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A family of 512 reverse order laws for generalized inverses of two matrix
product: a review
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Abstract. Reverse order laws for generalized inverses of matrix products is a classic object of study in
the theory of generalized inverses. One of the well-known reverse order laws for a matrix product AB is
(AB)(0) = Bls2:t2) A1t - where (-)(*+7) denotes an {i,...,j}-generalized inverse of matrix. Because
{i,...,j}-generalized inverse of a singular matrix is unique, the relationships between both sides of the reverse
order law can be divided into four situations for consideration. This paper provides a thorough coverage
of the reverse order laws for {i,...,j}-generalized inverses of AB, from the development of background and
preliminary tools to the collection of miscellaneous formulas and facts on the reverse order laws in one place with
cogent introduction and references for further study. We begin with the introduction of a linear mixed model
y = ABS 4+ A~ + € and the presentation of two least-squares methodologies to estimate the fixed parameter vector
8 in the model, and the description of connections between the two types of least-squares estimators and the
reverse order laws for generalized inverses of AB. We then prepare some valued matrix analysis tools, including a
general theory on linear or nonlinear matrix identities, a group of expansion formulas for calculating ranks of block
matrices, two groups of explicit formulas for calculating the maximum and minimum ranks of B(s2:12) A(s1,-t1)
as well as necessary and sufficient conditions for B(52:-t2) A(s1.t1) to be invariant with respect to the choice of
B(s2:5t2) A(s1::501) - We then present a unified approach to the 512 matrix set inclusion problems associated with
the above reverse order laws for the eight commonly-used types of generalized inverses of A, B, and AB through
use of the definitions of generalized inverses, the block matrix method (BMM), the matrix rank method (MRM),
the matrix equation method (MEM), and various algebraic calculations of matrices.
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1 Introduction

We begin with introducing the notation adopted in this paper. Let C™*™ denote the collection of all m x n
complex matrices; r(A), Z(A), and A4 (A) denote the rank, the range, and the null space of a matrix A € C™*™,
respectively; I, denote the identity matrix of order m; and [A, B] denote a row block matrix consisting of A and
B. The Moore-Penrose inverse of A € C"™*™, denoted by Af, is the unique matrix X € C™*™ satisfying the four
Penrose equations

I:l (i) AXA=A, (i) XAX =X, (iii) (AX)*=AX, (iv) (XA)*=XA. (1.1)
A matrix X is called an {i,...,j}-generalized inverse of A, denoted by Alod) if it satisfies the ith,. .., jth
equations in (1.1). The collection of all {i, ..., }-generalized inverses of A is denoted by {A(+7)}. There are all
15 types of {4, ..., j}-generalized inverses of A by definition, but people are mainly interested in the following eight
situations that involve the first equation:

|:| |:| |:| AT, 14(1,3,4)7 A(1’2’4), 14(1,2,3)7 A(1’4), A(1,3)’ 14(1,2)7 A(l), (12)

which are usually called the eight commonly-used types of generalized inverses of A in the literature; see e.g.,
[16,19,57]. In addition, let Py = AAT, E4 = I,, — AAT, and F4 = I, — ATA, denote the three orthogonal
projectors (Hermitian idempotent matrices) induced from A.

One of the most important applications of generalized inverses is to deal with singular matrices and their
algebraic operations that occur in mathematics and applications. To emphasize the occurrence of generalized
inverses in matrix calculations, we can generally write matrix expressions that involve a family of generalized
inverses Agil""’jl), A(Qiz"“’jz), cey A,(j’“"“’jk) as

f(Agilau-yjl)’ A;i2""’j2), o 7A§€ik7-~7jk))’ (1.3)
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where f(-) denotes certain algebraic operations of matrices. We also denote the collection of matrix values of the
function with respect to all possible choices of the generalized inverses by

Dy = {7 (A, A pfieio) 1)

and called it the domain of . As is known to all, one of the fundamental tasks in algebra is to establish and
describe various algebraic equalities for operations of elements in the algebra. In the theory of generalized inverses
of matrices, such a task is designated as the derivation of equalities that involve matrices and their generalized
inverses. Using the above notation, we can write the equalities in the following general form

f(Agil’N’jl), A§i27"'7j2), o 7A§:k’m’jk)) _ g(B§317-~7t1)’ Bésb-“vt?)’ o Bl(sl""’tl)) (15)

for two different matrix expressions. Because the matrix values of f(-) and g(-) are not necessarily unique, we can
divide the relationships between the both sides of (1.5 into the following four situations

Dfmpg 7&@7 Df QIDW Df ng? Df :DQ (16)

by means of the domain notation in (L.4). There are many examples of (1.5) and that occur in the theory
of generalized inverses and their applications. One of the most popular class of (1.5) and (1.6) are concerned with
equalities of products of generalized inverses. Recall that if A and B are two nonsingular matrices of the same size,
the product AB is nonsingular as well, and the inverse of the product AB can be expressed as (AB)~! = B~1A71,
which is usually called the two-term reverse order law (ROL) for the standard inverse of a matrix product. An
extension of the ROL to the multiple matrix product case is given by (A;As--- Ad)_1 = A;l . Az_lAl_l. These
ROLs are best-known fundamental identities in matrix algebra, which can be used to simplify matrix expressions
that involve inverse operations of nonsingular matrix products. If a given matrix product is singular, generalized
inverses of the product can also be written as certain reverse order products of generalized inverses of the given
matrices. To take the most useful case, we assume that A € C™*™ and B € C"*P are two given matrices. Then the
product AB € C™*? is defined, but generally it is singular. In this situation, an extension of (AB)~! = B~1A4~!
to generalized inverses of AB can be written as the following two-term ROL:

(AB)(Z,,]) — B(527~~yt2)A(51"”’t1), (17)

which is obviously a special case of (1.4). Because the non-commutativity of matrix algebra, and also because
AAGt) £ Al A £ [ BBG2et2) £ [ and BG212)B £ [, for two singular matrices A and B,
the reverse-order product B(52:--t2) A($:1--t) on the right-hand side of does not necessarily satisfy the matrix
equations defined for (AB)(+7). In this case, we denote by {(AB) 7} and {B(52:2) A58} the collections
of all possible choices of the matrices on both sides of (1.7), so that it is natural to divide (1.7) into the following
four reasonable relationships for the two matrix sets

{(AB)(2} n {Bl2t2) ALty 2 {0}, (1.8)
{(AB){Dy D {Bloznta) g1ty (1.9)
[(AB) (@)} C {Blszta) g1t} (1.10)
{(AB)(-9)} = [Bls2rt2) g(s10t0)) (1.11)

Because generalized inverses of a matrix are defined to be common solutions of certain matrix equations, the ROL
problems are in fact to describe connections among matrix expressions composed by solutions of several matrix
equations.

Eqgs. f do not necessarily hold for different choices of generalized inverses of the matrices. Thus we
wish to find identifying conditions for (1.8)—(1.11) to hold under various assumptions. This is really a tremendous
work because there are all 15 types of {,...,j}-generalized inverse for a given matrix according to combinatoric
choices of the four Penrose equations. Egs. (1.8)—(1.11) and their extensions to multiple matrix products have been
a classic objects of study in the thenory of generalized inverses and applications, and have attracted considerable
attention since 1960s. Literature on reverse order product of generalized inverses of matrix products is abundant,
while many cases of (1.8)—(1.11) were investigated; see e.g.,
[113]. In spite of many efforts, people consider only a small part of (1.8)—(1.11) in the past several decades, while
a large body of these ROLs remain unresolved.

After (1.8)—(1.11) are formulated, a huge task underlying is to establish necessary and sufficient conditions for
the equalities to hold (for the matrix equations to be solvable), but one can often be left in a confounding place of
techniques, philosophies and nuance when approaching so many different equalities. We now realize that a sufficient
resolution of this kind of matrix equality problems is relying on the two elementary but strong matrix analytic
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tools—the matrix rank method (MRM) and the block matrix method (BMM), which can help us to describe and
prove the equalities in a clear and concise way. In fact, these two methodologies have been welcomed as most
efficient and popular analytical techniques in matrix calculus.

We next give a specified introduction to the theory of matrix ranks. The rank of matrix is one of the basic
concepts in linear algebra, which can be defined by different manners and can be calculated directly by transforming
the matrix to certain row and/or column echelon forms. As one of the key indicators of a matrix, one can use
the rank of matrix to describe the performance of the matrix under general assumptions, such as, the nullity,
singularity, and nonsingularity of the matrix, as well as the dimension of the row or column space of the matrix,
numbers of singular values, etc. There are many simple and interesting properties on the rank of a matrix, a
best-known fact is: A = 0 < r(A) = 0. Also note the rule A = B < A — B = 0 for any two matrices A and
B of the same sizes, through which it is possible to transform the equality preserving the equivalence. Thus, we
have the rule A = B < r(A — B) = 0. Furthermore, assume that S; and Sz are two sets consisting of matrices
of the same size. Then it is straightforward to see from the above fact that the following two pairs of equivalent
statements hold

S1NS: #0 & Aesrﬁlge& r(A— B) =0,

S1 €S2 & max min r(A— B) =0.
A€S: BES:

Because of the simplicity of the concept of matrix rank, one can easily understand the meaning of the above
assertions, and would like to take them as a useful way of characterizing connections of two matrices, as well as
matrix equalities. To speak precisely, if certain analytical formulas for calculating the rank of a difference A — B
are established, we can obtain from the formulas some algebraic properties of the difference as described above, as
well as necessary and sufficient conditions for A = B to hold. It has been luckily noticed from many well-known
rank equalities and inequalities that there do exist general ways of establishing nontrivial expansion formulas
for calculating ranks of matrix expressions, and thus the matrix rank method described above is a meaningful
and available technique to characterize matrix equalities. It has been realized in the past several decades that
the rank of matrix is striking tool in the investigation of matrix expressions and their connections. This tool
is based on establishing various algebraic expansion formulas for calculating ranks of given matrix expressions
under various assumptions, so that it is named as the matrix rank method for the sake of convenience. In fact,
the MRM has extensively been utilized to describe algebraic properties of matrix expressions and to establish
matrix equalities that involve inverses and generalized inverses of matrices since the seminal work in [51]. In
the past several decades, the present author paid a great attention to the development of the MRM in matrix
theory and solved many fundamental problems in the theory of generalized inverses of matrices through use of
the MRM, including the simplification and derivations of various complicated and nuanced matrix expressions and
equalities, the establishments and characterizations of various ROLs for generalized inverses of matrix products,
establishment of many closed-form formulas for calculating ranks of block matrices, sums and difference of matrices
etc., see e.g., for a variety of detailed contributions in this respect.
In addition, various rank maximization and minimization problems of matrices have been formulated in other
disciplines of mathematics and applications and has been expanding in many directions during the last two decades;
see e.g., among others. Perhaps, no methods in linear algebra and matrix theory, as described
above, are more elementary and straightforward than the MRM in characterization of matrix equalities.

The main purpose of this paper is to gather in a single document various known and novel formulas and facts
on a family of 512 one-sided set inclusions associated with for the eight commonly-used types of generalized
inverses of A, B, and AB through use of the definitions of generalized inverses, the block matrix method, the
matrix equation method, and the matrix rank method. In fact, it has been realized since 1970s that these the three
methods are powerful tools to characterize matrix equalities that involve generalized inverses, while a seminal work
on applications of these methods in the theory of generalized inverses was presented in [51]. In the past several
decades, the present author introduced these methods in the investigation of ROLs and other matrix equalities and
established thousands of results and facts on this topic; see e.g., 73,78,84, 95,98,.

This paper is organized as follows. In Section 2, we go through some basic facts of the ordinary least-squares
estimators (OLSEs) for unknown parameters in a two-level linear regression, and establish some analytical formulas
for calculating the OLSEs, as well as explicit expressions of the expectations and the covariance matrices of the
OLSEs by means of generalized inverses of the given vectors and matrices. We then describe some mathematical
equivalences between some equalities of the OLSEs and ROLs for generalized inverses of the products of the given
matrices in the model. The core work of this paper is to present a classification analysis to a group of 512 one-sided
matrix set inclusions associated with (1.7). To finish this task, we introduce in Section 3 various fundamental
formulas of generalized inverses of matrices and their products, in Section 4 we provide various formulas for
calculating ranks of matrices and their generalized inverses, and in Section 5 we present a group of results on
linear and multilinear matrix identities that involve one or multiple variable matrices. In Section 6, we discuss the
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invariance property of matrix products that involve two generalized inverses. In Section 7, we present a family of
fundamental equalities for generalized inverses of two matrices of same size. In Section 8, we present 126 known
analytical formulas for calculating the maximum and minimum ranks of B(2:t2) A1) with respect to the choice
of the generalized inverses, and give several groups of conclusions on the invariance property of the preceding matrix
products with respect to the choice of the generalized inverses. A variety of necessary and sufficient conditions for
(1.7) to hold are presented in Sections 9, 10, and 11, respectively. Remarks and a list of challenging open problems
are presented in Section 12. For conciseness, we omit straightforward proofs or provide just one proof of a set of
similar results and facts.

2 A least-squares estimation problem related to ROLs in linear sta-
tistical models

It is well known that parametric regression analysis is perhaps the most commonly employed tool in statistical
data analysis and inference, while linear regression models belong to classic issues in statistical theory and are the
common roots of many branches of current statistical theory. Although there has been a relatively systematical
research about linear regression models and their applications in the past centuries, one can still propose many
theoretical problems in this field and investigate these problems by way of various mathematical analysis tools.
When using linear regression models to fit given data, unknown parameters in the models may not necessarily
be assumed to be fixed, instead, to vary at more than one level, or to be given in nested forms. Multi-level
hierarchical linear model is a feasible technique of fitting data that have a hierarchical structure. Because of the
occurrence of parameters at more than one level, the inference of a multi-level hierarchical linear model involves
various nested calculations of given matrices and vectors in the model. In fact, many problems in statistics and
applications involve analyzing and manipulating this kind of nested structured data and models; see a number of

books including 111]. In this paper, we consider a two-level hierarchical linear model

defined by
o y=Aa+e, a=BB+~v, E(e)=0, E(y) =0, (2.1)
"\ Cov(e) = 021L,, Cov(y) =121, Cov(e, v) =0, ‘

where in the first-level model, y € R™*! is a vector of observable response variables, A € R™*? is a known matrix of
arbitrary rank, o € RP*! is a vector of unobservable random variables, ¢ € R"*! is a vector of randomly distributed
error terms, o2 is an arbitrary positive scaling factor; in the second-level model, B € RP** is a known matrix of
arbitrary rank, 8 € R**1 is a vector of fixed but unknown parameters, v € RP*! is a vector of unobservable random
variables, 72 is an arbitrary positive scaling factor. This kind of models have different names in statistical analysis
according to their origination, such as, random-effect models, hierarchical models, nested models, etc. Substituting
the second equation in into the first equation leads to the following linear mixed model

) y=ABB+ Ay +e,
N { E(y) = ABB, Cov(y) = 021, + 72AAT. (2:2)

It is well known that the most common technique used to estimate the unknown parameters in linear regression
models is the method of least-squares. Because of the two alternative forms .# and .47, there exist in fact two
kinds of the ordinary least-squares estimator (OLSE) for the unknown parameter vector 8 in .# and 4. This fact
prompt us to discuss the connections between the OLSEs from mathematical and statistical points of view.

Since there are two alternative forms in (2.1) and , respectively, we are able to adopt different procedures
to calculate the OLSEs of the unknown parameter vector § and the mean vector ABS in (2.1) and (2.2) as follows.

(I) The standard method is to
minimize (y — ABB)" (y — ABB) (2.3)

in the context of (2.2). It is easy to verify that the norm (y — ABB)T (y — ABJA) in (2.3)) can be decomposed
as

(y— ABB)" (y — ABB) = y" Eapy + (Papy — ABB)" (Papy — ABB),

where the two terms on the right-hand side satisfy y” Eapy > 0 and (Papy — ABB)T (Papy — ABS) > 0;

see . Hence,

,in (y — ABB)"(y — ABB) =y Eapy + min (Papy — ABB)"(Papy — ABB) = y" Bapy,
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where the equation ABj3 = AB(AB)'y, which is equivalent to the normal equation (AB)T ABB = ABTy by
pre-multiplying (AB)7, is always consistent; see e.g., p.114] and pp. 164-165]. Solving the equation
gives the well-known OLSEs of 5 and ABS under 4":
OLSE.y (8) = [(AB)" + FapUly = (AB)"Vy, (2.4)
OLSE_y (ABB) = ABOLSE 4 () = AB(AB)1?)y, (2.5)

where U is an arbitrary matrix. Furthermore, the expectations and the covariance matrices of OLSE 4 (3)
and OLSE 4 (ABp) are given by

E[OLSE 4 (B)] = (AB)'ABB, (2.6)
Cov[OLSE 4 (B)] = (AB) (01, + 7> AAT)[(AB)T]T, (2.7)
E[OLSE 4 (ABB)] = ABB, (2.8)
Cov[OLSE_y (ABB)] = AB(AB)' (0?1, + T2 AAT)AB(AB)'. (2.9)

(IT) On the other hand, we may first solve the least-squares problem (y — Aa)T (y — Aa)) = min under (2.1) and
obtain the OLSE of a as follows

OLSE 4 (a) = (AT + FuUy )y = AB3y, (2.10)
where U is an arbitrary matrix. Substituting this formula into the second equation in (2.1) yields
A3y = BB + . (2.11)
In this case, solving ||A"3)y — BB||?> = min under leads to

OLSE 4 (8) = (B" + FpUy) AL®y = B3 413y, (2.12)
OLSE_4(ABB) = ABB13) A3y, (2.13)

where U, is an arbitrary matrix. In the case of Moore—Penrose inverses, the expectations and the covariance
matrices of these estimators are given by

E[OLSE 4 (B)] = BTATABB, (2.14)
Cov[OLSE 4 (B)] = BT AT(621,, + T2 AAT)(BTANT, (2.15)
E[OLSE_ ,(ABB)] = ABB' AT ABg, (2.16)
Cov[OLSE_4(ABB)| = ABBT A (0?1, + 72 AAT)(ABBT ATT. (2.17)

Note from f and f that the OLSEs under .4 and .# are given in different formulas. Thus
they have different performance, and it would be of interest to describe the relationships between the OLSEs under
A and ., in particular, it is necessary to establish identifying conditions for the following 6 equalities for the
OLSEs and their expectations

OLSE_4(B8) = OLSE 4 (53), (2.18)
E[OLSE #(P)] = E[OLSE. (8)], (2.19)
Cov[OLSE_¢(8)] = Cov[OLSE_4(5)], (2.20)
and
OLSE_4(ABpS) = OLSE 4 (ABpg), (2.21)
E[OLSE._, (ABpB)] = E[OLSE_y (ABB)], (2.22)
Cov[OLSE _y (ABf)] = Cov[OLSE 4 (ABpS)] (2.23)

to hold, respectively. It is clear that we need to compare the coefficient matrices of y in (2.4) and (2.12), the

expectations in (2.6), (2.8), , and (2.16]) in order to examine the four equalities, and obtain the following
facts.
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Lemma 2.1. Let the OLSEs of B and ABB in # and A be as given in (2.4), , (2.6), (2.8), (2.14), and
(2.16), respectively. Then the following 6 assertions hold

OLSE_4(B) = OLSE_y () «<= (AB)" = BTAT, (2.24)
E[OLSE_4(B)] = E[OLSE_y(8)] «= (AB)'AB = BT ATAB, (2.25)
OLSE_4(ABpB) = OLSE 4 (ABB) <= AB(AB)" = ABB' A, (2.26)
E[OLSE 4 (ABB)] = E[OLSE 4 (ABf)] <= AB = ABBTATAB, (2.27)
and
Bl = T T an
Cov[OLSE.y (8)] = Cov[OLSE. 4 (8)] < { Eﬁ;()’?}j%[ (] AD) T (ATBQ A(Tigf)T d (2.28)
T T AT TANT an
Cov[OLSE.y (ABB)] = Cov[OLSE. 4 (ABB)] < { o (Ef;)% o AéffB(AAgf_B (’i f); BT)XT Aupshr. (229

The matrix equality in is the well-known ROL for the Moore—Penrose generalized inverses of the product
AB, while the three matrix equalities in f are obtained by pre- and post-multiplying the equality in
(2.24) with AB, respectively. It is obvious that the four matrix equalities in (2.24)—(2.27) are algebraic issues in
matrix mathematics. The equivalent statements in (2.24)—(2.27), however, show that the four matrix equalities in
(2.24)—(2.27) can be used to describe and solve some fundamental problems on performance of OLSEs in statistical
analysis of regression models, and therefore can be taken as remarkable motivation and valuable explanation for
approaching various matrix equalities that involve generalized inverses. in mathematics and applications. It is
should be pointed out that the four matrix equalities in (2.24)—(2.27) do not necessarily hold for two general
matrices A and B. Thus it is imperative to establish necessary and sufficient conditions for the four matrix
equalities in (2.24)—(2.27) to hold in order to interpret and use the four statistical statements in (2.24)—(2.27).

3 Fundamental formulas and facts about generalized inverses of ma-
trices

Facing the task of describing the relationships between the matrix sets in (1.8)—(1.11), we present in this section
a brief introduction to the theory of generalized inverses of matrices, which we shall use to establish and simplify
various matrix equalities that involve generalized inverses in the sequel. Note from the definitions of generalized
inverses of a matrix that they are in fact defined to be (common) solutions of some matrix equations. Thus
analytical expressions of generalized inverses of matrices can be written as certain matrix-valued functions with
one or more variable matrices. In fact, analytical formulas of generalized inverses of matrices and their functions
are important issues and tools in matrix analysis. For example, the basic formulas in the following lemma can be
found, e.g., in [16,19,57].

Lemma 3.1. Let A € C™*". Then the following results hold.

(a) The following equalities hold

(A7) = (AT, (ANT = A, (44T = (A7) A, (47 4)F = AF(ah)", (3.1)
AAT = (AAT)* = (A")TA*, ATA = (ATA)* = A* (A", (3.2)
A* = (AATA)" = A*(A*)TA*, (AA*A)T = AT(AT)* AT, (3.3)
R(A) = R(AAY) = B(AA*A) = Z(AAT) = Z[(AT)"], (3.4)
R(A*) = R(A*A) = B(A*AA™) = Z(AT) = B(ATA), (3.5)
r(A) = r(A*) = r(AT) = r(AA*) = r(A*A) = r(AAT) = r(ATA). (3.6)

(b) The general expressions of the seven commonly-used types of generalized inverses A34) | AL24) - A(1.2,3)
A4 A3 - A2) and AN of A can be written in the following 7 matriz-valued functions

A3 — At 4 PAUE,, (3.7)
A2 — At L ATAUE,, (3.8)
A23) — At 4 L UAAT (3.9)
ALY = AT L UE,, (3.10)
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AL = At 4 U, (3.11)
A1) = (AT + FAUY)A(AT + UsE ), (3.12)
AW = AT 4 FaUy + Uz Ea, (3.13)

where U, Uy, Uy € C™™™ are arbitrary. In particular,

ANBY s unique < either r(A) =m or r(A) = n, (3.14)
A2 s unique < either A =0 or r(A) =m, (3.15)
A12:3) g unique < either A =0 or r(A) =n, (3.16)
ALY s unique < r(A) = m, (3.17)
AN s unique < r(A) = n, (3.18)
A2 s unique < either A =0 or r(A) =m=n, (3.19)
AW s unique < r(A) =m =n, namely, A is nonsingular. (3.20)

If r(A) = m, the general expressions of the last seven generalized inverses of A in (1.2]) can be written as
A(1a3’4) = A(17274) e A(174) = AT, A(1’2’3) = A(173) = A(1,2) = A(l) = AT + FA‘/’ (321)

where V€ C**™ s arbitrary. If r(A) = n, the general expressions of the last seven generalized inverses of A
in (1.2) can be written as

AM34) _ 4(1,2,3) _ 4(1.3) Af, AL2A) — A4 — 4(12) — A — gt 4 WE4, (3.22)
where W € C™"*"™ is arbitrary.

(¢) The following set inclusions hold

AF € {A03} AN} C AW}, AT € {AGRD} C {40} C (4D}, (3.23)
AT e (A2} C (AU} C {aW), AT e {AU2Y) € {42 C AW, (3.24)
AF € {029} C (AP} C AW}, AT € {4029} C {400} C (4D}, (3.25)
and following matriz set equalities hold
{(AT2D) ) = {an) @39}, {(A02)7) = {(A7) 12D, (3.26)
{(A029)} = (A1) 120}, (A1)} = (A1)}, (3.27)
{(AU) ) = (a9}, {@AD) = {(An)0P), {(AD)) = {(an)W). (3.28)
79] The following rank equalities ho
d he foll k l hold
max r(AN3DY = min{m, n}, Ar(rl113n4) r(A3Y) = p(A), (3.29)
max r(AL24) = r(A), min r(AL2) = r(4), (3.30)
A 1,2,4 A 1,2,4
max r(A129) = r(4), min r(A029) = r(4), (3.31)
max r(A®) = min{m, n}, n(lin) r(AGY) = r(A), (3.32)
AL,4 A(L,4
max r(AY3)) = min{m, n}, n(1in) r(AL3)) = r(A), (3.33)
A(1,3 A(1,3
(172) — 1 (172) —
max r(AY?) =r(4), nin r(AY%) =r(A), (3.34)
r;lg)){r(A(l)) = min{m, n}, l’f{l(ill)l’l“(A(l)) =r(A). (3.35)

(e) The following matriz equalities hold

AAT3A) = 4AT23) = AACS3) = AAT s unique, (3.36)
AALZD = AAGD = A2 = AAD = AAT + AUE,, (3.37)
AUBDA = AQ2D 4 = AODA = ATA s unique, (3.38)
A2 A = A0D A = A A = ADA = ATA + FuUA, (3.39)
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where U € C™*™ s arbitrary. In particular,

AAG2D = gAY = 4402 = AAD s unique & either A=0 or r(A) =m, (3.40)
A2 4 = AT 4 = A0 4 = AW A is unique < either A=0 or r(A)=n

In addition, the following matriz equalities hold

ADMAAD — AW 440:2) — 40 4404 = 4(1) 4 4(1,2,4)

= A02) 440 = 4(1.2) 4 4(1.2) — 4(1.2) 4 4(14) — 4(1,2) 4 4(1,2,4)

— AW 440 = 4(1.2) 4 4(1.2) — 4(1,2) 4 414 — A(1,2) 4 4(1,2,4)

— A28 gAD) = A(1:23) 4 4(102) — 4(123) g g(14) — 4(1,2.3) 4 4(1.24) — 4(1.2), (3.42)

AM 4403 — AW 441:2.3) — 4 4 A134) — A g AT

= A2 4A13) = A(1,2) g 4(123) — A(1,2) g 4(134) — £(1.2) g gt

— A3 A13) — 4(13) 4 4(1:23) — 4(13) g 4(134) — 4(1.3) g 4t

= A023) g 4(13) — 4(123) g A(1L2.3) _ A(1.2.3) 4 A134) — A(123) g 4T — 4(123) (3.43)

AT 44D = (14 4 412 — 414 4 414 — (14 g 4(1,2,4)

— A2 g (1) = 4(124) 4 4(12) — 4(1.24) g 414 — 4(1,2,4) 4 4(1,2:4)

— A34) g 4D = 4(134) 44(12) — 4(1.34) 4 414 — 4(1.3.4) g 4(1,2:4)

= ATAAW = ATAACD = ATAAGD = ATAAL2D = 4(A.24) (3.44)

AH) g 413) = A(14) 4 4(1.2,3) — A(14) 4 4(134) — 414 g 4t

— A2 g 4(13) = A(1,24) g A(1,2.3) — £(1,24) g A(1,3,4) — £(1,24) g gt

— A3 g 4(13) _ A(134) g A(1,2.3) _ A(1,34) g A(1,3.4) _ A(1,34) g T

= ATAALS) = ATAAL23) = ATAAQ3D — ATAAT = AT (3.45)

(f) The following set inclusions

PATQ € {PATSIQEC{PANYQEC{PAMQ}, (3.46)
PATQ € {PANSIQIC{PATIQEC{PAVQY, (347)
PATQ € {PA12NQ}c{PAIYQ}Cc{PANQ}, (3.48)
PATQ € {PAN>YQ} C{PAMQ} C{PAVQ), (3.49)
PATQ e {PA?P Q) C{PAMIQY C{PAMQ}, (3.50)
PATQ € {PAN?PQ}C{PAMDQL C{PAVQ} (3.51)

hold for any matrices P and Q.
Lemma 3.2 ( [78]). Let A € C™*™ and G € C"*™. Then

]%w(A(U —G) =71(A—- AGA), (3.52)
min r(AY?Y — G) = max{r(A — AGA), r(G) + r(A) — r(GA) — r(AG) }, (3.53)
min r(AL3) — Q) = r(A*AG — A¥), (3.54)
A(1,3
min r(AMY — G) = r(GAA* — A¥), (3.55)
A(L,4

min r(AC29) _ G) = p(A*AG — A7) 0|4 | [ A (3.56)

Ali25) G AG | '

min r(AL2Y — @) = r(GAA* — A%) +r[A*, G] — r[A*, GA], (3.57)

A(1,2,4

min, r(A13Y — Q) = r(A*AG — A*) + r(GAA* — A*) —r(A — AGA), (3.58)

r(AT— @) =r {A A AG} —r(A). (3.59)
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If #(G) C Z(A*), then
r(AT — Q) = r(A* — A*AG). (3.60)
If Z2(G*) C %#(A), then
r(AT — GQ) = r(A* — GAA"). (3.61)
IfZ(G) C Z(A*) and Z(G*) C #(A), then
r(AT — @) = r(A — AGA). (3.62)
In particular,
Ge{AV} & AGA = A, (3.63)
G e {AMY} & AGA = A and 7(G) = r(A), (3.64)
G e {A1¥} & A*AG = A*, (3.65)
G e {AUY} & GAA* = A%, (3.66)
G e {AL2I o A*AG = A* and r(G) = r(A) & A*AG = A* and GE, = 0, (3.67)
G e {AL2DY o GAA* = A* and 7(G) = r(A) & GAA* = A* and F4G =0, (3.68)
G e {A13DY o A*AG = A* and GAA* = A%, (3.69)
G=A" & A*AG = A*, GAA* = A*, and 7(G) = r(A)
o A*AG = A*, GAA* = A*, GE, =0, and F4G = 0. (3.70)

Block matrix and rank of matrix are two fundamentals in linear algebra, but the block matrix method (BMM),
the matrix rank method (MRM) are two fundamental and strong analytic methods that are widely used in matrix
algebra and applications because they give one the ability to construct and analyze various complicated and nuanced
matrix expressions and matrix equalities in a subtle and computationally tractable way. In view of the facts in
Lemma [3.2] we first describe how to use the MRM in the study of set inclusions for generalized inverses of matrices.

