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Abstract

Generalized Age-Period-Cohort (GAPC) models are mortality models incorporates stochasticity
which can be represented in generalized linear or non-linear context. By fitting the data to either
mortality model, one can make forecasts for the future under the extrapolation framework. Previous
research indicates that the machine learning techniques can be applied to improve forecasting ability
of such mortality models using different training/testing time periods. However, there is no
consensus about generalizing this phenomenon on the improvement of fitted/forecasted mortality
rates without depending on particular mortality model or models’ training/testing period. The idea
in this study is to re-estimate the mortality rates obtained from each mortality models by applying
tree-based machine learning methods within a procedure that creates suitable environment for
integrating machine learning models for each GAPC models. This study shows that if the proper
procedure is applied, the forecasting ability of each mortality model can be improved.

Keywords: GAPC; machine learning; tree-based algorithms; mortality forecasting; stochastic
mortality models

1. Introduction

Mortality rates form an important variable of actuarial calculations surrounding the valuation
and pricing in life insurance. An actuary uses this parameter in modelling for annuity products where
the resulting output is extremely delicate to this particular input. When building the models,
stochastic processes are overlaid around the deterministic output to capture the range of expected
lifetime uncertainty, and this hybrid output subsequently feeds into both internal economic-capital
calculations and the capital frameworks prescribed by regulators [1]. It is crucial that under/over-
estimated premiums may cause companies even bankrupt.

Forecasting mortality rates using mortality laws does not provide uncertainty regarding to the
advances in mortality, since these models do not include any time component. Ultimately, the lack
of an information on future mortality improvement may result in a faulty valuation of life insurance
products. In addition, according to the Solvency II Framework Directive, a minimum amount of
solvency capital should be maintained to prevent ruin [2]. The capital is associated with the risk of
future mortality being significantly different to that implied by life expectancy and thus should be
projected stochastically. Therefore, the necessity of stochastic mortality models to quantify the
mechanism of mortality progress over the upcoming years and the uncertainty in the forecasts is
crucial [3].

Making accurate forecasts of mortality pattern can inform not only demographers, but also
researchers, governments and insurance companies about the future population size and longevity.
Stochastic mortality modeling has become a pivotal area in current actuarial science and
demography, offering valuable tools to predict mortality rates and to understand the complex trends
and features behind human longevity. The ultimate goal of such models is to provide a more precise
forecast of future mortality rates, for the purpose of allowing a better management of living more
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than expected of an individual. This exercise is crucial in the context of a number of applications,
including the accurate pricing of insurance policies, construction plans of pension schemes, decision
making of social security policies, and risk management in financial firms.

The Lee-Carter (LC) [4] model, presented by Ronald Lee and Lawrence Carter in 1992, can be
considered as leading among them which has become a benchmark model in mortality forecasting.
Together with the original model it's extensions also have been used by academics, private sector
practitioners and several statistics institutes for nearly three decades [5]. The LC model was earliest
model taking the increased life expectancy trends into account which is related to the mortality
improvement through time and has been used for forecasts of the United States social security system
and federal budget [6,7]. In their paper [4], Lee and Carter introduced a stochastic method established
on age-specific and time-varying components to capture and forecast the age specific death rates of
the US population. Despite its simplicity, the LC model has demonstrated excellent results for fitting
mortality for several countries.

Building on this work, several important extensions have been implemented to address Lee-
Carter model’s limitations and enhance the predictive power. To handle the fundamental assumption
of homoscedasticity of errors, Brouhns et al. [8] used LC model in an embedded Poisson regression
framework. The Renshaw-Haberman (RH) [9] improved the LC model accuracy by capturing unique
mortality experience influenced by the birth year (cohort) of individuals. Another model is the
generalized form of the RH model that is so called age-period-cohort (APC) model, first introduced
by Hobcraft et al. [10] and Osmond [11] which became visible in the demographic and actuarial
literature by Currie [12]. A popular competitor of LC, a stochastic model to appear was the Cairns-
Blake-Dowd (CBD) model [13]. Unlike the logarithmic transformation in the LC model, the CBD
model applies a logit transformation to the probability of death, which is captured as linear or
quadratic function of age which is also called M7 with an additional cohort effect [14]. Plat [15]
combines LC and CBD models to explain the entire age range. The models mentioned above can be
classified as Generalized-Age-Period-Cohort (GAPC) models that can be written in generalized
linear/non-linear model (glm/gnm) setting [16]. In mortality modeling, glms/gnms are particularly
useful for modeling mortality rates as a function of diverse explanatory variables such as age, sex,
and cohort. Popular choices for the distribution of the outcome variable within glms include the
binomial distribution for binary outcomes (e.g., survival vs. death) and the Poisson distribution for
count data (e.g., number of deaths). The reason of choosing these mortality models is these models
represent the vast majority of the stochastic mortality models together being a member of GAPC
family [17,18]. For an extended overview, we refer Hunt and Blake [19], Haberman and Renshaw
[20], Booth and Tickle [21], Pitacco et al. [22], Dowd et al. [23], Zamzuri and Hui [24] and Redzwan
and Ramli [25]. The framework of GAPC model is detailly explained in the next section.

