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Abstract

This paper addresses the inverse problem of temperature fields in both steady-state and transient
heat conduction scenarios. A comprehensive approach is proposed, integrating the optimization of
sparse sensor layouts with a data-driven reconstruction methodology, aiming to enhance the
accuracy and computational efficiency of temperature field reconstruction. Initially, models
incorporating various irregular heat source distributions and differing boundary conditions for
steady-state and transient heat conduction are constructed, with numerical solutions obtained
through the finite difference method. Following this, the study systematically investigates the impact
of various sensor layout optimization strategies on reconstruction accuracy, including random point
selection, S-OPT method, correlation coefficient filtering method (CCFM), and uniform point
selection. Additionally, diverse sampling methods such as Latin hypercube sampling, Sobol sequence
sampling, and maximum-minimum distance sampling are employed to establish a multifaceted
database construction scheme. Experimental results demonstrate the robustness of the Gappy Proper
Orthogonal Decomposition (POD) and Gappy C-POD methods across different modal conditions,
particularly exhibiting strong stability when the number of modes is low (1-5 modes). The Gappy C-
POD method, when paired with CCFM point selection and maximum distance sampling, effectively
mitigates reconstruction deviations. Conversely, while the POD-MLP and POD-RBF methods
maintain high overall accuracy at greater modal numbers (>10 modes), they display significant
sensitivity to sensor placement and database size. Based on the findings of this study, the Gappy C-
POD method is recommended as a mainstream approach for tackling the inverse problem of
temperature fields, particularly when coupled with well-considered sensor layout optimization
strategies to enhance both the accuracy and efficiency of field reconstruction. This research provides
a novel perspective on solving heat conduction inverse problems, particularly highlighting the
theoretical importance of integrating data-driven methods with sensor layout optimization.

Keywords: temperature field inverse problem; sparse sensor layout optimization; data-driven
methodologies; Gappy POD; Gappy C-POD; POD-Radial Basis Function (RBF); POD-Multilayer
Perceptron (MLP)

1. Introduction

Heat conduction problems are prevalent across various engineering applications, including
mechanical engineering, architectural engineering, and the thermal management of electronic
devices. The inverse problem of temperature fields[1,2], which involves deducing the distribution of
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heat sources and boundary conditions from known temperature data, is a critical technique for
addressing these challenges. Traditional numerical simulation methods, particularly those based on
finite difference methods (FDM)[3] and finite element methods (FEM)[4], often rely on
comprehensive sensor networks and detailed boundary conditions. However, in practical scenarios,
sensor deployment frequently suffers from sparsity, making it difficult to accurately capture the
complete temperature field information, thereby complicating the solution of the temperature field
inverse problem.

Classical methods for solving thermal inverse problems primarily encompass analytical
methods[5], regularization techniques[6], optimization strategies[7], Bayesian approaches[8], and
iterative inversion methods[9]. Analytical methods yield precise solutions through mathematical
derivation; in the fields of fluid flow and heat transfer, Fourier transforms, Green's functions, and
Laplace inversion[10] are widely utilized. These methods typically apply to linear problems with
simple models and regular boundary conditions[12]. For instance, in steady-state conduction
problems where thermal conductivity varies linearly with temperature, inverse analysis can be
employed for parameter estimation. Although analytical solutions can offer accurate results with
clear physical interpretations, they are mainly constrained by stringent requirements regarding the
linearity of the problem and geometric regularity, making them inadequate for complex nonlinear
problems and irregular geometries.

Ill-posedness is an inherent challenge of inverse problems, where even minor data noise can lead
to significant deviations in solutions. Regularization methods aim to stabilize solutions by
introducing additional constraints, thereby enhancing robustness. Tikhonov regularization is one of
the most established techniques, which smooths solutions by adding a penalty term to the least
squares objective function, achieving a balance between data fitting error and the "smoothness" or
"simplicity" of the solution[13]. In the context of heat transfer, regularization methods are extensively
employed to identify unknown parameters within mathematical models. For instance, when dealing
with ill-posed problems, various regularization techniques can be selected with appropriately
adjusted regularization parameters[14]. However, the selection of these parameters often depends on
empirical judgment, and inappropriate choices may lead to erroneous results.

Optimization methods convert inverse problems into optimization tasks, estimating unknown
parameters by minimizing the residuals between observed data and model predictions. Prominent
approaches include nonlinear least squares, constrained optimization, and variational methods[15].
These methods are versatile and theoretically sound, finding broad applications in parameter
estimation, imaging, and system identification. For example, in intricate heat transfer scenarios, they
can optimize thermal performance designs[16]. Nevertheless, these methods are susceptible to local
optima and may struggle with multimodal problems, while computational efficiency is restricted by
the problem's scale and complexity[17]. Bayesian methods, rooted in probability theory, treat
unknown parameters as random variables, updating posterior probability distributions by
synthesizing prior knowledge with observational data to quantify uncertainty. Techniques such as
Markov Chain Monte Carlo (MCMC) and variational Bayes are commonly employed[18]. This
approach excels in managing complex models and quantifying uncertainties, as exemplified by
predicting the energy consumption of HVAC systems using Bayesian networks[19]. The primary
challenges arise from the computational demands of high-dimensional parameter spaces and the
intricacies involved in model construction. Iterative inversion methods approach the true solution
through successive iterations, with prevalent algorithms including Landweber iteration, Conjugate
Gradient Method (CGM), and Gauss-Newton methods[20]. These techniques are straightforward to
implement, capable of addressing nonlinear problems, and are widely used in image reconstruction,
bioelectrical impedance tomography (BIT), and seismic imaging. For example, when solving ill-posed
linear inverse problems, a recently proposed second-order dynamic method (SODM) integrates
Tikhonov regularization with second-order asymptotic regularization and employs a dual-parameter
strategy, demonstrating superiority over conventional methods under noisy conditions[21].
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However, it is essential to note that this approach has slower convergence rates, sensitivity to initial
values, and demands meticulous parameter tuning[22].

