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Article 

Ramsey Approach to Vector Fields 
Edward Bormashenko 

Ariel University, Engineering Sciences Faculty, Chemical Engineering Department, 407000, Ariel, Israel; 
edward@ariel.ac.il 

Abstract: Ramsey approach to the vectors fields is introduced. Set of 𝑎⃗௜, 𝑖 = (1 … 𝑁) vectors defined 
on 𝑹ଷ , taken as the generators of the bi-colored complete graph, is introduced. Vectors are 
considered as the vertices of the graph. Following coloring procedure is suggested: vertices 
numbered i and j are linked with the red edge if (𝑎⃗௜ ∙ 𝑎⃗௝) = 𝑒௜௝ ≥ 0 takes place; and they are linked 
with the green edge if (𝑎⃗௜ ∙ 𝑎⃗௝) = 𝑒௜௝ < 0 is true. This procedure gives rise to the complete, bi-color 
graph. Graph generated by six vectors inevitably contains the monochromatic triangle: the Ramsey 
number 𝑅(3,3) = 6. Ring-like systems of generating vectors are addressed. Applications of the 
graphs emerging from the vector fields are discussed. 
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1. Introduction 

In this paper we consider Ramsey graphs emerging from vector fields. In its general meaning 
Ramsey theory refers to any mathematical problem which states that a structure of a given kind is 
guaranteed to contain a well-defined substructure. The classical problem in Ramsey theory is the so-
called “party problem”, which asks the minimum number of guests denoted R(m,n) that must be 
invited so that at least m will know each other, or at least n will not know each other (i.e., there exists 
an independent set of order n [1–5]). When Ramsey theory is re-shaped in the notions of the graph 
theory, it states that any structure will necessarily contain an interconnected substructure [4–7]. The 
Ramsey theorem, in its graph-theoretic forms, states that one will find monochromatic cliques in any 
edge color labelling of a sufficiently large complete graph [4–7]. In our paper we address the Ramsey 
graphs emerging from vector fields. 

2. Ramsey Graphs Generated by Vector Fields 

Consider vector field defined on 𝑹ଷ. Consider sets of six points (𝑋௞௜, 𝑋௟௜, 𝑋௠௜;  𝑘, 𝑙, 𝑚 = 1. .3; 𝑖 =1 … 6) and six vectors related to these points 𝑎⃗௜, 𝑖 = (1 … 6) depicted in Figure 1. Uppercase letters 
denote the coordinates of the points in 𝑹ଷ. Origin of the vectors 𝑎⃗௜, 𝑖 = (1 … 6) is related to the 
points (𝑋௞௜, 𝑋௟௜, 𝑋௠௜;  𝑘, 𝑙, 𝑚 = 1. .3; 𝑖 = 1 … 6) (actually, the vectors are seen as sliding ones, and the 
location of their origin is not important); 𝑎⃗௜ = ൫𝑥ଵ௜, 𝑥ଶ௜,   𝑥ଷ௜, 𝑖 = 1 … 6൯; lowercase letters denote the 
coordinates of the vectors (again, seen as sliding vectors). We define the set 𝑎⃗௜, 𝑖 = (1 … 6) as the set 
of vectors generating the complete bi-colored graph. Vectors 𝑎⃗௜, 𝑖 = (1 … 6)  we denote as the 
“generators” of the Ramsey graph. The graph is built according to the following procedure. Points (𝑋௞௜, 𝑋௟௜, 𝑋௠௜;  𝑘, 𝑙, 𝑚 = 1. .3; 𝑖 = 1 … 6) serve as the vertices of the graph. 
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Figure 1. Six vectors 𝑎⃗௜, 𝑖 = (1 … 6) defined on 𝑹ଷ. 

Vertices numbered i and j are connected with the red link, when Eq. 1 takes place: (𝑎⃗௜ ∙ 𝑎⃗௝) = 𝑥ଵ௜𝑥ଵ௝ ൅ 𝑥ଶ௜𝑥ଶ௝ ൅ 𝑥ଷ௜𝑥ଷ௝ = 𝑒௜௝ ≥ 0 (1)

And, correspondingly, the vertices numbered i and j are connected with the green link, when 
Eq. 2 occurs: (𝑎⃗௜ ∙ 𝑎⃗௝) = 𝑒௜௝ < 0 (2)

It is easily seen, that the exact location of the vectors/generators is not important, when the 
coloring procedure defined by Eqs. 1-2 is adopted. Vectors/generators 𝑎⃗௜ = ൫𝑥ଵ௜, 𝑥ଶ௜,   𝑥ଷ௜, 𝑖 = 1 … 6൯ 
themselves may be considered as the vertices of the graph. Vectors are “acquainted” each with 
another and they are connected with the red link, when Eq. 1 takes place, and vectors are “not 
acquainted” each with another, and they are connected with the green link, when Eq. 2 is true. The 
aforementioned procedure gives rise to the complete, bi-colored, Ramsey graph. Consider that the 
scalar product of vectors is independent of the system of coordinates; thus, the suggested coloring 
procedure defined by Eqs. 1-2 is invariant relatively to rotation of frames. 

