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Abstract: The main goal of this article is the characterization of Herz-type Besov-Morrey spaces
qu/\/' i, and Triebel-Lizorkin-Morrey spaces Kz,qé";,, via ball means of differences, atomic, molecular
and wavelet decompositions. There are provided necessary facts for implying these results, which
can help to explore such spaces on different domains in further researches. Proposed spaces allow
to extend the class of studying functions, containing Leray projection, heat semi-group and other
operators, which can be helpful in exploring weak, strong and mild solutions of nonlinear partial

differential equations.
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1. Introduction

Attempts to define function spaces, using different approaches, takes its beginning since the
appearance of Hardy, Besov and Triebel-Lizorkin spaces, which help to advance the studying nonlinear
PDEs. On example, Besov spaces characterized via ball means of differences allowed to establish higher
integrability results for the gradient of local weak solutions to the strongly degenerate or singular
elliptic PDE in [1]. Another example is Triebel-Lizorkin spaces defined via Fourier transforms, which
allowed to explore mild solutions of Navier-Stokes equation in [2].

There are 3 ways to define any function space [3]: Fourier-analytic, derivatives and differences and
bounded mean oscillation. Specifying spaces in various ways allows to extend their properties, which
can help in the study of PDE solutions, the behavior of pseudo-differential operators, Riemannian
manifolds with the corresponding metric, Lie groups and fractals.

The study of quasi-norms, atomic, molecular and wavelet decompositions remains actual since the
definition of local Hardy spaces in [4]. Such research was continued on Lorentz spaces for exploring
weak and strong solutions of the nonlinear heat equation in [5]. The similar work was realized
for Navier-Stokes equations and Keller-Segel system on Besov and Triebe-Lizorkin spaces in [6].
Afterwards, many researchers came up with the idea of combining function spaces into one function
spaces, which can be global or hybrid, well described in [7] and [8], respectively.

Examples of hybrid spaces were demonstrated in [9], where the author researched the
Caffarelli-Kohn-Nirenberg inequalities on Herz-type Besov spaces K,‘;’pB% and Triebel-Lizorkin spaces

Kg'pFE and presented their quasi-norms, applying Fourier transforms and ball means of differences.
Such spaces allowed to combine the properties of Besov, Triebel-Lizorkin and Herz spaces. Another
example of hybrid spaces is Besov-weak-Herz spaces BWK}; , introduced in [10], where authors
explored mild solutions of the incompressible Navier-Stokes equations. There were provided
Kjp ,-method real interpolations, embeddings and heat semi-group operator inequalities for obtaining
estimates of mild solutions on Besov-weak-Herz spaces BWK}; ;. The combining of Besov and weak
Herz spaces generalized and extended their properties, what allowed to receive valuable results in
the studying the Navier-Stokes equations. The unique maximal strong solution and the local strong
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well-posedness of the Navier-Stokes equations with f # 0 was constructed on Triebel-Lizorkin-Lorentz
spaces in [11], which provided important inequalities containing the Laplace and the Stokes operators.

The main idea of this article arose from the researching quasi-norm characterizations via
ball means of differences on Besov-Morrey spaces and Triebel-Lizorkin-Morrey spaces, which are
investigated in [12] and [13], the exploring of the atomic decomposition of Herz-type Besov and
Triebel-Lizorkin spaces, and the wavelet decomposition for the corresponding spaces in [14]. The
definition of Herz-type Besov and Triebel-Lizorkin spaces via differences in [15] impacted to the topic of
this research. In this article, we propose Herz-type Besov-Morrey and Triebel-Lizorkin-Morrey spaces,
denoted by K§ N}/ ; and K5 £}, ;, respectively. We establish equivalence between the quasi-norms
defined via ball of means differences and Fourier transforms, imply atomic, molecular and wavelet
decomposition for corresponding spaces. Taking into account the quasi-norm of Herz spaces, we
imply helpful inequalities on Herz-type Besov-Morrey and Triebel-Lizorkin-Morrey spaces, containing
Hardy-Littlewood and Peetre maximal operators. The proposed spaces were not present in other
papers, then the necessary facts on Kg,q./l;,s, where A € {N, £}, are not provided. Therefore, there
are provided some inequalities, containing maximal functions, embeddings and isomorphisms in this
article.

The remaining of the paper is organized as follows. Section 2 is devoted to definition of proposed
spaces via Fourier-analytic approach. Section 3 contains necessary theorems, lemmas and propositions
for further proofs. In section 4 we characterize Herz-type Besov-Morrey and Triebel-Lizorkin-Morrey
spaces, utilizing the ball means of differences. Section 5 and section 6 present atomic, molecular and

wavelet decompositions, respectively.

2. Definition of Herz-Type Besov-Morrey and Triebel-Lizorkin-Morrey Spaces via
Fourier-Analytic Approach

We should provide some helpful notations, which shorten the writing of formulas. Let {f;}cn,
be a sequence of functions, then we note

1/q
||{fj}jeN0||M(Lv) = (2 ||f]||{2p> ’

j€Np

j€Ny

1/q
I{fi}ieollLpay == (Z |fj|"> ,
LP

where 0 < p,q < co and Ny = NU {0} is the set of all non-negative integers. For definiteness we adopt
the following definition as the Fourier transform and its inverse:

./Tf(g) = /Rn f(x)e—Zm'x-(fdgl f_lf(x) — /Rn f(§)€2m'x'§dx

for every f in the space of tempered distributions S’.
Before giving the definition of the Herz spaces, let us introduce the following notations. Let k € Z.
Then
By:={x € R": |x| <2}, Ry == B\ Br_1, Xk := AR,-

For m € Ny, we denote

xRy m=1
xm._{XBO/m:O.

Let us recall the definition of homogeneous Herz spaces [9].
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Definition 1. Let 0 < p,q < oo and o € R. The homogeneous Herz spaces Kg,q(R”) are defined as

Kp g (R") = {f € L, (R"\{0}); |Ifllgs, < o0}, €y
where

1/q
[111x, = (2 z’wnmui;a) = || 2" | fre ez |

7
keZ M(LP)

with the usual modification when q = oco.

The spaces K%,q are quasi-Banach spaces, and if min(p,q) > 1 then Kg,q are also Banach spaces.
Whena = 0and 0 < p = g < oo the space Kg/p coincides with the Lebesgue space L? . In addition
Kg,p = LF(R",|-|*P), where

A Le e |.ary = </]Rﬂ |f(x)|’”x|”‘7"> %

Let B/ (xg) be an open ball in R" centered at xy and radius r > 0. Next we define the Herz-type
Morrey space.

