr2) E(πm) E(πr1) E(πr2) E(πr2) 

50 50 -692.02 -692.02 17881.20 -842.07 -842.07 17234.89 

50 75 -577.66 745.20 17942.44 -705.07 593.76 17478.46 

50 100 -479.62 2157.99 17983.69 -616.59 1990.89 17635.76 

50 125 -387.79 3556.27 18017.82 -552.60 3369.28 17749.51 

50 150 -298.33 4943.86 18049.34 -503.18 4736.98 17837.38 

75 50 745.20 -577.66 17942.44 593.76 -705.07 17478.46 

75 75 897.08 897.08 18047.49 742.34 742.34 17728.70 

75 100 1024.59 2339.77 18121.85 838.44 2150.14 17890.56 

75 125 1141.80 3763.56 18183.21 908.02 3538.74 18007.74 

75 150 1254.30 5173.68 18238.29 961.81 4916.39 18098.34 

100 50 2157.99 -479.62 17983.69 1990.89 -616.59 17635.76 

100 75 2339.77 1024.59 18121.85 2150.14 838.44 17890.56 

100 100 2490.89 2490.89 18221.65 2253.26 2253.26 18055.55 

100 125 2628.55 3934.86 18304.23 2327.98 3648.57 18175.10 

100 150 2759.78 5362.80 18377.90 2385.78 5032.75 18267.59 

125 50 3556.27 -387.79 18017.82 3369.28 -552.60 17749.51 

125 75 3763.56 1141.80 18183.21 3538.74 908.02 18007.74 

125 100 3934.86 2628.55 18304.23 3648.57 2327.98 18175.10 

125 125 4090.08 4090.08 18404.75 3728.20 3728.20 18296.44 

125 150 4237.50 5533.58 18494.31 3789.84 5117.16 18390.36 

150 50 4943.86 -298.33 18049.34 4736.98 -503.18 17837.38 

150 75 5173.68 1254.30 18238.29 4916.39 961.81 18098.34 

150 100 5362.80 2759.78 18377.90 5032.75 2385.78 18267.59 

150 125 5533.58 4237.50 18494.31 5117.16 3789.84 18390.36 

150 150 5695.43 5695.43 18598.13 5182.52 5182.52 18485.43 

5. Conclusions 

Given market demand with seasonality, this paper has examined how advertising affects the 

profit of retailers and manufacturers in the co-operation relationship. We explored how the channel 

is enhanced through the cooperative advertising provided by the manufacturer and the retailer. The 

research indicates that advertising cooperation can improve both parties' advertising levels and 

profits. For retailers, the cooperative advertising provided by the manufacturer is entirely beneficial, 

as it not only enhances the level of advertising but also increases the profits by sharing the advertising 

cost. However, the same cannot be said for the manufacturer. The manufacturer must consider 

whether sharing advertising costs will effectively enhance its profits. 
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Specifically, in the single-manufacturer single-retailer channel, cooperative advertising benefits 

retailers by improving advertising quality and increasing profits through shared costs. However, 

manufacturers must carefully evaluate whether cost-sharing impacts their actual profits. In a 

Stackelberg equilibrium, the manufacturer, as the leader, aims to elevate profits through a 

cooperative advertising mechanism, which benefits both parties. Conversely, in the Nash equilibrium 

relationship, where both parties are equal, the profits for both the manufacturer and retailer are lower 

than the optimal profits under the Stackelberg equilibrium. One the other hand, in the single-

manufacturer 2-competitive retailer of a production-retailing market channel, the profit under the 

Stackelberg equilibrium condition with the cooperative advertising by both parties is higher than 

under the Nash equilibrium condition, where the parties have equal status. Cooperative advertising 

provided by the manufacturer is wholly beneficial to the retailers, enhancing their advertising levels 

and profits as the manufacturer shares the advertising cost. However, this may not be equally 

beneficial for the manufacturer, which must consider whether sharing advertising costs effectively 

enhances its profits. 

In the modern market, the variety of seasonal goods and the importance of retailers is becoming 

more pronounced. Under different leadership conditions, whether the retailer or the manufacturer is 

the leader, the decisions made by each member of the channel vary. Therefore, the mechanism of 

cooperation becomes crucial (Li et al., 2022). When there is cooperation, the advertising level can be 

improved, leading to significantly greater profits than those without cooperation. Therefore, finding 

appropriate methods for cooperation is essential to achieve a win-win situation. 
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