Recently, actuarial and demographic research have begun benefit from artificial intelligence,
specifically machine learning. Humans and animals, learn from experience, that’s precisely what
machine learning methods do, they copy that concept while teaching computers how to use
historical data. These teaching methods are the algorithms those provide to learn the information
from data which do not need any predetermined equations as a model [26]. Machine learning
methods can be advantageous and learn from computations to make reliable and repeatable
decisions and outcomes. It is a science not new, but newly invigorated. Stochastic mortality models,
provide a parsimonious mechanism to capture systematic patterns in mortality through the scope of
the features they contain. A prominent feature of age-period-cohort mortality models is the enforced
smoothness and, as an extension, symmetry across age and over time to achieve model
interpretability and tractability. However, mortuary dynamics in the real world are often
asymmetrical in nature, based on heterogeneous shocks (i.e. pandemics, medical innovation, or
region-specific health care reforms) and the nonlinear kinds of interactions that these models may
not encapsulate [21]. Tree based machine learning techniques, represent an alternative approach since
they are able to flexibly detect local deviations, non-monocities, and symmetry-breaking effects in
mortality data [27].
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To be able to model the mortality rates (i.e. age specific death rates) at population level which is
a numeric outcome, age, period, cohort and gender can be used as features. When there is a response
variable (mortality rate) and features as mentioned, the problem can be addressed as a regression
which can be used to uncover the underlying pattern of mortality. When it comes to forecasting,
mortality models can still produce poor forecasts of mortality rates while fitting almost perfect on
training data. Previous research focused on improving mortality rates under this framework and
obtained promising results. In addition to the traditional perspective, tree-based algorithms also can
be used for regression. When the data has several attributes and the target value is numerical, then
using tree-based algorithms for regression is suitable. From this point of view, in this study,
supervised learning methods: decision trees (DC), random forest (RF), gradient boosting (GB) and
extreme gradient boosting (XGB) which are all tree-based algorithms are used, to re-estimate the age-
specific death rates obtained from the generalized age-period-cohort mortality models.

Machine learning has been increasingly used in major fields in science but the demography does
not come first. Probably the main reason is researchers find it difficult to interpret the results since
machine learning had been still believed as a “black box” [28]. This belief has come to end when
Deprez et al. [29] showed that using mortality models can produce improved results together with
the machine learning techniques. Deprez et. al. [29] used tree-based machine learning methods in a
novel approach and encouraged researchers pondering more about machine learning along with
demography. The work was based on improving the stochastic mortality model’s both fitting and
forecasting ability by re-estimating the mortality rates using the features age, calendar year, gender
and cohort with the help of machine learning techniques. Soon after, Levantesi and Pizzorusso [28]
presented a new approach based on the same idea in Deprez et. al. [29] and used three mortality
models to re-estimate the mortality rates obtained from the models. For forecasting the mortality
rates, they treated the ratio of the observed and modeled number of deaths as mortality rates and
used the same procedure of a mortality model. Staying within the context of improving mortality
models” accuracy using tree-based model, the research has gained momentum. Levantesi and Nigri
[30] improved the Lee-Carter predictive accuracy by using random forest and p-splines methods.
Bjerre [31] used tree-based methods to improve mortality rates using multi population data.
Gyamerah et al. [32] developed a hybrid LC+ML (machine learning) model where the Lee—Carter
time index is forecast using a stack of learners. Qiao et al. [33] applied a complex boosting/ensemble
framework to long-term mortality. Across many countries, their method roughly halved the 20-year-
forecast mean absolute percentage error compared to classic models. Finally, Levantesi et al. [34],
used contrast trees as a diagnostic tool to identify the regions where the model gives higher error and
used Friedman’s [35] boosting technique to improve the mortality model accuracy.