Definition 2. Let 0 < p,q < 0o, & € Rand 0 < u < n, then Herz-type Morrey spaces Kg,ny(R”) are
defined as the sets of functions f € K5 . (By(xo)) such that

K
fllgs ae, = sup suprF1llgs o ay < o0 @
KhaMi xgER" r>0 Kpa(Br(x0))

Let S(R") and S’(R") be Schwarz and the tempered distributions spaces, respectively. Suppose,
that ¢ € S(R") is a nonegative radial function such that

supp(¢p) C {& € R";1/2 < |¢] <2}

and

L 9u(§) =1, V& 0,

keZ
where ¢ (&) = ¢(27%&). Using a partition of unity, we can define Herz-type Besov-Morrey and
Triebel-Lizorkin-Morrey spaces via Fourier-analytic approach.

Definition 3. For0 < p,g < 00,0 < u <n,r € (0,00 and s,a € R,
(i) the inhomogeneous Herz-type Besgv—Morrey space Kgq./\/ i 15 the set of f € S'/P, where P is the set
of polynomials, such that F ' [¢ F f] € K}, , M, and

1/r
f ks x5, = ( ), 2k5’||f1[¢kff]||§<gmﬂ> < 0o, ®)

keNy

with the usual modification when r = co.
(ii) the inhomogeneous Herz-type Triebel—Lizorkin—Morrey space Kg,q S;i,r is the set of f € S’/ P, where P
is the set of polynomials, such that F ' [¢ F f] € K}, o M, and

1/r
1 1lgg, e5, = |<2 zk5f|f1[¢kff]|’> ks, 11, < @

keNy
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with the usual modification when r = oo.
Let us introduce the Hardy-Littlewood maximal operator:
Mf(x) :=sup r‘”/ If(y)|dy, Vx € R™. (5)
r>0 By (x)

And we note M7 f(x) = (M|f|")/T, 0 < T < co. Suppose that {¢;}>, C S(R"), f € S'(R"),
a>0,x € R"and k € Ny, then we introduce the Peetre maximal function defined as

() sup LTS —y)
(91)al) = sup S

(6)

These maximal operators are useful for characterization of Herz-type Besov-Morrey and
Triebel-Lizorkin-Morrey spaces via ball means differences.

In this section introduced spaces were defined via Fourier analytic approach. This approach was
useful in [16], where estimates of mild solutions of the Navier-Stokes equation, containing semi-group
heat operator on weak Herz-type Besov-Morrey spaces, were explored. The Fourier-analytic approach
on Herz-type Besov-Morrey and Triebel-Lizorkin-Morrey spaces facilitates the studying of mild
solutions of nonlinear PDEs, where the heat semi-group operator and the Lerray projection are
intensively engaged. For example, a mathematical model of waves on shallow water surfaces described
by Korteweg-de Vries equation [17], Keller-Segel System [18] presents a cellular chemotaxis model, or
Fokker-Planck equations [19] demonstrates models of anomalous diffusion processes. The developing
of atomic, molecular and wavelet decompositions can advance the studying of Kgq./\/ i, and Kglqé";,,
spaces on smooth and singular manifolds, especially observing them not only using the Fourier-analytic
approach, but also using the difference approach.

3. Properties of Herz-Type Besov-Morrey and Triebel-Lizorkin-Morrey Spaces

In this section we provide useful inequalities and properties of spaces K% A3 ., where A €

Pt
{N. €}

Lemma 1. Let 0 < p,q < 00; 0 < p < n;a,s € R;r € (0,00] and fy, f» € K, A5, ,, then we get the
following inequality:

min(1,p,9,7)

@)

)min(l,p,q,r)

min(1,p,q,7)
(ILfs + fol g, 45, < (IAillkg, 45, ) + (112l lig, 4

wr

Proof. This inequality implied from Lemma 1 [20] and Minkowski inequality for infinite sums. In
case, when A = N

min(1,p,49,7) min(1,p,q,r)/7
(11Fs + ol g, - (szswv-lwkﬂfl+fz>1||;<a M )
o keZ PATH
min(1,p,q,r)/r min(1,p,9,r)/r
< (szsr”]:l[‘f’k]:fl]”%a M ) + (szsr]‘—l[qﬁk]:fzﬂﬂga M )
kel pA7TH keZ (A

min(1Lp,q,r) min(1,p,q,r)
= (Ifillkg a3, + (11fellkg,iz,)

Analogical calculations we apply in case A = £ and receive the required inequality. [

According to Lemma 1, it is possible to obtain the general inequality for the arbitrary family of
functions.
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Corollary 1. Let 0 < p,q < 00,0 < pu < m; a,5 € R; r € (0,00] and {f;}._, is the family of functions in
K& A3, ., then we get the following inequality:

pAa” R
; min(1,p,q,r) ;
min(1,p,q,r)
> f <Y (11fllgg, ) : ®)
i=1 K%’qA;‘l/r i=1
We also verify the relation between f and |f|* in the next lemma.
Lemma2. Let0 < p,g<o0,0<yu<nanda €R.
V1t < (0,p), then [1fllgs s, < 11fllgs, e,
(i) If 0 < u < oo, then
u
u . — .
1A Pleg, e, = (11l 0,1, ) ©

holds for all f € K, M,,.

Proof. (i) We use the Holder inequality and represent f = §(x) f, where d(x) is the Dirac d-function,
and there exists some / and ¢ such that % = % + %

||f5(x)||Kg,qMV > ||f||KngV||5(x)HK;quy = ||f||1’<g‘/qM”.

a/p\ M4
x p
Jy o O )
u

uq/p) 1/uq

Now it is necessary to provide helpful inequalities, containing Hardy-Littlewood and Peetre

(i) Using direct manipulations we receive

_k
4

£+

keZ

A ks g1, = sup 7
paMu xeR" >0

x p/u
Jy ey F O

o
= sup |r ¥ (Z ukaq

xeR" >0 keZ

O

maximal functions.

Theorem 1. Let0 < p,q < 00,1 <5 <ooand 0 <y < n, then
(i) For all f : R" — C we have

. < .
1M llig, 1ty < 1l 1ty (10)
In addition, for a sequence { f; i1 of Kg,q./\/t u we have
A1 < 11
I Sup Mfillkg,m, S Sup illlkg .- (11)
(ii) For {f;}$24 of K§; o M, we have
oo 1/n o 1/y
Goo)| @) .
" S KMy

Proof. According to Lemma 5 from [21], we obtain (10)-(11). Therefore, from (i) we receive (ii). [
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We should to collect some basic properties of Herz-type Besov- Morrey and
Triebel-Lizorkin-Morrey spaces.

Theorem 2. Let 0 < p,g < 00,0 < <n,0<r<oo,ascRO0<v<n {6, C R and
fe S (R").
(i) Ifa > %, then we have

2% LN} ol ) S 12 F 0T A1 iy -

(ii) If we assume a > L then we have

n
min(p,q,r

{2 (0 )adiol iy a0y S TH2SF M oeF 130 Ik, i, )-

Proof. The estimates (i) and (ii) are the consequences of Theorems 5.4 and 5.5 from [22], y is a constant
function. [

Proposition1. Let 0 < p,g < o0, 0 <y <n;0<ry,1p <oo;a,s €R, then

(i) If ry < 1, then we have 'K%,q.';’ﬂ(R”) = Kg’q Is o (RM).