With the advancement of machine learning and data-driven methodologies, data-based field
reconstruction techniques have increasingly emerged as effective tools for addressing related
challenges. These approaches effectively reconstruct accurate temperature field distributions by
leveraging limited sensor data, integrated with dimensionality reduction techniques and model
simplification strategies. Specifically, the Proper Orthogonal Decomposition (POD) method[23]
facilitates dimensionality reduction of temperature field data, extracting principal feature modes and
thereby simplifying complex heat transfer problems. The Gappy POD method[24] is an extension of
POD designed to handle incomplete data. In heat transfer scenarios, complete temperature field data
may not be obtainable due to sensor malfunctions or data transmission errors. Gappy POD allows
for the reconstruction of the full temperature field from available partial data. For example, research
conducted by Wang et al.[25] involved deploying a limited number of sensors, combined with
Computational Fluid Dynamics (CFD) simulations and the Gappy POD methodology to reconstruct
the temperature field distribution across an entire indoor space. Moreover, Xu et al.[26] addressed
the severe missing data issues in meteorological observations by generating a POD basis using the
WRF model and subsequently employing Gappy POD to fill in the gaps, successfully reconstructing
the temperature field in the Tibetan region. The POD-RBF (Proper Orthogonal Decomposition -
Radial Basis Function) method effectively reconstructs temperature fields with a small number of
measurement points. This technique utilises POD to extract key characteristics of the temperature
field and employs RBF interpolation for complete temperature reconstruction, thus striking a balance
between computational efficiency and accuracy. Research by Wang et al.[27] demonstrated the use
of the POD-RBF method to rapidly reconstruct the temperature field of printed circuit boards (PCBs)
based on minimal sensor data, facilitating monitoring and control of thermal behaviour in devices.
The Multilayer Perceptron (MLP) represents a type of artificial neural network capable of learning
nonlinear relationships between inputs and outputs. The POD-MLP method integrates POD
dimensionality reduction with MLP neural networks, aiding in the estimation of physical system
states, including thermal and flow conditions. Qi et al.[28] leveraged the POD-MLP technique for
real-time monitoring and reconstruction of the surface temperature field of batteries. The accuracy of
data-driven field reconstruction methods significantly depends on the sparse sensor layout. A
strategically designed sensor arrangement can not only enhance the precision of temperature field
reconstruction but also effectively reduce data acquisition costs and computational burdens.
However, many existing reconstruction methods overlook the influence of sparse sensor
configurations, often resorting to uniform or random placement techniques, which can lead to
considerable variability in reconstruction accuracy. Willcox et al.[29] optimized the sparse sensor
placement for the Gappy POD method using matrix stability criteria, specifically condition numbers,
achieving commendable results; however, this approach demands iterative and repeated matrix
computations, resulting in lower time efficiency. It also necessitates integration with optimization
methods to accelerate the selection process in complex scenarios. Lauzon et al.[29] introduced the S-
OPT method, which quickly determines optimal sensor configurations by scanning orthogonal basis
matrices to maximise an S-metric. Yet, this method proves sensitive to the dimensionality of the basis,
requiring higher-order modes for accurate results in complex fields such as turbulence. Yuan et al.[30]
proposed a method utilising the Pearson correlation coefficients of matrices to gauge the
interrelationships between sensors and employed a threshold-based strategy to swiftly identify
optimal sensor placement locations, known as the Correlation Coefficient Filtering Method (CCFM).
This method enables sparse sensor layout optimization under low-modal and confined regional
conditions.

Building upon the clustering-based dimensionality reduction method guided by pod structures
proposed (C-POD) by Yuan et al[30], this paper introduces the Gappy C-POD approach,
incorporating principles from inverse problem solving, and develops a multi-scale sample database
alongside various sensor layout optimization strategies to facilitate its implementation. This study
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systematically compares the reconstruction pathways, accuracy, and robustness of four data-driven
reconstruction methods—Gappy POD, Gappy C-POD, POD-RBF, and POD-MLP—across different
modal truncation numbers, database sizes, and selection strategies, focusing on steady-state and
transient heat conduction problems with multiple internal heat sources in two dimensions. The
findings aim to provide theoretical foundations and methodological guidance for the engineering
modelling and optimisation design of temperature field inverse problems.

2. Overview of Gappy C-POD and Data-Driven Field Reconstruction Methods
2.1. Introduction to POD and Gappy POD Methods

Proper Orthogonal Decomposition (POD), introduced by Sirovich et al.[31], is a well-established
technique for dimensionality reduction and feature extraction. It has become widely adopted for
modal decomposition and data compression of high-dimensional physical fields. The POD method
decomposes fields, such as temperature distributions, to identify modal bases that encapsulate where
energy is predominantly concentrated, thereby characterising the primary structures and dynamics
of the field. For a snapshot matrix of the temperature field containing Ns samples7 =(7,,T,.....T, 1,

its covariance matrix R can be expressed as follows:

R :LTTT (1)

N

Next, by addressing the eigenvalue problem presented in the subsequent equation(2):

Rp =74 )

one can derive the basis functions ¢ along with their corresponding energy Ai. The temperature
field can be expanded in terms of these modes as follows:

T~Yadpa ®)

In this expression, the modal basis matrix @ =[d,...,@] retains the first r modes, with a being

the modal coefficient vector a. In practical scenarios, due to limitations in data acquisition,
temperature observations are often sparse or incomplete. The Gappy POD method was developed to
address this issue, aiming to reconstruct the complete field under sparse observation conditions. Let
us denote the sparse observed temperatures as T, , with the observation matrix C (which extracts

the relevant rows corresponding to the observed points); the objective of Gappy POD is to minimise
the residuals at the observed points as follows:

min||C¢ra -T,. ’ 4)
The least-squares solution can be computed using:
a=(C)'T,, ®)

Here, the operation (-)"signifies the generalized inverse (pseudo-inverse). Consequently, the

complete reconstructed temperature field takes the form:
T..=¢a (6)