Lemma 3.3. Let A € C"™*™ and f(Agil"”’jl),Agiz"”’h), cee A,(:’“’“"j’“)> € C™™ be a matrix expression composed
by Alin-in), Agz’“"h), o A,(f’“"”’j’“). Then the following results hold.
(a) {AV} D Dy if and only if

(b) {A®2} DDy if and only if

(c) {A13} DDy if and only if

max r(A*— A*Af) =
A(” ----- jl)’. '7Al(:k """ Jk)
(d) {A®D} DDy if and only if
max r(A*— AfAA*) =0
Al jl)w.A(%k ----- Ik
(e) {A123Y DDy if and only if
~ max  r(A"—A"AfA)=0and = max  r(f)=r(4).
Agll ««««« jl)a“-’A;(:k ««««« Jk) Ag” ----- “),.‘.,A(k”" ----- ik)
(f) {A2DY D Dy if and only if
~ max  r(A"—fAA")=0 and = max  r(f)=r(A).
Agll ~~~~~ 11)7_”7‘41(6% vvvvv Jk) Ag” ,,,,, Jl)“”’ASk ,,,,, iK)
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(2) {A13)} 2 Dy & {AUD} > Dy and {AGD} > D,
(h) At =D; & {A1239Y DDy and (A2} DDy & f is invariant and AT = f(AI,A;, e ,AL) .

The assertions in Lemma [3.3]show strong requirements to establish various closed-formulas for calculating ranks
of matrices and their generalized inverses, namely, if certain rank formulas associated with (1.8)7 are given,
we can derive necessary and sufficient conditions for (1 8)—(1.10) to hold from the rank formulas, respectively.

Let A € C"™*™ and B € C"*P. Applying (3.7] ) to AB, we obtain the following seven matrix expressions

(AB)134) = (AB)! 4+ FapV Eg, (3.71)
(AB)1:24) — (AB) + (AB)!(AB)V E 3, (3.72)
(AB)1:23) = (AB)! 4+ FapV(AB)(AB), (3.73)
(AB)3Y = (AB)' + WE 43, (3.74)
(AB)"9) = (AB)' + FapV, (3.75)
(AB)M?) = [(AB)' + FupV |AB[(AB)' + WE 5] (3.76)
(AB)M) = (AB)' + FapV + WEap, (3.77)
and

AB(AB)134) = AB(AB)1%%) = AB(AB)'® = AB(AB)T, (3.78)

AB(AB)2% = AB(AB)MY = AB(AB)"? = AB(AB)Y)
= AB(AB)" + ABVEAB, (3.79)
(AB)13YAB = (AB)M2Y AB = (AB)"* AB = (AB)'AB, (3.80)

(AB)*3 AB = (AB)! 3>AB (AB)Y)AB = (AB)VAB
= (AB)'AB + FapV AB, (3.81)
B(AB)'39 A = B(AB)'A+ BFAgVEABA, (3.82)
B(AB)*?Y A = B(AB)'A + B(AB)'(AB)VE A, (3.83)
B(AB)"*3) A = B(AB)' A+ BFApV(AB)(AB)' A, (3.84)
B(AB)*YA = B(AB)'A 4+ BWE4pA, (3.85)
B(AB)Y¥ A = B(AB)'A+ BF,pV A (3.86)
B(AB)%? A = [B(AB)' + BFApV ]AB[(AB)' A+ WE 5 A] (3.87)
B(AB)MY A = B(AB)'A + BFAgVB + AWE A, (3.88)

where the two matrices V and W are arbitrary.

It is natural to see from the ROL in (1.7) that the starting point for the investigation of the ROL is to list out
algebraic properties of the product B(s2:t2) A(s1,-:t1) that are necessary to identify the ROL. On the other hand,
a conventional technique in the study of matrix expressions that involve generalized inverses is representing the
expressions in certain marginal matrix matrix-valued functions that involve variable matrices. Because generalized
inverses of a matrix are linear or multilinear matrix-valued functions (MVF), we rewrite B(52:+t2) A(s1:-11) a5 63
linear or multilinear MVFs for the eight commonly-used types of generalized inverses of A and B, respectively,
except the unique case BT A" for the Moore-Penrose inverses. For convenience of discussion, we present all the 63
MVFs in the following list

BT A13Y — BT AT 4 BIF,UE,, (3.89)
BYAGW2Y — BT At 4 BTATAUE,, (3.90)
BT A(1:23) = BTAT 1 B UAAT, (3.91)
BT ALY = BT AT 4 BIUE,, (3.92)
BT A3 = Bt At 4+ BYF,U, (3.93)
BT A12 — (BTATA + BT F U, A) (AT + ATAULE,), (3.94)

10
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BYAW = BYAT 4+ BTF, U, + BIU,E,, (3.95)
BW3H At = BT AT + FRVERAT, (3.96
B(134 A<134> (B" + FgVER)(AT + FAUE), (3.97
39 A28 — (BT 4 FpVER) (AT + ATAUE,), (3.98

134 A(123) — (Bt 4+ FpV ER)(A + FAUAAY), (3.99

)
)
)
)
< SN ALY — (BY 4 FRVER) (AT + UE,),
BU3Y AL — (Bt 4 FpVER)(AT + FAU),
BU3D AL — (Bt 4 FpVER)(ATA + FAU,A) (AT + ATAULE ),
B3 AW — (BY + FgVER) (AT + FAUy + UsEL),
BW:24 At = BT AT 4 BIBVE AT,
B(172’4)A(1’374) = (B' + B'BVER)(A! + FAUE,),
B2 A2 — (Bt 4 BBV ER) (AT + ATAUE,),
BW1:24 A(123) — (Bt 4 BBV ER) (At + FAUAAY),
B2 ALY — (Bt 4 BIBVER) (AT + UE,),
B<1 DAL — (Bt + BIBVER) (AT + F4U),
129 A02) = (BT + BITBVER)(ATA + FAU, A)(AT + ATAULE.),
< 20 AW — (Bt + BIBVER)(A" + FuU, + UsE,),
At = Bt AT + Fpv BB AT,
23 A3 — (BY 4 FgVBBY) (A + FAUE,),
)
)
)
)
)
)

IL

B(l ,3

(

(

(

(

(

(

(

(

(

(

(

(

(

(

29 A2 — (BT + FRVBBT)(AT + ATAUE,), (

23 4023) _ (Bt 4 VBB (A + FoUAAD), (

B(Lz,s A — (Bt + FgVBBY) (AT + UE,), (

23) A03) = (Bl 4 FpV BB (A + FAU), (

23) A(12) — (Bt 4+ FVBB)(ATA + FAULA)(AT + ATATULE ), (

B(1.2.3) 4(1) — (BT+FBVBBT)(AT+FAU1+U2EA)’ (3.

B(174)AT = B'AT + VERAT, (3.120

BUAAW3Y — (BT 4+ VER)(AT + FAUE,), (

B4 4(1,2.4) _ (B + VER) (AT + ATAUE,), (

B9 A28 — (BT L VER) (AT + FAUAAT), (

B AMA — (Bt 4 VER) (AT + UE,), (

BIH ALY — (BT 1 VER) (AT + F4U), (

BOAHALD = (BY 4 VER)(ATA + FaU, A) (AT + ATAULE,), (

BUD AWM — (BT 4 VER) (AT + FAU, + UsEn), (

B3 AT = BtAt 4 Fpv Al (

B3 4034 _ (Bt 4 FuV)(AT 4 FAUEL), (

B3 A28 — (Bt 4 Fpv (Al + ATAUE,), (

B1:3) 4(1,2,3) _ (BT + FgV)(AT + FAUAAY), (

B ACD — (BT 4 FV) (AT + UE,), (

B3 A3 — (BT + FgV)(A" + FaU), (

BAH ALY — (Bt 4 FpV)(ATA + FaU A) (AT + ATAULE,), (

B(1:3) A1) — (BT + FBV)(AJr + FaUy + UsE L), (

BUD AT = (Bt + FgViBBY)(BB' At + BV, EpAY), (

BUD ALY — (Bt 4 FpVi BBY)(BBY + BVaEp) (AT + FAUE,), (

B2 A02Y — (Bt 4 Fpvi BBY(BB' + BV,Eg)(Al + ATAUE,), (

BIA ALY — (B + FpVi BBY)(BB' + BV, Ep) (AT + F4U AAT), (

B2 ALY — (Bt 4 FpVy BBT)(BB' + BV,Ep) (AT + UE,), (

B2 A0 — (Bt 4 FpVi BB (BB + BV Ep) (AT + FAU), (

11
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BW2 A2 — (Bt + FgVi BBY(BBY + BVLER)(ATA + FAU, A) (AT + ATAULE ), (3.142)
B(LQ)A U — (Bt + FgViBB")(BB' 4+ BV, Ep)(A" + FAU, 4+ UsE), (3.143)
BW A = Bt AT + FgVi AT + Vo ER AT, (3.144)
BW ALY — (BT 4 FpVy + Vo ER) (AT + FAUE.), (3.145)
BW ALY — (Bt 1 FpVi + Vo ER) (A + ATAUE,), (3.146)

BWAL23) — (BY 4 FpVy + VaER) (AT + FAUAAY), (3.147)
BWA®Y — (Bt 4+ FgVy + VoE)(At + UE,), (3.148)

BWALS — (Bt  FpVi + VoEp) (AT + F4U), (3.149)

BWAWY — (BN + FgVi + Vo Ep)(ATA + FAULA)(AT + ATAUL E ), (3.150)

BWAW — (B + FpVi + VaEg) (AT + FAU, + U3 E), (3.151)

where V., Vq, Vo, U, Uy, Uy are arbitrary matrices of appropriate sizes. Correspondingly, the 64 product-
s MB2t2) A(st) M for the eight commonly-used types of generalized inverses of A and B are divided into
the following 4 groups:

MBTAT3I N = MBTAG2D N = MBTACY M = MBUAY AT M

— MBI3A AW34) pf — prBL3H 4124 gy — py L34 414 1 f

— M BU23) AT A = M B(1:23) 4(13.4) op — Ay B(1:2:3) 4(1,24) 3 f

— MBA23) A0 N — prBAB AT = M B 434 1f

= MBYAAQ2D N = M BE3 ACH N = M BYATM, (3.152)

MBTAG2I N = MBTAGD N = MBTASD M = MBTAW M

— B34 A(123) pr — Ay B3 A3 oy — Ay B34 4(1.2) pf

— MBI3Y AW — M B123) 41:23) jp — A B1L23) 413 of

— B123) A0 05 — Ay B2 AW A = M B 4123 p

= MBI AL N = MBI AL N = MBI AW pp

= MBYATM + MBTF UM, (3.153)

MB®2H At — My BL2H 4134 o — pfB(124) 4(1.24) i f

— MBA2Y A0 N — pyBAYD ATN = MBS 434 1f

= MBI ALY N = M BID AT p = B2 AT M

— MB®2 4034 07 — ayB12 4124 pp — a7 B2 414 op

= MBWATM = MBMA®3Y N = M BM A4 by

= MBY AN = MBYATM + MVERA'™M, (3.154)

MB®24 41.23) 15 — A 124 A3 oy — py 124 4(1.2) 3f

= MBWEY AWM = MBI A2 N = M B AL3) 0y

— MB 1’4)A 1’2)M — MB(1,4)A(1 M = MB(1,2)A(1,2,3)M

= MB®2 AW r = MBOGD A pr — B2 A Ay

— MBM A@23) pr — (B AW pr — prBMW AL2) pf

= MBYWAWNM = (MBY + MVER)(ATM + FAUM), (3.155)

where V and U are arbitrary matrices of appropriate sizes; the 64 products M*M B(52:t2) A(:1) for the eight
commonly-used types of generalized inverses of A and B are divided into the following groups

M*MB®3Y AN = MM BE23 AN = MM BMD AT = M* M Bt AT, (3.156)
M*MBTA(1,3,4) —_ M*MB(1’3’4)A(1’3’4) — M*MB(1’2’3)A(1’3’4)
= M*MB®H ALY — M MBTAT + M*MBYFAUE,, (3.157)
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M*MBTA(L?A) — M*MB(1,3,4)A(1,2,4) _ M*MB(1’2’3)A(1’2’4)

= M*MB®D ALY — v MBYAY 4 M*MBYATAUE,, (3.158)
M*MBTA(I,Q,B) _ M*MB(1,3,4)A(1,2,3) _ M*MB(1,2,3)A(1,2,3)
= M*MBM3) A023) — MM BYAT + M*MBTF,UAAT, (3.159)
M*MBTA(1,4) _ M*MB(1,3,4)A(1,4) — M*MB(172’3)A(1’4)
= M*MBIDAGY = M MBYAT + M*MBIUE,, (3.160)
M*MB‘I'A(I,?)) _ M*MB(1,3,4)A(1,3) — M*MB(LQ,S)A(I,?))
= M*MBI) AL — MM BYAY + M*MBTF,4U, (3.161)
M*MB‘I'A(I,Q) — M*MB(173,4)A(1,2) — M*MB(172,3)A(1,2)
= M*MB®) AL — M MBY AT 4+ FAU)A(AT + UL E ), (3.162)
M*MBTAY = M*MBI3Y AW = A prB123) 4
= M*MBOD AN = M* MBI (AT + FoUy 4+ Uy EL) (3.163)
M*MBW2Y AT = M MBI AT = MM BU AT
= M*MBWAN = M*MBt A" + M*MVEg AT, (3.164)
M*MB(1,2,4)A(1,3,4) — M*MB(1,4)A(1,3,4) _ M*MB(LQ)A(L?)A)
= M*MBW ALY — M*M(Bt + VER)(AT + FAUE,), (3.165)
M*MB(1,2,4)A(1,2,4) — M*MB(1,4)A(1,2,4) — M*MB(1,2)A(1,2,4)
= M*MBW ALY — M M(BT + VER)(AT + ATAUE,), (3.166)
M*MB(1,2,4)A(1,2,3) — M*MB(1,4)A(1,2,3) — M*MB(1,2)A(1,2,3)
= M*MBWAL23) — M*M (Bt + VER) (A" + FAUAAD), (3.167)
M*MB(1’274)A(174) — M*MB(1,4)A(1,4) _ M*MB(l,Q)A(lA)
= M*MBWALY = M*M (B + VER) (AT + UE,), (3.168)
M*MB(LQA)A(LS) — M*MB(1,4)A(1,3) — M*MB(l,Q)A(1,3)
= M*MBWALS) = M*M(BY + VER) (AN + FAU), (3.169)
M*MB(LQA)A(I,Q) — M*MB(IA)A(LQ) —_ M*MB(l,Q)A(l,Q) — M*MB(l)A(LQ)
= M*M (B + VER) (A" + FAU)A(AT + Uy E ), (3.170)
M*MBML2H AW = A M BAD AM) = A B2 AW = MM BW AW
= M*M(B' + VER) (A" + FAU, + U3 E,), (3.171)

where V, U, Uy, and U, are arbitrary matrices of appropriate sizes; the 64 products B(52:t2) Al MM* are
classified as the following groups:

BYASY N = Bt AG2Y N = Bt AGY MM+ = B AT MM, (3.172)
B(1,3,4)A‘|'MM* _ B(1’3’4)A(1’3’4)MM* _ B(1,3,4)A(1,2,4)MM*
= BU3DACO NN = BFATMM* + FgVEg AT MM, (3.173)
B(1,2,4)A‘|'MM* _ B(1’2’4)A(1’3’4)MM* — B(1,2,4)A(1,2,4)MM*
= BU2HACD N = BYAYMM* + BIBVEg At MM™, (3.174)
B(1,2,3)A‘|'MM* _ B(1,2,3)A(1,3,4)MM* _ B(1,2,3)A(1,274)MM*
= B2 ACH A+ = BYAYMM* + FgVBBT AT MM™, (3.175)
B(1,4)A(1,3,4)MM* _ B(1,4)A(1,2,4)MM* _ B(1,4)A(1,4)MM*
= BUY AT MM = BIATMM* + VEgATMM*, (3.176)
B(1’3)A(1’374)MM* _ B(1,3)A(1,2,4)MM* _ B(1’3)A(1’4)MM*
= BUA AT MM = BYATMM* + FpV AT MM™, (3.177)
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B2 A@34) prarr = B2 A28 prars = B(L2) ALY prpr = B2 AT AL M

= (B" + FgV1)B(B" 4+ Vo Eg)ATM M*, (3.178)
BWAWSH s = BOAG2HD s = B AGD A = B AT MM
= (B" + FgVy + Vo Eg)ATM M ™, (3.179)
BT AWZI N = BT AYSD MM = BTASD MM = BT AW MM+
= BY(A" + FaU)MM*, (3.180)
B(1.34) 4(1.2.3) praps — g(13.4) A3 prars — B39 A2 prar* — (134 A prar*
= (B" + FpVEg)(A" + FAU)MM*, (3.181)
B2 AL2.3) prars — B2 AW prar = B2 A0 prart = B2 A prpr*
= (B" + B'BVER)(A" + FAU)MM", (3.182)
B(1’2’3)A(1’2’3)MM* _ B(1,2,3)A(1,3)MM* _ B(1’2’3)A(1’2)MM* _ B(1’2’3)A(1)MM*
= (B" + FgVBB") (A" + FAU)M M*, (3.183)
B4 A023) prars = BAD AW A = B AQ2) prar = BAH AW pr s
= (B'+ VER)(A" + FAU)MM*, (3.184)
BAL3 AW23) o = BAB) AW3) iy = B2 A0 pra* = B3 AW A+
= (Bt + FpV)(A" + FAU)M M*, (3.185)
B12) 423) prar — B2 AW arars = B2 A2 prars = B2 A0 pf s
= (B" + FgWV1)B(B' + Vo Ep) (A" + FAU)MM*, (3.186)
BW A2y = BOAGI A+ = BW A2y = BO AW p
= (B + FgVi + VaE) (AT + FAU)MM*, (3.187)

where U, V, V1, and V5, are variable matrices of appropriate sizes. It is helpful to display all these matrix-valued
functions together, while various fundamental algebraic characteristics of these products can be derived from
the above matrix-valued functions, including the uniqueness and ranks of these matrix products, which we shall
presented in Sections 6 and 8.

4 Miscellaneous formulas for calculating ranks of matrices and their
generalized inverses

We next present a collection of known and new results concerning ranks of matrices and their generalized inverses
to make the paper self-contained when establishing and simplifying various complicated matrix equalities.

Lemma 4.1. Let P, € C™*Pr Py € C™*P2 Q1 € C"™*9 | and Qo € C™*%. Then
both %(Pl) = %(Ql) and %(PQ) = %(QQ) = T[Pl, PQ] = T'[Ql, QQ] (41)

Lemma 4.2 ( [51]). Let A€ C™*" B e C™** C € C™", and D € C**. Then

r[A, B] = r(A) + r(EaB) = r(B) + r(EpA), (4.2)

r {é‘ — 1(A) + r(CFa) = r(C) + r(AFc), (4.3)

, [/01 lg — r(B) +r(C) + r(EpAFc), (4.4)
A B] 0 EsB

T[C D] :r(A)+7"[CFA D_oatpl (4.5)

In particular, if Z(B) C #(A) and Z(C*) C Z(A*), then

A B
"lc D

] =r(A)+r(D—CA'B). (4.6)

Furthermore, the following results hold.
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(a) 7[A, B] =r(A) < #(B) C Z(A) < AAIB = B & E,B = 0.

(o) r {é g] — r(A) & B(B) C B(A), Z(C*) C B(A*), and CA'B = D.
Lemma 4.3 ( \@\ Let A € C™*™ and B € C™**, and denote Py = AA" and Pg = BB'. Then the following

range equality
H(A)NHZ(B) = #(PaPp) N Z(PpPy) (4.7)
holds. Consequently, the following rank equalities
r[A, B] = r(A) + r(B) — dim[Z(A) N Z(B)] = r(A) + r(B) — dim[Z(PaPg) N Z(PpPa)], (4.8)
r[A, Bl =r(A) 4+ r(B) — r(PaPp) — r(PgPa) + r[PaPp, PgP4] (4.9)
hold. In particular, the following results hold.

(a) r[A, B] = r(A) + r(B) < r[PaPp, PgPs| = r(PaPg) + r(PgPs) & #Z(A)N%(B) = {0} & Z(PaPg)N
Z(PpPa) ={0}.

(b) ’I“[A, B] = T(A) +T(B) — T(PAPB) <~ ’I“[PAPB7 PBPA] = T(PAPB) = T(PBPA) <~ %(PAPB) = %(PBPA) 54
P4Pg = PgPy.

(¢c) r[A, B] = r[PaPp, PgPa] & r(A*B) =r(A) = r(B).
Lemma 4.4 ( [72,73]). Let A€ C™*", B € C™** C € C*", and D € C***. Then

A*AA* A*B
r(D - CA'B) = r[ CA* D ] —r(A). (4.10)
In particular,
A*A A*B
r(D - CAATB) =r [ CA D } —r(A), (4.11)
AA* AB
r(D - CATAB) =r [CA* D ] —r(A), (4.12)
r(A* — ATy = r(AA*A — A). (4.13)

Lemma 4.5 ( [51]). Let A€ C™*" B € C"*P, and C € CP*9. Then
r(AB) =r(A) +r(B) —n+r[(I, — BB7)(I, — A" A)] (4.14)
holds for all A~ and B~. In particular, the following inequalities
max{0, r(A)+r(B)—n} <r(AB) <min{r(4), r(B)} (4.15)
hold, and the following two groups of equivalent facts hold

r(AB)=r(A)+r(B)—n< (I, —BB™)(I,— A" A) =0, (4.16)
r(AB) =n<r(A) =r(B)=n. (4.17)

The two formulas in following lemma are best known in elementary linear algebra.
Lemma 4.6. Let A € C"™*™. Then

r(A—A?)=r(I, — A) +r(A) —m, (4.18)
r(A—A%) =r(Ln+A) +r(In — A) +7r(A) — 2m. (4.19)
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Lemma 4.7 ( |74]). Let A € C™ ™ and assume that X1, Xo € {A®}. Then

(X1 — Xp) =1 [X

Xj + r[X1, Xo] — r(X1) — r(X2). (4.20)

Lemma 4.8 ( [89,100]). Let P, Q € C™*™ be a pair of orthogonal projectors. Then

r(P+Q)=r[P Q] (4.21)
r(P—Q)=2r[P, Q] —r(P)-r(Q), (4.22)
r(PQ—QP)=1(P-Q)+r(P+Q—In) —m, (4.23)
r(PQ—QP)=2r[P, Q)+ 2r(PQ) — 2r(P) — 2r(Q), (4.24)
r(PQ — QP) = 2r[PQ, QP] — 2r(PQ). (4.25)

Lemma 4.9 ( [100]). Let A € C™*™ be given, and let P € C™*™ and Q@ € C™*™ be a pair of idempotent matrices.

r(PA— AQ) = r FZQA] +1[AQ, P — r(P) — 1(Q). (4.26)

Analytical formulas for calculating the maximum and minimum ranks of matrix expressions that involve variable
matrices are highlights in the development of matrix calculus and applications over the past several decades. In
the following, we present some basic formulas for calculating the maximum and minimum ranks of A — BXC.

Lemma 4.10 ( [75,94]). Let A € C™*" B € C™*k and C € C™*™. Then

Jmax r(4 ~ BXC) = min {T[A, B, r [é} } (4.27)
min 7(4~ BXC) = r[A, B +r {g] —y {é ?] . (4.28)

Lemma 4.11. Let A € C"™*"™ and B € C"*P, and denote

t; =min{r(A) + r(B), n}, ty=r[A*, B], t3=r[A*AB, B],

ts =T[AA"AB, AB], t;5=r(A)+r[A"AB, B] —r[A", B],

te = r(AB), tr=r(A)+r(B)—r[A*, B], ts =max{0, r(A)—+r(B)—n}.
Then the following inequalities hold

th >ty >t3 >ty > 15 > b6 > t7 > ts. (4.29)

Proof. The first inequality in follows from the two well-known inequalities r[A*, B] < r(A) + r(B) and
r[A*, B] < n. The second inequality in (4.29) follows directly the matrix product [A*AB, B] = [A*, B| [AOB I(j?]
The third inequality in (4.29) follows directly the matrix product [AA*AB, AB] = A[A*AB, B]. Furthermore,
rewrite [AA*AB, AB] as a triple matrix product [AA*AB, AB] = A[A*A, B] [g IOJ’ and applying the well-
known Frobenius’ inequality (XY Z) > r(XY) +r(YZ) — r(Y) to this triple product yields

F[AA*AB, AB] > r(A[A* A, B]) + r([A*A B] {jg 2,]) _1[A*4, B]

=r(A) +r[A*AB, B] —r[A*, B],
establishing the fourth inequality in (4.29). Applying the Frobenius’ inequality to [A*AB, B] =

. A 0|[B 0] .
[A’I"][O B} [0 Ip} yields

. . A0 A 0B 0 A 0
ran oz (sl 5l) ([0 510 2]) [0 3]
=r[A*, B]+r(AB) — r(A),
establishing the fifth inequality in (4.29). Applying and inequality (X —=Y) > r(X) —r(Y) to [A*, B] yields
r[A*, B] = r(A*) + (B — ATAB) > r(A) + r(B) — r(ATAB) = r(A) + r(B) — r(AB),

thus establishing the sixth inequality in (4.29). The last inequality in (4.29) is equivalent to the first inequality. O
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Lemma 4.12. Let A € C™*" B € C"*P  and denote

,_ [AB(AB)*AB  ABB*B] _ [ABB"
| AA*AB AB |7 | 4

] [A*AB, B],

o [AiB*] +r[A*AB, B] - r[A*, B,
so =r1[A*, B]+2r(AB) —r(A) — r(B),
sg=r [Ai%*B} + 1[AA*AB, AB| - r(AB),
Sg=r [AiB*] +r[A*AB, B] +r(A) +r(B) — 2r[A*, B] — r(AB).
Then
r(J) > s1 > s9 >1r(AB), (4.30
r(J) > s3> s4 > r(AB) (4.31
Proof. Follows from Lemma [4.11 O

The fact in the following lemma is obvious.

Lemma 4.13. Let S and T be two matriz sets consisting of matrices of the same size, and let P and Q be two
matrices of appropriate sizes. Then

SDT = PSQ D PTQ. (4.32)

Lemma 4.14 ( [88]). Let M and N be a pair of linear subspaces of C™, and let Prq and Py be the orthogonal
projectors onto M and N, respectively. Then the following two dimension formulas

dim[(M +N) N (M +NH) (M +N) N (ML + N = 2r(PyPy) — 2dim(M NN,
dim[(MNN) S (MANT) S (MENN) S (MEAND)] =m —2r(PyPy) + 2dim(M N N)

hold. In particular, the following statements are equivalent:
(@) M+N)NM+NH)N(ME+N)N(ME+NL) = {0}
b)) MNN)E MONDH S (MNN)S (MENNL) =C™.
(¢) r(PyPy) = dim(M NN) and/or r(PyxPr) = dim(N N M).
(d) PpPyx = Pron and/or Py Pa = Py
(¢) PPy = PyPu.

5 Characterizations of linear and multilinear matrix identities

Matrix equations occupy a central place in the development of matrix calculus. Because generalized inverses of a
matrix are defined to be solutions of some/all of the four Penrose equations, (1.7) can be regarded as a nonlinear
matrix equation of the form X = Y Z subject to the restrictions X € {(AB)(9)} YV € {BG2t)} and
Z € {AG151)Y For a general matrix equation f(X1,...,Xy) = 0, it is a fundamental and challenging problem
to establish necessary and sufficient conditions for the equality to hold for all the variable matrices Xi,..., X
due to the noncommutativity of matrix algebra. For the two simplest matrix equations AX = 0 and AXB = 0,
it is old news that AX = 0 holds for all X if and only if A = 0; AXB = 0 holds for all X if and only if either
A=0or B =0;seee.g., . As matrix equations are given in general forms, the derivations and representations of
identifying conditions become increasingly difficult for the matrix equations to always hold for all variable matrices
in them. In a recent paper ,Jiang and Tian recently have reconsidered the uniqueness (invariance property)
of some general linear and multilinear matrix identities and have provided a short and readily comprehensible
procedure of establishing various types of linear and multilinear matrix identities that involve separated variable
matrices by means of the block matrix method (BMM). In this section, we present a group of known results
concerning linear and multilinear matrix equations to hold for all the unknown matrices in them, which we shall
use in the characterization of the invariance properties of products B(52:2) A(s1:-t1) with respect to the choices
of Alstrt) and Bls2rt2),
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Lemma 5.1 ( [54]). Let
BX=A (5.1)

be a given linear matriz equation, where A € C"™*™ and B € C™*P are known matrices, and X € CP*" is an
unknown matriz. Then
(5.1) is solvable for X < %(A) C #(B) < BBTA = A. (5.2)

In this situation, the general solution of (5.1) can be written in the following parametric form
X =B'A+ FpV, (5.3)

where V€ CP*" s arbitrary. In particular, (5.1) holds for all matrices X € CP*™ if and only if both A = 0 and
B =0, or equivalently, [A, B] = 0.

Lemma 5.2 ( [54]). Let
BXC=A (5.4)

be a given linear matriz equation, where A € C™*" B € C™*P, and C € CT*" are known matrices. Then the
following statements are equivalent:

(a) Egq. is solvable for X € CP*4.
(b) Both Z(A) C Z(B) and Z(A*) C Z(C*).