However, the research based on the idea of improving fitting and/or forecasting ability of a
mortality model using machine learning techniques heavily depend on the pre-determined fitting
and testing periods. Changing these periods mostly results in producing more errors than the original
mortality model does. But then, focusing on the improving of fitting ability to rely on making better
forecasts of mortality rates may not always a good idea especially when the historical mortality
pattern that fitted to the model is not fully representative of the mortality pattern. The idea behind
the out-of-sample tests helps solving this problem by determining model performance on unseen
data with providing unbiased evaluation of how well the model can predict the future. From this
point of view, in this study, we aimed to improve the forecasting ability of any mortality model using
tree-based machine learning models by focusing on the out-of-sample testing. To be able to do it, we
create a trade-off interval which allow the machine learning integrated model to give better
forecasted mortality rates as an output without compromising the fitting quality of the re-estimated
mortality rates over the fitting period at the same time. By doing so, using the procedure proposed
in this study will enable to improve the mortality rates obtained from any mortality model. With this
study, one can see the improved rates on the out-of-sample data without abandoning fitting period
of the related mortality model.
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The paper is organized as follows: in section 2, we briefly explain the GAPC models and the
details of how to improve the forecasting ability of these mortality models. In the next section, we
outline the four tree-based machine learning models in a regression setting. In section 4, we propose
the procedure step by step and an application is illustrated. Finally, the discussion part is given.

2. Generalized Age-Period-Cohort Models
2.1. Data and Notation

The human mortality and population data at the population level often found in death counts
and the exposure to risk (i.e. exposure) covering the ages x;,...,x, and the calendar year ¢;...,t,
shown as classical demographic and actuarial notation. The exposure to risk is measured by the
person years lived, means that the contribution of an individual to the life line in terms of time. When
the exposure is not available, the mid-year population is a good approximation. Stochastic mortality
models transform the mortality rates by accounting at several combinations of the terms: age, period
and cohort. These mortality rates are the observed series of either age specific death rates; m,, or
the probabilities of death; q, .. However, the process underlying the mortality itself is continuous in
nature, thus first, we need to make the transition from continuous state to the discrete one to be able
to perform the mortality analysis. In a continuous state, the force of mortality p,, shows the
instantaneous death rate between t and dt where dt is really small. A single assumption of 0 <s, u <
1, Wytut+s = Hye implies the force of mortality remains constant over each age and calendar year.
This assumption results in two important equation:

I My = Wye

(1)
2. q=1l—eMt=1—¢ Mt

2)

Let the number of deaths D,, and the exposure to risk E,,. Here E,, is separated as Ej,
(central exposed to risk) and E?, (initial exposed to risk). m,, which is also called central mortality
rate can be easily calculated by dividing D,, to the Ey,, while the q,, which is also called initial
mortality rate is calculated the same number of deaths divided by E;.. When its absence, initial
exposed to risk is approximated by adding the half of the death counts to the central exposed to risk.
For practical purposes, the Figure 1 and Figure 2 below show the observed available mortality data
for female population of Denmark.

Deaths Exposures

40
900
30000
20000
10000
. et Tier T B
20 0 o 7u a

|||‘kih

ge

110

Figure 1. Death counts (left) and exposure to risk (right) by ages for female population of Denmark in 2024.
Source: Authors own elaborations using Human Mortality Database [36].
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Figure 2. Evolution of age specific death rates on log;, scale between the years 1950-2024 for female population

of Denmark. Source: Authors own elaborations using Human Mortality Database [36].

The Figure 2, clearly represents the mortality rates reduction over years at almost each age. This
phenomenon usually results in increasing life expectancy of the population over the years.

2.2. Age-Period-Cohort Structure

Generalized age-period-cohort model is a model capable of representing the response variable,
a function of any mortality index, using linear or bilinear predictor structure of the features of age,
period and cohort for a population [19]. GAPC models provide a powerful, flexible framework for
mortality modeling by systematically incorporating these features effect. Their main advantage lies
in significantly enhancing the reliability of parameter estimation and contributing to more robust
mortality forecasting.

Hunt and Blake [19] discussed the vast majority of the stochastic mortality models are an
expression of an age-period-cohort model. Currie [16] showed the form of generalized linear or non-
linear model with the components:

i i 0
Nyt = Oy + Z?]:l .BJlCK{“ + .B;E )yt—x (3)

L ) L )\ )
Y Y Y

Age Period Cohort

N, presents the link function of the response variable to the predictor structure. a, is the static
age function, represents the general shape of mortality across the age range and fixed over the time
period. Blik! is a set of age/period term where k| states the trend of mortality over time and SL
denotes the pattern of mortality change across the ages. y,_, determines the effect of the cohorts
through their lifetime and /)’,EO) is the coefficient that modifies the y,_, [19].

If we treat the D,, as random variables, the assumption can be made as: number of deaths
follow either Poisson or Binomial distribution;

D, ~ Poisson (E{ my,) or Dy, ~ Binomial (Eq)

Nt =9 (E (%)) 4)

It is worth mentioning that there can be several link functions available, however it is convenient

Then the link function is shown;

to use canonical link and pair the Poisson distributions with the log link function and the Binomial
distributions with the logit link function (see, Villegas et al. [17], Currie [16], McCullagh and Nelder
[37]).
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The mortality models that can be expressed in glm/gnm form are available to be fitted to the
data by using the StMoMo package in R [17,38]. In this study, tree-based algorithms are applied to
each model included in the package StMoMo. These mortality models can be summarized into 3
groups: Lee-Carter [4] and its extensions, Cairns-Blake-Dowd (CBD) [13] and its extensions and Plat
model [15] which is a hybridized version of classical age-period-cohort [12], LC [4] and CBD [13].
Table 1, shows the formal structure of the stochastic mortality models included in StMoMo.