The Gappy POD method demonstrates robust reconstruction capabilities even in cases of data
sparsity or local deficiencies. The accuracy of the reconstruction is influenced by the energy
distribution of the modal basis, the configuration of the observation points, and the numerical
condition of the observation matrix. Therefore, an effective strategy for optimising the layout of
sparse sensors is crucial to ensuring optimal performance of the Gappy POD approach.
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2.2. Introduction to C-POD and Gappy C-POD Methods

The linear assumptions underlying traditional POD constrain its effectiveness in reconstructing
fields characterized by strong nonlinearity. To overcome this limitation, Yuan et al. [30] introduced
the C-POD method, which combines the inherent orthogonality of POD with the nonlinear feature
extraction capabilities of clustering techniques. Initially, C-POD utilizes the low-dimensional modal
basis generated by POD as the starting point for clustering, selecting the first K bases as the initial

cluster centers z* :

pO=¢i=12,..K @)

The iterative update of these clustering centers can be expressed by:

sl
w=rr 2T, ®)

(1)

Here, the notation S'" represents the collection of temperature samples belonging to the ith
cluster at the t-th iteration, while denotes the j-th temperature field sample 7, . By projecting each

group of temperature field samples onto the clustering centres, we derive the modal coefficients
associated with the C-POD method, articulated as follows:

a; =(u' )" u'T, ©)

Given the observation matrix C that extracts sparse temperature observations, the observed
temperature data can be formulated as:

T

obs

=CT (10)

This leads to the modal coefficient equations(11) and (12) under sparse observation conditions:

2

a=arg min"C,ua -T,. 11)
a=(Cu)'T,, (12)

The resulting reconstructed temperature field can be expressed as:
T=pa (13)

The clustered modal basis # in C-POD encapsulates the local nonlinear characteristics inherent
in the data, effectively overcoming the limitations of the linear orthogonal basis expansion employed
by traditional POD. The Gappy C-POD method further enhances this by capturing local features and
multi-state evolution of nonlinear flow fields under conditions of sparse observation.

2.3. Solutions to Inverse Problems using POD-RBF and POD-MLP Methods

In the context of data-driven inverse problem solving, both POD-RBF and POD-MLP methods
establish nonlinear mapping models between inputs (sparse observational data) and outputs (modal
coefficients or temperature fields), thereby circumventing the constraints of traditional linear least
squares POD reconstruction techniques in nonlinear, complex boundary, or highly perturbed fields.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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2.3.1. Solving Inverse Problems with the POD-RBF Method

The Radial Basis Function (RBF) neural network is known for its simplicity and adaptability to
small sample datasets. The POD-RBF method begins by extracting the POD modal coefficients a:

T~da (14)

Following this, a Radial Basis Function (RBF) network is established to create a nonlinear
mapping between the sparse observational data Tobs and the modal coefficients a:

N
a=Y o9
i=1

T, -Cl) (15)

In this equation, @(-)stands for the RBF kernel function; C,signifies the centres; @, represents

the weight parameters; and N. indicates the number of centres. The reconstructed temperature field
is detailed as follows:

T=da (16)

2.3.2. Solving Inverse Problems with the POD-MLP Method

In comparison to RBF methods, Multi-Layer Perceptron (MLP) neural networks exhibit superior
fitting capability and are more suitable for larger sample datasets. Using the sparse observational
data Tobs as input, a Multi-Layer Perceptron (MLP) neural network is trained:

a= fMLP(Tobs;a) (17)

In this expression, f,,, refers to the MLP network function, while @ denotes the network
weights and bias parameters, respectively. The MLP network, through multiple layers of nonlinear
activation units, approximates the complex mapping relationship between observation points and
modal coefficients. Upon completion of training, it can swiftly predict modal coefficients and
reconstruct the complete field.

3. Reconstruction of Steady-State Temperature Field
3.1. Case Study Overview

To evaluate the applicability and robustness of the methodology for solving inverse problems
related to temperature fields, this study presents a classic example of a two-dimensional steady-state
heat conduction problem, as illustrated in Figure 1. The model simulates the heat transfer process
influenced by multiple irregularly distributed heat sources and certain isothermal boundary
conditions, employing the finite difference method for numerical analysis.

>

Figure 1. Two-dimensional steady-state heat conduction problem.
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3.1.1. Geometric Parameters and Heat Source Distribution

As depicted in Figure 1, the computational domain in this case has a side length of L =0.1 m.
Within this domain, there are ten rectangular heat sources, the locations, dimensions, and
intensity of which are specified in Table 1:

Table 1. Properties and intensity parameters of heat sources.

Heat source

identification Starting position Dimensions Intensity
number ¢ (Whe)
1 (0.005, 0.005) (0.010, 0.015)
2 (0.030, 0.005) (0.020, 0.010)
3 (0.060, 0.005) (0.012, 0.020)
4 (0.020, 0.030) (0.020, 0.020)
5 (0.060, 0.030) (0.015, 0.015)
6 (0.005, 0.060) (0.015, 0.030) 0.5x105~2.0x10°
7 (0.035, 0.065) (0.025, 0.015)
8 (0.065, 0.065) (0.020, 0.020)
9 (0.025, 0.085) (0.020, 0.010)
10 (0.060, 0.085) (0.015, 0.010)

3.1.2. Governing Equation

The governing equation is a nonlinear steady-state heat conduction equation, represented as
shown in Equation (18):
V-(AUTVT) +0(x,y) = 0,(x,y) € Q (18)

Where Q=[0,L]x[0,L] is defined as a two-dimensional square area; 4(7) =1+ 0.05(7 —298) and

O(x,y) isthe heat source term is included.
3.1.3. Initial Conditions
The initial temperature field is uniformly distributed, as expressed in Equation (19):
T(x,y)=298K,(x,y)eQ (19)

3.1.4. Boundary Conditions

The boundary conditions are specified as mixed. The left and right boundaries are characterised
by adiabatic conditions:

oT
Z 0 20
. (20)
The upper boundary also maintains an adiabatic condition:
or _ 0 (21)
oy

For the lower boundary, most of it is adiabatic, except for the central position which is kept at a
constant temperature, as illustrated in Equation (22):