(11) Ifi >.OS, then we have .Iig,q..,:l;,r(]l%rfl = fg,qA;,—re(Rn).

(iii) Kp,qu,min(p,q,r) = K 1Enr > K§ yNji oo for r € (0,00).
Proof. (i) and (ii) have been proved by Proposition 3.3 [20]. We omit the proof of (iii) because it is
obtained by an argument similar to [25] Proposition 2 in section 2.3.2. [

Let us imply the Hardy-type inequality, containing the norm of Kg,q/\/ly, which is a corollary of
Lemma 3.9 from [23].

Lemma3. Let0 < p,g <o0,0 < u <m;0<r<ocoanddé > 0. Let {g, }5=
measurable functions on R" and

be a sequence of non-negative

—00

Gj(x) := Z:Z;Z_(j_")‘sgv(x), x€R"jeZ.
ve

Then we have
IKGI}E —collir (ks at,) S THVHE —ooll1r (ks 0,
and

Gl ity ) S 1180l ey )
From [23] we provide useful inequality.
Lemmad4. Leta,b >0, M € Nand h € R". We define

|f(x Z)|
P, X) =8sup ———
b,af( ) e }1 1 |bZ|“

for f € S'(R") with suppF f C {& € R" : |¢| < b}, then we have
AR £(x)] S max(1, |bh|*) min(1, [bA|™) Py f (x),
forall x € R".

Remark, that A is defined in section 4.

doi:10.20944/preprints202304.0722.v1
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For atomic, molecular and wavelet decompositions we need to introduce the following facts. Let
f € K§ M, . Then for all 77 > 0 there holds

sup LU= < a0 1), )
zeR® 1+ ’Z| U
Now, we consider the lifting properties. If ¢ € R, then operator I, is defined as
I.f = F Y1+ |x?)772Ff, f € S'(RY).

It is well-known that I, is an one to one mapping on §’(R") and S(IR"), respectively. Moreover, the
equality I;Iy = I,4risvalid forallo, T € R.

Theorem 3. Lets,0c € R, r € (0,00, m,n € N,0 < p,g < 00,0 < pu < n. Then I, : Kgrq./l;,,, — Kg,q/lf;,‘f.
Moreover,

n
-1
Z ||_F x'V}'fHK%,qA;;m and ||f|‘K%,q.A;;m +]§1 ||a;nf||K%/qA;;m

ly|<m

are equivalent quasi-norms on Kﬁ,q/li,r-

Proof. If f € K A5, , by the estimate | (F !¢ Ff) | < ¢ % f, we have

e fllig, agoe = 126 F 1A+ [ D720 Fllgs, g

wr

_ sk ——1 X . < 5 .
|2 F ¢k]:f||KglqA;,r < C||f||1<g,q,4;/r/ (14)

where C does not depend on f. Therefore, I, is continuous.
If g € K A3, and

[ fllks s, = Cllgllky, ase = Cllofllgy, a5 (15)

Hence, by (14) and (15), I, is an isomorphism.
Next, we prove that the quasi-norm, containing 7 ~'x7 F, is an equivalent quasi-norm on K% _ A

pas ure
For x = (x1,...,x4) € R" let x7 = H;’Zl x;Y], where v = (71,...,vn). U |y| <m, f € Kg,qf'l;,,, then we
get
¥ IF 5 Fflgy, g
[y|<m o
= ¥ IF I xP) " PEF (0 (1) 2 F fl gy g (16)

ly|<m
< Cllnfllgs, asm < ClIfllg, 45,

where the last inequality is obtained by (15).

Finally, we assume that f € Kg,q./l;,, and 0" f € Kg,q A;l_rm forj =1, .., n. We claim that there exist

Fourier multipliers p1(x), ..., pn(x) on Kg,q/'li,;m, and positive constant C such that 1 + E?:l pj(x)x]’.” >

C(1+ |x|?)™/2, for all x € R™. Then we have

[ f kg s < Cl|IF 11+ |x|2)m/2]:f||1-<grqu—m

H,r

< ClIF A+ |2

n n
1+ ij(x)xjml FF 11+ ij(x)x}”l ffHK?,qAS"”
j=1 j=1

ur
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- 1
< Ul + € X5 113037 Sl g
However, xj" 7 f = CF9]" f. By Fourier multiplier properties of p;(x), we obtain
n
TS u As—m " n AS—m.
Il a5, < Ol + € 15197l 17)

By (16) and (17), we prove that the quasi-norms, containing partial derivatives, are equivalent

i 0 AS
quasi-norms on Ky, A; .. [

It is possible to provide the corollary of Theorem 3.

Corollary 2. Let 0 < p,g < 00,0 < u <m;a,s,0 € R;r € (0,00] and m € N. Then
(i) (1= A)7: Ky A5, — KG A2,
(i) (1+ (=8)") : Kj g A5, — Kg,qA;;TZm,
(iii) (1 4+ LJy 9™) < K o A5, — K As, 4
(1) 14+ Y, (—=a7)™) : Kb o A5, , — KB o A2
are isomorphic.

Let us provide three useful statements, which can help to prove atomic and molecular
decompositions.

Lemmab5. Let0 < p,g < o0, 0 <y <m;a,s,r € Randr € (0,00]. Any atom belongs to k;‘,lqn;/, U k‘;,qé”;,r

Furthermore any compactly supported function a with K > (1+ [s]). Then a € k}; git5, , Uk}, 165, .

Proof. If a € CX is a function supported on the unit ball and |[a||x < 1, then ||a]| ks ds, <€ where ¢
is a constant.
Let us decompose |&[4K

21 = Y Pu(@),
|a|=K
where P,(¢) is a homogeneous polynomial of degree 3K. We set T]f"(é) =D (2‘j§)|2_7§|_41<¢j(§).
With this decomposition we obtain

Pja = Z*ng?‘a”‘a.

From this expression we see that, for every P € N, there exists a constant ¢ > 0 such that the estimate

pja(x)] < 27K\ /1+ |x]?

holds for every j € Nand x € R". From this estimate we can get
IS || " < 2J(s=K)
210 x) gy, a1, < €2

and
2| |pra ()| < /6K,

for j € Np.

What remains to be dealt with is the assertion that any atom centered at Q,, belongs to qu/\/' f,,,
. This can be achieved by using the partition of unit and what we have proved for a € CX such that
[lal|cx < 1and supp(a) C Q(1), where Q(r) = {x € R",r > 0 : max(|x1], ..., |xx|) < r} means a cube.

The strong decay condition gives us the desired convergence. [J
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Let us define kg = ¢ and k = A?N¢p, where N > 0 is a large integer depending on the parameters
«,p,q,u1,s Letki(x) = 2/"k(2Jx) for j € N. Next theorem is a generalization of Theorem 4.1 from
[14], where instead of Morrey spaces used Herz-type Morrey spaces.