Table 1. Structure of the stochastic mortality models.

Mortality Model Short Definition Structure

Static age function,
Lee-Carter (LC) an age-period term, In(mye) = e + Prke
no cohort effect.
Renshaw-Haberman = Generalizes LC by
: In(my,) = aee + Brke + Vex
(RH) adding cohort effect.

Basic form of age-

Age-Period-Cohort

(APO) period-cohort n(Myr) = Qer + Ke + Ve

models.
Two age-period

Cairns-Blake-Dowd terms, no static age
logit(qy.) = Kkt + (x — X)K?

(CBD) function, no cohort
effect.
CBD with quadratic
M7 age effect and a logit(qy,) = Kt + (x — ©)kZ + [(x — %)% — 02]K} + Vi—x

cohort effect.

. Hybrid version of LC In(my) = age + Kkf + (X — 0K + (X — ) K + ¥y
Plat
and CBD. where, (¥ —x)* = max (0,% — x)

Since CBD and M7 models’ response variable is q,,, the transformation is done to m,, using
the equation 2. In addition to that, forecasting of mortality rates using mortality models is done using
“auto.arima” function in R which selects the best Autoregressive Integrated Moving Averages
(ARIMA) process of each index.

3. Tree-Based Machine Learning Models

Tree-based models have long been known as fundamental and successful class of machine
learning algorithms. These models make predictions by applying a hierarchical, tree structure to the
observations that is a unique take on solving problems whether they are classification (predicting
categorical values) or regression (predicting numerical values). When it comes to prediction using
tree-based methodologies, one basically generates a sequence of if-then rules from an initial root node
(at the top) through a sequence of internal decision nodes and finalize in a terminal leaf node. To
build this tree-like structure, a set of splitting rules are applied to divide the feature space into smaller
groups until the stopping criteria is met. Stopping criteria is based on adjusting the hyperparameters
which are non-learnable parameters (i.e. maximum depth of a tree, minimum samples in a node, etc.)
that are defined prior to the commencement of the learning process. They serve to control various
aspects of the learning algorithm and can significantly influence the model's performance and
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behavior. The careful tuning of these hyperparameters is paramount for achieving improved model
performance and, critically, for mitigating the risk of overfitting.

Tree-based models are non-parametric supervised learning algorithms, known as being
incredibly flexible for a variety of predictive tasks. These models' innate ability to capture complex
patterns and non-linear interactions in complex datasets is a major advantage over conventional
linear models. They are especially effective in real-world applications where relationships between
variables are rarely purely linear, in contrast to linear models, which presume a direct, linear
relationship between features and outcomes. This ability is useful to use when the mortality itself is
considered a non-linear process.

In this study we used four popular types of tree-based algorithms which is believed to reflect
the majority of the methods shows a tree structure and we can briefly classify them as [39]:

1. Decision tree model, the substructure of tree-based models,

2. Random forest model, “ensemble” method constructs more than one decision tree,

3. Gradient boosting model, “ensemble” method constructs decision trees sequentially,

4. Extreme gradient boosting model, “ensemble” method constructs decision trees in parallel.

In this study, since the response variable is continuous, the tree-based methods are studied in a
regression framework.

3.1. Decision Trees

Decision Trees (DT), first introduced by Brieman et al. [40], serve as the foundational element
for all tree-based models. Understanding their specific application in regression provides crucial
context for the more complex ensemble methods.

To build a decision tree, an information must be defined for splitting the data. For discrete
variables, popular choices would be the Gini information or entropy, however when the response
variable is continuous, an error-based information is needed. Let S represents total squared errors of
the tree T, [41] showed that;

S= Zceleaves(T) Yiec(x; — fc)z (5)
Final prediction is;

fe= niCZieri (6)

The splitting process is stopped by minimizing S with predefined hyperparameters, and the final
predictions in each leaf are obtained.

3.2. Random Forest

In 2001, Breiman [42] introduced a powerful tree-based algorithm called Random Forest (RF). In
random forest, a bootstrap sample of the data, or n observations chosen with replacement from the
initial n rows, is used to calculate each tree. This method is known as "bagging" which is derived
from "bootstrap aggregating” [43]. Predictions are found by pooling the predictions of all trees, means
majority voting for classification problems and averaging of the predictions from all trees for
regression problems.