T =298K,x e [% - o.oos,% +0.005] (22)
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3.1.5. Solution Method
The solution is obtained through the finite difference method:
e Grid: A uniform rectangular grid of 100x100 is employed ;
e  Spatial Discretisation: A nonlinear five-point difference scheme is used ;
¢ Nonlinear Solving: The Gauss-Seidel iterative method is applied as per Equation (23):
T = ﬂ'EZ,jH + ﬂ'W/];,j-l + /1N7;—1,j + j’ST;H,j + Mz@i,j (23)

" Ap+ Ay + Ay + AS

where A, =1+0.05(7;

i1 —298) , the representation of other directions is analogous. The

convergence criterion is established in Equation (24), with a maximum iteration limit set to 10,000.

max |7 —-T"<10° K (24)

3.2. Construction of Verification Set

As indicated in section 2.1, the thermal conduction problem incorporates ten internal heat
sources as independent variables. A test set comprised of 200 randomly sampled groups has been
created, with the distribution depicted in Boxplot 2. The boxplot illustrates the thermal power values
for each heat source, uniformly spanning the defined range of (0.5-2.0)x10° W, devoid of outliers.
This indicates sufficient input coverage for both model training and validation purposes.

«10° Distribution of Randomly Sampled Input Parameters
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Figure 2. Distribution of the test set input parameters (boxplot).

3.3. Database Construction

To establish a representative and widely encompassing sample database, this study employs
three typical sampling methods: Latin Hypercube Sampling[32], Sobol Sequence Sampling[33], and
Maximum Distance Sampling[34]. These methods are applied to sample the combination space of ten
thermal power variables. Given the dimensionality of the variables, denoted as d=10, sample sizes
are set at five, ten, twenty, thirty, forty, and fifty times the number of variables, resulting in the
generation of 50, 100, 200, 300, 400, and 500 sets of independent variable combinations. This yields a
total of 18 multi-scale sample databases that will be utilized for subsequent modeling and analysis.
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3.4. Sparse Sensor Layout Optimization Methods

To investigate the impact of different sparse sensor layout optimization methods on field
reconstruction performance, four representative sensor placement strategies are selected: random
sampling, S-OPT method, Correlation Coefficient Filtering Method (CCFM), and uniform sampling.
For each strategy, the number of sensors is varied at 4, 9, 16, 25, 36, and 49, resulting in a total of 24
distinct sparse sensor layout configurations, as illustrated in Figure 3.

S-opt Sampling Points in Rectangular Domain

Olllandcm Sampling Point Layouts in Rectangle Region 0.1
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Figure 3. Layouts of four types of sparse sensors: (a) Random point selection; (b) S-OPT method; (c) CCFM

method; (d) Uniform point selection.

3.5. Reconstruction Methods

To evaluate the reconstruction capabilities of various methods, this study compares four
representative approaches: Gappy Proper Orthogonal Decomposition (POD), Gappy Composite
Proper Orthogonal Decomposition (C-POD), POD-Radial Basis Function (RBF), and POD-
Multilayer Perceptron (MLP). Under the conditions specified in items (3) to (5), a systematic
investigation was conducted based on the validation set detailed in Section 2. This research
focused on the impact of various factors on reconstruction accuracy, including different
dimensional reduction modes, database construction methods, sparse sensor layout
optimization strategies, and reconstruction methods. To quantify the performance of each
reconstruction approach concerning maximum deviation constraints and overall accuracy, the
study employs two key metrics: the minimum maximum relative error (Minimum Maximum
Relative Error, MRE) and the minimum average relative error (Minimum Average Relative Error,
MARE), defined mathematically by equations (25) and (26):
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fzpprox _ Itrue
MRE = max (——————) (25)
1 n .approx _ xfrue
MARE =—3 (——) (26)
ns [me

where n represents the total number of samples; the reconstruction value for the i-th temperature

measurement point is represented as x;”””; and the actual value for the i-th temperature

measurement point is represented as x,".
The reconstruction approach is denoted as x_y_z m, where x indicates the reconstruction
method (Gappy POD, Gappy C-POD, POD-RBF, POD-MLP), y refers to the database size (5, 10, 20,

30, 40, 50 times the number of independent variables), z denotes the point selection strategy (CCFM,
S-OPT, Random, Uniform), and m indicates the number of selected points (4, 5, 16, 25, 36, 49).

3.6. Analysis of Optimal Reconstruction Approaches for Different Modal Counts

To analyze the performance variations of different reconstruction methods within varying
modal ranges, this study collects data on the minimum maximum relative error (Min(MRE)) and
minimum average relative error (Min(MARE)) for modes ranging from 1 to 5, 5 to 10, 10 to 15, and
15 to 20. A smaller Min(MRE) indicates a superior capability of the reconstruction scheme in limiting
reconstruction deviation within the corresponding mode range (i.e., higher stability), while a smaller
Min(MARE) reflects greater overall reconstruction accuracy. The results indicate that the Min(MRE)
for all methods does not decrease with an increase in modal count. Notably, at the 15th modal count,
all methods achieved the strongest capacity for limiting reconstruction deviation. Table 2 presents
the optimal implementation paths and corresponding error values for each reconstruction method
when reaching Min(MRE) within the 15-mode range. It is evident from the table that the approach
Gappy C-POD_Maximum_50_CCFM_49 demonstrates the most effective deviation control,
suggesting that this scheme is less prone to significant errors during the reconstruction process.

Further observations reveal that under the condition of achieving minimal reconstruction error,
the optimal point selection strategy employed by all reconstruction methods is the Correlation
Coefficient Filtering Method (CCFM). An analysis combining Figures 1 and 3 suggests that the CCFM
method exhibits a higher concentration of selected points in the heat source distribution area, thereby
enhancing its ability to capture critical physical features and improving overall reconstruction
quality. Additionally, in scenarios with a limited number of modes, the POD-MLP method effectively
suppresses deviations even when relying on a small-scale database (20 times the number of
independent variables) and a minimal number of sensor points (9). This finding further indicates that
utilizing Maximum distance sampling and Sobol sequence sampling for database construction under
these conditions yields superior results.