(¢) 1[4, B] = r(B) and r[é} —r(C).

(d) BBTA= A and ACTC = A.
(e) BBTACTC = A.
In this situation, the general solution of (5.4) can be written in the following parametric form
X = ATCB' + FuV + WEp, (5.5)

where V, W € CP*? are arbitrary. In particular, (5.4) holds for all matrices X € CP*? if and only if
) A
either [A, B]=0 or ol = 0. (5.6)

Lemma 5.3 ( [41]). Let
BiX101 + BaXoCy = A (5.7)

be a given linear matrix equation, where A € C™*" By € C™*Pr By € C™*P2 (4 € C1**", and Cy € C22*™ qre
known matrices. Then the following results hold.

(a) Eq.(5.7) holds for all matrices X; € CP**% gnd X9 € CP2*%2 if and only if the 5 given matrices satisfy one
of the following 4 block matrix equalities:

(i) [A, By, Ba] = 0. (i) [642 Bol]o. (iif) [gl %2}0. (iv) § =0.
2

(b) Under the assumptions that Z(B1) C #(Bz) and Z(C5) 2 %#(C3), (5.7) holds for all matrices X1 and Xo if
and only if one of the following 2 block matrix equalities holds:

(i) [4, Ba] =0. (i) [(ﬂ =0. (i) [(i f(ﬂ =0.

Several multilinear versions of matrix identities were also established in [41] as follows.
Lemma 5.4. Let
(A1 + B1X1C1)(As + BaXoCs) = A (5.8)
be a given multilinear matriz equation, where A € C™*" Ay € C™*s By € Cm*Pr (] € C1*8 Ay € Co*™,

By € C**P2 gnd Cy € C22*™ gre known matrices. Then the following results hold.

18


https://doi.org/10.20944/preprints201812.0342.v2

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 30 April 2020

d0i:10.20944/preprints201812.0342.v2

(a) Fq. (5.8) holds for all matrices X1 € CPr*% and Xy € CP2X9%2 if and only if one of the following 4 block
matriz equalities holds:

(1> [A1A2 - A7 A1327 Bl] =0 (ll) A1A2 - A Bl:|
A1A2 —
A1A2 — A A132 )
=0 C1 A 0.
(iii) Oy A, o BJ (iv) é \ ) }

(b) Under the assumption (A1) C Z(B1) and #(Az) C #(Bs), (5.8) holds for all X1 € CP1*9 gnd Xy € CP2*%
if and only if one of the following 3 block matriz equalities holds:

AjAy — A
(i) [4, Bi]=0. (i) A AiBal (iif) C145 | =0.
0 C1B, e
2

(¢) Under the assumption Z(A}) C Z(C5) and Z(A%) C #(C%), (5.8) holds for all X1 € CPrX% and X5 € CP2*%®
if and only if one of the following 3 block matriz equalities holds:

A 0 o | A
Oy Ay 0132} =0. (i) [02] =0.

(d) Under the assumption (A1) C Z(B1) and Z(AS) C Z(C3), (5.8) holds for all X1 € CPr*9 gnd Xy € CP2*42
if and only if one of the following 3 block matriz equalities holds:

(i) [4 B =0. (i) [C‘i‘z] —0. (i) {AléQAZA éigi] 0.

(i) [A1d2 — A, A1Bz, B1] =0.  (ii) [

(e) Under the assumption Z(A) C Z(CT) and Z(As) C Z(Bs), (5.8) holds for all X; € CPr*% gnd Xy € CP2X22
if and only if one of the following 4 block matriz equalities holds:

(i) [A, A1Bs, Bi]=0. (i) Ards — A Bl}zo,
Cy 0
A
A 0
=0. i Ci1A,| =
(iii) {0 ClBJ (iv) (1:«22

Lemma 5.5. Let

(Al + BleCl)(AQ + B2X202)(A3 + BngCg) = (59)

be a given multilinear matriz equation, where A, A;, B;, and C; are known matrices of appropriate sizes, i = 1,2, 3.
Then the following results hold.

) Eq.(5.9) holds for all matrices X1, Xo, and X3 if and only if one of the following 8 block matriz equalities

holds:
. B . [A1AyAs— A AjAyBs AiBy]
(1) [T41A2A3 — A7 A1A233, AlBg, Bl] =0 (11) I 01A2A3 01A2B3 01B2:| =0.
A1A2A3 — A A1A233 Bl _ . A1A2A3 — A A1B2 Bl _
(iii)  Cody Oy Bs 0 } = 0. (iv) _ C, 0 0 ] =0.
A1 Ay A3 — A A1A5Bjg A1AsA3 — A Ai1Bs
(V) 01A2A3 ClAgB3 =0. (Vl) 01A2A3 ClBQ =0.
| C2A3 C2Bs i Cs 0
[A1A3A3 — A B Aléhf e 4
(vii) Ca A3 0] =0. (viii) 1728 =,
CyA3
Cs 0
Cs
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(b) Under the assumption %(A1) C Z(B1) and #(As) C #Z(Bs), (5.9) holds for all matrices X1, X2, and X3 if
and only if one of the following 5 block matrix equalities holds

A A1A5Bs
(i) [A4, By]=0. (ii) A A4 Bs AiBy =0. (iii) |0 C1A2B3| =0.
0 ClAQBg ClBZ
0 C4Bs
A1 AsAsz — A
A1 AsAs — A A1 Bs 102A3A
(iV) ClAQAg ClBg :0 (V) 172483 :0.
CyAs
Cs 0 P
3

(¢) Under the assumption Z(A3) C Z(CT) and Z(A%) C Z(C3), (5.9) holds for all matrices X1, X, and X3 if
and only if one of the following 5 block matriz equalities holds

(i) [A1A2A3 — A, A1A3Bs, A1Bs, B1] = 0.

.. A 0 0 o A1A2A3 - A AlAng, Bl -
@) 0,404, €148, 0132} =0 (i) [ Cody CB; 0]~
(IV) ClA2A3 ClA2B3 =0. (V) |:é4:| =0.
3

CrA; C2Bs

(d) Under the assumption %(A1) C Z(B1) and Z(A%) C Z(C3), (5.9) holds for all matrices X1, Xa, and X3 if
and only if one of the following 4 block matriz equalities holds

(i) [A, Bi]=0. (if) é‘i 0.

A1 AsA3 — A A1 AsBs
ClA2A3 ClA2B3
CaAs C5Bs

A1A2A3 - A AlAng A1B2 -0

W)\ e Ay C1ABs OB (vi) =0

(e) Under the assumption Z(AT) C Z(CT) and Z(A3) C #(Bs), (5.9) holds fo all matrices X1, Xo, and X3 if
and only if one of the following 8 block matriz equalities holds

: o [A 0 0
(1) [A7 141142.337 A1B2, Bl] =0. (11) 0 01A2B3 01B2:| =0.
... [A A1AsB; By| . [A1AsA3 — A A1By By|
(iii) 0 CyB ol = 0. (iv) h 1) 0 ol = 0.
A 0 A 0
(V) 0 ClAQBg =0. (VI) ClAgAg ClBQ =0.
_O 0233 I 03 0
[A1AyAs — A By c ;14A
(vii) Cy A3 0| =0 (vii) L2 — .
C 0 CQA3
3 Cs
Lemma 5.6. The matrix equation
(Al + BleCl)(Ag + By X5 + YQCQ)(A3 + BngCg) =A (510)
holds for all matrices X1, Xo, X3, and Y3 if and only if one of the following 8 block matriz equalities holds:
. _ . [A A
(i) [A, A1, B1]=0. (i) 0 CJ =0.
- A
@ (4 0]=0 (iv) |As| =o0.
3 Bs
L Cs
[A;AgAs — A A ABs A1By B L [AdeAs— A AiBy By
(V) Oy A CsB 0 0 =0. (Vl) CQA3 0 0 =0
L 243 203 I 03 0 0
(A AsAs — A A AsBs AB, difds —A A
(vii) C1A3A;  C1A3B3y C1By| =0. (viii) L 122 = 0.
CsAs 0
CQA3 CQBg 0 C 0
3
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Under the assumption %#(A1) C Z(B1) and Z(A3) C Z(C3), (5.10) holds for all matrices X1, X2, X3, and Ys if
and only if one of the following 5 block matrix equalities holds:

(i) [A, By] =0. (i) {ij =0. (i) {6‘ gﬂ =0. (iv) [i 1(3)3} =0.

A1A2A3 —A A1A2B3 AlBQ
(V) 01A2A3 ClAgB3 ClBQ =0.
CQA?, 0233 O

Lemma 5.7. Let

(A1 + B1X.1C1 + D1Y'1E1)(A2 + By XoCs + DQYQEQ) =A (5.11)

be a given multilinear matriz equation, where A, A;, B;, C;, D;, and E; are known matrices of appropriate sizes,
1 =1,2. Then the following results hold.

(a) FEq.(5.11) holds for all matrices X1, Xa, Y1, and Y if and only if one of the following 16 block matriz equalities

holds:

. .. [A1As—A ABy, AD, B
() [z = A, 4By, AiDy, By, Di)=0. (i) |Tp2 o Ol} =0.
(i) [A1Ay — A ABy ADy Di] 0. () [A1Ay — A ABy, By Di]| 0
| 14 CiB, CiDy 0| E, 0 o o
- [A1As — A A1By A1Dy
AjAs — A ADs By D .
(V) ! 62, 10 2 01 01:| =0. (Vl) ClAQ ClBQ ClDQ =0.
L 2 L E1A2 ElBQ E1D2
_AlAQ — A AlBQ Bl A1A2 - A AlBQ D1
(Vii) E1A2 E1B2 0 =0. (Vlll) ClAQ ClBQ 0 =0.
B 0 0 | B 0 0
AlAg - A A1D2 B1 A1A2 - A A1D2 D1
(1X> E1A2 E1D2 O =0. (X) ClAQ ClDQ O =0.
e 0 0 Cs 0 0
[AAy—A B, D Ardy —A A1By
_ B .. Ci4dy  Ci1Ba| _
(xi) Cs 0 0f=0. (xii) A =0.
E, 0 0 E;J 2 E1032
- 2
(A1 45 — A A1D, (A4, — A By
C1A, C1D, . E1 A, 0|
(xiii) Fi A, EiDy| = 0. (xiv) Oy 0l = 0.
L 02 0 L E2 0
[A145 — A Dy Alé‘QA_ 4
1412
(xv) 6(1;242 8 = 0. (xvi) EiAy | =0.
E 0 %
L 2 | B

(b) The matriz equation

(A1 + B1 X1+ Y1E)) (Ao + BoXo + YoEs) = A

(5.12)

holds for all matrices X1, Xo, Y1, and Yo if and only if one of the following 8 block matriz equalities holds:

4 A B A 0 AjAy — A ABy B
(i) [0 E1 01} =0. (ii) |Ay Bp| =0. (iii) | E1Ay  EyBy 0| =0.
! Ey, 0 Es 0 0

(¢) The matriz equation

(A1 + B1X1C1) (A + BoXoCs + DoYoEs) = A

21
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holds for all matrices X1, Xo, and Ys if and only if one of the following 8 block matriz equalities holds:

(i) [A1As — A, AiBy, A1Dy, B1] =0.  (ii) AlAC% -4 Al(f)Q %1] = 0.
2
A1A2 - A AlBg Bl o . A1A2 - A AlBQ A1D2 o
() | g, 0 o] =0 W 1o aB C’lDJ =0
AjAy — A B AjAy — A AD,
(V) CQ 0 =0. (Vi) ClAQ Cng =0.
| B 0 e 0
[A1Ay — A ABy Alé‘Z m 4
(vii) C14y  C1By| =0. (viii) 2=,
Co
E, 0
L E2

(d) The matriz equation

(Al + BleCl + D1Y1E1)(A2 + BQXQCQ) =A (514)

holds for all matrices X1, Y1, and Xs if and only if one of the following 8 block matriz equalities holds:

(i) [A1As — A, A1By, By, D] =0.  (ii) AlAC% -4 B Dl] = 0.
i ) 0 0
(111) A1A2 — A A1B2 31:| _ O (IV) A1A2 — A A1B2 D1:| _ O
E1A2 ElBQ 0 ' ClAQ ClBQ 0 ’
[A1As — A B [A1As — A Dy
(V) E1A2 0 =0. (Vl) ClAQ 0 =0.
e 0 e 0
(A Ay— A AB, Alé‘?A* 4
(vii) C1Ay  C1By| =0. (viii) E1 A2 =0.
E Ay Eq By 52 2

(e) The bilinear matriz equation

My (A1 + B1 X1 + Y101 )My(Ag + BaXo + Y0 )Mz = M

(5.15)

holds for all matrices X1, Xs, Y1, and Ys if and only if one of the following six block matriz equalities holds:

(i) [M, M) =0, (ii) {1\]\443]:0’ (iid) []‘04 J\22 —0,
M 0
(iv) W Mcl,A&MQ M}JBl}zo, (v) |MyAsMz MsBsy| =0,
i CyMs 0
(Vi) ClMQAgMg ClMQBQ O - 0
CyM; 0 0

(f) The matriz equation

(A} + BiX1C1)(As + Bo Xy + YaEy) = A (5.16)

holds for all matrices X1, Xo, and Ys if and only if one of the following four block matriz equalities holds:

; .. AAy— A AyB, B
(i) [4, Ay, Bi]=0. (i) | 52 B Bl
A A A1As — A A1Bs
(iii) [0 01] =0. (iv) C As C1By| =0.
' By 0

(g) The matriz equation

(A1 + B1X1 + V1 E)(Ay + By X5Cs) = A (5.17)
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holds for all matrices X1, Y1, and Xo if and only if one of the following four block matriz equalities holds:

. AlAQ — A A1B2 Bl - ..
(i) { ELA, E\B, 0 } =0. (i)
A 0 .

(iii) {A2 BJ =0. (iv)

Lemma 5.8. Let

(A1 + B1X,C1)(As + B2 X2Cs)(As + B3 X3C3)(As + B4 X4Cy) = A

AiAy— A B
Ei1As 0
Cy 0
A
Al =0.
Cy

]:o.

(5.18)

be a given multilinear matriz equation, where A, A;, B;, and C; are known matrices of appropriate sizes, i = 1,2, 3, 4.

Then the following results hold.

(a) Eq.(5.18) holds for all matrices X1, Xo, X3, and X4 if and only if one of the following 16 block matriz

equalities holds:

[A1A2A3As — A, A1 AsA3By, A1AsBs, A1 By, Bi| = 0.

(11) -A1A2A3A4 —A AlAng A132 —0
I Cy 0 0 ’
(111) A1A2A3A4 — A A1A2A3B4 A1B2 B1 -0
I C3Ay C3By 0 0 ’
(iv) A1 AyA3Ay — A A1 AA3By A1A3Bs Bj —0
I CyA3Ay CyA3By C5 B3 0 ’
- C1AxA3 A, C1A2A3Bys C1A3Bs C1Bs '
A1A2A3A, — A A1By By
(vi) C3Ay 0 0] =0.
L Cy 0 0
A1A2A3A4 —A AlAng Bl A1A2A3A4 —A A1A233 A1B2
(Vii) 02A3A4 0233 0 = 0 (Vlll) 01A2A3A4 ClAng, ClBQ = 0
Cy 0 0 Cy 0 0
A1AxA3A, — A A1A3A3By, By A1AsA3A, — A A1A3A3By A1 Bo
(iX) C2A3A4 02A3B4 0 = 0 (X) 01A2A3A4 01A2A3B4 ClBQ = O
03A4 C3B4 0 03A4 C3B4 0
- (A AsA3A,— A B
A1 AsAsAy — A A AsA3By A1 A5Bs 1552 J
(Xl) 01A2A3A4 01A2A334 ClAng =0. (Xll) é jl 4 O =0.
CyAsAy CyA3B, CyBs é 4 0
- 4
[A1AsAsAy — A AiBs -A1A2A3A4 — A A1A5Bs
(Xlll) ClA2A3A4 ClBQ -0 (XiV) ClA2A3A4 ClAng —0
03A4 0 ' 02A3A4 CQB?) '
i Cy 0 | Cy 0
[A1AsA3Ay — A A1 A3AsB, ArdsA3As — A
C1A3A5A C1 A3 AsB CrAxdsAq
(xv) 1728 1 A2ams 0. (xvi) CyA3A, =0.
CsAy C3By 274
4

(b) Under the assumptions %#(A1) C Z(B1) and Z(A}) C Z(C%), (5.18) holds for all matrices X1, X2, X3, and
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X4 if and only if one of the following 6 block matriz equalities holds:

(i)
(i)

[A, Bi] = 0.

(A1 Ay A3 Ay — A
C1A5A3A,
A1 Ay As Ay — A
ChAzA5A,
Cs A,
(A1 AsAsAy — A
C1A5A3A,
Co A3 Ay
(A1 Ay As Ay — A
C1AsA3A,
Co A3 Ay
C5 A,

(iv)

(v)

(vi)

@ |4

Cy
A1AyA3B,
C1A2A3By
A1 Ay A3By
C1A2A3By

O3B,
A1AyA3B,
C1A3A3B,

CyA3B,
A1 A3 A3By
C1A2A3By

CrA3B,

C3B,

|-

A1 Ay B3
C1A3B3
A1 By
C1B;

0
AlAgB3
C1A3B3

CyBs3

A1B2
C1By|

=0.

=0.

=0.

d0i:10.20944/preprints201812.0342.v2

(¢) Under the assumption %(A1) C Z(B1), Z(A3) C #(C3), #(As) C #(Bs), and Z(A}) C Z(Cy), (5.18)
holds for all matrices X1, Xo, X3, and X4 if and only if one of the following 6 block matrix equalities holds:

(iv)

(vi)

(i) [4, Bi] =0. (m[é]:o @m[g Q%J:o
A AyAsBy A B, 4 0
0 C A B C B :| :0 (V) 02A3A4 02A3B4
14203 102 C3A4 03B4
A AgAsAy — A AyAyAsB, Ay B,
C1A A3 A, C1AA3By C1Bs| =0.
C3Ay C3By 0

(d) The multilinear matriz equation

My (Al + B1X, )MQ(AQ + X5C5 )Mg(A3 + B3 X3 )M4(A4 + X4Cy )M5 =A

=0.

(5.19)

holds for all variable matrices X1, Xo, X3, and X4 if and only if one of the following eight block matrix

equalities holds:

(vii)

(viii)

A
(1) [A7 MlAlMQ, MlBl] = 0, (IV) M4A4M5 = 0,
CyMs
(i) E ﬁJ:o, (i) |4 &J:m
-A M1A1M2A2M3A3M4 M1A1M2A2M333 M1B1:| —0
0 02M3A3M4 CQMng, 0 o
A 0
M2A2M3A3M4A4M5 M2A2M3B3 -0
CQM3A3M4A4M5 C2M3B3 ’
CyMs5 0
A 0 0
0 M2A2M3A3M4 M2A2M3B3 = 0,
0 02M3A3M4 CQMng
-M1A1M2A2M3A3M4A4M5 - A M1A1M2A2M3Bg MlBl
02M3A3M4A4M5 CQMng 0
CyMs 0 0

=0.

Obviously, the block matrix equalities given in Lemmas [5.2H5.8] reveal some essential connections among the
products of the given matrices in the linear and multilinear matrix equations, which therefore show many beautiful
facets of linear and multilinear matrix identities that involve variable matrices. These lemmas in fact provide a set
of highly efficient methods to establish and verify many types of matrix equality, and can be used to characterize
the relationships between matrix sets composed by matrix-valued functions.
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nvariance property of matrix products that involve two generalized
inverses

The hundreds of matrix-valued functions in 7 show in a striking manner what are the difficulties in
the classification and characterization of the reverse order law problems formulated in (1.7)—(1.11). In order words,
w need to make considerable extra efforts from the very beginning in order to obtain a complete set of solutions
to all these reverse order law problems. For a matrix expression that involves generalized inverses, one of the
most fundamental fact people like to know is concerned with the invariance property of the matrix expression with
respect to the choice of the generalized inverses; see e.g., [7, 55, for expositions and some previous results. We
have seen from Lemma 3.3(h) that the invariance property (uniqueness) of the product Bs2::t2) A(s1:-5t1) gecurs
in the study of the ROLs (AB)T = B(s2:-t2) A(51,%1) " S0 that we need to know necessary and sufficient conditions
for the product B(s2:+t2) A(51::11) t0 be invariant with respect to choice of A1-11) and B(s2:--2)  Because BT A
is unique once A and B are given, we can readily see from the definition of the Moore—Penrose inverse that the
product B(s2:t2) A(51:-t1) j5 invariant with respect to the choice of the eight commonly-used types of generalized
inverses A(51:-11) and B(s2:-t2) if and only if the equality

Bls2ot2) Alsrty) = Bi AT (6.1)

holds for all A1) and B(s2--t2)  Substituting the 63 matrix-valued functions in (3.89)(3.151) into (6.1)),
respectively, will result in 63 linear or multilinear matrix equations. In this section, we shall only present the
detailed results concerning the invariance property of 63 matrix equations in (6.1). The complete characterizations
of these invariance property problems can be done by means of Lemmas 5.2-5.8, but the details are rather technical
and tedious, and are therefore omitted.
Theorem 6.1. Given A € C™*" and B € C"*P, we have the following results:

1) BtAG3Y s invariant < r(A) = m or Z(A*) 2 %#(B).
2) BFAM24) s invariant < AB =0 or r(A)

=m.
BYA®:23) s invariant < A =0 or Z(A*) D #(B).

3
4) BYAY s invariant < r(A) =m or B = 0.
6) BfTAM2) s invariant < A =0 or B =0 or {r(A) = m and Z(A*) D #(B)}.
7y BTAW s invariant < B =0 or {r(A) = m and #(A*) D #(B)}.
8) BU3D A s invariant < either r(B) = p or Z(A*) C Z(B).

(1)
(2)
(3)
(4)
(5) BTAWS) s invariant < #(A*) D #(B).
(6)
(7)
(8)
(9)

B3N AQ3Y) s invariant < r(A) = r(B) = n or {r(A) = m and r(B) = p} or {r(A) = m and Z(A*) C
A (B)} or {r(B) =p and Z(A*) D #(B)}.

(10) BA3HAL2Y s inyariant < {AB = 0 and r(B) = p} or {r(A) = m and r(B) = p} or {AB = 0 and
H(A*) CZ(B)} or {r(A) =m and Z(A*) C #(B)}.

B39 A123) s invariant < A =0 or {r(B) = p and Z(A*) D Z(B)} or r(A) = r(B) = n.

(
B39 A s invariant < {r(A) = m and r(B) = p} or {r(A) =m and Z(A*) C #(B)}.

B3 A3 s invariant < r(A) = r(B) =n or {r(B) = p and Z(A*) D Z(B)}.

BW3D A2) s jnvariant < A =0 or r(A) =r(B) =m =n or {AB =0, r(A) =m, and r(B) = p}.
BW3Y AW s invariant < r(A) = r(B) =m =n or {r(A) =m, r(B) = p, and Z(A*) D %(B)}.
BW2Y AT s invariant < B =0 or Z(A*) C Z(B).

B2 AC34) s invariant < B =0 or {r(A) = m and Z(A*) C Z(B)} or r(A) = r(B) = n.

B2 A2 s inyariant < A =0 or B =0 or {r(A) = m and Z(A*) C Z(B)}.

B2 A123) s inyariant < A =0 or B =0 or r(A) =r(B) =n.

B2 AQA) s invariant < B =0 or {r(A) = m and Z(A*) C Z(B)}.
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21) B2 A3 s invariant < B =0 or r(A) = r(B) = n.
22) B2 A(2) s inuariant < A =0 or B=0 orr(A) =r(B) =m =n.

24

(21)
(22)
(23) B2 AW s invariant < B =0 or r(A) = r(B) = m = n.
(24) BM23) AT s invariant < A =0 or B=0 or (B) =

(25)

25) B(1:23) A0S s invariant < {AB = 0 and r(A) = m} or {r(A) = m and r(B) = p} or {AB = 0 and
RH(A*) D #(B)} or {r(B) =p and Z(A*) O %#(B)}.

26) B1:23) A24) s invariant < AB =0 or {r(A) = m and r(B) = p}.

27) B1H23) A023) s inyariant < A =0 or B =0 or {r(B) = p and Z(A*) D %(B)}.

28) B(1:2:3) A0A) s invariant < B =0 or {AB =0 and r(A) = m} or {r(A) = m and r(B) = p}.

29) B(1:23) A03) s invariant < B =0 or {r(B) = p and Z(A*) D #(B)}.

30) B123) A2) s inuariant < A =0 or B=0 or {r(A) =m, r(B) = p, and Z(A*) D %(B)}.

31) BU23) AW s invariant < B =0 or {r(A) = m, r(B) = p, and #(A*) D #Z(B)}.

32) BUAY AT s invariant < Z(A*) C #(B).

33) B AWSA) s invariant < r(A) = r(B) =n or {r(A) = m and Z(A*) C Z(B)}.

34) B A2 s invariant < A =0 or {r(A) =m and Z(A*) C Z(B)}.

35) B AM23) s invariant < A =0 or r(A) = r(B) =

36) BUY ALY s invariant < r(A) = m and Z(A*) C Z(B).

37) BOY AW s invariant < r(A) = r(B) = n.

38) B AM2) s invariant < A =0 or r(A) =r(B) =m =n.

39) BUAY AW s invariant < r(A) = r(B) = m = n.

40) B3 A s invariant < r(B) = p.

(26)

(27) B

(28)

(29)

(30)

(31) B

(32)

(33)

(34)

(35) B

(36)

(37)

(38)

(39) B

(40)

(41) B3 AW3A) s invariant < {r(A) = m and 7(B) = p} or {r(B) =p and Z(A*) D Z(B)}.
(42) B3 A28 s inyariant < A =0 or {AB =0 and r(B) = p} or {r(A) = m and r(B) = p}.
(43) B3 A123) s inyariant < A =0 or {r(B) = p and Z(A*) D Z(B)}.

(44) B ALY s invariant < r(A) = m and r(B) = p.

(45) BLD AL s invariant < r(B) = p and Z(A*) 2 Z(B).

(46) B3 A2 s invariant < A =0 or {r(A) = m, r(B) = p, and Z(A*) D Z(B)}.
(47) B AW s invariant < r(A) = m, r(B) = p, and Z(A*) D Z(B).

(48) BLD AT s invariant <> A =0 or B =0 or {r(B) = p and Z(A*) C %Z(B)}.

(49) BL2DAWL3Y s inyariant < B =0 or r(A) =r(B) =n=p or {AB=0, r(A) =m, and r(B) = p}.
(50) B2 AL24) s inyariant < A =0 or B =0 or {r(A) =m, 7(B) = p, and Z(A*) C Z(B)}.

(51) B2 A123) s inyariant <& A =0 or B=0 or r(A) =r(B) =n = p.

(52) BA2D ALY s invariant < B =0 or {r(A) = m, r(B) = p, and Z(A*) C Z(B)}.

(53) BE2D AL s invariant < B =0 or r(A) = r(B) = n = p.

(54) BU2 AL s invariant & A =0 or B=0 orr(A) =r(B) =m =n = p.

(55) BL2 AW s invariant < B =0 or r(A) =r(B) =m =n = p.

(56)

56) BW AT is invariant < r(B) = p and #(A*) C #(B).
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(57) BMWAW3A) s invariant < r(A) = r(B) =n =p or {r(A) = m, r(B) = p, and Z(A*) C Z(B)}.
(58) BMWAM24) s invariant < A =0 or {r(A) =m, r(B) = p, and Z(A*) C Z(B)}.
(59) BMWAW23) s invariant < r(A) = r(B) =n = p.
(60) B ALY s invariant < r(A) =m, r(B) = p, and Z(A*) C Z(B).
(61) BW AW s invariant < r(A) =r(B) =n = p.
(62) BMAML2) s invariant < A =0 or r(A) =r(B) =m =n = p.
(63) BMWAW s invariant < r(A) = r(B) =m =n = p.
Theorem 6.2. Given A € C"™*" aqnd B € C"*P, and denote N = [A*, B], we have the following results:
) The products in (3.153) are invariant < r(AB) = r(A) +r(B) — r(N).
) The products in (3.154) are invariant < r(AB) = r(A) +r(B) — r(N).
) The products in (3.155) are invariant < r(AB) = r(A) + r(B) — n.
) The products in (3.157) are invariant < r(A) =m or r(AB) = r(A) +r(B) — r(N).
) The products in (3.158) are invariant < AB =0 or r(A) =m.
) The products in (3.159) are invariant < r(AB) = r(A) + r(B) — r(N).
)y The products in (3.160) are invariant < AB =0 or r(A) = m.
) The products in (3.161) are invariant < r(AB) = r(A) + r(B) —r(N).
) The products in (3.162) are invariant < r(A) =m or r(AB) = r(A) +r(B) — r(N).
Y The products in (3.163)) are invariant < r(A) =m or r(AB) = r(A) + r(B) — r(N).
) The products in (3.164) are invariant < AB =0 or Z(A*) C Z(B).
) The products in (3.165) are invariant < AB =0 or {r(AB) =n orr(A) =m and #(A*) C Z(B)}.
) The products in (3.166) are invariant < AB =0 or {r(A) = m and Z(A*) C #(B)}.
) The products in (3.167) are invariant < r(A) = r(B) = n.
15) The products in (3.168) are invariant < AB =0 or {r(A) = m and Z(A*) C %(B)}.
) The products in (3.169) are invariant < AB =0 or r(A) =r(B) =
) The products in (3.170) are invariant < AB =0 or r(A) =r(B) =
) The products in (3.171) are invariant < AB =0 or r(A) = r(
) The products in (3.173) are invariant < either r(B) = p or r(AB) = r(A) + r(B) — r(N).
) The products in (3.174) are invariant < r(N) = r(A) +r(B) — r(AB).
) The products in (3.175) are invariant < AB =0 or r(B) = p.
y The products in (3.176)) are invariant < r(AB) =r(A) +r(B) — r(N).
) The products in (3.177) are invariant < AB =0 or r(B) = p.
) The products in (3.178) are invariant < r(B) =p or r(AB) = r(A) +r(B) — r(N).
) The products in (3.179) are invariant < r(B) =p or r(AB) = r(A) +r(B) — r(N).
) The products in (3.180) are invariant < AB =0 or Z(A*) D #(B).
) The products in (3.181) are invariant < AB =0 orr(A) =r(B) =n or {r(B) =p and Z(A*) D Z(B)}.
) The products in (3.182) are invariant < AB =0 or r(A) =r(B
) The products in (3.183) are invariant < AB =0 or {r(B) =p and Z(A*) D Z(B)}.