The progression from single decision trees to ensemble methods like random forests is more
than an incremental improvement in accuracy; it represents a fundamental shift in how the bias-
variance trade-off is addressed. Single decision trees, by their nature, tend to be high-variance, low-
bias models, meaning they can fit the training data very closely but are sensitive to small variations
in that data, leading to poor generalization. Bagging, as implemented in random forests, primarily
reduces variance by averaging the predictions of multiple independently trained trees, thereby
mitigating the overfitting tendency of individual trees.
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1 c
frr = T_CZiT=1,ec Vi 7)

Final predictions are simply the averages of each prediction of the individual trees.

3.3. Gradient Boosting

Gradient Boosting (GB) algorithm makes accurate predictions with the combination of many
decision trees in a single model. It is an algorithmic predictive modeling invented by Friedman [44],
that learns from errors to build up predictive strength. Unlike random forest, gradient boosting
combines several weak models of prediction into a single ensemble to improve accuracy. Typically,
gradient boosting uses decision trees, in an ensemble and are trained sequentially with the idea of
minimizing errors [45].

The algorithm fits a decision tree to the residuals of initial model. In this instance “fitting a tree
based on the current residuals” means that we are fitting a tree, with the residuals as response values
rather than the original outcome. This fitted tree now becomes a part of the fitted function and the
residuals are updated. By doing so, f is being improved bit by bit in the regions in which is not
performing good. The shrinkage parameter A also slows down the process, leading to more and
differently shaped trees applied to the residuals. In general, slow learners lead to a better overall
performance [46,47].

Final predictions are shown as;

fop(x) = fin-1(x) + A Ty (x) (8)

where 1 is learning rate, M represents total number of trees, Ty (x) stands for m. regression tree
output. Each Ty (x) is trained on the residuals 7y, that is shown as;

__o _
0 fm-1(xp)

Tim =

Vi = fn-1(x) 9)

where L is the loss function aimed to minimize.

3.4. Extreme Gradient Boosting

Extreme gradient boosting (XGB) method developed by Chen and Guestrin [48], is an improved
implementation of GB basically with the same framework that combines weak learner trees into
strong learning by adjusting the residuals. Unlike gradient boosting method, the trees grown in
parallel, not sequentially. Also, extreme gradient boosting method has built-in regularization to
prevent overfitting by penalizing model complexity.

Final predictions are estimated similarly but with a more regularized objective function [49];

fres(®) = T fi(x) (10)

with trying to the minimize the function:

L(®) = X l(fxes (), f (X)) + T 2(fi) (11)

Here [ is a differentiable loss function quantifies gap between estimated and response values
where Q(f,) = yT +% Allw]|? [49,50]. In this formula w shows the score on the leaves, T; the

number of leaves in a tree, y; cost of adding a leaf and A; the regularization term on leaf weights.
4. ML Integrated Model Development

4.1. Improving the Accuracy of a GAPC Model

The idea on improving mortality models’ accuracy based on approximating the mortality rates
of the final model to the observed ones. If the total error, which is the difference between modeled
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and observed rates, is reduced, then the proposed model would have improved the original mortality
model.

In practice, first the data is fit to each mortality model. Then the number of deaths at age x and
year t is able to be extracted from the model (d ). Here, “mdl” indicates the mortality model in
use. Similarly, when m, of the model is re-estimated using machine learning methods, then the
mortality rate is written as m,,™¥*M- . According to the Deprez et. al. [29] and Levantesi and
Pizzorusso [28], improved mortality rates can be estimated as:

mx,tmdl'ML = 1px,l.“mg”‘ML . mx,tmdl (12)

Here 1, ™" is a ratio between the estimated and the observed death counts. Consider a

coefficient ., that can be multiplied with the number of deaths and rewrite the equation;

madl
Dx,t - lpx,t dx,t
— madl
where ¥, = 1; dy, = mx.tmdl Eve (13)

With a perfect model, the coefficient {,,, would be equal to 1. However, in the real world, there
is no model that fits perfectly to any mortality data. Even, that model exists, it would be useless for
forecasting since it lacks of generalizing the mortality pattern and overfits the presented data.
Therefore, the idea behind improving the accuracy of a mortality model is to calibrate the coefficient
Y, by applying the tree-based algorithms under a regression framework with given features. We

can illustrate the model as follow;

Dy¢
mdl
dye

~ gender + age + year + cohort

Here, the % = |, is found as a solution of the equation above by using four types of tree-
x,t

based algorithms. After estimating ™" for each age and year using the machine learning
algorithms, it is applied to the mortality rates obtained from the GAPC models to get the improved
mortality rates.