Let us illustrate the introduced procedure with Figure 2, demonstrating two vectors 𝑎⃗ଵ and 𝑎⃗ଶ, 
belonging to the same plane. Sketch A depicts the situation, where points “1” and “2” are connected 
with the red link, i.e., (𝑎⃗௜ ∙ 𝑎⃗௝) = 𝑒௜௝ ≥ 0 takes place; whereas, sketch B depicts the situation, where 
points “1” and “2” are connected with the green link, i.e., (𝑎⃗௜ ∙ 𝑎⃗௝) = 𝑒௜௝ < 0 takes place 

 
   A        B   

Figure 2. The coloring procedure is illustrated. Vectors 𝑎⃗ଵ and 𝑎⃗ଶ, belong to the same plane. A. (𝑎⃗ଵ ∙𝑎⃗ଶ) = 𝑒ଵଶ ൐ 0. Points “1” and “2” are connected with the red link. B. (𝑎⃗ଵ ∙ 𝑎⃗ଶ) = 𝑒ଵଶ < 0. Points “1” 
and “2” are connected with the green link. 
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The aforementioned mathematical procedure gives rise to the bi-colored, complete, Ramsey 
graph, such as that depicted in Figure 3, supplied as an example. 

 
Figure 3. Bi-colored, complete graph generated by the vectors 𝑎⃗௜, 𝑖 = (1 … 6), and colored according 
to the Eqs. 1-2 is depicted. Vectors 𝑎⃗௜, 𝑖 = (1 … 6) are the vertices of the graph. The coloring of the 
edges is carried out as follows: 𝑒ହ଺, 𝑒ଵ଺, 𝑒ଵଶ, 𝑒ଶଷ, 𝑒ଶ଺, 𝑒ଵଷ, 𝑒ଷ଺, 𝑒ଶହ, 𝑒ଶ଺, 𝑒ଵଷ, 𝑒ଵସ, 𝑒ଵହ ≥ 0 is true (see 
Eq. 1). 𝑒ଷସ, 𝑒ଷହ, 𝑒ସହ < 0 is true (see Eq. 2). 

According to the Ramsey theorem, this graph should necessarily contain at least one 
monochromatic (mono-colored triangle); due to the: 𝑅(3,3) = 6. Indeed, we recognize in Figure 3 the 
green subgraph, labeled “345”; whereas, the triangles “123”, “124”,”125”, “126”, ”136”, “146”, ”156”, 
“236”, “246” and “256” are monochromatic red ones. 

It should be emphasized that the introduced procedures of coloring, defined by Eqs. 1-2 are not 
transitive. In other words, if: (𝑎⃗௜ ∙ 𝑎⃗௝) ≥ 0 and (𝑎⃗௝ ∙ 𝑎⃗௞) ≥ 0 is assumed, it is not necessarily that: (𝑎⃗௜ ∙ 𝑎⃗௞) ≥ 0. Let us illustrate this. Consider the planar system of vectors 𝑎⃗ଵ, 𝑎⃗ଶ, 𝑎⃗ଷ, depicted in Figure 
4. Angles 𝛼ଵଶ, 𝛼ଶଷ and 𝛼ଵଷ are shown in Figure 4. We adopt 𝛼ଵଶ < గଶ , 𝛼ଶଷ < గଶ, however 𝛼ଵଶ ൅ 𝛼ଶଷ =𝛼ଵଷ ൐ గଶ. Thus, (𝑎⃗ଵ ∙ 𝑎⃗ଶ) ൐ 0 and (𝑎⃗ଶ ∙ 𝑎⃗ଷ) ൐ 0 takes place. However, (𝑎⃗ଵ ∙ 𝑎⃗ଷ) < 0 is true (see Figure 
4). Thus, the introduced procedure of coloring of the graph edges is not transitive. The green-colored 
relation between the vectors/generators is also non-transitive; namely, if: (𝑎⃗௜ ∙ 𝑎⃗௝) < 0  and (𝑎⃗௝ ∙𝑎⃗௞) < 0 is assumed, it is not necessarily that: (𝑎⃗௜ ∙ 𝑎⃗௞) < 0. This is important, due to the fact that the 
transitive Ramsey numbers are different from the non-transitive ones [8,9]. 