Theorem 4. Suppose that 0 < y < p < 00,0 < g < o0, a,s € Randr € (0,c0]. There exists a constant ¢
such that

5 -1 ik
(i)c 1||f||1'<g,,q/\'/;,, < ||2]‘kkj * gy ) < Cllf ks a0
(ii) ¢~ ||f||1’<g,q5‘;,, < [[27k; *f||Kg,ny(zr) = C||f|‘1‘<g,q5;,,-

Lemma 6. Suppose that 0 < p,q < oo; 5,0 € R,0 < u < nandr € (0,00]. Let K, L € Z be an integer
satisfying
K> (1+s])+, L >min(—-1,[op4 —s]).
For v € Z" we are given an atom centered at 2~Vm
Assume addition, that a doubly indexed sequence A {Avm }ven mezn belongs to ke

v,q,r- Then the series

phl?w Z ( Z Av,mmv,m>

v=0 \meZz"

converges in S'.

Proof. The convergence in S’ of the sum limy e Yoo (Cmezn /\V mMy,m) is proved in Lemma 4.5 in
[14] for molecules and atoms. Let ¢ € S, then in the case of ke , with L > —1 — s we obtain

L. (zmmam >¢< )ax

P’/II‘

o)

)3

v=1

< cllalliy 4,
mez’t

This gives us the convergence of Y > o (¥uezn Av,mMy,m) in S, O

Proposition 2 ([26]). Let 7 > 0. Then there exists ¢ > 0 such that

sup (z) 1 [f(x —2)| S MW f(x),

zeR"

where (a) = \/1+ |a|?.

4. Difference and Local Means Approach

Let f be an arbitrary function on R"” and x,h € R". Then
Muf(x) = flx+h) = f(x), AT (x) = (A f)(x), MEN.
M
it = L/ ()t e,

where (Z>/I ) — binomial coefficients.
Under the ball means of differences, we mean the quantity

i = [ alan= [ sl Gl

which is used to characterize K& A3 . via the ball means of differences.
pa” T

doi:10.20944/preprints202304.0722.v1
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Definition 4. For 0 < p,q < 00,0 < pu < n,r € (0,00] and s,a € R, the homogeneous Herz-type
Besov-Morrey space K% N5 , is the set of f € S’/ P, where P is the set of polynomials, such that

pa- T
dt 1/1’
> <oo’
8 Myt

dM

o0
* _ ) —sr
g 5, = A1l e, + ()

Analogically, we define Herz-type Triebel-Lizorkin spaces K"‘ Ss » using the ball means of
differences.

Definition 5. For 0 < p,q < 00,0 < pu < n,r € (0,00] and s,a € R, the homogeneous Herz-type
Triebel-Lizorkin-Morrey space K% ,E5, , is the set of f € S' /P, where P is the set of polynomials, such that

pa=ur
( [T () d:)m

Additionally, we provide discrete quasi-norms for K%, qA“;’l A={N,E}:

£l e, = 1Flig a, +

< 0.
Kpa M

1/r
k r
DA, g, =1 llkg pa, + @zsr(agﬂ;r)) <o,
€ o
Kl’quP‘
1/r
.. ok _ ) ksr !
i) 1115, s, = 1m0, + (kezzz KW{) <o,

Afterwards, we establish the equivalence between quasi-norms || f|| R [fI| K, A, and || f]| K AT,
forall f € S'(R").

Theorem 5. Let 0 < p,qg <00, 0 < <n,s,a €R,re (0,00, M€ Nand M > s:

(i) If s > 0y then f € K £, holds if and only if f € K}, U S" and ||f||1*<aq£;r

[If] |}‘<LY i and ||f| ks &5, Te equivalent. The same statement holds for || ]|k

< oo. Furthermore,

K“ 85 :
(11) Ifs > Opgrs thenf € K} N3, holds if and only if f € Ky, U S’ and ||f||*m
I f] |*.%q X, and ||f]] ks A7, T equivalent. The same statement holds for || fI1%x

A, < oo. Furthermore,
K g N

Proof. 1) First we need to prove that quasi-norms || f| |* » and || f||%x are equivalent. It is easy
&

KIX gS
to see that

Uomt_sr (/ A f(x )|dh) t]l/r ng/ sr <t—n/tB|Aqu(x)|du)rcﬂl/r (18)

If 2751 < t <27k then 2k < t=57 < 2(k+1)s7 apg

2kn AMf(x)|du < ¢ AMf(x)|du < 20kt AM£(x)|d 19
Jycoog o @l [ A £ 20 A ) e 09)

According to (18) and the right-hand side of (19) we obtain

Uowts’ (/31(0) AM (x)|dh> t]m Z/ N 12ksr </Bl(0)|A§4kf(x)|du>rﬂl/r.

keZ
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It shows that Hf”[("‘ S SIFI ks, &5, . The inequality ||f||1<“ s S IS ’Izé/qff,,r is implied by (18) and

the left hand side of (19) The same techmque we use for Kg q/\/ Ij ,-

2) (i) Before proving the inequality
< o
111, 4, S 1f g, 0)

it is necessary to show that ||f| |quM# < |If] |I'<;§q/l;, .- By s > 0 and Proposition 1, we have

1 (1, 1 1
ARt < X IF P Al e < 3 —2ominpan || flIo e < || fl .
keZ keZ

Let 19 € S(R") with 1p(x) = 1 for |x| < 1and supp(rp) C {x € R" : |x| <2}. Forj e N

Ti(x) = 1(277x) — (277 1x).

]

We use the decomposition f = Y ez fiki1) = Liez F Y1yt Ff], where fiks1y = 0if k+1 < 0. Hence,
for r < 1 one receives

£, = T2 ( f, 108t toian) = £ 2 ([ a7 s i)

1(0) keZ

<)y ¥y (/ )|A§M—khf(k+l Wl) Z 3,2 ( / )Aév{khf(kJrl)(x)'dh)

I€Z kel |=—c0 kEZ

1

=1keZ

For receiving the desired inequality (20) it suffices to prove ||I;] |K%,q M, < A |K%,q A where
i=1,2.
If r > 1, by Minkovski inequality, we get

N U/r N 1/r
(kgzk“ ( L o |A§‘khf<x>|dh) ) < <,§Z 2ker ( /B L 1 e >|dh> )
0 r
< ) (Z 28 (/31(0) A% e fierny (x W’) ) Z (Z 2 </Bl(0) |A§A—khf(k+l)(x)|dh) ) :

|=—o0c0 \keZ keZ
=L+

: . . i < o a4
In this case '1t suffices to prove. [|I;]] KoMy S [Lf] Ky o A5, where i = 3,4
We estimate I; and I3, using Lemma 4 in the form

|AN fiiei1y ()| < max (1, [bh|*) min(1L, [bh[M)Py o fii1)(x), a >0, b= 2K
and

|f(x —2)|
P xX) = sup ————=%-.
b’”f( ) xean 1+ |bz|®

We use estimate with 2%/ instead of & and obtain

[ 1A S Ol S [ max(1 6254 min(L 2 h) By ()
B1(0) B1(0)