Figure 4 illustrates the distribution of absolute reconstruction errors across various methods on
the validation set when the Gappy C-POD_Maximum_50_CCFM_49 approach achieves Min(MRE).
It is evident from the figure that the maximum reconstruction error of the Gappy C-POD method is
less than 0.72°C, significantly outperforming the other three reconstruction methods, thereby
reaffirming its superiority in low-order modes.

Table 2. Minimum MRE values achieved by various reconstruction methods under low-order modal

conditions.
Implementation strategies Min (MRE)
Gappy POD_Maximum_10_CCFM_49 0.0375
Gappy C-POD_Maximum_50_CCFM_49 0.0373
POD-RBF_Sobol_50_CCFM_25 0.0455
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Figure 4. Distribution of reconstruction errors for each method on the validation set.
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The temperature field modes obtained through the dimensionality reduction techniques of POD
and C-POD are illustrated in Figure 5. This figure displays the characteristic modal structures
extracted from temperature field samples using both POD and C-POD methodologies. The upper
section of the figure presents the first to nth modes extracted via the POD approach, while the lower
section showcases the corresponding clustered modes generated by the C-POD method.

From the observations in Figure 5, the following conclusions can be drawn:

(1) The POD modes (upper section) exhibit commendable spatial smoothness and energy
concentration, with the lower-order modes primarily reflecting the temperature gradient variations
aligned with the main direction of the heat sources, thereby encapsulating the overall characteristics
of the temperature field. In contrast, the higher-order modes contain more detailed local perturbation
information, although their physical interpretability is comparatively limited;

(2) The C-POD modes (lower section) display a greater complexity in spatial structure,
highlighting pronounced local features that enable precise focus on areas of intense heat source
concentration or significant temperature fluctuations. Particularly under complex boundary
conditions or irregular heat source distributions, the C-POD modes demonstrate enhanced regional
adaptability, with modal shapes more closely resembling the nonlinear distribution of actual physical
fields.

From the perspective of modal structural characteristics, the POD approach is more effective
for extracting dominant global features, benefitting from strong mathematical orthogonality and
energy spectral decay properties. Conversely, the C-POD modes exhibit superior capabilities in
local feature extraction and nonlinear pattern recognition. This distinction is further
corroborated in subsequent comparative analyses, which indicate that under conditions of low
modal counts, the C-POD method significantly outperforms traditional POD in terms of
reconstruction error management and stability, making it particularly suited for the
reconstruction of non-uniform temperature fields in scenarios with sparse sensor configurations.
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Figure 5. POD and C-POD reduced-order modes of each order.

The trend of Min(MARE) values for different reconstruction methods, as the number of modes
increases, is illustrated in Figure 6. It is evident from this figure that the Min(MARE) values decrease
progressively with an increasing number of modes. The overall reconstruction accuracy can be
ranked from lowest to highest as follows: POD-RBF, Gappy C-POD, POD-MLP, and Gappy POD.
Notably, both the Gappy POD and POD-MLP methods demonstrate superior overall reconstruction
accuracy.

Table 3 summarizes the pathways through which the various methods achieve their Min(MARE)
values when the number of modes is between 15 and 20. According to the table, the Gappy
POD_Maximum_50_Uniform_9 approach attains the optimal overall reconstruction accuracy.
However, it is important to note that the datasets for the Gappy POD, POD-RBF, and POD-MLP
methods are considerably larger, each reaching a scale of 50 times the number of independent
variables. In contrast, the Gappy C-POD method achieves high precision in field reconstruction with
a dataset only five times the size of the independent variables and relies on 25 sparse sensors, making
it more suitable for engineering applications. Furthermore, while the machine-learning-based POD-
MLP and POD-RBF methods show potential in terms of accuracy, their performance is heavily reliant
on the quality and size of the dataset. The stability and generalization capabilities of these models
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still require further validation in scenarios with limited samples.
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Figure 6. Variation of the minimum mean absolute relative error (MARE) values corresponding to different

numbers of modalities.
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Table 3. Approaches for achieving minimum MARE values with various reconstruction methods under high-
order modal conditions.

Implementation strategies Min (MARE)
Gappy POD_Maximum_50_Uniform_9 0.00048
Gappy C-POD_Maximum_5_CCFM_25 0.0021

POD-RBF_Sobol_50_CCFM_25 0.0049
POD-MLP_Maximum_50_SOPT_49 0.00053

3.7. Analysis of the Impact of Database Size on the Reconstruction Capability of the Temperature Field
Inverse Problem

This section investigates the effect of database size on the performance of inverse problem
reconstruction by treating "database size" as the sole independent variable. Under varying
sample sizes, a comprehensive consideration is given to all modal truncation numbers, diverse
sparse sensor layout strategies (including Gappy POD, Gappy C-POD, POD-MLP, and POD-
RBF), as well as multiple configurations of selected point quantities. The optimal combination
for each database size will be identified to represent its superior reconstruction capability.

Figures 7 and 8 illustrate the variations of the minimum Mean Relative Error (Min MRE) and the
minimum Mean Absolute Relative Error (Min MARE) across different database sizes. The data reveal
a significant trend of performance enhancement among various reconstruction methods with optimal
configurations as the database size increases. Notably, the POD-RBF method demonstrates a
remarkable improvement, with its optimal MARE decreasing from 0.00939 at 50 samples to 0.00508
at 500 samples, underscoring the strong dependence of the RBF kernel function model on sample
density. Conversely, both Gappy POD and Gappy C-POD reach a performance plateau within a
relatively moderate database size range of approximately 200 to 300 samples, indicating efficient data
utilisation. The POD-MLP method, constrained by its requirements for network parameter
convergence, exhibits instability under smaller sample sizes but tends to stabilise when the sample
size increases to 500.
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Figure 7. Variation of Min(MRE) for four reconstruction methods under different database scale conditions.
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Figure 8. Variation of Min(MARE) for four reconstruction methods under different database scale conditions.