S|

y=m=n.

~— —

n.
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(31) The products in are invariant < AB =0 or r(A) = r(B) = n.
(32) The products in are invariant < AB =0 or {r(B) =p and Z(A*) D #(B)}.
(33) The products in are invariant < AB =0 orr(A) =r(B) =n =

(34)

p
34) The products in (3.187) are invariant < AB =0 orr(A) =r(B) =n = p.

7 Fundamental equalities between generalized inverses of two matrices

The simplest matrix equalities for generalized inverses in (1.4) are given by A7) = B(s2:-t2) " Necessary and
sufficient conditions for these equalities to hold are currently being worked out by the present author in [90] as
follows.

Lemma 7.1. Given A, B € C™*™ we have the following 24 results:

1 =Bl < A=B.

) A
2) At € {B139Y & B*A = B*B and AB* = BB*.

3) At e {B12YY & Z(A*) = #(B*) and A*A = A*B
4)
)
)

(
(
(
(4) At € {BUY} & Z(A*) D #(B*) and A*AB* = A*BB*.
(5) AT € {B12)} o r(A) =r(B) and A*AA* = A*BA*.

(

6) At € {BMW} o r(A*AA* — A*BA*) = r(A) — r(B).

(1) {AL3DY N (B3 £ ) & %[g] C %{ég*} %{g*] C %[g*g}, A*AB* = A*BB*, and B*AA* =
B*BA*.

8) {AL3N N (B2 £ () & 4 CZ AA* and A*A = A*B
B BB
AA*

A
(9) {ALIDYN{BUAY £ & %[B} C ‘%[BB*

} and A*AB* = A*BB*.

AB*

(10) {A139} 0 {(BO2)} £ o %[A* } c %[A*A] ,%{ i ] c %[AA*] ,and A*AA* — A*BA".

(1) {A39Y A (BW} £ 0 @%{A* ] c%{““ﬂ and%’[ABB:} c%’[AA*].

(12) {A020) A (BO24) 24§ & Z(A*) = B(B*) and # {g] c % [gg’:] .

(13) {A1201 N {BU:23)} £ () & r(AB*) = r(B*A) = r(A) = r(B) and B*AA* = B*BA*.

(14) {AC2D}N{BUD} £ 0 & Z(A*) D Z(B*) and # [g} A [gé} .
(15) {A(1,2,4)} N {B(I,B)} £ #(BA*) = #(B) and B*AA* = B*BA*.

(16) {AL2 N {BU2A) £ () & Z(AB*) = Z(A), Z(BA*) = #(B), and %[AB*}

(17) {A020) A {BO} £ & Z(BA*) = Z(B) and %[ABT} c %["ﬁ*] .

1) (a0 (09} 20 o 2[5 c 5]

BB* |’

(19) {AGDYyN{BUD} £ ) & B*AA* = B*BA*.

(20) {ACD}N{BO2)} £ 0 & Z(AB*) = #(A) and %[Ag} c Q[AAT .
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(1) (AW} (BOY 20 & 7|0 | c |t |

(22) {AG2}n{BUDY L) & r(A—B)=r [A] +r[A, Bl —r(A) —r(B) and r(A) = r(B).

B

(23) {AG N {BW}£0 < r(A-B)=r [g

} +r[A, Bl —r(A) — r(B) and r(A) > r(B).
24) {AN{BDY £ r(A-B)=r [g] +r[A, B] —r(A) — r(B).

Lemma 7.2. Given A, B € C™*" we have the following results:

(3c) {A3DY = (BN} =& A=B =0 or {r(A) =m and A = B}.
(4da) {A13D) C {BU2) & {r(A) = r(B) =m and AA* = BA*} or {r(A) =r(B) =n and A*A = A*B}.
(4b)y {AG3DY DUBU2Y o A =0 or {r(B)=m=n, A*A= A*B, and AA* = BA*}.

(1a) {A139) C {BUSYY o B*A = B*B and AB* = BB*.
(1b)y {A39} D (B3N o A*A = A*B and AA* = BA*.
(1c) {A03D} = (B3I} & A= B,
(2a) {A(1’3’4)} C{B12Y} & {r(A) =m and A= B} or {r(A) =r(B) =n and A*A = A*B}.
(2b) {AL3DY D (B2 o A =0 or {r(B) =m, A*A= A*B, and AA* = BA*}.
(2¢) {A03DY = (B2 o r(A) =m and A = B.
(3a) {AM3DY C {BUDY} & {R(A*) D #(B*) and AB* = BB*} or {r(A) =n and A*AB* = A*BB*}.
(3b) {AL3DY D UBODY o A=0 or {r(B) =m, A*A= A*B, and AA* = BA*}.
)
)
)
)

(4c) {A3DY = (BU2Y o r(A) =m =n and A = B.

(5a) {039} C (BV} & %[gﬁi} ;%{g] or%{g:ﬁ] 2%’[?}
(5b) {A03DY D UIBWY o A=0 or {r(B) =m=n, A*A= A*B, and AA* = BA*}.
(5¢) {A03DY =(BWY & A=B=0 or {r(A) =m=n and A = B}.

(6) {429} C {BU2Y} & A2V} D (BOAY} & (A2} = (BU2} & A= B.
(7a) {A120} C{BU23)) o A= B =0 or {r(A) =r(B) =m and AA* = BA*}.
(7b) {A12DY D (B2} o A= B =0 or {r(A) =r(B) =n and B*A = B*B}.
(7¢) {A02DY = (B2} & A =B =0 or {r(A)=m =n and A = B}.
(8a) {A120) C {BUDY o %(A*) D #(B*) and AB* = BB*.
(

(8c¢) {A129Y = (BUAY & r(A) = min{m, n} and A = B.
(9a) {A120) C{BUY o B =0 or {r(A) =m and B*AA* = B*BA*}.
(9b) {A120} D (B3} o (

(9c) {A120} = (B3} o o(
(10a) {A29Y C (B2} o Z(A) = #(B) and AA* = BA*.

A)=r(B)=n and B*A = B*B.
A)=m=n and A= B.

)

)

)

)

)

)

)
8b)y {A29} D (B} & 7(A) = min{m, n} and A= B.

)

)

)

)

)
(10b) {AG291 D (B2 o A=B =0 or {r(A) =n and A = B}.
)

(10c) {AG20) = (B2 & A =B =0 or {r(A) =n and A = B}.

29


https://doi.org/10.20944/preprints201812.0342.v2

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 30 April 2020 d0i:10.20944/preprints201812.0342.v2

(11a) {A®29y Cc{BW} & # O %

11b) {A®2DY D (BMWY < r(A) =n and A = B.

11c) {A2H} = (BW} & r(A) =n and A = B.

12a) {AD} C {BOA} & Z(A*) D #(B*) and AB* = BB*.
12b) {ACG) D {BUAY o R(A*) C #(B*) and AA* = BA*.
12¢) {A0D} ={BUDY o A= B.

13b) {AGDY D (B} o A=0 or {r(B) =n and B*AA* = B*BA*}.

13c) {A0N} ={BU3Y o A= B =0 or {r(A) =m, r(B) = n, and B*AA* = B*BA*}.
14a) {AGLD} C {BI2} & r(A) = r(B) = min{m, n} and AA* = BA*.

14b) {AGNY D{BU2DY o A =0 or {r(B) = n and AA* = BA*}.

(11b)
(11c)
(12a)
(12b)
(12c)
(13a) {ADY C {BU3)} & B =0 or {r(A) = m and B*AA* = B*BA*}.
(13b)
(13c)
(14a)
(14b)
(14¢) {AGD} = {BU2DY & r(A) = r(B) =n and A = B.

(15a) {409} C (B} %{gﬁ:] > %[g}

(15b) {ATN D{BMWY} & A =0 or {r(B) =n and AA* = BA*}.
(15¢) {AGY ={BMW} & A=B =0 or {r(A) =n and A = B}.

(16) {A12} C {B12)} & {A12} D {B12)} & {41} = {BUY} & A= B.
(17a) {A12} C {BMWY < r(A - B) = r(A) — r(B).
(17b) {A121 D {BMW} & 7(A) = min{m, n} and A = B.
(17¢) {AGDY = {(BW} & 7(A) = min{m, n} and A = B.
(18a) {AMY Cc {BMW} & (A — B) =r(A) — r(B).
(18b) {AMW} D {BW} & r(B - A) =r(B) — r(A).
(18c) {AW} ={BW} & A=B.

The results in Lemmas and [7.2) can be simplified further for specified matrices A and B. For example,
applying Lemmas 7.1 and 7.2 to two orthogonal projectors of the same size yields the following consequences.

Corollary 7.3. Given two orthogonal projectors A, B € C™*™, namely, A2 = A = A* and B> = B = B*, we
have the following 23 results:

(1) Ae (B39} & %(A) D #(B).

(2) Ae{BU29} & A=B.

(3) Ae{BUY} & %(A) D %(B).

(4) A e {BMY o r(A) =r(B) and A = ABA.
(5) A€ {BMW} & r(A— ABA) = r(A) — r(B).
(6) {A®3DY N {BASDY £ () holds.

(7) {AG39Y N {(BU29} £ () = Z(A) C Z(B).
(8) {AUS9Y N {BOMY £ holds.

(9) {A03DYN{BOD} £ ) & A= ABA.

(10) {A®39Y N {BMWY 0 holds.
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(11) {AG20 N (B2 £ () o A= B.

(12) {AG29)1 N (B2 L () & 1(AB) = r(BA) = r(A) = r(B).

(13) {AG2 N {BADY £ ) o 2(A) D Z(B).

(14) {AQ20 N (B £ () & Z(BA) = #(B).

(15) {AL2N{BU2)} £ ) < Z(AB) = #(A) and #(BA) = %#(B).

(16) {A201N{BMWY £ ) = Z(BA) = Z(B).

17y {AGDY N {BOAY £ () holds.

(18) {ATDY N {B®AY £ holds.

(19) {AGDY N {BU2} £ () & Z(AB) = Z(A).

(20) {ACY N {BW} £ holds.

(21) {AG2Y N {BU2DY £ < (A~ B) = 2r[A, B] —2r(A) and r(A) = r(B).
(22) {AC2Y N {BW} 40 < r(A— B) =2r[A, B] —r(A) —r(B) and r(A) > r(B).
(23) {AWIN{BW} £ 0 & r(A - B) =2r[A, B] —r(A) —r(B).

Corollary 7.4. Given two orthogonal projectors A, B € C"™*™ we have the following results:
(1a) {A1349) Cc {BU3DY} & 2(A) D %#(B).

(1b) {A139Y D (BU3Y o 2(A) C #(B).

(1c) {A039} = (B39} & A= B,

(2a) {A134) C (B2} o A=B=1,.

(2b) {A39Y D (BU2IY o A =0 or B =1,

(2¢) {A3DY = (BU2OY o A =B =1],.

(3a) {AW3} C {BUYY & 2(A) 2 Z(B).

(3by {AM3DY D{BODY = A=0 or B = I,.

(3c) {A3DY =(BUDY & A=B=00orA=B=1,.

(4da) {A03D) D{BU2AY & A=0 or B= I,

(4b)y {AG3DY C (B2} o {AG3DY = (B2} o A =B = I,.

(5a) {A13H) C{BWY & 2(A) D #(B).

(5b) {A03DY D UBWY & A=0 or B = I,,.

(5¢) {A03DY = (B} o A=B=0o0rA=B=1I,.

6) {A02Y} C {BU2V} & {A02D)} D {BU2} & A2} = {BU2} & A= B.

7y {A129) C {BL23)) o {4241 D (BU23)) o (A2} = (BU23)) & A=B=00r A= B=1,.
8a) {A129} C{BUM} & 2(A) D Z(B).

8b)y {A129} D (B} o (AL29Y = (B} o A= B =1,,.

9a) {AL20) C{BUA)Y & B=0or A=1I,.

9b) {A129} D (B} o {(AL29Y = (BUS} o A =B =1,.

(10a) {A29y Cc (B2} & A = B.

(10b) {A1:2H} D (B2} & {4029} = (B2} & A=B=00r A=DB=1I,.

(11a) {A29Y C {BW} < 2(A) D %(B).

(
(

(
(
(
(
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(11b) {AC2D} 2 {BW} & {A029} = (B} & A= B =1,
{A0DY C {BOUDY o 2(A) D Z(B).

{A0DY 5 (BUMY & (A) C Z(B).

{14(1,4)} _ {13(1,4)} & A= B.

{AGDY C{BUA} & B=0or A=1I,.

{ACDY DB} & A=0 or B=1,,.

(AN = (BUSY & A=B=00r A=B=1,.

12a
12b
12¢
13a
13b
14a) {AGDY D (B2} o A=00r B =1I,,.

{ACN (B} & (A0} = (BU2)} o A= B =1,.
{AGY} C{BW} & 2(A) 2 %(B).

{ACN D I(BWY & A=0 or B=1,.

(

(

(

(

(
(13¢
(
(14b
(15a
(15b
(15¢) {AGN =({BWY o A=B=00rA=B=1,.

{AL2Y C (B} & {412} D (B} & {A012D} = {BU12)} & A=B.
{AG2Y C {BMW} & (A - B) =r(A) — r(B).

{AGD} 5 {(BW} & {412} = {BW} & A=B=1,.

{AW} c {BMY & r(A - B) =r(A) —r(B).

{AW} D {BMY o r(B - A) = r(B) — r(A).

{A ={BW} & A=B.

(16
17a

18b

- I D L D s e

(
(
(18a,
(
(18¢

The preceding results show that much work is involved in the establishments of the simplest matrix equalities
for two generalized inverses, so that the approaches on general matrix equalities for generalized inverses will become
quite complicated.

8 Ranks of matrix expressions composed by two generalized inverses

In order to characterize the set inclusions in (1.9), we first need to know some fundamental properties of the
products of generalized inverses. In this section, we present a variety of known results concerning the ranks and
uniqueness of the product B(2:t2) A(s1:5t1) and their variations, which will be used to characterize (1.7) under
assumptions.

It is obvious that (1.7) includes a large variety of situations with symmetric pattern. So the following lemma
can be used to characterize many set inclusions by symmetry.

Lemma 8.1. Let A € C"™*" and B € C"*P. Then the following 64 matriz set identities

{(B(SQ,..‘,tQ)A(sl,...,tl))*} _ {(A*)(i,...,j)(B*)(g,...,h)} (8.1)

hold according to Lemma c) for the eight commonly-used types of generalized inverses of A and B.

Lemma 8.2 ( [73]). Let A € C™*" and B € C"*P be given. Then the product Bt AT can be written as

A

= _pJiQ, (8.2)

B Al = _[B", O]{ 0 A*AA*]T{A*}

B*BB* B*A* 0

where the block matrices P, J, and Q satisfy r(J) = r(A) +r(B), Z(Q) C #(J), and Z(P*) C Z(J*).
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Note that the rank of the product B(s2:t2) A(s1:-:t1) may vary with respect to the choice of A1) and

B(s2:5t2) (the variable matrices in the analytical expressions of A1t1) and B(s2:-t2)

). Also note from Lemma

3.2 that the ranks of the 64 products B(*2t2) A(s1-:11) are involved in the set inclusions for the {1,2}-, {1,2,3}-,

and {1,2

,4}-generalized inverses of AB. Thus it is imperative to determine the maximum and minimum ranks

of B(s2:t2) A(s1:--t1) with respect to the choice of the generalized inverses. In the past several decades, a great

achievement in linear algebra is the sufficient development of the matrix rank theory.

Thousands of analytical

formulas for calculating (maximum and minimum) ranks of matrix expressions have been established, and numerous
consequences and applications of these matrix rank formulas have been obtained. In recent two papers [86, 87],
the present author provided a comprehensive study of the rank problems of matrix expressions composed a pair
of matrices and their generahzed inverses, including the following analytical formulas for calculating the maximum

tz)A S51,.

and minimum ranks of B(

~11) with respect to the choice of A(5111) and B(s2:-t2)

Lemma 8.3 ( [86]). Let A € C™*™ and B € C™"*? be given, and denote

M = AB, N =[A",
t1 =m+r(M)—r(A),

We also use the notation u(B(S2 """ t2) A(s1,0--, tl)) and v(B(S2 """ t2) A(s1,05t1

Bl, t=m+p+r(M)-—

r(A) —r(B),

to =p+r(M)—r(B).

)) to denote the mazimum and minimum

ranks of the product B(5212) A1t wyith respect to the choice of A1t and B(52:t2)  respectively. Then

u(BTAT34))
u(Bf A2 )

= min{r(B), t1},
r(M),
BTAW23)) = min{r(4), r(B)},

u

u(BTATY) = min{r(B), t,},
u(BTAM3) = min{m, r(B)},
u(BYAM2) = min{r(A), r(B)},

(
(
(
(
(
(
u(BTAM) = min{m, r(B)},
(B34 AT) = min{r(4), s},
(BEAHAW3D) — min{m, n, p, t},
(BU3HAL2D) = min{r(A), t},
(B(1 34 41,2, )) = min{p, r(4)},
(BL3 ACA)Y = min{m, n, p, t},
(B(1 3:4) A(1,3) ) min{m, n, p},
(B3 AL2) = min{p, r(A)},
u(BE3H AN = min{m, n, p},
u(B(1 4)AT) = min{r(4), r(B)},
u(BH29 A(13.4)) — min{m, r(B)},
(B2 AL24) — min{r(A), r(B)},
w(B12H AL28)) — min{r(A), r(B)},
(
(
(
(
(B
(
(B
(
(
(
(
(
(
(B
(
(
(
(

u
u
u

e

u
u
u

S

u(B1H2H A = min{m, r(B)},
u(B1:2:4) A1, 3)) = min{m, r(B)},
w(BH2D A2 — min{r(A), 7(B)},

u
u
u

B1:29 AW = min{m, r(B)},
BA23) A1) = r(0),

B(1:2:3) A3 — min{r(B), t,},
(1,2,3)A(1,2,4)) = r(M),

:

u(BM23) A23)) = min{ r(A), r(B)},
u(BM23) A = min{ r(B), t;},
u(B123) AL3)) = min{m, r(B)},
w(BU29 A02) = min{ r(4), #(B)},
u(BM23) AW = min{m, r(B)},
u(BOY AT = min{p, r(A)},
u(BEHAL3D) = min{m, n, p},
u(BOHA029) = minfp, r(A)},
w(BUHAC29) — mingp, r(A)},
u(BEH ATA)Y = min{m, n, p},
u(BOY ALY = min{m, n, p},

v(BTAL3D) = (M),
v(BTAL24) = (M),

v(BTA1:23)) = 1(A) 4 r(B) — r(N),
v(BTACA) = (M),

v(BTA13)Y = r(A) + r(B) — r(N),
v BJfA(1 2)) = r(A) +r(B) — r(N),
v (),

(134)AT):
B(134)A134))
B(1.3,4) 4(1,2,4)

v
v

v ) )7
v(B13A) AL23)) = r(A) 4 r(B) — r(N),
v(BM3D ALY = (M),
(B3N ALY = r(A) + 7(B) — r(N),
(B3N ALY = r(A) + 7(B) — r(N),
(B3N AMDY) = 1(A) + r(B) — r(N),
v(BU2NAY) = r(A) +r(B) — r(N),
v(B129 A3 = 1(A) 4 r(B) — r(N),
v(B129 A024)) — 1(A) 4 r(B) — r(N),

) A) +r(B) —n},

1

(
(B2 AT = r(A) 4+ 7(B) — r(N)

r ’
o(BA24 A1) = max{ 0, r(A) +r(B) —n},
v(BM29 ALY = max{0, r(A) +r(B) —n},
v(BO2H AM) = max{0, r(A) +r(B) - n},

v(B123) AT = 1 (
w(B1:23) A(134)) —
B(1.23) 4(1.2,4)

5

v )

v(B1:2:3) A( 1’2’3)) A)+r(B) —r(N),
w(B123) A0 = (M),

v(B123) ALY = r(A) + r(B) — r(N),
v(B123) ALY = p(A) + r(B) — r(N),
(B2 AMW)) = r(A) + r(B) —r(N),
v(BUAAY) = r(A) + r(B) —r(N),
v(BOA ALY = r(A) +7(B) — r(N),
v(BOD ALY = r(A) 4 7(B) — r(N)

p(BH A123)) =
v(BOYALDY) = 1(A) + 7(B) —r(N)

(
(
(
(
(
(
(
(B
(
(B
(
(
(
(
(
(
(B
(
(B1:24H A(1:23)) — max{ 0, r
(
(
(
(
(B
(
(B
(
(
(
(
(
(
(B
(
E
v(BMH AML3)) = max{0, r(A) +r(B) — n},
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w(BHY ALY = min{p, r(A)}, v(BEY AL2)) = max{0, r(A) +r(B) — n},

u(B(1 4) AL ) = min{m, n, p}, v(B(1 A4) A( 1)) = max{0, r(4) +r(B) —n},

u(B B 3)AT) min{r(A), t2}, v(B(1 3)AT) =r(M),

u(BE3AT3D) = min{m, n, p, t}, v(BEHAT3D) = (M),

u(B(1 3)A(1’2’4)) = min{r(4), 2}, ’U(B(1 3)A(172’4)) r(M),

u(B(1 3) A(1,2,3) ) min{p, r(A4)}, U(B(1 3) A(1,2,3) ) r(A) +r(B) —r(N),

u(B(1 3) A, 4)) =min{m, n, p, t}, v(B B®:3) A( 14)) r(M),

u(BM3) ALY = min{m, n, p}, v(BU3 AL3)) = (A) + r(B) — r(N),

u(BM3) A12)) = min{p, r(A)}, v(BM3 AL2)) = (A) + r(B) — r(N),

u(B™ 3)A(1)) = min{m, n, p}, v(BM HNAW)Y) = r(A) 4+ r(B) —r(N),

u(BL2 AT = min{ r(A), r(B)}, v(BU2 AN = r(A) 4+ r(B) — r(N),

u(B(1 2) A(1,3.4) ) = min{m, r(B)}, v(B(1 2) A( 134)) (A) 4+ r(B) —r(N),

u(BH2DAL2) = min{r(A), r(B)}, v(BHDAG2Y) = r(A) +r(B) — r(N),

u(BH2 A123)) = min{ r(A), r(B)}, v(BH2AL23)) = max{0, r(A) +r(B) — n},

u(B(1 2) A, A = min{m, r(B)}, ’U(B(1 2) AW, 4)) =r(A)+r(B) —r(N),

u(BM2 AL3)Y = min{m, r(B)}, (B2 AL3)) = max{0, r(A) +r(B) —n},

u(B(1 2) A, 2)) = min{r(4), r(B)}, v(B(1 2) A(1,2) ) max{0, r(A) 4+ r(B) — n},

u(B B1:2) A1) ) = min{m, r(B)}, v(B(1 2) A( 1)) max{0, r(A) +r(B) —n},

u(BMAT) = min{p, r(A)}, v(BW A = r(A) +7(B) — r(N),

u(BMAL3A)Y = min{m, n, p}, v(BWAL3D) = r(A) +r(B) —r(N),

u(BMAL2Y) — min{p, r(A)}, v(BWAL2D) = r(A) +7(B) — r(N),

u(B(1 A2, 3)) = min{p, r(A)}, v(B(l)A(1 2,3) ) max{0, r(A) 4+ r(B) — n},

u(BMW ALY = min{m, n, p}, v(BWAMA) = r(A) + r(B) — r(N),

u(BM ALY = min{m, n, p}, v(BWAL3)) = max{0, r(A)+r(B) —n},

u(BM ALY = min{p, r(A)}, v(BWAL2)) = max{0, r(A)+r(B) —n},
(B(1 AMW)) = min{m, n, p}, v(BM AWM ) = max{0, r(A)+r(B) —n}.

Notice that the rank formulas in Lemma [8-3] are all given in simple and analytical forms. Thus, we can directly
use them to describe algebraic performance of the products of generalized inverses in many situations. In particular,
they can be used to characterize the rank invariance of B(s2:t2) A(s1:-t1) wwhich will be used in Theorem below.

Lemma 8.4 ( [87]). Let A € C™*™ and B € C"*P be given, and denote N = [A*, B].
(a) The following 16 rank equalities always hold for all the generalized inverses
r(BBYAYA) = r(BBt A3 A) = n(BBT A2 A) = n(BBT ALY 4) = (BB AT 4)
— r(BBU3D A0S ) = (BB 4029 ) — p(BB13D A0 4) — 1(BB1:2) Al 4)
= (BB 413D 4) = (BB123) AL2D 4) = (BB123) A0 A) = r(BBLS) AT A)
= r(BBMI ALY Ay = (BBED A2 4) = (BBL3) AL A) = r(AB).

(b) The following 48 mazimum rank formulas hold

uw(BBT A3 A) = w(BBTAM® A) = w(BBTAMP A) = w(BBTAW A)

_ (BB(1,3,4)A(1,2,3)A) = u(B B(1,3,4)A(1,3)A) = u(B B(1,3,4)A(1,2)A) _ u(BB(1’3’4)A(1)A)
(BB B1.2.3) 4(1.2, 3)A) _ U(BB(I 2,3) (1, 3)A) _ u(BB(l 2, 3)A(1,2)A) _ u(BB(1’2’3)A(1)A)
= u(BBH3) AL A) = (BB AL A) = (BB ALD A) = w(BBH3) AW A)
(BB (1,2,4) ATA) _ u(BB(l 2,4) 4(1,3,4) A) _ u(BB(172’4)A(1’2’4)A) _ U(BB(1,2,4)A(1,4)A)
(BB ATA) = w(BBEH AL3D 4) = (BB AL24) A) = 4(BBEH AL 4)
(
(
(
(

=Uu

=Uu

I
g

= u(BBMY ATA) = w(BBH DAL A) = (BBLH2 A124) 4) = o(BB12) A1) 4)
BBWATA) = w(BBMW A3 4) = 4 (BBM AL2H 4) = w(BBM AL 4)

BRB(1.24) 41, 273)A) _ u(BB(1’274)A 173)A) _ u(BB(1’274)A(1’2)A) _ u(BB(1’2’4)A(1)A)
BB A123) 4) — (BB AL 4) = w(BBIH AP A) = 4(BBLH AW 4)

|
g

|
e

=Uu

= u(BBMY AL23) A) = (BBYPD AL A) = (BB A2 A) = (BBMH2 AWM A)
= w(BBWA123) A) = 4(BBMW A3 4) = w(BBM A1 A) = (BBM AW 4)
= min{r(4), r(B)}.
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(¢) The following 32 minimum rank formulas hold

v(BBTAM23) A) = o(BBTAL3) A) = (BB A1 4) = w(BBT AWM A)

_ v(BB(1’3’4)A(1’2’3)A) _ v(BB(1’3’4)A(1’3)A) _ v(BB(1’3’4)A(1’2)A) v(B BBL34) g( I)A)
_ v( B1.2,3) 4(1.2, S)A) (BB(1,2,3)A(1,3)A) _ U(BB(1,2,3)A(1,2)A) _ U(BB(LQ’S)A UA)
= v(BB13 AL23) 4) = o(BBL3 AL 4) = (BBLD) AL2) A) = (BB AW 4)

= v(BB12Y AT A) = o(BB1 2D A13D 4) = o(BB12D A2 4) = o(BBH2H 414 4)
= v(BBUH AT A) = o(BBEH A134 4) = (BB AL24) 4) = (BB A4 4)

= v(BBU2D AT A) = o(BBH2 A134 4) = (BBHD A2 4) = (BB A4 4)
v(BBWATA) = o(BBMAL3Y A) = o(BBM A2 4) = o(BBW ALY A)

r(A) +r(B) —r(N);

v

[

the following 16 minimum rank formulas hold

U(BB(1,2,4)A(1,2,3)A) _ U(BB(1’2’4)A(1’3)A) _ U(BB(1’2’4)A(1’2)A) _ v(BB(1’2’4)A(1)A)
= v(BBAH AL23) 4) = o(BBEY AL 4) = o(BBEY AL 4) = o(BBLH AW 4)

= o(BBEP AL23) gy = y(BBLD AL 4) = (BB ALD 4) = »(BB12 AW 4)

= v(BBWAWL23) A) = o(BBMW AL A) = o(BBM AT A) = (BB AM A)

= max{0, r(A)+r(B)—n}.

(d) The following 16 formulas hold for all the generalized inverses

r(I, — BBYATA) = r(I,, - BBTA®3Y A) = (1, — BBt A1:24 4)

= (I, — BBTA®Y A) = r(I,, - BBY3Y AT A) = (1, — BB1:3H A3 4)

(I, — BBY3H A2 4y — (1, — BBL3D AGD 4) = (1, — BB AT A)

_ r(In o BB(1,2,3)A(1,3,4 A) _ r(In . BB(1,2,3)A 1,2,4) A) _ r(In . BB(1,2,3)A(1,4)A)
=r(I, — BB(l,B)ATA) =r(l, — BB(1,3)A(1,3,4)A) =r(I, — BB(1,3)A(1,2,4)A)

(I, — BB ALY A) = ¢(N) — r(A) — #(B) +n.