4.2. Evaluating the Forecasting Performance of a Model

While practicing the machine learning techniques, data is split into train and test parts to make
a particular model being fit to the data and see how it performs on the data. In-sample test use the
same data for evaluating the model and measure how well it fits. However, this type of test lack of
generalizing and accommodates risk of overfitting. Out-of-sample test on the other hand, do not use
a part of the data in the training process. In addition to these kinds of tests, hold-out test is a type of
out-of-sample test which uses separate unseen data used only once at the end for understanding the
performance of the model which is reasonably unbiased estimate.

The practice in this study is a combination of out-of-sample tests qualifying the forecasting
accuracy on unseen data. But the forecasting evaluation is based on mortality rates which is not used
in machine learning process. s, is the only variable calibrated in a regression framework with tree-
based methods and multiplied with the mortality rates of the mortality models. These results are then
compared with the observed mortality rates. While k-fold cross-validation is used for calibration of
Y+, hold-out test is used for qualifying the forecasting accuracy of tree-based integrated model.

To assess the goodness of fit and forecast of the GAPC and the tree-based improved models,
Root Mean Squared Error (RMSE) is used. RMSE is extensively exercised in regression problems as a
loss function and in model evaluation, because of its very intuitive interpretation. The RMSE is

’Z?=1(5/j_yi)2 (14)

where ¥; are predicted, y; are observed and n is the number of observations.

calculated as follows;
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5. A Procedure for Improving the Forecasting Ability

The procedure means applying all methods sequentially to get the results without the need of
human interaction. Briefly; after fitting a GAPC model to the data and obtain the mortality rates,
sz,tmdl is calculated. Then mortality model specific l/lx_tML is estimated using tree-based model for
both training and hold-out testing period with all possible set of hyperparameters. By multiplying
the forecasted (estimated over the hold-out testing period) ¥, "/°" with m, ™4/°" which is the
mortality rates forecasted using mortality model, machine learning integrated mortality rates
(M MEMLIOTY can easily be estimated. After that, for each hyperparameter set, the RMSE of ML
integrated mortality rates against observed ones are calculated and lower than the RMSE of mortality
models are chosen. For eliminating the randomness of the success of this process, the set of
hyperparameters use to calibrate the 1,,™* and give the lower RMSE on the testing period, are
checked if they give lower RMSE on the training period as well. Thus, a trade-off interval is created
for lowering the error of original mortality model on both periods. The step-by-step explanation and
the graphical representation are given below.

The Procedure

Reserve a hold-out testing period,

Fit a mortality model to the training data,

Extract fitted mortality rates,

Calculate ¥ for each age and year,

Forecast with same mortality model over the testing period,

Extract forecasted mortality rates and calculate model RMSE,

Calibrate Y with tree-based methods;

Determine lower & upper limits of hyperparameters,

Extract re-estimated M-/ series calculated with different set of hyperparameters,

Obtain each YME/°T series using tree-based methods,
mdlML,for

O 0T RPN LD

Calculate each series of m,, over the testing period,
. Identify the pML/oTIoW serjes that give less RMSE for testing period,
. Find yMLT series used to forecast PM-/omW and calculate m, ,™*MLSit gver training period,

_ = =
N R O

. Search for YMLSitoW series that also give less RMSE for training period,

—_
V)

. Repeat the steps for each mortality model.

By following through the steps, series of improved mortality rates for both training and testing
periods will be estimated. Under these circumstances, machine learning techniques can improve the
mortality models’ forecasting accuracy without relying on the fixed fitting or testing period. At the
end, researcher can make robust and reliable forecasts about future mortality.

The Figure 3, represents the steps in a clear way, make the whole procedure more visible.
Additionally, it is important to remember that these values are based on mortality rates either
calculated by mortality models or those multiplied with the psi which is calibrated with tree-based
models. Mortality rates themselves are not subject to any machine learning process. With the help of
this flexible approach, researcher can adjust training and testing period of the preferred mortality
model and make improved forecast of future mortality.
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Procedure Map

Train Test

® e . !
Stan Fit the datato a Forecast with that
mortality model mortality model
Calculate g Extract m,, ™ Calculate RMSE™  Extract m,,™"

N

ML, fit ML,for
) s 22— forecastyp"" -~
Calibrate p - yM-ft ¥ i

/

mdI,ML,for ML, for mdl,for

Calculate m, = Mo
Calculate m,, "Mt = phiait it l
/ Calculate RMSE™ M-
Calculate RMSEde,ML /
Keep if
Keep ,/If,/a RMSE™ML « RMSE™! LPML'for'IOW [ RMSE™ML <« RMSE™!
q)ML.fit,low

End

Figure 3. Graphical illustration of the procedure. Source: Created by the authors using Canva. Calculations on
the left side of the graph are based on training period while those on the right side are based on testing period.
RMSE values are calculated against observed values of mortality rates. At the end, steps should be repeated for

the other mortality models and results should be compared.