4. Discussion on Engineering Practice
4.1. Impact of Sparse Sensor Quantity

In engineering applications, the scale of the database and the number of reduced-order modes
can significantly influence the overall computational efficiency and deployment capabilities of
algorithms. This study examines the effects of database construction methods, the quantity of sparse
sensors, and the optimisation of sparse sensor layouts on the accuracy of field reconstruction,
considering a database scale of five times the number of independent variables and a mode number
ranging from 1 to 5. Using four different field reconstruction methods, we reconstructed the test set
to obtain Min(MRE) and Min(MARE) values, which vary with the quantity of sparse sensors, as
presented in Table 4. For clearer visualisation, the data from Table 4 is illustrated in Figures 9 and 10.

Figure 9 indicates that the relationship between Min(MARE) values and sensor quantity is
relatively weak. Under conditions of low modes and smaller datasets, the overall reconstruction
accuracy of the four methods is minimally affected by the number of sensors. In this scenario,
the methods are ranked from highest to lowest reconstruction accuracy as follows: Gappy POD,
POD-MLP, Gappy C-POD, and POD-RBF. Figure 10 shows that the Min(MRE) values for the
Gappy POD, Gappy C-POD, and POD-MLP methods demonstrate a decreasing trend in
fluctuation as the number of sensors increases. This suggests that augmenting the number of
sensors enhances the stability of these three reconstruction methods. Conversely, the Min(MRE)
value for the POD-RBF method increases with the addition of sensors. When the number of
sensors reaches or exceeds 25, Gappy C-POD consistently exhibits the lowest Min(MRE) value,
indicating its strong capacity to constrain maximum reconstruction error and thus its enhanced
stability under conditions of low modal counts and small sample sizes.

Table 4. Changes in Min(MRE) and Min(MARE) values with varying numbers of sparse sensors.

Gappy POD Gappy C-POD POD-MLP POD-RBF
Number of
MinM  Min(M MinM  Min(M MinM  Min(M MinM  Min(M
Sparse Sensors
RE) ARE) RE) ARE) RE) ARE) RE) ARE)
4 0.0408 0.0016 0.0482 0.0032 0.0412 0.0019 0.0545 0.0093
9 0.0390 0.0016 0.0398 0.0031 0.0466 0.0022 0.0546 0.0117
16 0.0406 0.0016 0.0473 0.0032 0.0383 0.0017 0.0545 0.0102
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25 0.0395 0.0016 0.0394 0.0031 0.0397 0.0021 0.0546 0.0119
36 0.0404 0.0016 0.0384 0.0032 0.040 0.0018 0.0545 0.0125
49 0.0375 0.0016 0.0374 0.0031 0.039 0.0020 0.0606 0.0124
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Figure 9. Variation of Min(MRE) values with the number of sensors under four reconstruction methods.
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Figure 10. Variation of Min(MARE) values with the number of sensors under four reconstruction methods.

Tables 5 and 6 summarise the database sampling methods and sensor layout optimisation
strategies corresponding to the minimum values of Max Relative Error (Min(MRE)) and Mean
Absolute Relative Error (Min(MARE)) from Table 3. This organisation facilitates a clearer comparison
of the optimal implementation pathways for various reconstruction methods across differing
numbers of sensors. From Table 5, it can be observed that under the condition of minimising the
maximum relative error (Min(MRE)), the Gappy C-POD method achieves optimal performance by
employing Maximum distance sampling combined with the CCFM (Correlation Coefficient Filtering
Method) selection strategy when using 49 sensors. Additionally, both the Gappy POD and POD-MLP
methods exhibit a preference for Latin Hypercube sampling and the S-OPT layout across varying
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sensor counts. In contrast, the POD-RBF method shows a greater reliance on the CCFM selection
strategy under either Latin or Maximum sampling conditions.

Table 6 reveals that, under the minimisation of the mean relative error (Min(MARE)), the Gappy
POD method demonstrates a stable adaptability to Sobol sampling and Uniform layouts across
multiple sensor configurations, particularly exhibiting the highest overall reconstruction accuracy
with 49 sensors. Conversely, the Gappy C-POD method maintains relatively low errors at lower
sensor counts (such as 4 and 9) while primarily depending on Sobol sampling and either S-OPT or
Uniform selection approaches. It is noteworthy that the POD-MLP method generally results in lower
overall errors but shows a heightened sensitivity to layout methods, particularly relying on
Maximum sampling and S-OPT layouts. The performance of the POD-RBF method on the
Min(MARE) metric is comparatively weaker, especially as the number of sensors increases, where
the decrease in error is limited.

In conclusion, the comparison of optimal strategies under conditions of minimum maximum
error and minimum average error indicates marked differences in the pathways to achieving optimal
performance across various reconstruction methods. The synergy between selection strategies and
database construction significantly influences model performance. Notably, the Gappy C-POD
method demonstrates greater stability in controlling reconstruction deviation, while the Gappy POD
and POD-MLP methods exhibit superior performance in terms of overall accuracy.

Table 5. Sampling methods and layout methods used by each approach when achieving Min(MRE) under
different sensor quantity conditions.

Gappy POD Gappy C-POD POD-MLP POD-RBF
Number of
Samplin  Layout Samplin  Layout Samplin  Layout Samplin  Layout
sparse
g metho g metho g metho g metho
sensors
method d method d method d method d
Unifor
4 Sobol Latin CCFM Latin CCFM Latin SOPT
m
Unifor
9 Latin SOPT Sobol SOPT Sobol Latin CCFM
m
Unifor Maximu
16 Sobol SOPT Latin CCFM Latin CCFM
m m
Maximu  Unifor
25 Latin SOPT Latin SOPT Latin CCFM
m m
Unifor Maximu  Unifor
36 Sobol Latin CCFM Latin SOPT
m m m
49 Latin CCFM Latin CCFM Sobol SOPT Latin CCFM

Table 6. Sampling methods and layout methods used by each approach when achieving Min(MARE) under
different sensor quantity conditions.