(e) The following 32 mazimum rank formulas hold

u(I, — BBTA®23 A) = u(1,, — BBTAU® A) = u(I,, — BBTAL? 4)

= u(I, — BBTAWA) = u(I,, — BBM3H AL23) A) = y(I,, — BBL3H A1) 4)
I, — BBM3H A12) 4y = o (
I, — BBL23) AL Ay = o(1,, — BBH2D ALY A) = (I, — BBL23) AWM A)
I, — BB3®) AW23) Ay — (1, — BBYD AL A) = (I, — BB1D AL 4)

(

( u(I, — BB AW A) = (1, — BBL23) AL23) 4)
(

(

(I, — BB AW A) = (1, - BBE2Y AT A) = u(1,, — BBL2Y A3 4)
(

(

(

(

(

=Uu

=1Uu

u

|
g

I, — B(124A124)A) u(l,, BB(124A(14A):U(I,L— B(1’4)ATA)
I, — BBLY 41, 34)A) = u(I, — B(1,4)A(1,2,4)A) = u(I, — B(1,4)A(1,4)A)
I, — BB AT A) = (1, — BBHD AL A) = (1, — BB 4124 4)
I, — BBGD A 4) = (I, — BBV ATA) = u(I,, —- BBD A3 4)

I, — BBMWA®24Y A) = (1, — BBM AL 4)

(N) =r(A) =r(B) +mn;

[ |
g g 2 g

Il
3 e
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the following 16 maximum rank formulas hold

(I _ BB(l 2,4) A(l 2, S)A) U(In 1’2’4)A(1’3)A) _ u( _ BB(1,2,4)A(1,2)A)
= (I, — BBY2H AW A) = (I, — B<1 D AL23) Ay = u(I, — BBHH AL 4)
I, — BB AL A) = (1, — BBEY AW 4) = (I, — BBH? A1:23) 4)

) = u(

) =

(
(
(I, — BB®2 A3 A) = (I, — BBA2D AL A) = y(1,, — BBLH2 AW 4)
(
(

I
e

I
g

u(I, — BBW A2 A) = o(I,, — BBMW AT A) = (I, — BBM AL A)
u(I, — BBW AW A) = min{n, 2n—r(A) —r(B)}.

(f) The following 48 minimum rank formulas hold

v(I, — BBTA123) A) = o(1,, — BTA(13)A)—U(I — BBTAU1:2) 4)

= o(I, — BBT AW A) = v(I,, — BBH3H AL23) 4) = o (1, — BB1:3H A1) 2)
=v(I, — BBM3HA12) 4) = v(In — BBW3H AWM A) = (I, — BB123) A1:23) 4)
= (I, — BBY23 AL A) = (1, - BBE2I ALD A) = (1, — BBH2 AW 4)
=u(I, — BB1:3) 4(1,2,3) A) o(I, — BB(1,3)A(1,3)A) = (I, — BB(1>3)A(1’2)A)
=v(l, — BB1:3) A( 1)A) =o(I, BB(1’274)ATA) =v(I, — BB(1,2,4)A(1,3,4)A)
=v(I, — BBM2H A12 4) = y(1,, — BBL2H AL A) = (I, — BBIY ATA)
= o(I, — BBYH AL3Y A) = (I, — BBEH ALY A) = (I, — BBEH AL 4)
=v(I, — BBYY A A) = v(I,, - BBYP A3 A) = (I, — BB1 AL24) 4)
= v(I, — BBY2 AW A) = u(I,, —- BBWAA) = v(I,, — BBMY A3 4)
=o(I, — BB(l AL2D A4y = o(1,, — BBW ALY A) = y(1,, — BBLH2H A(1:23) 4)

v(I, — BBY2D AL Ay = (I, — BBL2D A1) 4) = (I, — BBLH:2D AW 4)
=v(I, — B<1 DAL23)A) = (I, — BBV AL A) = o(1,, — BBED A1:2) 4)

v(I, — BBMY AW A) = o(1,, — BB12 A1:23) 4) = 4(1,, — BB1H2 A1) 4)
=o(I, — B(l DAL A) = o(I,, — BBED AW A) = u(I,, — BBV AL23) 4)
= v(I, — BBMW AN A) = (I, — BBM AN A) = (1, — BBM AW 4)

=n—r(AB).
(g) The ranks of the 64 products A3 ABB2:t2) qre fived for all the eight commonly-used types of Al»-)

and BG21) and satisfy

r(AlG-9) ABBU212)) — r(AB).

(h) The following 16 rank equalities hold for all the generalized inverses

r(I, — ATABB") = r(I,, — AM3Y ABBY) = r(1,, — A2V ABBY)
r(I, — AYYABBYY = r(I, - BB ATA) = (1, — AT3DABBIAY)
(I, — AG2DABBA3Y) = p(1, — ABDABBI3Y = (1, — ATABB12Y)
=r(I, — AM3YABB123)) = (1, — AL2DABB123)) = (1, — ALD ABB(1:23))
(
(

=r(I, — AYABB®)) = (I, — AU ABBW3)) = p(1,, — AT2H ABB1Y)
=r(I, — AMYABBID)) = #(N) — r(A) — 7(B) +n.

(i) The following 32 mazimum rank formulas hold

u(Il, — AYIABBY) = u(I, — AYYABBT) = u(1,, — A%? ABBY)
=u(l, — AV ABB"Y) = (I, — AL2) ABBI34)) = (1, — A3 ABBU34)
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= u(l, — AP ABBI3) = (I, — AV ABBUI3Y)Y) = (1, — A123 ABB1:23))

= u(l, — AYYABBL2DY = y(I,, — ALV ABBL2D)) = y(1,, — AV ABB1:2%)

=u(l, — AM2)ABBI)) = w(I, — AYYABBI)) = (I, — AP ABB(13))

= u(l, — AV ABBI®)) = u(I, — AYABB®2Y)) = (I, — A(1’3v4)ABB(172*4))

= u(I, — AB2DABBI2YY) = y(I,, — ABDABBW2Y)) = (I, — ATABB()

= u(l, — A3V ABBIDY = (I, — AL2VABBIY) = (I, — ASDABBIY)

= u(I, — ATABBY?) = w(I,, — AG3YABBML2)Y = (1, — A2 ABB1?)

= (I, — AYYABBM?)) = u(I, — ATABBW) = u(1,, — AG3D ABBW)
=u(l, — AB2YABBW) = u(I,, — AOYABBW) = #(N) — r(A) — r(B) + n;

the following 16 maximum rank formulas hold
( A(1’2’3)ABB(1’2’4)) u(In A(l 3)ABB(1’2’4)) (In _ A(I,Q)ABB(1,2,4))
u(l, — AV ABB®2YY = (I, — AL2HABBIA)Y) = (1, — AT ABBY)
(I, — AGDABBAA)) = (I, — AWABBIY) = y(1,, — AL ABB12))
u(l, — A ABBML2Y = (I, — AN ABBM2)) = o(I, — AW ABB(1:2))
( )
(

u

u(I, — A<1 B ABBW) = u(I,, — A ABBW) = u(I,, — AL ABBW)

u(l, — AVABBW) = min{n, 2n—r(A)—r(B)}.

(j) The following 48 minimum rank formulas hold

v(I, — AY2IABBY = u(1, — ASY ABBY) = o(1,, — A%? ABBY)

=v(I, — AVABBY) = v(I,, — AB2)ABBI3Y)Y) = (I, — AL ABB13)

= o(I, — AGDABBW3DY = (1, — AWABBIA3Y)Y = (I, — AL ABB(1:23))
I, — A ABB23)y = (1, — AMDABB(23)) = (1, — AV ABB1:23))
I, — AU23DABBIS)) = (I, — A ABBI)) = o(1,, — ALD ABB1))
I, — AV ABBM3)Y = o(I, — ATABB124)) = (1, — A3 ABB1:24)
I, —
I, -

=7

<

=

|
<

(
(
(
(
(
(I, — A2 ABBI24)) — (I, — AV ABBI2Y)) = (I, — ATABBIH)
= oI, — A3V ABBIAY = y(1, — ALV ABBIA)) = (1, — ALY ABB1)
=o(I, — AYABBM)) = (I, — AM3DABB2)Y = y(I,, — AL2DABB1) =
=v(I, — AYYABBM?)) = (I, — ATABBW) = o(1,, — AL3D ABBW)
(I, — A2 ABBW)Y = 4(I,, — ACYABBW) = o(1,, — A2 ABB1:24))
=v(I, — ALY ABBI2Y)Y = y(1, — ALDABBL24)) = (1, — AV ABB12Y)
(I, — AL2I) ABBUAY = (1, — ABDABBID)) = (I, — AL ABBIA)
(I, — AV ABBIA)Y = (I, (1’2’3)ABB(1 2 = (I, - AL ABBLY)
=v(I, — AYDABBY?)) = u(I,, - AWABBM?)) = (I, — A2 ABBW)
= (I, — A ABBW) = (I, — AGPABBW) = v(I,, - AV ABBW) = n — r(AB).

=

(k) The following 64 rank equalities hold for the eight commonly-used types of generalized inverses A%+ and
B(Sz,u.,tz)

uw(ABB2+12) AG0)) = r(AB).

(1) The following 16 minimum rank formulas hold
v(ABBAAH AN = w(ABBW23) AT) = w(ABB13) AT = w(ABBT A134)
— o(ABBU3) A(139)) = ,(ABB1:23) A03:) — y(ABBIH A1:34)) — y(ABBT A(1:2:9)
— o(ABBI3H 40129y — 4 (ABB1:23) A1:24)) — ,(ABB(1) A1:24) — y(ABBT A1)
= v(ABBY3H A0A)) = y(ABB1H23) AGD) — y(ABBL3) AUA)) = r(AB);
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the following 32 minimum rank formulas hold
v(ABBM 2D AT = y(ABBUH AT = w(ABBM2 AT) = v(ABBW AT
_ U(ABB(l’ ’4)A(1’3’4)) — U(ABB(1’4)A(1’3’4)) (ABB(l Q)A(l 3, 4)) (ABB(l)A(1’3’4))
= v(ABB1P AL2D) = o (ABBM A12Y)

I
=1
b
S
S

£
=
>
i
=
N
S
o)
&
=
>

EABB(172’4)A(1’4)) = 0(ABBUH ALY — y(ABBI A0A)) = (ABBM A1)
v(ABBTA(l ,2,3) ) v(ABB(1’3’4)A(1’2’3)) ( B(1.2,3) A(1,2,3)) _ U(ABB(1’3 A(1,2,3))
_ v(ABBTA(l’S)) (ABB (1,3,4) (1, 3)) v(ABB™ ,3)A(1,3)) _ (ABB(LB)A(LB))
= v(ABBT A2 = (ABB13H A(1:2)) = (ABB (1,2,3) 4(12)) — y(ABB(13) A(1:2))
(ABBYTAW) = o(ABB®3H AW = (ABB123) AN = y(ABB13) AM)

(A) +7(B) = r(N);

the following 16 maximum rank formulas hold

v(ABB12 A123)) — 4 (ABBIA A1L23)) = (ABB1H2) A(1:23)) = y(ABB™M A(1:2:3))
= U(ABB(1,2,4)A(1,3)) — v(ABB (1,4) g( 1,3)) _ U(ABB(LQ A(1’3)) — w(ABB 1)A(1’3))

= v(ABBI>MAM2)) = o(ABBUA AC2) = p(ABB12 AN = o(ABBM AM?)

= v(ABB12Y AMW) = y(ABBMH AN = y(ABB12) AM) = »(ABBM AM)

= max{0, r(A)+r(B)—n}.

(m) The following 16 rank equalities hold for all the generalized inverses
( —ABBTAT) —r( —ABB(134)AT) —r( _ ABB(1:2 3)AT)
— 1l = ABBUD AN = n(1,, — ABBT A1) = n(1,, — ABBO A034))
= (I — ABBU29 AGSY) = (1, — ABBI ACSD) = 1(1,, — ABBT A1)
= (I — ABB1:3:4) A(124)) =r(In _ ABB® 23)A(124)) =r(In _ ABB(®® A(124))
= (I, — ABBTAUY) = r(I,, — ABBA3H ALDY — p(1,,, — ABB123) A1)
(I, — ABBM ALY = (N) — r(A) — r(B) 4+ m.

(n) The following 32 mazimum rank formulas hold

w(I, — ABBTA®M23)) = y(I,, — ABB13H A123)) — (1, — ABB(1:23) A(1.2:3))
u(l, — ABBUD A1) = (1, — ABBTAU®)) = (1, — ABB1:3H A1:3))
zu(Im—AB3123)A(13))—u( _ ABBW3) 4(1.3) )= (m_ABBTA(l,Q))
=u(l,, — ABB(134)A(12))—u( ABB(123A(12) (Im—ABB(l’?’)A(l’Q))
(I, — ABBT AW = y(1,, — ABB"3Y AW = y(1,,, — ABB1:23) A1)
=u(l, — ABB"YAW) = (I, - ABBM?Y AT = u(1,, — ABBMY AT)
(Im = ABBWD AT = u(I,, = ABBWAT) = u(L,, — ABB12HALSY)
= u(I,, — ABBH AW3D) — (1, — ABBLP ALY — (I, — ABBMW A(1L:34)
=u(I,, — ABB 1,2,4)A(1,2,4) w(l, —ABBl4A(124))*u( _ ABB 12)A124)
= u(ly, — ABBMW AW — (1, — ABB"?D AN = (I, — ABB!H ATY)
= u(Il,, — ABBM2 AN = (I, — ABBW ALY = p(N) — r(A) — r(B) + m;

the following 16 maximum rank formulas hold

u(ly, — ABBM2H ALY — (1, — ABBUY AL23)) = (I, — ABB12) A(1:2:9))
= u(ly — ABBW A2 = (I, — ABBU*Y AN = u(I,, — ABBHDANY)
= (I, — ABBMD AN = (I, — ABBMW ALY = y(1,,, — ABB1L:2H A(1:2))
u(I,, — ABBMH ALYy — (I, — ABBH2 AL2)) — (I, — ABBW A1:2)

u
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= u(I,, — ABBM2Y AWy = (1, — ABBYY AN = (1, — ABB(1:2) A1)
= u(l, — ABBWAMWY = min{m, m+n—r(A) —r(B)}.

(o) The following 48 minimum rank formulas hold

v(I,, — ABBYAW23)) = (1, — ABB13D A123)) — (1, — ABBW1:%3) A(1:2:3))

= v(I,, — ABBU ALY — (1, — ABBT A1) = y(I,, — ABB(1:34 4(19)
= v(IL, — ABBL2I ALY — (1, — ABBYH ALY = (1, — ABBT A1)
= v(I, — ABBU3H ALY — (1, — ABBM23) A2 = o(1,,, — ABB13) A12))
= v(I,, — ABBTAW) = v(1,, — ABBY3H AW = (I, — ABB1:23) A1)
= v(I, — ABBUD AN = o(1,,, — ABBM2Y AN = (I, — ABB(Y AT)
= v(I,, — ABBYY A" = (I, — ABBWAT) = v(I,, — ABBL2D A1,3:4))
= v(I, — ABBUH ALSDY — (1, — ABBMD ALY — (1, — ABBM AT34)
= v(I,, — ABBU2Y AL2D) — pet(T,, — ABBEH AL2Y) — (1, — ABBHD AL:24)
= v(I, — ABBWAML2DY) = (1, — ABB12H ALDY — (1, — ABBLH A(4)
= o(I,, — ABBED ALDY = (I, — ABBD ALY = (1, — ABBL:2D A(1:2:3))
= v(I, — ABBUHD AL23)y — (1, — ABBMD A23)) — o(1,,, — ABBM A1:2:3))
= (I, — ABBL2Y A0y — (1, — ABBW 4>A<1 3y = u(I,, — ABB1? AL3))
= v(I, — ABBW ALY = (I, — ABBNH2D A2y = (1,,, — ABBIH A12))
=(I,, — ABBU 2>A(1 2 = (I, — ABBM AL 2>) v(I,, — ABBL:2H AW
= v(I, — ABBYH AN = (1, — ABBYPD AW = 4(1,,, — ABBM AW)

=m —r(AB).

(p) The following 64 rank equalities hold for the eight commonly-used types of generalized inverses A7) and
B(Sz,...,tz)

u(BG212) AU AB) = r(AB).

(q) The following 16 minimum rank formulas hold

v(BTAG3YAB) = o(BFAL2Y AB) = (BT ALY AB) = v(B13Y ATAB)

_ U(B(1,3,4)A(1,3,4)AB) _ v(B(1’3’4)A(1’2’4)AB) _ v(B(1’3’4)A(1’4)AB) _ v(B(l’z’?’)ATAB)
= v(BO2I AL3D ABY = o(BE23) AL2D AB) = o(BH2I) ALY AB) = v(BEP ATAB)
= o(BEI ALY AR) = o(BOD A2 AR) = (B ALY AB) = r(AB);

the following 32 maximum rank formulas hold

(BT A2 AB) = v(BFAYY AB) = v(BTAMY AB) = v(BT AW AB)
U(B(l .3 4)A (1,2,3) AB) ( (1,3,4)A(1,3)AB) — U(B(1’3’4)A(1’2)AB) — U(B(1’3’4)A(1)AB)
v(B123) A123) AB) = o(B123) AL AB) = U(B(1’2’3)A(1’2)AB) = o(BE2) AW AR)
v(BID AL AB) = o(BED AL AB) = 0(BID ALD AB) = o(BH3 AM AB)
v(BL2DATAB) = v(BL2D ALY AB) = o(B12Y AL2D AR) = o(BL2H ALY AB)

(

(

v(

r(

v(BAYATAB) = o(BOD AL AB) = o(BUH ALY AB) = o(BHD ALY AB)
v(BYPATAB) = v(BHD A3 AB) = 0(BLD AL2D AB) = (B ALY AB)
BWATAB) = v(BWALSNAB) = o(BMW A2 AB) = o(BM ALY AB)
A) +r(B) —r(N);
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the following 16 maximum rank formulas hold

U(B(1,2,4)A(1,2,3)AB) _ ( (1,2,4) 4(1, 3)AB) U(B (1, 2,4)A(1,2)AB) = (B (1,2,4)A(1)AB)
(B AL23) AB) = o(BIYALIAB) = 0(BEY AL AB) = (B AN AB)

_ ( 12A(1’2’3)AB)—11( (1,2) 4(1.3) 4 ) ’U(B(12)A12)AB)—’U(B(12A(1 AB)

= v(BWAL2IAB) = o(BWALI AB) = (B ALV AB) = v(BMW AWM AB)
=max{0, r(A)+r(B)—n}.

=7

(r) The following 16 rank equalities hold for all the generalized inverses

r(I, — BTATAB) = r(I, — BT AM3YAB) = r(1, — BTAL2Y AD)
= (I, — BTAMYAB) = r(I, - B13YATAB) = (1, — BU3D AL AB)

= (I, - B3V ALZDABY = (1, — BI3YALDAB) = (1, — BL23) ATAB)

— T(Ip _ B(1,2,3)A(1,374)AB) — T(Ip _ B(1,2,3)A(1,274)AB) — ,,,(Ip _ B(1,2,3)A(1,4)AB)
= (I, - BYADAB) = (I, - B&D AL3DAB) = (I, — B1 AL24 A )
=r(l, — B(1’3)A(1’4)AB) =r(N)—r(A) —r(B) +p.

(s) The following 32 mazimum rank formulas hold

u(l, — B39 AN AB) = u(I, — B32H ALY AR) = (I, — BL2Y AL2D AR)

= u(]p _ B(1,2,4)A(1,4)AB) — u(Ip _ B(174)ATAB) — u(Ip _ B(1,4)A(1,3,4)AB)
=u(l, — B(1,4)A(1,2,4)AB) = u(I, — B(174)A(174)AB) = u(l, - B(l*z)ATAB)
=u(l, — B(l,z)A(1,3,4)AB) = u(I, — B(l,z)A(1,2,4)AB) = (I, — B(1,2)A(1,4)AB)
=u(l, — B(l)ATAB) = u(I, — B(l)A(173»4)AB) = u(l, — B(l)A(LQ"‘)AB)

=u(l, — B(l)A(lv‘L)AB) =u(l, — BTA(1»273)AB) = u(l, — BTA(L?’)AB)

=u(l, — BTA(LQ)AB) = u(l, — BTA(l)AB) =u(I, - B(1,3,4)A(1,2,3)AB)

_ u(Ip _ B(1,3,4)A(1,3)AB) _ u(Ip _ B(1,3,4)A(1,2)AB) — u(Ip _ B(1,3,4)A(1)AB)

= u([p _ B(1,2,3)A(1,2,3)AB) =u(l, — B(1,2,3)A(1,3)AB) _ u(Ip _ B(1,2,3)A(1,2)AB)
= u(l, = BY*YAWAB) = u(1, - BWY ALY AB) = u(l, — B AT AB)
=u(l, — B(1,3)A(1,2)AB) =u(I, — B(l’?’)A(l)AB) — (N) = +(A) = r(B) + p:

u(Ip _ B(1,2,4)A(1,3)AB) _ u(Ip _ B(1,2,4)A(1,2)AB)
(I,, — BU2Y AW ARBY = u(I, — B8 A2 AB) = u(I, — BLY AL AB)
u( (I, - B AW AB) = u(I, — B1P A123) 4 B)

= u(l, — B ANIAB) = u(I, — B&P ALV AB) = (I, — BEY AV AB)
u( = u(I, — B(l)A(m)AB) = u(l, — B(l)A(l,z)AB)
u(I, - BV AW AB) = min{p, n+p—r(A) —r(B)}.

(t) The following 48 minimum rank formulas hold

v(I, — BY?YATAB) = v(I, — B&*Y ALY AB) = o(1, — BH2D A2 AB)
I, — BA2YAOD AB) = (I, - BEYATAB) = v(I, — B1D AL3D 4B)

v(
v(I, — B ALY AB) = o(1, - BOY ALY AB) = (I, — B1? ATAB)
v(I, — B ALY ABY = o(1, - BED ALY AB) = u(I, — BED ALY AB)
(
(

I, — BV ATAB) = v(I, - BM ALY AB) = 4(1, - BOAL2Y AR)
I, - BOAWYAB) = o(I, — BtA*Y AB) = v(I, — BTAL3) AB)

v

(%
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= (I, - BT AYY AB) = v(I, — BTAY AB) = v(I, — B33 41234 B)

— BU3YV AL AB) = o(I, — BE3HALDAB) = o(I, — BE3D AW AB)

I, — B12H A2 AR) = (I, — BL23D AL AB) = o(I, — B2 A12 AB)
I, — B&2H AW ABY = u(I, - BED AL AB) = (I, — BL AL AB)

I, — B A ABY = o(I, - BYY AW AB) = o(I, — BL2 AL23) AB)
I, — BE2Y AL AB) = y(I, — BE2HALDAB) = o(I, — BE2H AW AB)

I, — BAY A2 AR) = o(1, — BEYAGDAB) = (I, — B1H AL AB)
=o(I, - BE&YAWAB) = v(I, - BEPAL2IAB) = (I, — BLD AL AB)

I, — B8 A ABY = o(I, - BEY AW AB) = v(I, - BV A2 ARB)

I, — BYAYIAB) = (I, - BY ALV AB) = (I, - BY AV AB)

(u) The following 64 rank equalities hold for the eight commonly-used types of generalized inverses Al3) gnd
B(SQ,...,tg)

u(ABB2+#2) AU AB) = r(AB).

(v) The following 32 minimum rank formulas hold

v(ABBT AN 23 AB) = v(ABBT AV AB) = v(ABBY A2 AB)
= o(BBTAWAB) = y(ABB134 A2 A B) = »(ABB13Y A0S 4 B)

= v(ABB1 3D AL ARB) = w(ABB13Y AW AB) = v(ABB123) A(123) A B)
ABB123) A0S AB) = 9(ABBM23) A2 AB) = v(ABB123) A AB)

(
v(AB
v(ABBI) A2 AB) = y(ABBM) A3 AB) = v(ABB13) A2 AB)
v(ABBY AW AB) = v(ABBM2Y ATAB) = w(ABBY AT AB)
v(ABBY? ATAB) = w(ABBW ATAB) = vw(ABB1:24 A134) A B)

(

(

(

(

ABBUH AW ABY = 9(ABBMP A3 AB) = y(ABBW A34 AB)
= v(ABBM2D A2 AB) = y(ABBYH AL2Y AB) = v(ABBM2 A2 AR)
= v(ABBW A2 AB) = v(ABB12H A0Y AB) = y(ABBMH ALY AB)
= v(ABBY DAY AB) = w(ABBMWAMY AB) = r(A) + r(B) — r(N);

=

the following 16 minimum rank formulas hold

v(ABB12D AL23) 4B

) = v(ABBU2D AL AB) = o(ABB12Y A2 AB)
= v(ABB1 29 AW AB) = v(ABB AN 29 AB) = w(ABBMY A AB)
=0 ABB(1 4)14(1 2) AB) W(ABBID AW ABY = w(ABB12) A(123) o B)

) =v(AB

) =

(
= v(ABB! B) = v(ABBUY AN AB) = v(ABB12 A AB)
(ABB 1>A<1 239 AB) = v(ABBW AL AB) = w(ABBW ALY AB)
= v(ABBWAWAB) = max{0, r(A)+r(B)—n}.

tU
.‘:n

@

=

In addition, we shall use the following rank and range formulas for various products of two matrices.

Lemma 8.5 ( [86,87]). Let A € C™*" and B € C™*P and P € CP*™. Then the following results hold

r(AA*ABB*B) = r(A*ABB*) = r(ABB*A*) = r(B*A*AB) = r(AB), (8.5)
(A" A)VA(BB) 2] = (BB /(A" A)/2] = 1(AB)
r(BYAT) = r(B*A") = r(BYA*) = r(AB),
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r(ATABB") = r(ATABB*) = r(A*ABB") = r(AB), (8.8)

r(BBYATA) = r(BBTA*A) = #(BB*ATA) = r(AB), (8.9

r(ABBYA") = r(ABBYA*) = r(ABB*A") = r(AB), 8.10
( 8.11

(
(
r(BTATAB) = r BTA*AB) =r(B *ATAB) = r(AB)
(
(

)

(8.10)

(8.11)

(8.12)

r BTATABBTAT) = r(BTA*ABBTAT) r(B’fATABB Al = r(AB) (8.13)
r((BB*)1(A*A)N)] = r[(BB*)1(A*A)] = r[(BB*)(A*A)")] = r(AB), (8.14)
(8.15)

(8.16)

(8.17)

[
r[BT(A*A)")] = r(BTA*A) = 7[B*(A*A)1)] = r(AB), 8.15
r[(BB*)TA'] = r[(BB*)TA*] = r(BB*A") = r(AB), 8.16
r[(AN)*(BT)"] = r[(A")*B] = r[A(B")"] = r(AB), 8.17
and
both Z(A) C #Z(B) and r(A) =r(B) = #(A) = #(B), (8.18)
#(A) C #(B) = #(PA) C #(PB), (8.19)
#(A) = Z(B) = #Z(PA) = #(PB), (8.20)
Z(ABB*A*) = Z(ABB*) = Z(AB), (8.21)
R(B*A*AB) = #(B*A*A) = #(B* A*), (8.22)
Z(ABBYATAB) = #(ABB'A") = #(AB), (8.23)
Z(BTATABBTA") = #(BTATAB) = #(BT A") = % (BT A"). (8.24)

Eqgs. f can be used to establish various formulas for calculating the ranks of matrix expressions or
matrix-valued functions composed by products of two matrices with their conjugates and Moore—Penrose inverses,
which we can use, as demonstrated below, to describe performance and reveal fundamental properties of the matrix
expressions and matrix-valued functions. Applying the formulas in Section 4 to these matrix-valued functions, we
obtain the following rank formulas.

Theorem 8.6. Let A € C™*" and B € C"*P, and denote M = AB, H = ABBYATAB, and N = [A*, B].