<2™MPyet fresn (%). (1)
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In fact min(1, [b27%h|?) < 1, min(1, [p2 % 1|M) < @M (I < 0 and |#| < 1).
Ifr <1,by M > sand f(k+l) =0, where k +1 < 0, we see that

0

0
LS Y Y2 @MPu () S Y 2/ Yokt (p Ly f (2))"

|=—ocokeZ |=—co keZ

<Y 2 (Py oy (6))'

k=0

By the boundness of Peetre maximal function (Theorem 2), we get

I Wiy, a1, S T2 Pt fii Yol kg, a0y S T2 Fii Yool ke a0y S I iy e,

Ifr>1,

0 1/r
LS ), <Z2ksr(21MP2k+l,af(k+l)(x))r>

I=—00 \k€Z

0 1/r 1/r
_ Z 21M s) (szJrl Sr(PZk‘Hafk—i-l( ))r) 5 (szsr(sz’af(k)(x))r> )

keZ keZ

Therefore, we have
sl ks, S VS g,

We consider the I, and Iy. Let A = 1 when min(p, g, r) > 1. Otherwise, thereisa A € (0,1) such
that s > ﬁ (I1—A)ands > a(1— A). This implies that there exists a real number a > 0 such that
a> mm(pqr) ands > a(1—A).

By Lemma 4, we see that

M — M 1-A M A
/B1 o Ay ey f ey ldl = /B o S T ] /B o |AM, Fin|dh

< (Zlapzkﬁ—l,af(kﬂ)(x))li}\/B ©) |A§Afkhf(k+l)|/\dh

< @Dy f ”Z /(M) [ o L 2l
1

M )
< (2" Pyt o fery (1) Yo (=1) <M>M[|f(k+l)|A]' (22)

j=0 J

where M is maximal Hardy-Littlewood operator.
If » > 1, we denote

1/r
F(x) = (Z(szPZk,uf(k)(x))r>

keZ

and
By (x) = 26T fy (x)], x € R™.

Letd = —(a(1 —A) —s) > 0. By Holder inequality, we obtain

_ - ksr ’
= 1221 (kgz (/Bl(o) 1855 ("”)(x)|> )

1/r
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) 1/r
g (Z k+l)spzk,af(k+l) (x))(lf)‘)r(,/\/l [|B(k+l) |/\])r(x)>

keZ

0o Alr
SFEx)' Yy 27" (Z(MHB(W)ADW(?C)) -

=1 keZ

The Holder inequality [9] implies that

E B kgt < 1Bl g, + [1B2llR pa, (23)

By (23), Lemma 1 and Theorem 1,

Alr
(1, 1 in(L,p,q,
LI S P Y2 (O MiBl,]) I

M 1=1 keZ P

min(1,p,q,r)

) Alr
< szlémin(l,p,q/) Fl-2 (2 M|[B k+1)] M)

1=1 keZ ;
Kp g My

min(1,p,q,7)

(Lpgr)(1-A) —16
S Il 3 g tomintran o A
H

Kbq&ir

k+l ]}kez‘

min(1,p,q,r)

1
< || f|[inLpar), (24)

1 1 /\ _
S |1 finpant ZZWMW% K5,

Kpq€iir

{B (k+1) }keZ‘

Next we estimate I, when r < 1. By Holder inequality we have

A
I;/r < F(x)(l—/\)/r Zz(la(l—A)—ls)/Z (Z (MHB(kH)V\])r/A) ]
=1 keZ

Using the similar arguments as in (24), we have

(Lpg, P
IIIHmIn o <||f||Ka 55” :

(i) Now we prove || f| |I*<’% N < If Ky N According to the definition of quasi-norm || f|| K T3,

we consider I"(Kj , M,,) quasi-norm of

O =20 [ st flan =25 [ me(g%mH)hM

We split ) (x) into two parts as below, applying f = Y7, fks1) k € Z:
=25 [ A Y fa )|
B, (0)
0

leZ
< Y2 [ fa 2 [ AN fldh = fO 4 0010
B1(0) =1 B1(0)

|=—0c0

Firstly we prove | [{f" }xez |l iy, a1,)) < I1f1Ixs, v, - Let

8114 = Z”SPZu,af(u) (X)
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Then by (21), it is easy to see that

f(kl< ZZIMS Z 22|k ul(M— s)g

k=—o0 U=—00

Thanks to Lemma 3 and Theorem 2 with a > we obtain

n
min(L,p,q)”
k)1 oo
IO kel iy, ay) S T80l gs, a0y S 11F1 kg 0,

Finally, we shall prove ||{f")!};cz| ik o)) S ks s,
Due to conditions s > 0}, 4, we can choose such a real number a. Let g2 (x) = |2/ fy(x)], by (22)

we have
Wity o [ 0182 ey (¥ |k S JS 20T g ) Mg 1] ().
1=1 1 =1

Letd = —(a(1 —A) —s) > 0. By Lemma 1, (23) and Holder inequality, we see that

1 —1 1,
O kel ) <22 Tmin(lpan || (gh ) Mg M ezl gy vt
16 mi - (1
< L2 {(gh )M MR MRy, ezl
I=1
" 516 (1-4) min(1,p, ApAmin(L,
S L2700 {gh i ™ g ) MR G
=1
Therefore, by Theorem 1, we obtain
(1,
O ezl [ )
Ammlpqr)

—15min(1 (1—=A) min(1,p,q,r) 2 1/A
S 22 min(lp4r) ||{gk+l}k P i (s, a0 TMUI8E 1] A/ [/ e M)
I=1

(1,
SV

K% ! 00 H —
3) We prove that ||f||1'<;§,qu4,, S ||f||K%,qA?4,r for f € K§ M, US'. Let p € C°(R") with p(x) = 1 whem
|x| <1and ¢(x) = 0 when |x| > 3/2. We define

PN VICE = M _
0l = (" L 1>ﬂ<y)¢<<M 1)),

Note that 19 € C{°(R") with 19(x) = 0 when [x| > 3/2 and 79(x) = 1 when [x| < 1/M. We
define 7j(x) = 1(27/x) — 1(27/"x) for j € N. The family {T]-};?';O is a partition of unity, o(x) =
(—)M+(AMyp(0) — (—1)M) and that

e [ FOAMOFA) + ()M ()= 0
i f“’”‘{wf1<A§4jgw<o>—A§AmC¢< 0)Ff)(x),j € N

Kepka and Vybiral [23] proved that

(FH AW ODFN@I S [ 1790l 183 (x)


https://doi.org/10.20944/preprints202304.0722.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 21 April 2023 doi:10.20944/preprints202304.0722.v1

15 of 25

forall j € Ny. For A = £, we put ¢ = Fyp € S(R") and obtain

1l 5, ~ {25 F G F F1Y ol ks aaur

{st/R |g(h )||A S (x )ldh}jzo

Let Iy = B1(0) and I; = 2¥B;(0) \ 2-1B;(0) for k € N. Take t > s +n. By g = Fyp € S(R"),
|g(h)| <27 holds for all i € I;. Then we can estimate

S A kg aury +

K g Mp

GRS SN CIISWRIEE

< Zz—kf/ AMF(x)]dh S sz" DdM £ (x).