Gappy POD Gappy C-POD POD-MLP POD-RBF
Number of
Samplin  Layout Samplin  Layout Samplin  Layout Samplin  Layout
sparse
g metho g metho g metho g metho
sensors
method d method d method d method d
Maximu Maximu Maximu
4 SOPT Sobol SOPT SOPT CCFM
m m m
Unifor Unifor Unifor
9 Sobol Sobol Sobol Latin CCFM
m m m
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Unifor Unifor Maximu
16 Sobol Sobol SOPT Sobol CCFM
m m m
Maximu Rando Unifor Maximu
25 Sobol SOPT Latin CCFM
m m m m
Unifor Unifor
36 Sobol Sobol Sobol SOPT Sobol CCFM
m m
Unifor Unifor
49 Sobol Sobol Sobol SOPT Latin CCFM
m m

5. Reconstruction of Transient Thermal Conductivity Temperature Field
5.1. Overview of Transient Thermal Conductivity Issue

In examining the transient heat conduction process, we maintain consistency with the boundary
conditions and heat source distribution outlined in Section 2.1. The diffusion of heat over time is
simulated using an explicit finite difference method. This study investigates the impact of various
reconstruction approaches on the reconstruction capacity of the transient temperature field under the
influence of non-uniform internal heat sources.

(1) The governing equation for transient heat conduction is represented in Equation (27).

Ty, & 0T Oy

27
ot ox> oy’ pc @7)

P

where: o denotes the thermal diffusivity, while ©(x, y) signifies the heat source density per unit
volume.

(2) Materials and numerical parameters.

Table 7. Materials and Numerical Parameters.

Parameter Symbol Value
Thermal conductivity k 1
Density p 500
Specific heat capacity Cp 100
Thermal diffusivity a 2x10-5
Grid size dx,dy 1 mm
Time step At 0.01
Termination time tend 100

Figure 11 illustrates the evolution of the transient thermal field at various time steps. As time
progresses, heat gradually disperses from multiple internal heat sources to the surrounding areas.
During the initial phase, localized temperature peaks rapidly emerge around the heat sources.
Subsequently, influenced by thermal conduction and boundary conditions, the thermal energy
continues to diffuse outward. The temperature field exhibits characteristic features of unsteady heat
transfer throughout its evolution, with the thermal structure adjusting continuously over time until
it achieves stability.
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Figure 11. Schematic diagram of the evolution of the transient thermal conductivity temperature field

distribution.

5.2. Influence of Modal Coefficients on the Reconstruction Capability of Transient Thermal Inverse Problems

In the process of constructing the transient thermal dataset and validation set, the combination
of independent variables was maintained consistent with conditions observed under steady-state
heat conduction. For each set of these independent variable combinations, temperature field
snapshots were collected every 10 seconds and incorporated into the dataset. Consequently, in
contrast to steady-state thermal scenarios, each sample in the transient heat conduction problem
encapsulates multiple time points of temperature field evolution, thereby resulting in datasets and
validation sets with matrix dimensions approximately ten times larger than those for steady-state
conditions. Apart from the temporal dimension expansion, all other simulation conditions and
parameter settings were kept consistent with those in the steady-state heat conduction process to
ensure comparability between the two problem types.

To investigate the impact of varying modes on the temperature field reconstruction performance
within transient thermal inverse problems, four reconstruction methods (Gappy POD, Gappy C-
POD, POD-MLP, and POD-RBF) were employed under conditions of sparse sensor data. The
performance of these methods was evaluated by calculating the minimum relative error (Min(MRE))
and the minimum average relative error (Min(MARE)) at optimal configurations, with results plotted
against changes in the number of truncated modes (as depicted in Figures 12 and 13). Analysis of
these figures reveals that the reconstruction accuracy and stability of the POD-MLP and POD-RBF
methods demonstrate a non-monotonic trend, initially increasing and then decreasing. This suggests
that both methods struggle to maintain robust predictive performance at low (<6) or excessively high
(>14) mode counts. Conversely, the Gappy POD and Gappy C-POD methods display a rapid
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enhancement in reconstruction performance with an increasing number of modes, eventually
stabilizing, which indicates their lower sensitivity to mode truncation and greater robustness.
Notably, within the range of 6 to 11 modes, all four methods exhibit commendable reconstruction
accuracy, with the Gappy C-POD method showcasing exceptional stability in this interval,
maintaining a stable error level even as the number of modes rises. In contrast, the POD-RBF method
achieves its best reconstruction performance at 6 modes but experiences significant fluctuations in
performance, particularly when the mode count is low (<4) or high (>14), resulting in a marked
increase in error and a substantial drop in stability.

Based on the performance data illustrated in Figures 12 and 13, this study classifies the range of
modal counts into three levels: low modes (<6), moderate modes (>6 and <10), and high modes (>10).
The stability and overall reconstruction accuracy of the four methods across these intervals have been
qualitatively ranked as follows:

(1) Stability Ranking:

e Low Modes: Gappy POD > Gappy C-POD > POD-MLP > POD-RBF;
e Moderate Modes: Gappy C-POD > Gappy POD > POD-MLP > POD-RBF;
e High Modes: Gappy C-POD > Gappy POD > POD-MLP > POD-RBF.

(2) Overall Accuracy Ranking;:

e  Low Modes: Gappy POD > POD-RBF > POD-MLP > Gappy C-POD;
e Moderate Modes: Gappy POD > Gappy C-POD > POD-MLP > POD-RBF;
e High Modes: Gappy C-POD > Gappy POD > POD-MLP > POD-RBF.

Comparison of MRE vs. Mode Number
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Figure 12. The Min(MRE) values achievable by various reconstruction methods under different conditions of
sparse sensor quantities.
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Figure 13. The Min(MARE) values achievable by various reconstruction methods under different conditions of
sparse sensor quantities.

5.3. The Impact of Dataset Scale on Reconstruction Capability

To investigate the influence of varying dataset scales on the reconstruction accuracy of
transient thermal temperature fields, we examined dataset sizes of 5, 10, 20, 30, 40, and 50 times
the number of independent variables. The changes in Min(MRE) and Min(MARE) values for four
different methods across these dataset scales are illustrated in Figures 14 and 15. The results

problems.

presented in these figures reveal a clear trend: as the dataset size increases, both the precision
and stability of the reconstruction methods improve progressively for transient thermal
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Figure 14. Variation of Min(MRE) values for different reconstruction methods under different dataset scale
conditions.
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Figure 15. Variation of Min(MARE) values for different reconstruction methods under different dataset scale

conditions.