(a) The following rank formulas

r(M — MBYA®3Y ) = (M — MBYAS2Y M) = (M — M B AGY £

r(M — MBY3Y AN = (M — MB®3H A3 L) = (M — MBI3H 4024 )
(M — MBI3D AN = (M — MBO23ATMY) = (M — MBW123 A039 p)

r(M — (1,2,3)A(1,2,4)M) =r(M — MB(1,2,3)A(1,4)M) =r(M — MB(l,S)ATM)
(
(M

I
S

M — MBEHACSD Ny = (M — MBEH A2 V) = (M — MBI AGD 0
MBTATM) = r(AEgFsB) = 7(N) 4+ r(AB) — r(A) — 7(B) (8.25)

r

.
hold for all A1) gnd BG2t2) jn them.
(b) The following rank formulas hold

max (M — MBf A3 M) = max r(M — M BT AT pr)

A(1,2,3) A(1,3)

= max (M — MB'AYP M) = maxr(M — MBTAM M)
A1,2) B

= max r(M — MB®3H AL23) ypy = max (M — MB134 A13) pp)
B(1,3,4) A(1,2,3) B(1,3,4) A(1,3)

= max r(M—MBY3YVALDN) = max (M — MBE3H AL )
B(1,3,4) A(1,2) B(1,3,4) A1)

= max r(M — MB®2HAGZIN) = max (M — MB®H23 A3 )
B(1,2,3) A(1,2,3) B(1,2,3) A(1,3)

= max r(M—MBY?IACIN) = max (M — MBGH2I AL )
B(1,2,3) A(1,2) B(1,2,3) A1)
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= max (M- MBEIALZIN) = max (M — MBI AL pp)
B(1.3) A(1,2.3) B(1,3) A(1,3)
= max r(M—MBYIAGDN) = max (M — MBI AL M)
B(1.3) A(1.2) B(1,3) A(1)
=r(N)+r(M)—r(A) —r(B). (8.26)

(¢) The following rank formulas hold

max (M — MBM2YATM) = r(M — MB®2H AL39 pr)

B(1,2,4) B(l,zg)lii((l,e,,z;)

= max r(M — MBW2H AL29 pr — max r(M — MB(1’2’4)A(1’4)M)
B(1,2,4)7A(1,2,4) B(1,2,3)7A(1,4)

= max r(M — MBMYATM) =  max  r(M — MBYY ALY )
B(1,4) B(1’4),A(1~3’4)

= max (M- MB®ALZDNN) = max (M — MBIY ALY pr)
B(1,4) A(1,2,4) B(L,4) A(1,4)

= max r(M — MBM2ATM) =  max (M — MBHD ALY )
B(1.,2) B(1.4) A(1.2.4)

= max r(M—MBYDAL2ZONN) = max (M — MBGHDAGD )
B(1.2) A(1,2,4) B(1.2) A4

=maxr(M — MBWATM) =  max r(M - MBWD ALY )
B B(1) A(1,3.4)

= max r(M—MBWALZYN = max (M — MBYW ALY )
B() A(1,2,4) B(1) A(1,4)

=r(N)+r(M)-r(A) —r(B). (8.27)

(d) The following rank formulas hold

max r(H — MBTAL23) M) =max r(H — M BT AL M)

A(1,2,3) A1,3)

=max r(H — MB'AYY M) =maxr(H — MBYAY M)
A1,2) B

= max r(H—-MBY3HALZIN) =  max  r(H — MB®H3H AL )
B(1,3,4) A(1,2,3) B(1,3,4) A(1,3)

= max r(H—-MBIY3YALDN) = max r(MBTATMy — MBI3HAD pr)
B(1,3,4) A(1,2) B(1:3,4) A1)

= max r(H—-MBY?IAL2IN) =  max  r(H — MB®H23) A0 )
B(1,2,3) A(1,2,3) B(1,2,3) A(1,3)

= max r(H—-MBY?IACIN) = max r(H— MBH23 AW N
B(1,2,3) A(1,2) B(1.2,3) A1)

= max r(H—MBMAL2INN) = max r(MBYA My — MBG3 A0S )
B(1,3) A(1,2,3) B(1,3) A(1,3)

= max r(H—MB®»IAGD M) = max r(H — MB®3 AD M)
B(1,3) A(1,2) B(1.,3) A1)

= r(N) + (M) — r(A) — r(B). (8.28)

(e) The following rank formulas hold

maxr(H — MBM2YATM) = max  r(H — MB®2H AL34 ppy
B(1,2,4) B(1,2,4)7A(1,3,4)
= max r(H—-MB®?YAGZON = max  p(H — MBG2HAGD 0
B(112’4),A<1v274) B(1v273),A(1’4)
=maxr(H — MB(1’4)ATM) = max r(H — MB(1’4)A(1’3’4)M)
B(1,4) B(1.4) A(1,3.4)
= max r(H—-MBYWAL2ZINN) = max r(H— MBOYAGD )
B1.4) A(1,2,4) B(1.4) A(1,4)
=maxr(H — MBYDATM) =  max r(H — MBH2AG34 )
B(1,2) B(1.4) A(1,2,4)
= max r(H—MBYDAG2YN) = max r(H — MBG2D AL )
B(1,2) A(1,2,4) B(1.2) A(1.4)
=maxr(H — MBYATM) = max r(H — MBM ALY \r)
B B(1),A(1,3,4)
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max r(H — MBMAV2IN = max r(H — MBM AT M)

B, A(L,9)

=7r(N)+r(M)—r(A) —r(B). (8.29)
max (M — MBG2HVAL2IN) = max (M — MBW2Y AL )
A(1,2,3) B(1,2,4) A(1,3) B(1,2,4)
= max (M —MB®2YAGDN) = max (M — MBY2DAD M)
A1.2) B(1,2.4) A B(1.2.4)
= max (M- MBOYAL2IN) = max (M — MBGH AL pp
A.2,3) B(1,4) A13) B4
= max (M —MB®ADN) = max r(M—MBIHYADN)
A12) B4 A, B(,4)
= max r(M — MB(l’Q)A(l’Q’g)M) = max (M- MB(l’Q)A(l’g)M)
A(1,2,3)73(1,2) 14(1,3)7 B(1,2)
= max r(M-— MB(I’z)A(l’z)M) = max r(M-— MB(l’Q)A(l)M)
A12) B2 A B(1,2)
= max (M- MBWAL2IN) = max (M — MBD AL )
A(12,3) B1) A(13) B(1)
= max r(M—-MBWALDN) = max r(M— MBDAD M)
A(12) B() A, BO)
=min{r(M), r(M)—-r(A)—r(B)+n}=min{r(M), r(FaEgB)}. (8.30)
max  r(H— MBY2DAGZINN = max  r(H — MBG2D A3 )
A(1,2,3) B(1,2,4) A(1,3) B(1,2,4)
= max r(H—-MBY?YALDN) =  max  r(H — MBY2DAD M)
A1.2) B(1,2.4) A B(1.2.4)
= max r(H-MBYALZIN) =  max  r(H - MBGY AL )
A1,2,3) B(1.4) A,3) B1.4)
= max r(H—-MBYWALIN) = max r(H— MBIHY AW )
A(2) B(1,4) A B4
= max  r(H - MBI ALZIN) = max  r(H — MBGH2ALS) pp)
A1,2,3) B(1,2) A,3) B(1,2)
= max r(H-— MB(l’z)A(1’2)M) = max r(H- MB(1’2)A(1)M)
A(12) B(1,2) A B(1,2)
= max r(H—-MBWALZINM) = max r(H - MBYALI M)
A(1:2.3) B(1) A(L3) B
= max r(H—-MBYAYIM) = max r(H—- MBYAD M)
A(12) B() A BO)
=min{r(M), r(M)—r(A) —r(B)+n}=min{r(M), r(FaEp)}.? (8.31)

Proof. Tt is easy to verify that AEgFsB = A(I,, — BBT — A'A+ BBTATA)B = MBYATM — M. The last rank
formula in (8.25|) was established in . We next give a direct proof of the last rank formula in (8.25). Applying

(4.6) and (8.2) to M —

MBTATM gives

(M — MBTATM) = r(AB + ABPJ'QAB)

r
r

[ B*A*

| 0

[B* A*

AA*
0

B*A*

AA*
0

A*AA*

B*BB* 0
0 A*AB| —r(A) — r(B)
ABB* —AB
B*B 0
0 AB | —r(A) —r(B)
AB —AB]
B*B 0
AB 0 —r(A) —r(B)
0 —AB|

([A*, B*[A*, B]) + r(AB) — #(A) — r(B)

(N) +7(AB) = r(A) = r(B),
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thus establishing the last two rank formulas in (8.25). The first 16 rank equalities in (8.25) follow directly from

B.152).
Applying (4.27) to the difference of AB and (3.153) gives

maxr(AB — H — ABB'F,UAB) = min {r[AB — H, ABB'F,|, r(AB)}, (8.33)

where by (4.2) and (4.3),

r[AB— H, ABB'F ] =r _ABO— H AB;XBT} s
:AB ABBf
=" _AB A ] -r A)
=7 _A(;B AE)B} —r(A) = r(AB) + r(EgA*) — r(A)
= (V) + (AB) = r(4) —r(B). (539

Substituting (8.34) into (8.33) and noticing that r(N)+r(AB) —r(A) —r(B) < r(AB), we obtain (8.26)). Applying
(4.27) to the difference of AB and (3.154), we are also able to obtain

maxr(AB — H — ABVERATAB) = r(N) 4+ r(AB) — r(A) — r(B),

as required for (8.27). Applying (4.27) to ABB'F,UAB and ABV Eg AT ABm and simplifying by (4.2) and (4.3)
we obtain the following two rank formulas
mUaxr(ABBTFAUAB) =r(ABBYF,) = r(N) +r(AB) — r(A) — r(B),
mvaxr(ABVEBATAB) = r(EgATAB) = 7(N) 4+ r(AB) — r(A) — 7(B),

thus establishing (8.28)) and (8.29). O

A common feature of (8.25)—(8.29) is in that all the terms on the right-hand sides of these formulas are identical.
Thus, setting all sides of these formulas equal to zero will produce many equivalent facts concerning the matrix

operations on the left-hand sides, which will be presented in the following sections in the classification study of
ROLs.

9 Set inclusions for {1}-, {1,2}-, {1,3}-, and {1,4}-generalized inverses
of AB

Several cases of the set inclusions in (1.9) were considered, such as,
{(AB)V} 2 {BVAMY, {(AB)H2} 2 {BM2 AW}, {(AB)V) 2 BN ALY}
((AB)A9Y D (BYDACD - [(AB) 123 5 [B129) A123)) r(AB)(124)) D (BL24) 412}
in the literature in the past decades, see e,g., 22, 4:87 75,. Despite the fact

that ROLs have been around for a long time, there are still many open problems regarding ROLs under various
assumptions. In this and next sections, we present various known and novel results on the 512 set inclusions in
(1.9).

For the first case (AB)("), we see by definition that

{(AB)M} D {Blszt2) A1)} o ABB(s2:t2) AlS1t) AR = AB (9.1)

hold for the eight commonly-used types of generalized inverses AG1:-t1) and B(2:t2)  respectively. In this
situation, substituting (3.152)~(3.155) into (9.1, we see that the equalities in (9.1) are converted to 63 linear
or multilinear matrix equations with some unknown matrices for the eight commonly-used types of generalized
inverses of A and B except ABBYAT'AB = AB. Our first group of results describe various equivalent statements
for the 64 ROLs in (9.1) to hold, which correspond in turn to the statistical fact in (2.27).
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Theorem 9.1. Let A € C"™*™ and B € C"*P. Then the following 165 statements are equivalent:

{(AB)V} 2 {BTAW }

)1} 2 {BTAMD},

)} 2 {BIA029),
)(1)} ) {BTA (1,3,4) }
)(1)} D {B(1’3’4)A(1’2)}.
)(1)} 2 {B(l 35 4)A(174)}_

1)} D {BTA(L?)}

D} D {BtAGAY,

1)} D {BTA(1’2’4)}.

DY 5 {BO3 A,
1)} D {B(1’3’4)A(1’3)}.
1)} 2 {B(1’3’4)A(1’2’3)}.

(1) {(A 2) {(AB)(

3) {(AB (4) {(AB)(

(5) {(AB (6) {(AB)(

() {(AB (8) {(AB)!

(9) {(AB (10) {(AB)!

(1) {(AB (12) {(AB)¢

<13> {(AB)( }3{3(134 A(1’2’4)}. <14> {(AB)(l)}2{3(1’3’4)/1(1’3’4)}.
(15) {(AB)} 2 (B3 AT} (16) {(AB)} 2 {B124 A0}

(17) {(AB)D} 2 (B2 4020}, (18) {(AB)V} 2 {B1:2H A3},
(19) {(AB)D} 2 {BI24 AT, (20) {(AB)D} 2 {BI2 AW

(21) {(AB)M} D {B1:29) 402y (22) {(AB)M} 2 {BU29) A1),
(23) {(AB)1} 2 {B123) A4}, (24) {(AB)M} 2 {B1:23) A(1:2:3)},
(25) {(AB)" )} 2 {B123) A2, (26) {(AB)V} 2 {B123) A3},
(27) {(AB)D} 2 {BU:23) AT}, (28) {(AB)D} 2 {BUATDY,
(20) {(AB)M} 2 {BUHAT2}, (80) {(AB)M} 2 {BHHAC34)Y,
(31) {(AB)(} {B:H ATY (32) {(AB)M} D {BE3HAMY,

(33) {(AB)W} 2 {B1:3) A2}, (34) {(AB)} D {B1:3) A3},
(35) {(AB)} 2 {B1HALDY, (36) {(AB)(V} D {B1H A2,
(37) {(AB)V} 2 {BUH AN 2D}, (38) {(AB)V} 2 {BHAMSDY,
(39) {(AB)M} D {B1:3) At} (40) {(AB)M} D {B(1:2) 404},

(4L {(AB)1)} 2 (BUDAC2D), (12) {(AB)D} 2 {BO2ACAD),
(43) {(AB)()} D {BL:2) AT}, (44 {(AB)D} D {BW ALY

(45) {(AB)()} {BM A2 (46) {(AB)M} D {BMAL34)Y,
47y {(AB)M} D {BM AT}, (48) {(AB)M} 5 BfAt.

(49) {AB(AB)MY D {ABBTAM}. (50) {AB(AB)M} D {ABBTA:2)},
(51) {AB(AB)V} D {ABBTAM3)}, (52) {AB(AB)(V} D {ABBTA(LY},
(53) {AB(AB)M} D> {ABBTA(12:3)}, (54) {AB(AB)M} D {ABBTA(124)1],
(55) {AB(AB)V} D {ABBTA134)1 (56) {AB(AB)Y} > ABBTAT.

(57) {AB(AB)M} D {ABBM ALY, (58) {AB(AB)M} D {ABBM A1L:2.4),
(59) {AB(AB)W} D {ABBM A(34)}, (60) {AB(AB)M} D {ABBW AT},
(61) {(AB)MAB} D {BMW A'AB}. (62) {(AB)MAB} D {B"2) AT AB}.
(63) {(AB)VAB} D {B1"* ATAB}. (64) {(AB)VAB} > {B1Y ATAB}.
(65) {(AB)WAB} D {B123) AT AB}. 66) {(AB)MAB} D {B124Y AT AB}.
67) {(AB)WAB} D {BU134Y AT AB}. (68) {(AB)MAB} > BTATAB.

(69) {(AB)MWAB} D {BU3 AW ABY. (70) {(AB)WAB} > {BU"H AWM AB}.
(71) {(AB)MAB} 2 (B2 AN ABY. (72) {(AB)VAB} > {B139 AN AR},
(73) {B(AB)M A} > {BBWAM 4}. (74) {B(AB)MA} D {BBTAM A}.
(75) {B(AB)MA} 2 {BBWATA}. (76) {B(AB)DA} > BBTATA,

(77) {[(A)*B]W} 5 BtA* and/or {[A(B')*]V} > B*Af.

(78) {(A AB)M) 5 B (A*A)T and/or {(ABB*)M} 5 (BB*)T Al

(79) {(A*ABB*)V} 3 (BB*)1(A*A)! and/or {(BB*A*A)V)} 3 )i (BB*)".

(80) {[(A*A)'/2(BB*)!/2]1} > [(BB*)!/?)T[(A* A)W] and/or  {[(BB*)'/?(A*A)'/?|1)} =
(A A)”Q]T(BB*)W]T-

(81) {(AA*ABB*B)V} 5 (BB*B)f(AA*A)f.

(82) {(ATAB)W} > BYAYA and/or {(ABBT)(V'} 5 BBTAT.

(83) {(ATABB")V} 5 BBTAYA and/or {(BBTATA)V} 5 ATABBT.

(84) {(FaBB") WV} 5 BBYF4 and/or {(BB'F4)M} 5 F4uBBT.

(85) {(ATAER)V} 5 EgAtA and/or {(EgATA)V} 5 ATAES.

(86) {(FaER)M} € EgFa and/or {(EgFa)V} 3 FuEp.
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87) ABBTA'AB = AB and/or AERFAB = 0.
88) BTAYABBYA" = BYAT and/or BT F4Eg Al = 0.
89) ABBTF4 =0 and/or EgATAB = 0.

90) AEgFA =0 and/or EgFaB = 0.

112 [A EB][A EEIB]Jr = ATA + EB - ATAEB and/or [A EB][A* L’:’B]Jr = ATA + EB - EBATA

113 [FA, EB][FA, E‘B]Jr =Fs+ Ep — FaFp and/or [FA, EBMFAa E‘BPL =Fys+ Egp — EgFa.

(87)
(88)
(89)
(90)
(91) AYABB' = BBTAYA and/or FABB' = BB'F4, ATAER = EgATA, FAER = EgFa.
(92) (ATABB™)2 = AYABB' and/or (BBYATA)? = BBTATA.
(93) (ABBYA")? = ABBTA'" and/or (BfATAB)?> = BtATAB.
(94) (FaBB")? = FyBB' and/or (BB'F4)? = BBTF,.
(95) (ATAER)? = ATAER and/or (EpAtA)? = EgAtA.
(96) (FoER)? = FoFEp and/or (EgF4)? = EpFa.
(97) (AEAY)? = AERA' and/or (B'F4B)? = BFAB.
(98) (ATABB™)' = BBTAYA and/or (BBTATA)t = ATABBT.
(99) (BBYFA)t = FABB'" and/or (FABB")! = BBTF,.
(100) (ATAER)t = EgAtA and/or (EgATA) = ATAER.
(101) (FsEp)t = EgF4 and/or (EgFa)f = FAEp.
(102) (ATA - BB = ATA — BB' and/or (BBt — ATA)t = BBt — ATA.
(103) (I, — A'A— BBNf =1, — ATA - BB'.
(104) (I, — ABB'AN = 1,, — ABBYA" and/or (I, — BTAYAB)f = I, - BfATAB.
(105) (I, — ATABB"t = I,, — ATABB? and/or (I, — BBTATA)t = I, —- BBTATA.
(106) (I, — AEg AN = I, — AER A" and/or (I, — BtFaB)' = I, — BIF4B.
(107) (I, — FABBY) = I, — FABB" and/or (I, — BB'F,)f = I, - BBF,.
(108) (I, — ATAER)t = I, — ATAER and/or (I, — EgAtA)t =1, — EgATA.
(109) (I, — FAER)' =1, — FAEp and/or (I,, — EgFa)t = I, — EgFa.
(110) [A*, B][A*, B]' = ATA+ BB' — ATABBT and/or [A*, B][A*, B]l = ATA+ BB' — BBTATA.
(111) [Fa, B][Fa, B]t = Fa + BB" — FABB' and/or [Fa, B][Fa, B]' = FA + BB' — BB'F,.
(112)
(113)
(114)

114) ABBUIAWAB is invariant with respect to the choice of A and B13) | je., ABBUIAWAB =
ABBYAYAB holds for all AV and B4-3).

(115) ABBMWACYAB is invariant with respect to the choice of ANY and BM, ie., ABBMWATYAB =
ABBYAYAB holds for all AY% and BM.

116) r[A*, B] =r(A) +r(B) —r(AB).
117) r[Fa, B] =r(Fa) +r(B) —r(FaB).
118) r[A, Eg] =r(A) +r(Ep) — r(AEpR).

(116)

(117)

(118)

(119) 7[Fa, Ep] =r(Fa) +7r(Ep) —r(FaEp).

(120) r(I, — ATABBT) =n— T‘(ATABBT) and/or r(I, — BBTATA) =n— T(BBTATA)
(121)

121) r(I,, — ABBTA"Y) = m — r(ABBTA") and/or r(I, — B'ATAB) = p — r(BTATAB).
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(122) r(I,, — FABB") =n — r(FABB") and/or r(I,, — BB'F4) =n —r(BB'F,).
r(I, — ATAER) = n —r(ATAER) and/or v(I,, — EgATA) =n — r(EgAtA).
r(In — FaEp) =n—r(FaEp) and/or r(I, — EgFa) =n—r(EpFa).

r(
(
(
(I, — AEpAT) = m — r(AEAY) and/or (I, — BIFAB) = p — r(BTF4B).
(
(
(
(

126) r(AYA — ATABBT) = r(ATA) — r(ATABB?") and/or r(BB' — ATABB') = r(BB') — r(A'ABBY).

127) r(ATA — ATAER) = r(AYA) — r(AYAER) and/or r(BB' — FABB") = r(BB") — r(F4BB").

128) r(Fy — FABB'Y) = r(F4) — r(FABB') and/or r(Ep — ATAER) = r(Ep) — r(AtAEpR).

129) r(Fa — FaEp) =1(Fa) —1(FaEB) and r(Ep — FAEp) = r(Ep) — r(FaEp).

130) Z(I, — ATABBY) N %#(AYABB') = {0} and/or #(I,, — BBTA'A) N #2(BBf At A) = {0}.

131) %Z(I, — FABBY)N%(FaBB") = {0} and/or %(I,, — BB'F4) N %(BBTF4) = {0}.

132) %Z(I, — ATAER) N Z#(ATAER) = {0} and/or #(I,, — EATA) N #(EpAtA) = {0}.

133) Z(I,, — FAER) N #(FaAER) = {0} and/or Z(I,, — EgFa) N Z(EgFa4) = {0}.

134) #(I,, — ABBTAY) N %#(ABBTA") = {0} and/or #Z|(I,, — ABBTA"*| N Z2[(ABB'A")*] = {0}.
(I, — Bt ATAB) N %(BTATAB) = {0} and/or #|(I, — BtATAB)*] n %Z[(B'ATAB)*] = {0}.

136) Z(I,, — AEgAT)YNZ(AEAY) = {0} and/or Z[(I,, — AEgAT)*| N Z[(AEAT)*] = {0}.

137) %(1, — BITFAB) N Z(B'FsB) = {0} and/or #|(I, — BIFAB)*| N Z[(B'F4B)*] = {0}.

138) C* = %#(I,, — ATABB") ® Z(ATABB?') and/or C* = %(I,, — BBTATA) ® Z(BBTATA).

" = %I, — FABB") ® Z(F4BB") and/or C" = %(I,, — BBIF,) ® Z(BB'Fy).

C
C
C" = %(I, — AtAER) ® Z#(ATAER) and/or C* = Z(1,, — EgATA) @ Z(EpATA).
C" = %(I,, — FAER) ® Z(FAEg) and/or C" = Z(I, — EgFa) ® Z(EpFa).

C™ = %1, — ABB'A") & Z(ABB'A") and/or C™ = %Z|(I,, — ABBTA")*] ® Z[(ABBTA")"].

C? = %(1, — BtATAB) © #(BYATAB) and/or C? = %|(I, — BtATAB)*] @ Z|(B'ATAB)*] = {0}.
C™ = %I, — AEgAY) @ Z(AERA") and/or C™ = Z|(I,, — AEgA")*| © Z[(AERAT)*].

CP = %(I, — B'FAB) ® #(B'F4B) and/or C? = %|(I, — BIFAB)*| ® Z|(B'FAB)*].

dim[Z(A*) N #(B)] = r(AB) and/or dim[%Z(Fa) N #(B)] = r(FaB), dim[%Z(A*) N #Z(Ep)] = r(AEp),
dim[Z(Fa) N Z(Eg)] = r(FaEg).

147) #(BBYAtA) C % (AT A) and/or #(AYABB') C %(BB?).
148 BBTF4) C %(Fa) and/or #(FaBB') C #(BB').
149 EpAtA) C #(ATA) and/or #(ATAER) C #(Ep).
150) Z(EpF4) C Z(Fa) and/or Z(FAEp) C #(Eg).
ATABBY) = #(ATA) N %(BB') and/or Z(BBTATA) = #(AtA) N %#(BB?).
FaABB") = #(Fx) N %(BB") and/or Z(BB'F4) = %(Fa) N %(BB').

Z(
Z(
Z(
Z(
152) %(
R(ATAER) = Z(ATA) N R(Eg) and/or R(EgAtA) = #(AtA) N % (Ep).
Z(
Z(
Z(
Z(
Z(

153
154) RB(FAEgp) = Z(FA) N R(Eg) and/or Z(EpFa) = Z(F) N %Z(Ep).

ATABB'Y) = #(BBATA) and/or #(A'AEp) = #(EpAtA), #(FABB') = #(BB'F,), #(FsEp) =
EpFy).

(147)
(148)
(149)
(150)
(151)
(152)
(153)
(154)
(155)

155

(156) #(AB) N #(AEgp) = {0} and/or Z(FaAB) N #(FAEgp) = {0}, #(B*A*) N #(B*F4) = {0}, B(EgA*) N

EpFy) = {0}.
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(157) #(A) = B(AB)®&R(AER) and/or N (A) = BR(FAB)®R(FAEs), Z(B*) = B(B*A*)®R(B*F4), N (B*) =
R(EpA*) & R(EpFy).

(
158) #(ATA — BBY)N%(A'A+ BBT — I,,) = {0}.
[#(A*) + 2(B)] 0 [R(A*) + Z(B)*] N [R(A*)- + Z(B)] N [#(A*)* + Z(B)*] = {0}.
[%2(A*) N % (B)] & |#(A*) N Z(B)*] & [#(A*)" N Z(B)] & [#(A*)* N %(B)*] = C".

(158)
(159)
(160)
(161) Pypa-ynzs) = ATABBT and/or Pypynsa+) = BBTATA.
(162)
(163)
(164)
(165)

160

162) The matriz equations A*X = BBTA* and/or BY = ATAB are solvable.
163) The matriz equations FaX = BBtF, and/or BY = FaB are solvable.
164) The matriz equations A*X = EgA* and/or EgY = AYAEg are solvable.
165) The matriz equations FoX = EgF4 and/or EgY = FaEp are solvable.

Proof. Setting all sides of (8.25)—(8.27) equal to zero lead to the equivalence of (1)—(48), (87), and (116).
Setting all sides of (8.28) and (8.29) equal to zero leads to the equivalence of (114), (115), and (116).

By (4.2),
r(Fa) =n—r(A), r(FaB)=r[A", B] —r(4%), (9.2)
r(EFg) =n—r(B), r(AEp) =r[A*, B] — r(B), (9.3)
r[Fa, Bl = r(Fa) + 7(ATAB) = n — r(A) + r(AB), (9.4)
r[A*, Eg] = r(ABB") + r(Eg) = n — r(B) + r(AB), (9.5)
r[Fa, Eg]l =1(Fa) + r(ATAER) =n —r(A) —r(B) — r[A*, B], (9.6)
r(FaEp) =r[A", Eg] —r(A") =n —r(A) —r(B) + r(AB). (9.7)

Substituting (9.2)-(9.7)) into the three rank equalities in (117)—(119) and simplifying, we obtain the equivalence of
(116)(119).

Applying ([&.10) to I, — ATABBT, I, — ABBTAT, and I, — BTATAB, and simplifying by (4.2) and (4.3), we
obtain

. f
r(I, — ATABBT) = r(I,, — BB ATA) = ¢ [AAA* A?B } ()

3 [AA*—ABBTA* 0

0 LJ —r(A) = n+r(AA" ~ ABBTA") —r(4)

—ntr [?4*5 i*ﬁ} ~r(A4) — 1(B) = n + r([A, BT*[A, B*]) — r(A) — r(B)

— 0+ (V) — r(A) — (D), (9.8)
F(In — ABBIAT) — 7 [i’f B;ﬂ (B =r {B*B - brAtAB I(;] —r(B)

— (B*FAB) — r(B) + m

— (FaB) — r(B) + m = r(N) — r(4) — r(B) +m, (9.9)

AA*  AB
r(I, — BYATAB) =r {BTA* I, } —r(4)=r

=7r(AEA*) —r(A)+p=r(EgA*) —r(A) +p
=7r(N)—r(A) —r(B) +p. (9.10)

Combining (9-8)—(9.10) with (8.9)-(8.11)) yields

AA* — ABBTA* 0
0 I

p

} — 1 (A)

r(I, — ATABB") —n +r(ATABB") = r(I,, — BBTATA) —n +r(BBTATA)
=r(N) —r(A) —r(B) +r(AB), (9.11)
7(Iyy — ABBTA") —m +r(ABBYTAT) = #(N) — r(A) — r(B) + r(AB), (9.12)
r(I, — BTATAB) —p + 7(BTATAB) = #(N) — r(A) — 7(B) + r(AB). (9.13)
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Setting all sides of (9.11)—(9.13)) equal to zero leads to the equivalence of (120), (121), and (116). Replacing ATA
with Fiy and BB with Ep respectively in (120) and (121) leads to the equivalence of (122)—(125) with (116)—(118).
Applying (8.25) to BIFaEg AT = BT At — BTATABB' AT and simplifying by Lemma [8.5) we obtain
r(BYF EpA") = r(BT A" — BTATABBTAT)
(BN, AT +r(BTAY) = r(BT) — r(AT)
(N) +7r(AB) —r(B) — r(A). (9.14)

r
r

Setting both sides of ( - equal to zero leads to the equivalence of (88) and (116>
Replacing A and B in (9.14) with (AT)*, A*A, (A*A)Y/2 AA*A, ATA, (BY)*, BB*, (BB*)'/?, BB*B, and
BB, respectively, and simplifying by Lemma 8.5, we also obtain the following rank formulas
r[(AN)*B — (A"* BB A*(A")* B]

r[A(B"* — A(B")*B* ATA(B)"]

[(A*A)B — (A*A)BB'(A*A)'(A*A)B]
r[A(BB*) — A(BB*)(BB*)' AT A(BB*))
— r[(A*A)(BB") — (A" A)(BB*)(BB") (A" A)! (4" A)(BB")]
= r{(A*A)V2(BB*)Y/? — (A* A)Y2(BB*)Y2[(BB*) Y2 T[(A* A)V/2)T (A* A)V2(BB*)Y/?)
= 7[(AA*A)(BB*B) — (AA*A)(BB*B)(BB*B)T(AA*A)(AA*A)(BB*B)]
r[ATAB — (ATAB)BTATA(ATAB)]
[ABB' — (ABBY)BBTAT(ABB"))
= r[ATABBT — (ATABB")BBTATA(ATABBY)]
=r(N)+r(AB) —r(A) — r(B). (9.15)

I
<

|
<

Setting all sides of (9.15]) equal to zero leads to the equivalence of (77)—(83) and (116).
Replacing A and B in (9.14) with AAT, F4, BB, and Ep, we further obtain

r[FaBB' — (FABB"YBB'Fa(FABB")| = r[Fa, B] —r(Fa) —r(B) +r(FaB), (9.16)
r[ATAEp — (ATAER)EpATA(ATAER)) = r[A, Eg] — r(A) — r(Ep) +r(AEg), (9.17)
T[FAEB — (FAEB)EBFA(FAEB)} = ’I"[F‘A7 EB] — ’I"(FA) — T(EB) + ’I“(FAAEB). (918)
Setting all sides of | —(9.18) equal to zero leads to the equivalence of (84)—(86) and (117)—(119).
Applying (4.2) to ABB FA and EpA'AB and simplifying by Lemma [4.4{c), we obtain

T(ABBTFA):T[ABBT} (4) = { ABRB'

A "la- ABBT] —ri4)

r(ABB") + (A — ABB') — r(A)

=r(N)—r(A) —r(B) +r(AB), (9.19)
r[B, ATAB] — r(B) = r[B — ATAB, ATAB] — r(B)

=1r(B— ATAB) + r(ATAB) — r(B)

(N) = r(A) — r(B) 4+ r(AB). (9.20)

r(EpATAB)

=r

Setting all sides of (9.19) and ([9.20)) equal to zero leads to the equivalence of (89) and (116). Replacing both ATA
and BB with F4 and Ep in (89) respectively leads to the equivalence of (90) and (117) and (118).
Applying ([@.24) to ATABBT — BBTAT A and simplifying, we obtain
r(ATABBY — BBTATA) = r(FABB' — BB'F,)
=r(ATAEp — EgAYA) = r(FyEp — EgF,)
=2r[ATA, BB — 2r(ATA) — 2r(BB") + 2r(A'ABBT)
=2r(N) —2r(A) — 2r(B) + 2r(AB). (9.21)

Setting both sides of (9.21) equal to zero leads to the equivalence of (91) and (116).
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Applying (#.18) to (A'ABB")? — ATABB', (BBTATA)2 —-BBYATA, (ABBYA")?2 — ABB' A, and (Bt ATAB)? —
BTATAB, and simplifying by (9.8)-(9.10) yield

r[(A'ABBY)? — ATABB'] = (I, — AABB') + r(ATABB') —
(

=7r(N)—r(A) —r(B) +r(AB), (9.22)
r[(BBTATA)? — BBYAYA] = r(I, — BBTATA) + r(BBTATA) —n

=r(N)—r(A) —r(B) +r(AB), (9.23)
r[(ABB'AY)? — ABBTA'] = (I, — ABBTA") 4 r(ABBTAT) —

=r(N)—r(A) —r(B) +r(AB), (9.24)
r[(BTATAB)* — BTATAB] = r(I, — BTATAB) +r(B'ATAB) —

=7r(N)—r(A) —r(B) +r(AB). (9.25)

Setting all sides of ([9.22)—([0.25) equal to zero leads to the equivalence of (92), (93), and (116). Replacing ATA
with Fla in (92) leads to the equivalence of (94) and (117). Replacing BB with Ep in (92) leads to the equivalence
of (95) and (118). Replacing both ATA and and BBT with F4 and Ep in (92) leads to the equivalence of (96) and
(119). Replacing ATA and and BB' with Fx and Ep in (93) respectively leads to the equivalence of (97) with
(117) and (118).