We put g;(x) = 25a) f(x) for | € Z. We see that

2jS/R g ()18, f (x )Ithstif‘(” Dbl f(x) S Y 2l (). (25)

k=0 IeZ

By virtue Lemma 3, we have

1k S 1Ak a0, + H{zfs 9185, F(Oldn}iZo || S kg,
K g My (17)
li=H(s+n=1) ; 1 . — KK
{kgz gk}' . N ||f||1<g,qM,, + ||{8]}]=o||1<g,q/v1,,(lr) = ||f||K%ﬂg}§,’-
I=011Rg My ()

Finally A = .

i -1
Lk 5, ~ 125 F (G F Yol g aayy S 1F Lk,

[e9)

G MECETT

Using (25) with t > s +n and applying Lemma 3 we have

+

Ir(K$ g My)

< W11k,

[ f ks,

]J

{ 2 2|jk|(s+nt)gk}
keZ j=0

g, 5 kg, || 25 [ 1801108, F0) MR

I"(Kp g My

Sf Mgy, + 188 20l ky a) = 1111 s,
I"(K$0 Mp)

O

5. Atomic Decomposition

Let us introduce the following definition.


https://doi.org/10.20944/preprints202304.0722.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 21 April 2023 doi:10.20944/preprints202304.0722.v1

16 of 25
Definition 6. 1. Let v € Z and m € Z". Then we define

nofm; m;+1
— 777
Qo =TT |55 ).

j=1

2. Let0 < p <oo,vEZandm € Z". Then we define the p-normalized indicator )(1(,’,2 by

X =2 X0,

3. Let0<pu<p<o0,0<qg<o00,0<r < co. Let double-indexed sequences A == { Ay }kenymezn C
C then we denote k‘;ﬁrqu;m and k%,qéfl,r as Herz-type Besov-Morrey and Triebel-Lizorkin-Morrey sequence spaces,
which have corresponding quasi-norms:

| Z /\k,m?(g,jm

1/r
|§-<qu#> <o, 1<r< e
mezn !

M s s, = (22k5r
paltur keZ

Z )Lk,m X g k),m

r~ 1/r
: <o, 1<r<oo,
mezn > |K%lqM# a

||)\||ka .5 = | (szsr
pachr keZ

Now we bring the definition of [K, L]-atoms.

Definition 7. Letd > 1and K,L € Z, where K > Q0and L > —1.

1. The function a € CK is called an [K, L]-atom centered at Qg , for m € Z", if supp(a) C dQq,, and
[|0%al|r < 1 forall « € Nj with || < K.

2. The function a € CX is said to an [K, L]-atom centered at Qy y for v € Nand m € Z", if supp(a) C

AQum, ||0%a/0x" || < Z_V(S_%)Jrv‘alfor all « € N with || < K and
Pa(x)dx =0
/Rnx a(x)dx

for B € Nj with |B| < L.
3. The function a € CK is called an [K, L]-atom centered at Qq,,, for m € Z"", if

[@a(x)| < (x — xg) MW

if || < K.
4. The function a € CX is called an [K, L]-atom centered at Qy y for v € Nand m € 7", if

|0%a(x)| < o= (s=n/p)Hvial (v (x — xq))~M—lal

if || < Kand
Pa(x)dx =0
/Rnx a(x)dx
for 1Bl < L.

Here and below we always assume that M > L 4 10nmax(1,1/g,1/p,1/u). Let us define the
following values:

Opg =1t (1), Oy = [ 1
P \min(tp,g) )T \min(Lpg,r) )

where 7 is an dimension.
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Additionally, we define the [K, L, M]-molecules.

Definition 8. Let K,L € Z and M > L+ 10nmax(1,1/q,1/p,1/u), where K > 0 and L > —1. The
function m € CK'is called a [K, L, M]-molecule concentrated in Qv veENandt € 7", if

19Tm(x)| < 27/ PIHITIv Qv (x — xg)yM-Tl

for |t| < Kand
/ xPm(x)dx =0
for |Bl < L.

Theorem 6. Let k > 1 be fixed. Suppose that the parameters K,L € Z and p,q,r,s € Rsatisfy 0 <y < p <
0,0<g<00,0<r <00, K> (1+[s])4, L > max(—1,[op,g —s]) for N=scaleand 0 < g < p < oo,
0<r<oo, K> (1+]s])s, L >max(—1,[op4, — s|) for E-scale.

1)Assume that {ay,m }yeNymezr is a family of atoms and A = {Ay,m }yeny mezn € k% as, . Then for sum

pa=ur

f = YveNy Lmezn Avmby,m converges in S and belongs to K%,q/\i,r with the norm estimate

111y, a5, < 1AL,

s -
T

2) Conversely, any f € K% A3, . admits the following decomposition:

pav T
f: 2 2 Av,mav,m/

veNy meZ

which converges in S'. We can average the family of atoms {ay,m }yen, mezr Such that the family of coefficients
A = {Avm}tveNgmezr € fc‘;‘,/qai,,r fulfills the norm estimate

Mg s, < 11k, -

S
4%

Proof. 1) By Lemma 6 we may assume that the coefficients are zero with finite exception. In this case
we have that f € K%,qA;S,t,r by Lemma 5. To measure this norm we use Theorem 4. Let j > v > 0 with
j # 0. Then

kj* aym(x) = 2/" /Rn k(2y)ay,m(x — y)dy.

We take a homogeneous polynomial P, (¢) of degree 3k with |&[*N = Yja)=k &" Pu(&), which met
in proof of Lemma 5. Then k(2/y) = [A?N¢](2/y) = 2/ Ljaj=k Oy ([Pa(9) ] (2/y)). As result we obtain

ki # @y m(x) = 207K 7 (—1)k /R Pu(@)9(2y)3" aym(x — y)dy. (26)
la|=k

Using Peetre inequality (a 4+ b) < v/2(a)(b) and taking into account that j > v, we obtain
W(x— 1) — gy -M-Kgy < (oVy — —M—K/ oV, —M-K
Rl RN

< (2Vx —a)"M=K|B2 )| = 277 (2Vx — a) MK,

As a consequence, we have

2k % (0] S 207 T (<1 [P @)9 @)1 i (x ~ )y
|a|=k !
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Then we get
2j5|kj st @y (x)] < z(f*V)(K*S)*”V(%+%)<2Vx . a)fM*K.