An application is performed for practical representation; the Figure 4, shows only ML integrated
model RMSEs by hyperparameter set that is less than pure mortality model’s RMSEs for both periods
(figures of the other models are presented in the Appendix A.1.). The procedure finds lower error for
testing period first, then obtains the lower errors for training period using same hyperparameter sets
against the pure mortality model. As can be seen from the Figure 4, the hyperparameter set that gives
the lowest error during the test period may not always be the hyperparameter set that gives the
lowest error during the training period. In fact, it may even produce higher errors than the pure
mortality model. Therefore, while focusing on achieving lowest error during the testing period, it is
also necessary to find the set of hyperparameters that gives lower error than the pure mortality model
over the training period.
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Figure 4. RMSE values lower than the pure mortality model. Data: The ages 65-99 and the years 1960-2010 for
training and 2011-2020 for testing (hold-out) periods, female population of Denmark. Model: RF integrated CBD
model (hyperparameters and their limits are given in the Appendix A.2.). The RMSE of the CBD model is
0.010778 for test and 0.026751 for training period.

Table 2, shows minimum values of RMSE over the testing and training period for pure mortality
models and ML integrated models (male version of the table 2 is given in the Appendix B.1.). The
same data set used as for creating the Figure 4. As it can seen from the table, including all ML
integrated methods, using the same hyperparameter set that works best for testing period may
produce higher error for the training period while different hyperparameter set give less error over
the training period. At the same time, the error should not be higher than the pure mortality model’s
error. Although, the users notice this trade-off mechanism, choosing the best combination still be
confusing. Hence, we use Pareto [51] optimal method to find the dominant combination of
hyperparameter set. In many instances it is said there are conflicting objective functions and that
there exist Pareto optimal solutions. A susceptible solution is said to be nondominated if none of the
objective functions can take on a new value to improve its value without deteriorating some of the
other objective functions. These solutions are referred to as Pareto optimal. When no other preference
information is supplied, all Pareto optimal solutions are said to be equally good [52]. In this regard,
efficient frontier is constructed which shows the Pareto optimal values and connect them together.

Table 2. Minimum RMSE value of the testing period with corresponding® RMSE of the training period and
minimum RMSE value of the training period*.

Pure DT RF GB XGB

Min Min Min Min Min Min Min Min Min Min
Train Train Train Train
Test Train Test Train Test Train Test Train Test Train

LC 0.808 2134 | 0.761 1979 1222 | 0.763 1.131 0.820 | 0.766 1917 1.847 | 0.754 1.679 1.392
4 9 5 5 9 5 1 7 8 6 7 7 5 8
CB 1.077 2675 | 0904 1998 1415 | 1.020 1978 1.820 | 0977 2.073 1.866 | 1.007 1.789 1.457

D 8 2 8 9 5 1 4 B) 6 5 9 5 9 5
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AP | 1748 2427 | 1.309 2033 2033 | 1.015 1191 0845 | 1.041 1873 1.806 | 0970 1.353 1.353
c 8 3 5 8 8 2 1 2 1 0 1 1 7 7
RH | 1005 1999 | 1.000 1405 1405 | 0.810 1261 0850 | 0933 1847 1767 | 0768 1890 1.317
3 2 1 1 1 1 0 4 0 9 2 1 7 7
M7 | 2785 1987 | 2412 1924 1919 | 2445 1203 0848 | 2378 1795 1782 | 1985 1836 1.273
8 7 8 2 8 7 0 9 1 0 4 3 8 6
Pla | 2128 2037 | 1.843 1943 1927 | 1.902 1228 0845 | 1.868 1753 1753 | 1509 1906 1.245
t 6 9 0 2 7 9 1 4 6 6 6 2 4 4

*: Results are multiplied with 10? to make them fit the table. 'Train results show the value of the hyperparameter

set used over the training period which finds the minimum RMSE over the test period.

Figure 5, visualizes the Pareto optimal values of the hyperparameter set that gives lower error
over both training and testing periods (figures of the other models are presented in the Appendix
B.2.). The efficient frontier concept guides users in choosing the best balance of test and train errors.

RF-CBD Female

00108 [ ]

00108

areto
° P
00104 . ® Fase

L] ® TRUE
00103
* .
L]
3

o010z

Test

Figure 5. Efficient Frontier of hyperparameter sets. Model: RF integrated CBD model. Same data set used to in
Figure 4.

6. Discussion

Mortality forecasting does not have a long history in the demographic or actuarial literature.
Starting with Lee and Carter [4], mortality forecasting has been gaining momentum, with
comprehensive studies being conducted frequently. In recent years, researchers have focused their
attention on integrating advanced statistical methods into their studies related to the length of human
life. These studies show that when this growing interest is combined with demographic models, more
robust and consistent results emerge.