Applying ([#.13) to (ATABBT)' — BBTAT A and simplifying by (4.18) and (9.8), we obtain

r[(ATABB")' — BBTATA] = r[(ATABB™)" — (ATABB'")*|

=r[(ATABB'") — (ATABB")(ATABB")*(ATABB")]

= r[(A"ABBY) — (ATABB")?] = r(A'ABB") + r(1, — ATABB") —

=7r(N)+r(AB) —r(A) —r(B). (9.26)
Setting all sides of (9.26]) equal to zero leads to the equivalence of (98) and (116). Replacing AT A with F in (98)

leads to the equivalence of (99) and (117). Replacing BBT with Ep in (98) leads to the equivalence of (100) and
(118). Replacing both ATA and BBT with F4 and Ep in (98) leads to the equivalence of (101) and (119).

Applying (4.13) to the difference (ATA — BBT)" — (ATA — BBT") and simplifying by (4.19)-(4.22) gives
r[(ATA— BB")! — (ATA — BB")| = r[(ATA — BB') — (A'A — BB')?]
=r(A"A— BB +r(I, — A'"A+ BB") +r(I, + ATA— BB") — 2n
=2r[ATA, BB —r(ATA) — »(BB") +r[I, — ATA, BBY] +-r[I,, — BB, ATA] —2n
=2r(N)—r(A)—r(B)+n—r(A)+r(AB)+n—r(B)+r(AB) — 2n
=2r(N) —2r(A) — 2r(B) + 2r(AB). (9.27)

Setting both sides of (9.27)) equal to zero leads to the equivalence of (102) and (116). Replacing AfA with Fy4 in
(9.27) yields

r[(I, — ATA— BBY' — (I, — AYA — BB")] = r[Fa, B] — r(F4) — 7(B) + r(FaB). (9.28)

Setting both sides of (9.28) equal to zero leads to the equivalence of (103) and (117).
It can be deduced from (4.10) that

r(2I,, — ABBTA") :r{ 1?4];3 gf: ] —r(B) :r[ BB BOA AB/2 22” ] _r(B)
=m+r[B*(I, — ATA/2)B] — r(B)
=m+r(B)—r(B)=m, (9.29)
* * T A*
r(2I, — B'ATAB) —r{ ;‘2* ‘245 } —r(A) _r{ A4 A(f)BB A7/2 2%, ] —r(A)
= p+r[A(I, - BB'/2)A"] = r(4)
=p+r(4) —r(4) =p, (9.30)
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r(2I, — ATABBT) = r(2I,, — BBTATA) =r

B*B—B*AtAB/2 0
=r 0 or, |~ r(B)
=r[B*(I, — ATA/2)B

]
—r(B) +n—7r(B)=n. (9.31)

We then derive from (4.13), (9.8)—(9.10), and (9.29)—(9.31) the following formulas

(I, — ABBYANT — (I, — ABB'A")] = r[(I,, — ABBYA") — (I, — ABBTA")3]

=r(I,, — ABBTA") + r(2I,, — ABB'A") + r(ABBTA") — 2m

=r(N)—r(A)—r(B)+2m+r(AB) —2m

=r(N)—r(A) —r(B)+r(AB), (9.32)

r[(I, — BYATAB)" — (I, — B'AYAB)| = r[(I, — B'ATAB) — (I, — BTATAB)?|

=r(I, — BTATAB) +r(2I, — BTATAB) + (BT ATAB) — 2p

=r(N)—r(A)—r(B)+2p+1r(AB) —2p

=7r(N)—r(A) —r(B) +r(AB), (9.33)

r[(I, — ATABBN — (I, — ATABB")] = r[(I,, — ATABB") — (I,, — ATABB")?]

=r(I, — ATABB") 4 r(2I,, — ATABB") + r(ATABB") — 2n

=7r(N)—r(A) —r(B)+2n+r(AB) —2n

=7r(N)—r(A) —r(B) +r(AB). (9.34)
Setting all sides of ([9.32)(9.34)) equal to zero leads to the equivalence of (104), (105), and (116). Replacing ATA
with F4 and BBT with Ep in (104) and (105) respectively leads to the equivalence of (106)—(109) and (117)—(119).

The following rank identities
r(NN' — ATA— BB + ATABB") = r (NN — ATA — BB" + BBTATA)
=r(N)—r(A) —r(B)+r(AB)
were proved in [102]. Setting the three sides of these two identities equal to zero leads to the equivalence of (110)
and (116). Replacing A* and B with F4 and Ep in (110) respectively leads to the equivalence of (111)—(113) and
(117)-(119).
It follows from (4.2) and (4.3) that
r(ATA — ATABB") = r(EgA*) = r(N) — r(B),
r(BBT — ATABB") = r(FoB) = r(N) — r(A).

Thus the two rank equalities in (126) are equivalent to (116). Replacing A'A and BB with F,4 and Ep in (126)
respectively leads to the equivalence of (127)—(129) and (117)—(119).

The equivalence of (120)—(125) and (130)—(137) respectively follows from Lemma 4.4(f). The equivalence of
(130)—(137) and (138)—(145) are obvious.

By (4.8),
dim[Z(A") N Z(B)] = r(A) + r(B) — r[A”, B],
dim[Z(F1) N % (B)] = r(Fa) + r(B) — r[Fa, B,
dim[Z(A*) N Z(Eg)] = r(A) + r(Ep) — r[A*, Eg,
dim[Z(F4) N Z(Ep)] = r(Fa) + r(Ep) — r[Fa, Eg].

Thus the equivalence of (146) and (116)—(119) follows.

Applying Lemma 4.4(a) and (b) to (89) leads to the equivalence of (89) and (149). Replacing ATA and BB'
with F4 and Ep in (149) respectively leads to the equivalence of (148)—(150) and (117)—(119).

It follows first from (147) that

#(ATABB") C #(ATA)N % (BBY) (9.35)
and/or

R(BBTATA) C #(ATA) N % (BBY), (9.36)
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and from (116) that
dim[Z(ATA) N Z(BB")] = r(A'A) + r(BB') — r[ATA, BBT]
= r(ATABB") = r(BBTAT A). (9.37)
Applying (8.18) to (9.35), (9.36)), and (9.37) leads to the range identities in (151). Conversely, (151) obviously
implies (147). Replacing ATA and BB with F4 and Ep in (151) respectively leads to the equivalence of (152)—(154)
and (117)—(119).

By (L29).

r(ATABB' — BBTATA) = 2r[ATABBT, BBTATA] — 2r(BBTATA). (9.38)

Setting both sides of equal to zero leads to the equivalence of the first range equality in (91) and (155).
Replacing ATA and BB' with F4 and Ep in the first range equality of (155) respectively leads to the equivalences
of the second, third, and fourth range equalities in (155) and those in (117)—(119).

By (4.8), the dimension of the intersection Z(AB) N Z(AEp) is reduced to

dim[Z(AB) N Z(AEp)]

r(AB) +r(AEp) —r[AB, AEg]

r(AB) 4+ r(N) —r(B) —r[AB, A

r(N) —r(A) —r(B) +r(AB). (9.39)
Setting both sides of (9.39)) equal to zero, we obtain the equivalence of the first range equality in (156) and (116).

The equivalence of the other three range equalities in (128) with (116)—(119) can be shown similarly.
The equivalence of (156) and (157) follows from the definition of direct sum of linear subspaces.

By (4.8) and ,
im[Z(ATA — BB"YN#(ATA+ BB — 1))
r(ATA— BB +r(A'A+ BB — I,,) —r[ATA — BB', ATA+ BB — I,
(A'TA— BB +r(ATA+ BB - I,,) —r[ATA — BB', 2ATA — I,,]
(ATA— BB" +r(ATA+ BB' - I,,) — [ATA BB', I,]
r(ATA— BB +r(ATA+ BBY - I,,) —
r(ATABBT — BBTATA). (9.40)

&

r

r

Setting all sides of (9.40]) equal to zero leads to the equivalence of the first equality in (91) and (158).
The equivalence of (91) and (159)—(161) follows from Lemma a)—(e).
Applying (5.2) to (147)—(150) leads to the equivalence of (147)—(150) and (162)—(165). O

The commutativity of the product of two orthogonal projectors is a quite special topic that attracts much atten-
tion in matrix theory, and has certain important applications in mathematics. Many results on the commutativity

problem were scattered in the literature; see e.g., 78,.

Theorem 9.2 ( [41]). Let A € C™*™ and B € C"*P, and denote N = [A*, B]. Then the following 28 statements
are equivalent:

(1) {(AB)M} 2 {BU2AM23), (2) {(AB)M} 2 {BU2D ALY
(3) {(AB)W} 2 {B12D AN} (1) {(AB)Wy 2 {B12D AW,
(5) {(AB)W} 2 {BUH A2}, (6) {(AB)(”} 2 {BUAATI,
(1) {(AB)M} D {BUH ALY 8 {(AB)M} > (B! AWM},
(9 {(AB)W} > {BH2) A2, (11) {(AB)V} D {BH2) AL},
(11) {(AB)W} 2 {B1-2 A2} (12) {(AB)M} 2 (B2 AWM},
(13) {(AB)W} 2 {BMAW23)}, (14) {(AB)} 2 {BM AL},
(15) {(AB)M} > {BMAT2), (16) {(AB)M} 2 {B“)A“’}
(17) {AB(AB)M} D {ABBM A(1:23)}1, (18) {AB(AB)M} D {ABBMW ALY,
(19) {AB(AB)"M} D {ABBM ALY, (20) {AB(AB)M} D> {ABBM AW},
21) {(AB)MWAB} D {B1:2Y AW AB}. (22) {(AB)MAB} D {BUY AW AB}.
(23) {(AB)WAB} D {BM2D AW AB}. (24) {(AB)MAB} 2 {BMWAM ABY.
(25) {B(AB)M A} D {BBMWAM A},
(26) FEither AB =0 or r(AB) =r(A4) +r(B) —n.
(27) PEither AB=0 or F4Ep =0.
(28)  Either N (A) D #Z(B) or Z(A*) C A (B*).
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Proof. The equivalence of (1)—(16), (26), (27), and (28) follows from (8.30) and Lemma [8.6{(f). The equivalence of
(1) and (17)—(25) follows from definitions. O

Some well-known results on the reverse order law (AB)1) = BMAM can also be found in [65, 106]. We
next characterize the set inclusions in (1.9) for {1,2}-, {1,3}-, and {1,4}-generalized inverses of AB.

Theorem 9.3. Let A € C™*™ and B € C"*P be given, and denote M = AB, N = [A*, Bl andt = m+p+r(M)—
r(A) — r(B). Then the following results hold.

(a) The following 5 statements are equivalent:

(1) {(AB)(*?)} 5 BTAT. (2) {(AB)(12)}
(3) {(AB)1D} D (B2 AT}, (4) {(AB)12)}
(5) ABBTAYAB = AB and/or BTATABBTA' = BTAT.

6) r(M)=r(A)+r(B)—r(N).

{BTA(1’2’4)}.
{

2
D {B(1:2:3) g(120)y,

(b) The following 9 statements are equivalent:

B)(l,z)} ) {B]‘A(l,z,:})}_
B)(1,2)} o) {B(1,2,4)AT}_
B)(
(

{ B (172)} ) {BTA(L?)}.
(

1,2)} o) {B(1,2,3)A(1,2,3)}. <
(
(

(1) {(4 )

(3) {(A B)12)} D {B12:4) g(1.2:4)}
(5) {(A B)h2} D (B3 A2},
(1) {(AB):?} D {B(M2) AT}, B)H2} 2 (B2 AL},
(9)

(c) The following 9 statements are equivalent:

<1> {(AB)(I’Q)} ») {B(1’3’4)A(1’2’3)}. <2> {(AB)(I’Q)} ) {B(1,3,4)A(1,2)}
(3) {(4B)(M2} 2 {BU AT}, (4) {(AB)(12)} D {BUH A2},
<5> {(AB)(LZ)} ) {B(1’3)A(1’2’3)}. <6> {(AB)(LZ)} 2 {B(1’3)A(1’2)}.
(1) {(AB)1:2} D {BM AT}, 8) {(AB)1D} > {BWAL24)
(9) FEither Z(A*) C #(B) or {#(A*) D #(B) and r(B) = p}

(d) The following 9 statements are equivalent:

(1) {(AB)12)} D {BIALY). (2) {(AB)1} D {BIAD).
(3) {(AB)12) D {BO24)AC2)), (1) {(AB)1} D {B1.24) 40,0},
(5) {(AB)12)} 2 {BU2D AL}, (6) {(AB)12)} > {BU:29 AWM},
(1) {(AB)12)) D (B2 A, (8) {(AB)12) D {BADACH),
(9)  Bither Z(A*) 2 Z(B) or {r(A) =m and %(A*) C %(B)}

(e) The following 5 statements are equivalent:

(1) {(AB)(Lz)} D {B(1)3’4)AT}. 2) {4 (172)} > {B(1’374)A(172’4)}.
(3 {(4B)1} > {BO9ATY, (1) {(AB)ID} > {BO9AG20).
(5y FEither #Z(A*) C %(B) or {r(B) =p and r(M) =r(A)+r(B) —r(N)}.

~— —

(f) The following 5 statements are equivalent:

(1) ((AB)12) D (B1AOSDY, ) {(AB)12)} 2 {B1A0Y).
(3) {(AB)12)} > {B029) 4089}, 1) {(AB)12) S {020 400},
(5) PEither Z(A*) 2 Z(B) or {r(A) =m and r(M) =r(A) +r(B) —r(N)}.

~— —
—~ o~

(g) The following 9 statements are equivalent:

(1) {(AB)ID) D (BUSIACDY  (3) [(AB)ID) D (BASHAD),
8) {(AB)1I?) 3 (BADACIO) (1) [(AB)1) D (BADALYY
(5) {(AB)1} D {BIH ALY, 6) {(AB)12} D> {B1HAMLY,
() {(4B)12) 3 {BVA12D). 8 {(4B)1) > (B AG),
9y r(M)=r(A)+r(B)—r(N)=min{m, n, p}.
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(h) The following 5 statements are equivalent:

(1) {(AB)02) D (BOSDACIDY () {(AB)ED) D (BN A0,
(3) {(AB)1:2} D {BIH ALY, (4) {(AB)1:} 2 {B1:3) AL},
5y r(M)=r(A)+r(B)—r(N)=min{m, n, p, t}.

(i) The following 5 statements are equivalent:

(1) {(AB)I2) D (BU20A02D) (3) {(AB)1) D (BO2DAMDY,
8) {(AB)I2)3 (BU2A02D} {4 [(AB)1) D (BODAG2).
(5 A=0o0r B=0or r(A)=n or r(B) =n.

(j) The following 5 statements are equivalent:

(1) ((AB)12) D (BU20AND) () ((AB)(D) 3 (BO2YAD)
) (4512} 5 (B0 A1), @ {(aB)12)} 5 (B0 AD),
(5 r(A)=nor B=0or {r(A) =m and r(B) = n}.

(k) The following 5 statements are equivalent:

(1) {(AB)I) 2 (BUNACIY (3) ((AB)12) D (BODALDY,
3) {(AB)12) > {BWAC-2), 4) {(AB)A2} > {BHALD).
(5y A=0orr(B)=nor {r(A) =n and r(B) = p}.

(1) The following 5 statements are equivalent:

(1) {(AB)1:2) D (O 4O () {(AB)12) D (BODADY.
3) {(AB)1:9} > {BW A3}, (4) {(AB)1:2} > {BW AWM},
(5) {r(4) =m and r(B) =n} or {r(A) =r(B) =n} or {r(A) =n and r(B) = p}.

Proof. Applying (8.25) to BTATABBTAT — BT AT and simplifying by Lemma 8.5, we obtain

r(BYATABBT AT — Bt AT) = [(BT)*, AT] — r(BAT) — r(A1) — r(BT)
r(N) 4+ (M) —r(A) — r(B). (9.41)

Setting both sides of (9.41) equal to zero leads to the equivalence of the second rank equality in (5) and (6) of
(a). All the remaining equivalences in (a)—(1) follow from Lemma 3.3(b), Lemma 8.3, Theorem as well as the
simplification of the combined conditions. O

Theorem 9.4. Let A € C"™*" and B € C"*? be given, and denote M = AB and N = [A*, B]. Then the following
results hold.

(a) The following 26 statements are equivalent:

(1y {M®3)} 5 BfAf, 2) {M3)1 D (B3 ALY,

(3) {MUD]} 2 (BO23 41}, (&) {MO9} D [BOS) AT},

(5) MM = MBiAt, (6) M*MBTA = M*.

(7) ABB'A*M = AA*M. (8) BBVA*M = A*M.

(9) (ABB")' = BBtAt. (10) B*(ABBhHfAA* = M.
(11) (AEp)' = EgAT. (12) A(AEp)t = AEgAT.
(13) MM'A=MB'. (14) A*ABB' = BBTA*A.
(15) r[A*M, B] =r(B). (16) r[A*AEp, Eg] =7(EB).
(17) Z(A*M) C Z(B). (18) Z(A*AEpR) C N (B*).
(19) Z(A*M) = Z(A*) N Z%(B). (20 Z(A*AER) = Z(A*) NN (B*).
(21) #(A*ABB') = #(BBTA*A). (22) R(A*AER) = #(EpA*A).
(23)  MBT A" is an orthogonal projector, i.e., (MBYA")? = MBYA" = (M BT AM)*.
(24)  AEpRA' is an orthogonal projector, i.e., (AEgAT)? = AEgAT = (AERAT)*.
(25) Both MB'ATM = M and (MBtA* = M Bt A,
(26) Both r(N) =r(A)+r(B) —r(M) and r[AA*M, M] = r(M).
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(b) The following 6 statements are equivalent:

<1> {M(l,B)} 2 {BTA(1’3’4)}. <2> {M(1’3)} 2 {B(1’3’4)A(1’3’4)}.
<3> {M(l,B)} 2 {B(1’2’3)A(1’3’4)}. <4> {M(l,S)} 2 {B(1,3)A(1,3,4)}.
(5) M*MBTF,UE, = M*— M*MBTA" for all U.

(6) Z#(A"M) < %(B).

(¢) The following 6 statements are equivalent:

<1> {M(1,3)} 2 {BTA(1’2’4)}. <2> {M(l,B)} 2 {B(1’3’4)A(1’2’4)}.
<3> {M(I,S)} 2 {B(1’2’3)A(1’2’4)}. <4> {M(I,S)} D {B(1’3)A(1’2’4)}.
(5) M*MBYATAUE, = M* — M*MBYA' for all U.

(6) Both r(A) =m and Z(A*M) C Z(B).

(d) The following 6 statements are equivalent:

<1> {M(I,S)} 2 {BTA(1’2’3)}. <2> {M(I,S)} > {B(1’3’4)A(1’2’3)}.
<3> {M(I,S)} ) {B(1’2’3)A(1’2’3)}. <4> {M(I,B)} ) {B(1’3)A(1’2’3)}.
(5) M*MBTF,UAA" = M* — M*MBt At for all U.

(6) Z(A*M) C %(B).

(e) The following 6 statements are equivalent:

(1) (MO9) D (BA0), (2) {MOD) D (503D},
(8 (MO)3(BO2DAUNY () (09} 3 (B0 A0),
(5) M*MB'UE, = M* — M*MB' A" for all U.

(6) Both r(A) =m and Z(A*M) C Z(B).

(f) The following 6 statements are equivalent:

(1) MO} D {BTACD). (2) M} D {BUSDACDY,
<3> {M(l,S)} ) {B(1’2’3)A(1’3)}. <4> {M(l,s)} ) { (1,3) A(1, 3)}
(5) M*MB'FAU = M* — M*M BT AT for all U.
(6) Z(A*M) C #(B).

(g) The following 6 statements are equivalent:

(1) (MO} (BIAC), (2) (M9} 2 (BN A,
<3> {M(1’3)} 2 {B(1,2,3)A(1,2)}_ <4> {M(1,3)} 2 {B(l,S)A(l,Q)}.
(5) (M*MB'A" + M*MBtFoU)(AAT + AU EA) = M* for all Uy and Us.
(6) Both r(A) =m and Z(A*M) C %#(B).

(h) The following 6 statements are equivalent:

(1) (MOD) 2 (BIAD). (2) (MO} 2 (BAIDAD).
(3) (MO 3 (BU29AM), @) (MO} 3 (BOY AW,

(5) M*MB'F,U, + M*MB'UyE4 = M* — M*MBtA" for all Uy and Us.
(6) Both r(A) =m and Z(A*M) C Z(B).

—~
—
~—

The following 6 statements are equivalent:

1) MO} 5 (B2 AT) @) M) 2 (BT,
(3) {ME} 2> {BH2 AT} (4) {MED} 2 {BWAT}
(5) M*MVEgAt = M* — M*M Bt A" for all V

(6) Z(A*) C #(B).

(j) The following 6 statements are equivalent:

<1> {M(I,S)} o) {B(1’2’4)A(1’3’4)}. < > {M(l 3)} > {B (1,4) A(l 3, 4)}
<3> {M(1,3)} 2 {B(1’2)A(1’3’4)}. <4> {M(l 3)} 2 {B(l)A (1,3,4) }
(5) (M*MB'+ M*MVEg)(A" + FAUEA) = M* for allU and V.

(6) FEither r(B) =n or {r(A) =m and #(A*) C #(B)}.
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(k) The following 6 statements are equivalent:

<1> {M(1’3)} 2 {B(1’2’4)A(1’2’4)}. <2> {M(l,S)} 2 {B(1’4)A(1’2’4)}.
<3> {M(1,3)} 2 {B(l,Z)A(1,2,4)}_ <4> {M(l,B)} 2 {B(l)A(1’2’4)}.
(5) (M*MB'+ M*MVEg)(A" + AYAUE ) = M* for all U and V.

(6) Both r(A) =m and Z(A*) C Z(B).

(1) The following 6 statements are equivalent:

<1> {M(l,s)} 2 {B(1’2’4)A(1’2’3)}. <2> {M(l,S)} 2 {B(1’4)A(1’2’3)}.
<3> {M(1,3)} 2 {B(I,Q)A(l,Q,B)}. <4> {M(I,B)} > {B(l)A(l’z’?’)}.
(5) (M*MB' + M*MVER)(At + FAUAAY) = M* for allU and V.

6) r(B)=n.

(m) The following 6 statements are equivalent:

<1> {M(l,S)} 2 {3(1’2’4)A(1’4)}. <2> {M(l,B)} 2 {B(1’4)A(1’4)}.
(3) (MO} {BO2A0D), (@) {MO} 2 {BOAOH}.
(5) (M*MB'+ M*MVEg)(AT + UE4) = M* for allU and V.

(6) Both r(A) =m and #Z(A*) C Z(B).

(n) The following 6 statements are equivalent:

<1> {M(1,3)} o) {B(1’2’4)A(1’3)}. <2> {M(l,S)} D {B(1’4)A(1’3)}.
(3) {MO2} 2 {BID AN, (4) {MO} 2 {BHATY,
(5) (M*MB'+ M*MVEg)(A" + FAU) = M* for allU and V.

6y r(B)=n.

(0) The following 6 statements are equivalent:

<1> {M(1,3)} > {B(1’2’4)A(1’2)}. <2> {M(l,B)} > {B(1’4)A(1’2)}.
(3) {M09} 3 {B12402), (@) {M09} D (BHAT),
(5) (M*MB™ + M*MVER)(A" + FAU,)(AAT + AULE4) = M*

for all Uy, and Us, and V.
(6) Both r(A) =m and r(B) = n.

(p) The following 6 statements are equivalent:

(1) {MOD} D (BO20A0} (2) {MOD) D (BODADY,
(3) {MOD} D {BOAAO), 1) {MOD} 2 (BOAD).
(5) (M*MB"+ M*MVER)(AT + FaU, + UsE4) = M*

for all Uy, and Us, and V.
(6) Both r(A) =m and r(B) = n.

Proof. The equivalence of (1) and (25) in (a) follows from the definition of {1, 3}-generalized inverses of a matrix.
The equivalence of (1)—(6) in (a) follows from (3.65)) and (3.156).
Applying (4.12) and simplifying gives
r(MM' — MBTA") = r(M* — M*MBYA") = r[M*AA* — M*MB'A*)
B*B B*A*AB
AB  AA*AB } —r(B)

(|4 ] avam) =i = ([ 5] 15 avam) - i)

= r[A*AB, B] — r(B). (9.42)

r(AA*AB — ABBYA*AB) = 7'[

Setting all sides of (9.42]) equal to zero leads to the equivalence of (5)—(7), (15), and (17).
By (4.26),

r(BBTA*M — A*M) = r(EgA*M) = r[A*AB, B] — r(B). (9.43)
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Setting all sides of (9.43]) equal to zero leads to the equivalence of (8) and (15).
By (4.2),

r[A*AEg, Eg) — r(Eg) = r(BBTA*AEp) = r(B*A*AEg) = r|A*AB, B*] — r(B). (9.44)

Setting all sides of (9.44]) equal to zero leads to the equivalence of (15), (16), and (18).
It follows from t5 > tg in (4.29) that

r[A*AB, B] — r(B) = r(M) +r(M) — r(A) — r(B) > 0. (9.45)
Also by (8.19),
Z(A*AB) C #(B) = #(AA*AB) C %(AB). (9.46)
Combining and yields
r[A*AB, B] = r(B) = both r(M) = r(A) + r(B) — r(M) and r[AA*AB, AB] = r(M). (9.47)

So that (28) implies (15). Conversely, substituting the two rank equalities in (28) into both sides of ¢4 > ¢5 in
(4.29) yields r[A*AB, B] < r(B), which in fact implies r[A*AB, B] = r(B). So that (15) is equivalent to (26).
Applying (4.10) to (ABBT)' — BB AT and simplifying yields

r[(ABB" — BBTA"] = r[B*(ABBT)T AA* — B*A*]

_ [(ABB")*(ABB')(ABB')* (ABBt)*AA* +

- B*(ABBT)* B*A* —r(ABBY)
[B*A*ABBTA* B*A*AA*
[ 0  B*A*AA* — B*A*ABBTA*

~ [ o - | - ran

=r(AA*AB — ABBYA*AB)

= r[A*AB, B] — r(B) (by (9.42)). (9.48)

Setting all sides of (9.48]) equal to zero leads to the equivalence of (9), (10), and (15).
Replace BBT with Ep in (9.48) and applying (9.44) yields

r[(AEB)' — EgAl] = r[A*AEp, Fg] — r(Ep) = r[A*AB, B*] — r(B). (9.49)

Setting all sides of (9.49)) equal to zero leads to the equivalence of (11) and (15).
By (9.42) and (9.44),

’I’[A*AEB, EB] — ’I“(EB)
r[A*AB, B*] — r(B). (9.50)

Setting all sides of (9.50]) equal to zero leads to the equivalence of (12) and (15).
By (4.2),

r(MM'A - MBY) = r[M*A — M*ABBY)
=r(EgpA*M) =r[A*M, B] — r(B). (9.51)

Setting both sides of (9.51)) equal to zero leads to the equivalence of (13) and (15).
By (4.26),

r(A*ABB' — BBTA*A) = 2r[A*ABB', BB'| — 2r(BB")
= 2r[A*AB, B] — 2r(B). (9.52)

Setting all sides of ((9.52]) equal to zero leads to the equivalence of (14) and (15).
It follows from (17) that

R(A*AB) C B(A") N Z(B), (9.53)
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and from (4.8) and (28) that
dim[Z(A*) N #(B)] = r(A) + r(B) — r[A*, Bl =r(M). (9.54)

Applying (8.18) to (9.53) and (9.54) leads to the range identities in (19). Conversely, (19) obviously implies (17).
The equivalence of (18) and (20) can be shown similarly.
Replace BBT with Ep in (9.55) and applying (9.44) yields

%(A*AEB) = %(EBA*A) = ’I‘[A*AEB, EB] = ’F(EB),

establishing the equivalence of (16) and (22).

Since MMT is both idempotent and Hermitian, (5) implies (23). Conversely, the first equality in (23) is
equivalent to MBYATM = M by Theorem 9.1(48) and (93). This equality together with the second equality in
(23) implies (1).

Replace BBT with Ep in (23) leads to the equivalence of (16) and (24).