Multiplying by |A,, | to both sides and adding the above inequality over m € Z", we obtain

25| Ay ki % ay ()] < Z(jfv)(Kfs)fm(%Jr%) Aum|(2Vx —a)~M—K
AN ’ ~ ’

mez" mezt

= ¥ ¥ 2, 2 - a) MK
keNg meZ

(141
<2(] v)(K=s)=nv(g+%) Z SKMTE Z |)L1,m|
€Ny

Note that a satisfying 2¢ < (2Vx — a) < 2¥*1 comparable to 2¢". Therefore,
omv(5+g) Y JAoml S 27 MU ( y Am%vm) ,
mez" mezh
where 7 is sufficiently close to min(1, p, g, j¢). Since M is assumed sulfficiently large, we add
Z zjsl/\v,mkj * aym(X)| S 20—V (K=9) Aq () ( Z Av,va,m) (27)
mezn mezX

Letv > j > 0. Then if j # 0, we have

ki * aym(x) = /Rn k(x, y)avm(x — 27Ty)dy,
where N = M +n — L and

aﬁAN(P(zf(x —27"a)) (y— zf(x — Z_Va))ﬁ'

K(x,y) = (AN¢)(y) = ). 3
BI=L

If |2/ (x —27Va) —y| < M , then the mean value theorem gives us
Kyl S ly =2 (x = 27"a) " 12 (x = 2va))Y
< 27 WD (v (e — 27Ty) — @)1 (20 (x — 2Va))N.

Therefore, we obtain

2 | s IKCE ) aun (x = 27Ty)dy
——

B2j (x—2"Va) (

(2(x—27Ty) —a) Ndy (28)

S (2 (x —2va))N /B

< o S ATt == v 9=iy) — )N,

_ |2/ (x=2Val
2/ (x—2"Va) ( 2 )
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If |2/(x —27va) —y| < w, then we use
K(x,y)| S 270D 2 (x — 27Ty) — a)lFL,
By this estimate, we obtain
2 | oz, K Y) (2 =27Ty)dy
RW\BZJ»(PTV“)(W("%“\)) v
< 2*(V—S)(L+1+s)*"%*% Sin2-val (2¥(x — 27jy) . a>—N—n—1dy (29)
BZ].(x—Z*Va) ( 2 ))

< 27(V*S)(L+1+S+H)*%*% <21/(x . Zijy) . a)fN.
Combining (28) and (29), we obtain
2|k aym| S 27 CTIEIIEI TG oy (¢ —27Ty) )7

We multiply Ay, to the above inequality and add it over m € Z".

Z 2js|/\v,mkj B o~ (v=s) (Lt Tsn)— 47— 1 Z Ayl (2V (x — 27]"1/) . a>fN

mezn mez

—(v—s)(L+14s4n)— 1 1 1
S2 DY SN Y Aum

keNy mezht

Let 1 be a constant smaller than min(1, p, g, #). Then we obtain, by using (a + b)" < a” + ",

1/7y
‘ —(v=s)(L+14s4n)— 1 -1 1
Z 2]S|Av,mkj*av,m| 52 =) sm) b Z 2;(71\] Z Mv,m"7
mezn keNy mezZn, |2 (x—2-va)| <2k
my . (x) (Cmezn Avaom) '
< o= (=) (L ltstn) =y =1 Z B—j(x) \&wmeZ tv,mAv,m
~ keN, k(Nfﬂ)
0 2 i
< 2—(v—5)(L+1+s+n)_%_%M(’7) [ Z )\v,m?(v,ml (x).
mez"
Taking into account (27), we are led to
Z 2js|)\v,mkj * aym(x)] S Z_ZA(V_j)M(”) [ Z AvmXvm | (%), (30)
mez mezn

where § > 0.
As before by the Holder inequality we obtain
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Q}l/@

1/q
< { Z Z 2=28|v=j| pq(n) ( Z /\u,mxu,m> (x)q} (31)

jeNg veNy mez"

(5[5 2w (5

jeNy LveNy mezt

1/
5{2 2—26lv=jl p1(n) (Z )\umxum>( )q} q'

veNy mez"

This inequality and the Fefferman-Stein vector-valued maximal inequality (10) yield (31). Thus, we
have the desired result.

2) (L = —1) Let M € N be constant larger that K+ 1 and f € K"‘ .AS Assume that {7j}cn,
a family ¢;(x) = ¢o(277x) — ¢o(27/Hx) for j > 1. xop) < T SXQ(S/Z) We also take T such that
supp(7) C Q(1),Q(2) C {Fk # 0}. For j € Np set 7;(x) = 2/"7(2/x) and we define ¢; € S uniquely
so that ¢; = (2r) s F1 [¢;F 7] Then

()

=L F TS = m*w YL [ wl- g oy

j=0 j=0mezZ" }m

&\3

Letusset A, = 2]‘(37% ) SUpyco, |7j = f(y)| and

0,j=0
Ajm = {)\Vlm flem ¥i(x —y) T * f(y)dy, otherwise’

Then f = Yjen, Lmezr Ajmjm- Lemma 411 yields [[{Ajm }jengmeznllis o S |fllks, a5,

(L > 0) Let M € N be constant larger that K+ 1and f € K“ .AS » can be decomposed as
= — M By : ~ xS .
f=8+(=8)"8 Ifllkg, a5, = l18llky, asi2m

Observe that ¢ € CF by virtue of Theorem 3 provided M is large enough. Let ¢ € S- compactly
supported function with }_,,c7» ¢(x —m) = 1. Suppose that supp(¢) C Byr(0).

glx) =) plx—m)g(x).

mez

We define coefficients A, and functions ag ,, by

B " _ 0,p(x —m)g) =0
/\O,Wl = Ssup ||a (’JJ(X— m)8)||1'<go,qr aj,m = {/\ltp(x —m)g),otherwise'

|‘X‘SK 0,m
8= 2 A0,m0,m-
mezn
Next we note that
Y. AomXom S X | sup D81k, (32)
mez” K8 M, la[<K xmyse
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We decompose

=) FlgFogly)

jENO

and use (13) to obtain a pointwise estimate,

sup [0%¢(y)| < Y. sup |F g Fo%sm) S Y 25 MO g For g ()] (x).
yEB(x,0) jENg yEB(x,c) j€No

where 7 lightly less than min(1, p, g, u). Taking into account the triangle inequality

U

Y Il

< Y1kl pa, -
jeN

: eN
KMy

and with help of Theorem 3, we receive

sup [0"g(y)]
lx—y|<c

< L2 F sy i, S 118k, 45, (33)
KoM, TN

As aresult if M is large enough. Application of Theorem 3 and combination of (32) and (33) give

us
Y AomXom < ||8||Ka pr/relel S S A kg, 45,
mez K8 M,
Next we can see g € Kg q.A‘;f,ZM with s + 2M > o,,m, L = -1, we obtain g =
Yoor 1 Ynezn Avmbym. Here A and b satisfy the following conditions:
1. ||A||kglqa;,, S ||g||K§,in¢f?2M = ||f||dot1<glqA;,,