Data for each population has its own unique characteristics. Mortality models aim to explain the
mortality pattern and make accurate forecasts based on the historical data. In this context, machine
learning can help understand the non-linear nature of the mortality rates, which generally tend to
decline at almost every age each year. Declining pattern of mortality rates that results in increasing
life expectancy pose a significant risk to the sustainability of social security, elderly care and pension
systems which implies that we need more precise and robust forecasts of mortality.

This study presents a general procedure for improving the forecasting accuracy of mortality
models using most common tree-based machine learning methods, by creating a flexible
environment on the train/test data which is critical for measuring the goodness of fit/forecasting. This
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will enable researchers to choose the most suitable mortality model for population-specific mortality
data and perform best practices of forecasts for the future mortality.

This study focuses on facilitating the integration of mortality models into machine learning
methods within a general framework and to demonstrate that forecasting accuracy can be improved
under specified conditions, rather than taking advantage of analyzing specific periods that increase
forecasting accuracy. This study guides researchers in the right direction by offering a flexible
structure while choosing the test data, which is one of the most important factors in measuring the
quality of the model when using mortality models. We believe, researchers will enable to make more
accurate forecasts for the future.
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Appendix A
Appendix A.1. Test and Train RMSE of ML Integrated Models Below Pure Mortality Model’s RMSE in Use

The appendix A.1 includes figures of RMSE values lower than the pure mortality model in use
for both periods. Data: The ages 65-99 and the years 1960-2010 for training and 2011-2020 for testing
(hold-out) periods, female and male population of Denmark.
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Appendix A.2. Hyperparameter Set and Limits for Each ML Model

Below, hyperparameters limits are presented. The algorithm uses each combination within the
limits and estimates 1) series.

Table 3. Hyperparameter set of each model.

Extreme
Decision Tree Random Forest Gradient Boosting Gradient
Boosting
LC, CBD APC M7, All All All
RH Plat
cp 0.001 0.001 @ 0.01 0.001 mtry 1:4 shrinkage 0.01, nrounds 50,
0.05, 100,
0.1 150
minsplit = 1:10 1:10 1:10 1:5 num.trees = 50,100, n.trees 50, eta 0.01,
150,200 100, 0.05,
,300 150 0.1
maxdept = 1:30 1:10 1:10 1:30 min.node. 1.5 interaction.d 1,3,5 max_dept 1,3,5
h size epth h

minbuck = 1:20 1:10 1:10 10:40
et

Appendix B.1. Efficient Frontier of the Models
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Appendix B.2. Male Version of Table 2.

Table 4. Minimum RMSE value of the testing period with corresponding RMSE of the training period and

minimum RMSE value of the training period*. Data: Denmark male population, years between 1960:2010 (train),
2011:2020 (test), ages between 65:99.

Pure DT RF GB XGB
Test Train Min Train Min Min Train Min Min Train Min Min Train Min
Test Train Test Train Test Train Test Train
LC 2192 4043 2124 1812 1722 2097 2154 1505 2123 3.825 3327 2116 2881 2.190
2 8 4 7 5 7 3 2 3 6 4 7 5 7

. Distributed under a Creative Commons CC BY license.

doi:10.20944/preprints202508.1907.v1


https://doi.org/10.20944/preprints202508.1907.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 26 August 2025 d0i:10.20944/preprints202508.1907.v1

33 of 35

CB 2087 3764 2054 3501 2852 1963 1756 1469 2023 3477 3315 1887 3.666 2.299

AP | 2978 3923 2546 3.614 3.614 2302 1935 1431 2317 3349 3.186 2289 2095 2.095

RH | 2236 3.646 2232 3620 3273 2229 315 3.140 2225 3383 3315 2207 2823 2823

M7 | 2114 3.661 2097 3558 3374 2087 1912 1714 2086 3576 3361 2105 3542 2.825

0 4 3 2 2 8 2 6 8 6 5 1 1 6

Pla | 2327 3617 1978 3253 3181 2042 2221 1434 2152 3138 3138 1880 3254 1918
t 4 3 6 4 9 8 2 5 2 9 9 4 9 4

*: Results are multiplied with 10? to make them fit the table.

It is worth mentioning that these results are based on a single application carried out within a
limited year and age range in the possible state-space for data of a specific country. Our application
aimed to find the improved mortality rates using each tree-based algorithm in a reasonable short
amount of time. Users should carefully select the train-test data and specifically determine the
hyperparameter limits to avoid possible amount of time to obtain the results. Using additional
hyperparameter and extending the limits of the hyperparameters can substantially increase the
working time of the algorithms.
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