 
Figure 4. Triad of planar vectors 𝑎⃗ଵ, 𝑎⃗ଶ, 𝑎⃗ଷ is depicted. It is adopted: 𝛼ଵଶ < గଶ , 𝛼ଶଷ < గଶ, however 𝛼ଵଶ ൅𝛼ଶଷ = 𝛼ଵଷ ൐ గଶ. Thus, (𝑎⃗ଵ ∙ 𝑎⃗ଶ) ൐ 0 and (𝑎⃗ଶ ∙ 𝑎⃗ଷ) ൐ 0 takes place. However, (𝑎⃗ଵ ∙ 𝑎⃗ଷ) < 0 is true. The 
procedure of coloring of links defined by Eq. 1 is non-transitive. 

It is also should be stressed, that only directions of the generating vectors are important; the 
generating vectors may be considered as the unit ones. We finally come to following theorem. 
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Theorem: Consider set of the six vectors 𝑎⃗௜ = ൫𝑥ଵ௜, 𝑥ଶ௜,   𝑥ଷ௜, 𝑖 = 1 … 6൯  defined on 𝑹ଷ. Vectors 
are taken as the vertices of the graph. Vertices are connected with the red link, if: (𝑎⃗௜ ∙ 𝑎⃗௝) = 𝑥ଵ௜𝑥ଵ௝ ൅𝑥ଶ௜𝑥ଶ௝ ൅ 𝑥ଷ௜𝑥ଷ௝ ≥ 0 takes place, and they are connected with the green link if:   (𝑎⃗௜ ∙ 𝑎⃗௝) < 0. The 
graph contains at least one monochromatic triangle. 

3. Ramsey Graph Generated by the Ring-Like Systems of Generating Vectors 

It will be instructive to demonstrate the introduced procedure of formation of bi-colored graphs 
with the ring-like system of generating vectors depicted in Figure 5A. Five generating vectors 𝑎⃗௜, 𝑖 =1 … 5 form pentagon. In this specific case, Eq. 5 is true: ∑ 𝑎⃗௜ = 0ହ௜ୀଵ   (5)

The bi-colored graph generated by the vectors 𝑎⃗௜, 𝑖 = 1 … 5 according to Eqs. 1-2 is shown in Figure 
5B. The coloring of the graph follows Eqs. 1-2. Five generating vectors 𝑎⃗௜, 𝑖 = 1 … 5 serve as the 
vertices of the Ramsey graph. 

Complete bi-colored graph shown in Figure 5B does not contain any mono-colored triangle. 
Indeed, the Ramsey number 𝑅(3,3) = 6. 

 
Figure 5. Ramsey complete bi-colored graph emerging from the system of five generating vectors 
forming pentagon. A. 𝑎⃗ଵ … 𝑎⃗ହ  generating vectors are depicted. B. Complete bi-colored graph 
emerging from the system of generating vectors 𝑎⃗ଵ … 𝑎⃗ହ. Eqs. 1-2 establish the green-red coloring of 
the graph. No monochromatic triangle is recognized. 

Now, consider the complete bi-colored graph generated by the ring-like system of six vectors 𝑎⃗௜, 𝑖 = 1 … 6  forming hexagon, shown in Figure 6A. The bi-colored, complete Ramsey graph 
generated by the vectors 𝑎⃗௜, 𝑖 = 1 … 6 according to Eqs. 1-2, is shown in Figure 6B. Again, ∑ 𝑎⃗௜ = 0଺௜ୀଵ  
is true. 

According to the Ramsey Theorem 𝑅(3,3) = 6; this guarantees presence of at least one mono-
colored triangle in the graph, presented in Figure 6B. Indeed, triangles “135” and “246” appearing in 
Figure 6B are green ones. 

The suggested procedure is easily generalized for an arbitrary number of generating vectors. 
However, calculation of the large Ramsey numbers remains an unsolved problem. 
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Figure 6. Ramsey complete bi-colored graph emerging from the system of six generating vectors 
forming hexagon. A. 𝑎⃗ଵ … 𝑎⃗ହ generating vectors, forming a ring are depicted. B. Complete bi-colored 
graph emerging from the system of generating vectors 𝑎⃗ଵ … 𝑎⃗଺.  Eqs. 1-2 establish the green-red 
coloring of the graph. Triangles “135” and “246” are monochromatic. 

4. Discussion and Applications 

The procedure enabling converting of the system of vectors into the bi-colored, complete graph 
is suggested. The vectors serve as the vertices of the graph. The dual relations between vectors are 
prescribed by the sign of their scalar product. The suggested coloring procedure defined by Eqs. 1-2 
is invariant relatively to rotation of frames. The suggested procedure is applicable for a broad 
diversity of vector fields. The vectors may represent, for example, velocities or accelerations of the 
moving particles. Thus, the Ramsey theory imposes non-obvious restrictions on the orientation of 
these vectors, demanding appearance of mono-colored structures within the graphs generated by the 
vectors. 
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