2. supp(by,m) C dQum
3. |0%by | < o v(sF2M= =) Hlalv la| < k+2M.
Thus, if we set a, , = (—A)Mb, ,, and M > L, we get f = Y yen, Lmezr Avmvm. O

Corollary 3. Under the same condition in Theorem 6 with M > L +10nmax(1,1/p,1/q,1/u)

1) For the family of [K, L, M]-molecules {m,, T}VeNolfezn and A = { Az fyeny rezn € kpq o, the sum
f = Yven, Lrezn Av,cmy,c converges in S” and belongs to Kg qA;  with the norm estimate

||f||1‘<g,qA;4/, = ||/\||f<%,qa§,,'

2) Conversely any f € K A, admits the decomposition f = Y,y Lrezn Avetity,e, which

converges in 8'. We can average the family of [K, L, M]-molecules {my}yen,rezn and that coefficients
= { At tveng ez € k 50005, fulfill the norm estimate

1Ml s, < 111 ls, 45,

P

6. Wavelet Decomposition

Let L € Nand let ¢, Y1 € CL(R) are real-valued compactly supported functions with

_ Iy
/Rtpp(t)dt_c>0, /RI/JM(t)tdt—O,Z<L.

The function ¥ is called scaling function (or father wavelet) and ¢ is called an associated function
(mother wavelet).

doi:10.20944/preprints202304.0722.v1
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Let G = (Gy,...,Gy) € G* ={F,M }d* where * indicates that at least one of the components of G
must be an M. Then we set

. n . n
lem — pjn/2 H,’bcr @xy—my), Yu(x) = [ vr(x —my),
r=1 r=1
where j € Ny, m € Z", G € G*. The family {¢y,, l/J]-C,;m 1j €Ny, m e Z", G € G*} is called (Daubechies)

wavelet system.

f=Y Mt Y Y Y ALY

keZn GeGx jeNy kez

for A € ky, ,aj, -
Definition 9. Lets,a € R,0< p,q < o0, 0 < pu <nandr € (0,00].
(i) Then define

kﬁ,qﬁ;,r ={A= {/\Em}veNO,GeG*,meZ" C C: Al |k‘;§lqﬁf4l, < oo},

where

’ 1/r

Z |A1§,m |2V5Xv,m

mezn

Mg, = | T X

veNy GeG*

Kb
(ii) Let 0 < p,q < co. Define

Koattir = {A = {Aln veny Gecrmezr € C|IAlljg o < 00},

where

1/r
— G
||/\||k‘;§qé?” = ( Z Z Z |)‘v,m|2vsr7(1/,m>

o veNy GeG* meZ" -
Kpa
Theorem 7. Suppose that the parameters 0 < g < p < 00,0 <r < o0o,5,&4 € R"and 0 < y < n. Let Nbea
large integer depending on p,q,7,s, «.

1. Suppose that we are given { Ay }rezn and {A]Gk} jeNokezn in kﬂr‘wﬁw foreach G € G*. Then

F=3 M+ Y Y Y A (34)
kezn GeGx jeNy kezZ
belongs to Kg,qA;,,r and satisfies
i(s+n_n_mn
11l ds, (H{Ak}keznukw D[EARE ﬂ)Afk}jeNo,kezn||kgqﬁ;r> (35)
’ GeGx* o
2. Conversely, any f € Kg,qA;m admits the following decomposition
f=Y Fowm+ X Y Y (Lvivk (36)
kez? GeGx jeNy kez
and the coefficients satisfy
i(s+2—n_n
o el + & 120080 enpremlly g, < Wflig a5, 4D
pA ] P paty,

GeGx
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Proof. Fix G € G*. Choose 7,60 € S so that
supp(FT) C Bg(0), supp(F0) C B4(0) \ B1(0), Frt = Z ]-"[9]2 =(2m)™",

where T and 6 are even and real-valued. Let us define 6,, and 7, by
FlOw] := FO(27™), Fltm| := Fr(27™)

for m € Z. Applying this, we receive

<f/ll]j(,;k> = (ft*gxye) + ) (f Om *9j+m*l/1](,;k> =

m=0

/Rn (Frr(x =y +27k) g g (y)dy + ) /R (Fr0m(x =y +277K))6) + i (y)dy.
m=0
Observe that

Flbjem* 9510 = @m)EFl] @ FIGI@) = 2m) 827 Fo@ T mg) Fyl (0).

By virtue of the fact that 6 has vanishing moment of any order we see that there exist M >

_on _on
min(1,p,q,1) sand L > min(L,p,4,1) + n 41 such that

9" —mM=1 y—j\—(n
se T Oy < ¥31(Q)| S 27 E i)~

for all & with || < n+ 1+ L. As a consequence, it follows that
10)m * 95 (x)] S 27"M= 2 (277x) 7L,

Choose 7 > 0 so that 7 < min(1, p,q) when A = A and that 7 < min(1,p,q,7) when A = £.
Inversing this estimate and invoking Proposition 2, we obtain

{2 B (x =y +277K)) 61 * 93 (y)] S 23 mM iyt F [6j4mFf (272 = y)]|

<23 7M(2ly) I (x oy — 277K)) T MO F [0y, F 1] (3),
forall x € Q; . Then we have

mn mn

(@ (x 4y —27k))1 S 2 (2 (x+y —27k)1 <27 (2y)
If we combine the above inequalities, it follows that

mn

[ 8 (2 — 4+ 277000+ 9 ()] S 27 M5 (2Uy) " MO [F 10,1, F £ ().

Integrating this inequality, we obtain

> : n_ g mn _
L [ O =y +270)0p e )y S 28 MOV F 00T )] ()
m=0

forall x € Q-
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Now using this pointwise estimate, we obtain

H S+Vl n
= 120 (980 el

as,
GeGx !

< L 2 TEMW 20 F T ey, F ] () + MO 2P G (0.

meN
With this estimate and Theorem 1 (ii), we obtain (37). [

7. Conclusion

This article focused on characterization via ball means of differences, atomic, molecular and
wavelet decompositions of Herz-type Besov-Morrey and Triebel-Lizorkin-Morrey spaces. There
were introduced main definitions in preliminaries and necessary facts for proofs of Theorems 5,
6 and 7 in section 3. They can help to explore Fourier-multipliers, quarkonial decomposition,
traces on Riemannian manifolds and fractals. Proposed spaces defined via ball means of
differences find their application in the studying of solutions of partial differential equations such
as Navier-Stokes, Klein-Gordon, Korteweg—de Vries and Burgers equations. Atomic, molecular and
wavelet decompositions can imply useful properties in pseudo-differential operators theory, global
and geometric analyses, which include Riemannian manifolds, Lie groups and fractals.

The provided characterizations and decompositions can be useful for determining the Fourier
multipliers, as it was done in [24]. Also, they can help us to explore quarkonial decomposition, traces
on Riemannian manifolds and fractals. Moreover, it is possible to extend researches on the set of
analytic functions on CR-manifolds.
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