5.4. Discussion on Optimal Reconstruction Strategies for Transient Thermal Problems

In conjunction with the discussion in Section 3.2 regarding the number of modes, a 9th order
mode was selected for further analysis. Additionally, as shown in Figures 14 and 15, the variations
in accuracy and stability become relatively stable when the dataset size exceeds 30 times the number
of independent variables. Taking into account computational and storage efficiency, a dataset scale
of 30 times the number of independent variables was chosen. Under these conditions, we analysed
the reconstruction strategies that yield optimal results for each method, as summarised in Tables 8
and 9.

Table 8 indicates that, with respect to the Min(MRE) metric, the Gappy C-POD method, when
combined with the CCFM (Cross-Correlation Filtering Method) for sensor selection and a
configuration of 16 sensors, demonstrates the strongest capability for minimising reconstruction
error, achieving a Min(MRE) value of 0.0371, which significantly outperforms the other three
methods. The Gappy POD method, utilising S-OPT for sensor selection with the same number of
sensors, also shows stable performance with a Min(MRE) of 0.0462, indicating its effective error
control capabilities. In contrast, the POD-MLP and POD-RBF methods present minimum maximum
errors of 0.0487 and 0.0561, respectively, reflecting somewhat lower overall stability due to their
susceptibility to sensor selection sensitivity and the instability of nonlinear mapping.

As observed in Table 9, regarding the Min(MARE) metric, both the Gappy C-POD and Gappy
POD methods exhibit strong overall precision. The former, using CCFM with 9 sensors, achieves a
minimum value of 0.00456, while the latter, utilising S-OPT with 9 sensors, attains a value of 0.00462,
demonstrating nearly equivalent performance. This suggests that under the 9th order mode with
moderate sample density, both POD-based truncation methods offer high data utilisation efficiency
and precision advantages. Although the POD-MLP and POD-RBF methods yield relatively lower
precision, they can still deliver results with fewer sensor configurations.

Table 8. Achieving Min(MRE) under different reconstruction methods, point selection methods, and point

selection quantities.

Reconstruction Selection
Number Min(MRE)
methods method
Gappy POD S-OPT 16 0.0462
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Gappy C-POD CCFM 16 0.0371
POD-MLP Uniform 9 0.0487
POD-RBF CCFM 9 0.0561

Table 9. Achieving Min(MARE) under different reconstruction methods, point selection methods, and point

quantity conditions.

Reconstruction Selection
Number Min(MRE)
methods method
Gappy POD S-OPT 9 0.00462
Gappy C-POD CCFM 9 0.00456
POD-MLP S-OPT 4 0.00726
POD-RBF CCFM 4 0.00823

6. Conclusions

This study addresses the precise reconstruction requirements of temperature field inverse
problems in two-dimensional steady-state and transient heat conduction scenarios. A systematic
investigation was conducted into various data-driven field reconstruction methods, evaluating their
applicability and performance across different database sizes, modal truncation numbers, and sparse
sensor layout strategies. The primary conclusions are as follows:

For steady-state heat conduction problems:

(1) In low modal conditions (1-5 modes), all reconstruction methods demonstrated a strong
capability for constrained reconstruction deviation. Notably, the Gappy C-POD method, when
combined with the CCFM point selection strategy and maximum distance sampling approach,
attained the minimum maximum relative error (Min(MRE) = 0.0373) with a configuration of 49
sensors, displaying optimal reconstruction stability.

(2) Under high modal conditions (15-20 modes), the Gappy POD method achieved the lowest
mean relative error (Min(MARE) = 0.00048) with a uniform layout and a sample size of 50 times,
illustrating excellent overall reconstruction accuracy.

(3) Considering reconstruction error, data utilisation efficiency, and deployment complexity, the
Gappy C-POD method achieves a performance plateau with medium database sizes (200-300 cases),
making it particularly suitable for engineering applications. Although the POD-MLP method shows
significant potential for overall accuracy, it is sensitive to the quality and size of the database, thus
more suited to scenarios with abundant data and nonlinear modelling requirements.

For transient heat conduction problems:

(1) The accuracy and stability of various reconstruction methods exhibit significant variability
with changes in modal truncation numbers. The Gappy POD and Gappy C-POD methods achieve
rapid and stable convergence within the modal range of 6-11, showcasing greater robustness. In
contrast, the POD-RBF and POD-MLP methods experience marked performance fluctuations,
making them less adaptable to low or high modal conditions.

(2) The scale of the dataset has a pronounced impact on reconstruction performance. Beyond 30
times the number of independent variables, improvements in reconstruction accuracy tend to
plateau. Under this condition, the Gappy C-POD method, in conjunction with CCFM point selection
and 16 sensors, achieves the minimum maximum error (Min(MRE) = 0.0371), while also attaining the
minimum mean error (Min(MARE) = 0.00456) with just 9 sensors.

(3) Compared to steady-state problems, transient issues exhibit heightened sensitivity of
methods to data density and modal truncation. When selecting modal numbers and sample sizes, a
careful balance between computational cost and model accuracy is recommended.
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(4) The POD-RBF method can achieve moderate accuracy under conditions of ample samples
and reasonable sensor layout, although its overall stability remains inferior to Gappy methods.
Conversely, the POD-MLP method shows some adaptability with smaller sensor configurations,
making it suited for rapid prediction needs in resource-constrained scenarios.

In summary, the Gappy C-POD method stands out for its excellent error constraint capabilities
and robustness in both steady-state and transient heat conduction problems, making it an optimal
choice for solving temperature field inverse problems in engineering applications. The Gappy POD
method excels in high-accuracy reconstruction tasks, particularly where stringent overall accuracy
requirements are essential. Machine learning-based methods can serve as supplementary strategies,
particularly applicable in data-rich environments that demand rapid iterative predictions.
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