Applying Lemma 8.5 and (4.2) to [A*ABB', BBTA* A] yields

r[A*ABBY, BBTA*A] = r[A*AB, BBTA*] = r[A*AB — BBTA*AB, BB A*]
r[(I, — BBT)A*AB, BB'A*]

[

[

(I, — BB A*AB] 4+ r(BBTA¥)

r[A*AB, B] +r(M) —r(B).

Hence,

#(A*ABB'") = #(BBTA* A)
& r[A*ABB', BBTA*A] = r(A*ABB') = r(BB'A*A) = r(M)
& r[A*AB, B] = r(B), (9.55)

establishing the equivalence of (15) and (21). Replace BB with Ep in (21) leads to the equivalence of (22) and
(16).

The equivalence of (1)—(5) in (b) follows from (3.157). By Lemma 5.2, the matrix equation in (5) holds for all
U if and only if

* T AT *
[M*MBYAT — M*, M*MBYF4] =0 or [M MBEA M } =0, (9.56)
A
where by (4.3)
“MBtAT — M* M*MBt
r[M*MBTAY — M*, M* M B'F4] :r{M MBJl MM %B } —r(A)
—-B*A* M*MBt B*A*A M*MBt
_T[AAT A ]—’I"(A)—’I“|: A A ]—T(A)
* T _ * A%
r[g MEMBT = B4 A] ~1(A) = r(BBA*M — A" M)
=7[B, A*M] —r(B) (by (4.2)), (9.57)
and
M*MBtAt — M+ . .
r[ B, ] =r(M*MBYA" — M*) + r(E4) (by Lemma [£.2(d))
=m —r(A)+r[B, A*M] — r(B). (9.58)
Combining (9.56)) with (9.57) and (9.58) leads to
[M*MB'Fa, M*MBTAT — M*] =0
& M*MBYAT - M* =0 < Z(A*M) C Z(B), (9.59)
MEMEB AT=MT| & both r(A) =m and %(A"M) C %(B). (9.60)
A

Combining (9.59) with and (9.56) leads to the equivalence of (5) and (6) in (b).
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The equivalence of (1)—(5) in (c) follows from (3.159). By Lemma 5.2, the matrix equation in (5) holds for all
U if and only if

M*MBTAT — M*

either [M*MBYAT — M*, M*MBTATA] =0 or E =0, (9.61)
A
where the rank of the first block matrix in (9.61)) is
r[M*MBTAT — M*, M*MBYAYA] = r[-M*, M*MBTATA] = r[M*, 0] = r(M) # 0, (9.62)

a contradiction to the first equality in (9.61). In this case, combining (9.60) with (9.61) leads to the equivalence of
(5) and (6) in (c).
The equivalence of (1)—(5) in (d) follows from (3.160). By Lemma 5.2, the matrix equation in (5) holds for all
U if and only if
cither [M*MBYAY — M* M*MBYF4] =0 or [M MBTAT =M } =0,

e (9.63)

where the first equality in is equivalent to (9.59), and the second equality is a contradiction to A # 0 Thus
(5) and (6) in (d) are equivalent.

The equivalence of (1)—(5) in (e) follows from (3.161). By Lemma 5.2, the matrix equation in (5) holds for all
U if and only if

* T AT *
cither [M*MBYAY — M*, M*MB'] =0 or {M MBEA M } =0, (9.64)
A
where the rank of the first block matrix in (9.64)) is
r[M*MBTAY — M*, M*MBY] = r[-M*, M*MB'| = r[M*, 0] = (M) # 0, (9.65)

a contradiction to the first equality in (9.64), while the second equality in (9.64) is equivalent to (9.60). Combining
(9.64) with (9.60) and leads to the equivalence of (5) and (6) in (e).

The equivalence of (1)—(5) in (f) follows from (3.162). By Lemma 5.2, the matrix equation in (5) holds for all
U if and only if [M*MBTAT — M*, M*MB'F4] = 0, which is equivalent to (9.59). Thus (5) and (6) in (f) are
equivalent.

The equivalence of (1)—(5) in (g) follows from (3.163). By Lemma e), the matrix equation in (5) holds for
all Uy and U, if and only if

“AMBYAT - M+ M*MBT
[MMBA M* M*MBYFa| _ (9.66)

E4 0
where by Lemma 4.2(d) and (9.57)

S BHAT — MY MM BT
r [M MBIAT =M MMB FA] — (M MBTAT — M*, M*MBFy] + r(Ea)

Ea 0
—m —r(A) + r[B, A*M] — r(B). (9.67)
Thus
“MBTAt — M* M*MB?
{M MBEZl M* M MOB FA] =0« r(A) =m and Z(A*M) C #(B), (9.68)

establishing the equivalence of (5) and (6) in (g).
The equivalence of (1)—(5) in (h) follows from (3.164). By Lemma [5.3|b), the matrix equation in (5) holds for

“MBTAT — M* M*MB!
all Uy and Us if and only if [M MBEA MEM ]\/IOB FA] = 0, which is equivalent to (6) in (h) by (9.68).
A

The equivalence of (1)—(5) in (i) follows from (3.165). By Lemma 5.2, the matrix equation in (5) holds for all
V if and only if

[M*MBTAT — M*, M*M] =0 or [M Mg;aﬂ ML, (9.69)

where the rank of the first block matrix in is

r[M*MBTAT — M*, M*M] = r[0, M*M] = r(M) # 0, (9.70)
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a contradiction to the first equality in (9.69), and the rank of the second block matrix in (9.69) is

M*MBTA" — M~ M*MBYAT — M* 0 _ME MM
Ep At ] = [ At B} —-r(B) = r{ i B } —r(B)
AB)*AA* (AB)*AB 0 0

_7‘[( 1)4* ( é } T(B)—T[A* B:| r(B)

— r[A*, B] - r(B). (0.71)
Thus
A Bt AT — A

[M Mg;iﬁ " } =0 r[A", B =7(B) & Z(A"M) C #(B). (9.72)

Combining (9.69) and (9.70)) with (9.72) leads to the equivalence of (5) and (6) in (i).
The equivalence of (1)—(5) in (j) follows from (3.166). By Lemma 5.4(a), the matrix equation in (5) holds for
all U and V if and only if

M*MBTAT — M*

M*MBYAt — M* M*MB'F,
= t =
[ EpAl FuFy } 0 or EpA 0, (9.73)
E4
where the ranks of the two block matrices in (9.73) are
M*MBYAY — M* M*MBYF\]  [M*MBYA" — M* M*ABB'(I, — ATA)
" EpAf EgFa |~ '| EpAf Ep(I, — At A)
 [M*ABBYAT — M* —M*AEg
-7 EpAf Ep
0 0
=7l EB:| =n—r(B), (9.74)
“MBtAT — M ]
MIMBIA =M M*ABB' At — M
r EpA =7 i +7r(Ea)
EgA
E
—r| O |4 r(EL) = r[A*, B] — r(B) + m — r(A). (9.75)
| EpA
Combining (9.73) with (9.74)) and (9.75) yields
M*MBYAt — M* M*MB'F,
EpAl EpFy } =0&r(B)=n, (9.76)
M*MBTAT — M*
EpAf =0« r(A) =m and Z(A*) C Z(B), (9.77)
Ey

establishing the equivalence of (5) and (6) in (j).

The two groups of equivalent facts in (1)—(5) of (k) and (m) follow from (3.167) and (3.169), respective-
ly. By Lemma 5.4(b), the two matrix equations in (5) of (k) and (m) hold for all U and V if and only if
M*MBTAT — M*
EpAT
E4

The two groups of equivalent facts in (1)—(5) of (1) and (n) follow from (3.168) and (3.170), respectively. By Lem-
M*MBTAT — M* M*MBTF4
EpAt FpFy

= 0, which, by (9.77), is equivalent to (6) in (k) and (m), respectively.

ma 5.4(b), the two matrix equations in (5) holds for all U and V' if and only if

0, which, by (9.76]), is equivalent to (6) in (1) and (n), respectively.
The equivalence of (1)—(5) in (o) follows from (3.171). By Lemma [5.5|b), the matrix equation in (5) holds for
all Uy, Us, and V if and only if

M*MBYAT — M* M*MBTF,
EpAt EpFa =0, (9.78)
Ea 0
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where by Lemma 4.2(d) and (9.74)

* At * * T
MMg ‘jﬁ M Mé”? Eal ryveMBTAT - M* M MBiF, HE)
r B BL'A =T EIBAT EBFA r A
Ey 0
=m—r(A)+n—r(B). (9.79)
Thus
M*MBYAT — M* M*MBTF,4
EpAt EpF, =0« r(A)=m and r(B) =n, (9.80)
E4 0

establishing the equivalence of (5) and (6) in (o).
The equivalence of (1)—(5) in (p) follows from (3.171). By Lemma 5.5(b), the matrix equation in (5) holds for
all Uy, Uz, and V if and only if (9.79) holds, which is equivalent to (6) in (p) by (9.80]). O

The following theorem can be established by a similar approach, and the details are therefore omitted.

Theorem 9.5. Let A € C™*" and B € C"*? be given, and denote M = AB and N = [A*, B]. Then the following
results hold.

(a) The following 26 statements are equivalent:

<1> {M(1’4)} D {3(1’3’4)/“}. <2> {M(1,4)} o) {B(1’3’4)A(1’3’4)}.
<3> {M(1,4)} > {B(1’3’4)A(1’2’4)}. <4> {M(1,4)} > {B(1’3’4)A(1’4)}.
(5y MTM = BfATM. (6) BYTATMM* = M*.
(7Y B*ATABM* = B*BM*. (8) AtABM* = BM*.
(9) (ATAB)' = BTATA. (10) B*B(ATAB)TA* = M*.
(11) (FaB)' = BTF4. (12) (FaB)'B = BTFaB.
(13) BMTM = ATM. (14) A'ABB* = BB*ATA.
(15) r[BM*, A*] =r(A). (16) r[BB*Fy4, Fal =1r(Fa).
17y #Z(BM*) C Z(A"). (18) Z(BB*Fa) C A (A).
(19) Z(BM*) =2Z(B) N Z(A"). (20) Z(BB*Fa)=%(B)N A (A).
(21) #(AtABB*) = Z(BB* Al A). (22) #(FsBB*) = %(BB*Fy).
(23)  BTATM is an orthogonal projector, i.e., (B'ATM)? = BtATM = (BTATM)*.
(24)  BTF4B is an orthogonal projector, i.e., (BIFAB)? = BIF4B = (B'FaB)*.
(25)  Both MBYATM = M and (BTATM)* = BT AT M.
(26) Both r(N)=r(A)+r(B) —r(M) and r[B*BM*, M*| = r(M).

(b) The following 6 statements are equivalent:

<1> {M(1,4)} 2 {B(1’3’4)AT}. <2 {M(1’4)} D {B(1’3’4)A(1’3’4)}.
<3> {M(1,4)} > {B(1’3’4)A(1’2’4)}. <4> {M(1’4)} > {B(1’3’4)A(1’4)}.
(5) FgVEAIMM* = M* — BtATMM* for all V.

(6) Z(BM*) C Z(A*).

(¢) The following 6 statements are equivalent:

<1> {M(1,4)} 2 {B(1’2’4)AT}. <2> {M(1’4)} D {B(1’2’4)A(1’3’4)}.
<3> {M(1,4)} ) {B(1’2’4)A(1’2’4)}. <4> {M(1’4)} > {B(1’2’4)A(1’4)}.
(5) B'BVEgAMM* = M* — BIATMM* for all V.

(6) Z(BM*) C Z(A*).

(d) The following 6 statements are equivalent:

<1> {M(1,4)} 2 {B(1*2’3)AT}. <2> {M(1’4)} > {B(1’2’3)A(1’3’4)}.
<3> {M(1,4)} ) {B(1,2,3)A(1,2,4)}' <4> {M(1,4)} > {B(1’2’3)A(1’4)}.
(5) FgVBBYATMM* = M* — BIATMM* for all V.

(6) DBoth r(B)=p and Z(BM*) C Z(A*).
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(e) The following 6 statements are equivalent:

(1) {MODY 2 {BODATY, (2) {MOD} 2 {BODAGSDY,
<3> {M(1,4)} > {B(1’4)A(1’2’4)}. <4> {M(1,4)} D {B(1’4)A(1’4)}.
(5) VEgATMM* = M* — Bt ATMM* for all V.

(6) Z(BM") C &(A").

(f) The following 6 statements are equivalent:

(1) {MOD} 2 (BADAT, (2) {MOD} 2 {BODAGSDY,
<3> {M(1,4)} D {B(l’S)A(1’2’4)}. <4> {M(1,4)} D {B(1’3)A(1’4)}.
(5) FpVATMM* = M* — BFATMM* for all V.

(6) Both r(B)=p and Z(BM*) C Z(A*).

(g) The following 6 statements are equivalent:

(1) (MO} 2 (B2 AT, (2) {MOD} 2 (B2 AN},

<3> {M(1,4)} ) {B(l’Q)A(1’2’4)}. <4> {M(1,4)} ) {B(l’z)A(lA)}.

(5) (B + FgVy)(BBTATMM* + BVobEgATMM*) = M* for all Vi and Vs.
(6) DBoth r(B)=p and Z(BM*) C Z(A*).

(h) The following 6 statements are equivalent:

(1) (0D} 2 (BOAT, 2) {MOD} 3 (BOATSDY,

8 {MO9}5[BOAGROY g (MO} [BDACH)

(5) FpViATMM* + VaEgATMM* = M* — Bt ATMM* for all Vi and Va.
(6) Both r(B) =p and Z(BM*) C #(A*).

(i) The following 6 statements are equivalent:

(1) (MO} D (BIAG29Y, (2) (MO} D (BTAGH),
(3) (MO} D (BTAG2). (4) (MO} {BIAW),
(5) BITFAUMM?* = M* — BIAYMM* for all U.

(6) @(A%) 2 %(B).

(j) The following 6 statements are equivalent:
<1> {M(1’4)} 2 {B(1’3’4)A(1’2’3)}. <2> {M(1’4)} 2 {B(1’3’4)A(1’3)}.
<3> {M(1’4)} 2 {B(1’3’4)A(1’2)}. <4> {M(1’4)} 2 {B(1’3’4)A(1)}.
(5) (B'+ FgVER)(ATMM* + FAUMM?*) = M* for allU and V.

(6) FEither r(A) =n or {r(B) =p and Z(A*) D #(B)}.

(k) The following 6 statements are equivalent:

<1> {M(1,4)} 2 {B(1’2’3)A(1’2’3)}. <2> {M(1’4)} > {B(1’2’3)A(1’3)}.
<3> {M(1,4)} D {B(1’2’3)A(1’2)}. <4> {M(1,4)} - {B(1’2’3)A(1)}.
(5) (BT + FgVBB"(ATMM* + FAUMM?*) = M* for allU and V.
(6) Both r(B) =p and Z(A*) D #(B).

(1) The following 6 statements are equivalent:
< > {M(1,4)} D {B(1’2’4)A(1’2’3)}. <2> {M(1,4)} D {B(1’2’4)A(1’3)}.
<3> {M(1,4)} ) {B(1’2’4)A(1’2)}. <4> {M(1,4)} 2 {B(1’2’4)A(1)}.
(5) (B' 4+ BIBVER)(ATMM* + FAUMM*) = M* for allU and V.
6y r(A)=n.

(m) The following 6 statements are equivalent:

< > {M(1’4)} ) {B(1’3)A(1’2’3)}. <2> {M(1,4)} 2 {B(I,B)A(I,S)}'
(3) {M1D} 2 {BUHACDY, (4) {MOD} 2 {BADADY,
(5) (B'+ FpV)(ATMM* + FAUMM*) = M* for allU and V.

(6) Both r(B) =p and Z(A*) 2 Z(B).
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(n) The following 6 statements are equivalent:

<1> {M(1’4)} D {B(1’4)A(1’2’3)}. <2> {M(1’4)} D {3(1’4)14(1’3)}.
(3) {MOD} 3 {BUHAO2Y, () (M09} 3 {BAHAM).
(5) (B'+VER)(ATMM* + FAUMM?*) = M* for allU and V.

6) r(A)=n.

(0) The following 6 statements are equivalent:

<1> {M(1’4)} ) {B(LQ)A(LQ’S)}. <2> {M(1’4)} 2 {B(l,Z)A(l,S)}.

(3) (MO} {BU2 A0, (4) (MO} D (B2 AV}

(5) (B'+ FpVi)B(B' + Vo Eg)(ATMM* + FAUMM?*) = M* for all U, Vi, and Vs.
(6) Both r(A) =n and r(B) = p.

(p) The following 6 statements are equivalent:

(1) (M09} (B0 4029}, (2) (MOD} 2 (BD ALY,
(3 (MO0} 3 (BWAID), (@) (M09} > (BOAD),
(5) (B' + FgVi + VaEp)(AIMM* + FAUMM?*) = M* for all U, Vi, and Va.
(6) Both r(A) =n and r(B) = p.

10 Set inclusions for {1,2,3}-, {1,2,4}-, and {1, 3,4}-generalized invers-

es of AB
Applying Lemma 3.2 to Theorems 9.3-[0.5] we obtain the following theorems, the proofs underlying which are
omitted.

Theorem 10.1. Let A € C™*" and B € C™*? be given, and denote M = AB andt = m+p+r(M)—r(A)—r(B).
Then the following results hold.

(a) The following 3 statements are equivalent:
(1) {ME2IYy 5 BTAT (2) {(MI23) D (BL2IAN. (3) Z(A*M) C Z(B).
(b) The following 3 statements are equivalent:
<1> {M(1’2’3)} 2 {BTA(LQ’S)}. <2> {M(l,Q,S)} 2 {B(l,Z,S)A(l,Q,B)}_
(3) FEither Z(A*) C %#(B) or Z(A*M) = Z(B).

(¢) The following 5 statements are equivalent:

<1> {M(1,2,3)} o) {BTA(LQA)}. <2 {M(1’2’3)} ) {B(1’2’3)A(1’2’4)}.
<3> {M(1,2,3)} > {BTA(1’4)}. <4> {M(1,2,3)} ») {B(1’2’3)A(1’4)}.
(5) Both r(A) =m and Z(A*M) C Z(B).

(d) The following 5 statements are equivalent:
<1> {M(1’2’3)} D {BTA(LQ)}. <2> {M(1’2’3)} D {B(1’2’3)A(1’2)}.
<3> {M(1’2’3)} 2 {B(1’3’4)A(1’2)}. <4> {M(1’2’3)} 2 {3(1’3)A(1’2)}.
(5) FEither {r(A) =m and Z(A*) C #(B)} or
{r(A) =m, r(B) =p, and Z(A*M) = #(B)}.

(e) The following 5 statements are equivalent:

(1) {MO29) 2 (BO20AN. () (MO29) D (BODAT).
(3) {MO29} S (BU2ATY () {MO29) 3 (BOA,
() @A) CADB).

(f) The following 9 statements are equivalent:

<1> {M(l,Q,S)} 2 {B(1’2’4)A(1’2’4)}. <2> {M(l,z,s)} ) {B(I’Q)A(1’2’4)}.
<3> {M(1’2’3)} 2 {3(1’4)14(1’2’4)}. <4> {M(1’2’3)} 2 {B(l)A(l’QA)}.
<5> {M(1,2,3)} D {B(1’2’4)A(1’4)}. <6> {M(1,2,3)} ) {B(I,Z)A(l,zl)}.
<7> {M(1,2,3)} ) {3(1’4)A(1’4)}. <8> {M(l,Z,S)} o) {B(l)A(lA)}.
(9) Both r(A) =m and Z(A*) C %Z(B).
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(g) The following 3 statements are equivalent:

<1> {M(1’2’3)} ) {B(1’374)A(172’3)}. <2> {M(1’2’3)} 2 {B(1’3)A(1’2’3)}.
(3) FEither Z(A*) C %(B) or {r(B) =p and Z(A*M) = %#(B)}.

(h) The following 3 statements are equivalent:

<1> {M(1’273)} ) {BTA(L?’)}. <2> {M(1’2’3)} 2 {3(1’2’3)A(1’3)}.
(3) FEither Z(A*M) = Z(B) or {r(A) =m and Z(A*) C %Z(B)}.

(i) The following 3 statements are equivalent:

(1) (029} > (BAD}, (2) {M029) D [B12940),
(3) Either {r(A) =m and Z(A*M) = Z(B)} or {r(A) =m and Z(A*) C Z(B)}.

() The following 5 statements are equivalent:

<1> {M(1,2,3)} > {B(172’4)A(1’374)}. <2> {M(172,3)} ) {B(l’z)A(1’3’4)}.
<3> {M(1’2’3)} D {B(1’4)A(1’3’4)}. <4> {M(l,Z,S)} D {B(l)A(1’3’4)}.
(5) Either r(M)=n or {r(4A) =m and Z(A*) C #(B)}.

(k) The following 3 statements are equivalent:
(1) (MU29) > [B1ADATY. (2) (MU29) > (B0 AT}
(3) FEither Z(A*) C %Z(B) or {#Z(A*M) C #(B) and r(B) = p}.
(1) The following 3 statements are equivalent:
<1> {M(1’2’3)} D {B(1’3’4)A(1’2’4)}. <2> {M(1,2,3)} D {B(1’3)A(1’2’4)}.
(3) Either {r(A) =m and Z(A*) C #(B)}
or {r(A) =m, r(B) =p, and Z(A*M) C Z(B)}.
(m) The following 8 statements are equivalent:
<1> {M(1,2,3)} 2 {BTA(1,3,4)}_ <2> {M(1’2’3)} 2 {B(l,Q,S)A(l,SA)}_
(3) FEither Z(A*M) =2%(B), or {r(A) =m and Z(A*M) C Z(B)}.
(n) The following 3 statements are equivalent:
<1> {M(1,2,3)} 2 {B(1’3’4)A(1’3)}. <2> {M(1’2’3)} 2 {B(1’3)A(1’3)}.
(3)  Both r(M) = min{m, n, p} and Z(A*M) C %(B).
(0) The following 3 statements are equivalent:
<1> {M(1,2,3)} 2 {B(1’3’4)A(1)}. <2> {M(l,Q,S)} 2 {B(l’?’)A(l)}.
3y r(A)=m, r(M) =min{m, n, p},and Z(A*M) C #Z(B).
(p) The following 3 statements are equivalent:
<1> {M(1,2,3)} 2 {B(1’3’4)A(1’3’4)}. <2> {M(1,2,3)} ) {B(1,3)A(1,374)}_
(3) Both Z(A*M) C #Z(B) and r(M) = min{m, n, p, t}.
e following 3 statements are equivalent:
(a) The following quival
<1> {M(l,Q,S)} > {B(1’3’4)A(1’4)}. <2> {M(1,2,3)} 2 {B(l’B)A(l"l)}.
3y r(A)=m, Z(A*M) C #Z(B), and r(M) = min{m, p, t}.

(r) The following 9 statements are equivalent:

<1> {M(1’2’3)} 2 {B(1’2’4)A(1’2’3)}. <2> {M(1’2’3)} 2 {B(1,2)A(1,2,3)}.
<3> {M(1’2’3)} 2 {B(1’2’4)A(1’3)}. <4> {M(1,2,3)} 2 {B(l,Q)A(l,S)}.
<5> {M(1,2,3)} D {B(1’4)A(1’2’3)}. <6> {M(1,2,3)} 2 {B(I)A(l’z’S)}.
<7> {M(1,2,3)} ») {3(1’4)A(1’3)}. <8> {M(1,2,3)} ) {B(l)A(l’S)}.
9y r(M)=n.
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(s) The following 9 statements are equivalent:

<1> {M(1’2’3)} D {B(1’2’4)A(1’2)}. <2> {M(1,2,3)} D {B(1’2)A(1’2)}.
<3> {M(l,Q,S)} 2 {B(1’2’4)A(1)}. <4> {M(1,2,3)} 2 {B(l’Q)A(l)}.
<5> {M(1,2,3)} > {B(1’4)A(1’2)}. <6> {M(1’2’3)} 2 {B(l)A(l’Z)}.
(1) {MO29} 2 {BOOADY. (8) {MUI23} 2 {BOAW).
9 r(M)=m=n.

Theorem 10.2. Let A € C™*" and B € C"*P be given, and denote M = AB andt = m~+p+r(M)—r(A)—r(B).
Then the following results hold.

(a) The following 3 statements are equivalent:

(1) {MI29y 5 BTAT. (2) {M2Y) D (BTAL2YY (3) 2(BM*) C #(A").

(b) The following 3 statements are equivalent:

<1> {M(1,2,4)} ) {B(1’2’4)AT}. <2> {M(1’2’4)} > {B(1’2’4)A(1’2’4)}.
(3) Either Z(A*) D #(B) or Z#(BM*) = Z(A*).

(¢) The following 5 statements are equivalent:

<1> {M(1’2’4)} 2 {B(l’g’?’)AT}. <2> {M(1’2’4)} 2 {B(1,2,3)A(1,2,4)}_
<3> {M(1,2,4)} 2 {B(1’4)AT}. <4> {M(1,2,4)} 2 {B(l’B)A(1’2’4)}.
(5) Both r(B) =p and Z(BM*) C Z#(A*).

(d) The following 5 statements are equivalent:

<1> {M(1’2’4)} - {B(l’Z)AT}. <2> {M(1’2’4)} - {B(1’2)A(1’2’4)}.
<3> {M(1’2’4)} ) {B(I’Q)A(l’&“)}. <4> {M(1’2’4)} . {B(l’z)A(lA)}.
(5) Either {r(B) =p and #Z(A*) D Z(B)}

or {r(A) =m, r(B) =p, and Z(BM*) = %#(A*)}.

(e) The following 5 statements are equivalent:

(1) (MO29} D (BIAC29} (2) (MO29} D (BTAGH),
(3) (MO2V} 2 (BHACD}L (1) {MO29} 2 (BTAO}.
(5) #(A) 2 4(B).

(f) The following 9 statements are equivalent:

<1> {M(1’2’4)} 2 {B(1’2’4)A(1’2’3)}. <2> {M(1’2’4)} 2 {B(1’2’3)A(1’2)}.
<3> {M(1’2’4)} 2 {B(1’2’3)A(1’3)}. <4> {M(1,2,4)} 2 {B(l’Q’?’)A(l)}.
<5> {M(1,2,4)} > {B(l’B)A(1’2’3)}. <6> {M(1,2,4)} 2 {B(l,S)A(l,Q)}'
<7> {M(1,2,4)} ») {B(l,S)A(l,B)}. <8> {M(1,2,4)} ) {B(1’3)A(1)}.
(9) Both r(B) =p and Z(A*) D Z(B).

(g) The following 3 statements are equivalent:

<1> {M(1,2,4)} > {B(1’2’4)A(1’3’4)}. <2> {M(1,2,4)} > {B(1’2’4)A(1’4)}.
(3) FEither Z(A*) 2 #(B) or {r(A) =m and Z(BM*) = Z(A*)}.

(h) The following 3 statements are equivalent:

(1) {MO:29) O (B0 AT}, (2) {M02s

)} ) {B(1’4)A(1’2’4)}.
(3) Either Z(BM*) = Z(A*) or {r(B) =p and Z(A*) 2 %(

B)}.

—~
—
~—

The following 3 statements are equivalent:

(1) (MO39} > (BOAT. (2) {029y D (B 4020}
(3) FEither {r(B) =p and Z(BM*) = Z(A*)} or {r(B) =p and Z(A*) D #Z(B)}.
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() The following 5 statements are equivalent:

<1> {M(1,2,4)} ) {B(1’3’4)A(1’2’3)}. <2> {M(1,2,4)} > {B(1’3’4)A(1’2)}.
<3> {M(1’2’4)} D {B(1’3’4)A(1’3)}. <4> {M(1’2’4)} D {B(1’3’4)A(1)}.
(5) Either r(M)=n or {r(B)=pand #(A*) 2 Z(B)}.

(k) The following 3 statements are equivalent:

(1) [MO20) 5 (a0} () {M020) 5 (BiA0Y)
(3) Either Z(A*) 2 #Z(B) or {r(A) =m and Z(BM*) C #(A*)}.

—~
—

) The following 3 statements are equivalent:

<1> {M(1’274)} ) {B(1’2’3)A(173’4)}. <2> {M(1’274)} 2 {3(1’2’3)/1(1’4)}.
(3) Either {r(B) =p and #Z(A*) 2> #(B)}
or {r(A) =m, r(B) =p, and Z(BM*) C Z(A*)}.

(m) The following 3 statements are equivalent:

<1> {M(1’2’4)} D {B(1’3’4)AT}. <2> {M(1,2,4)} > {B(1’3’4)A(1’2’4)}.
(3y Either Z(BM*) = %Z(A*) or {r(B) =p and Z(BM*) C Z(A*)}.

(n) The following 3 statements are equivalent:

<1> {M(1’2’4)} D {B(1’4)A(1’3’4)}. <2> {M(1’2’4)} D {B(1’4)A(1’4)}.
(3) Both r(M) = min{m, n, p} and Z(BM*) C Z(A*).

(o) The following 3 statements are equivalent:

<1> {M(172’4)} ) {B(l)A(l’?’A)}. <2> {M(1,2,4)} 2 {B(l)A(lA)}.
3y r(B)=p, (M) =min{m, n, p}, and Z(BM*) C Z(A*).

(p) The following 3 statements are equivalent:

<1> {M(1,2,4)} > {B(1’3’4)A(1’3’4)}. <2> {M(1,2,4)} ) {B(173’4)A(1’4)}.
(3) Both Z(BM*) C Z(A*) and r(M) = min{m, n, p, t}.

(q) The following 3 statements are equivalent:

<1> {M(1,2,4)} ) {B(l,B)A(l,BA)}. <2> {M(1,2,4)} ) {B(l’?’)A(l’4)}.
(3 r(B)=p, Z(BM*)C Z(A*), and r(M) = min{m, p, t}.

(r) The following 9 statements are equivalent:

<1> {M(1,2,4)} ») {B(1’2’4)A(1’2’3)}. <2> {M(1,2,4)} > {B(1’2’4)A(1’2)}.
<3> {M(1’2’4)} 2 {B(1’4)A(1’2’3)}. <4> {M(1’2’4)} 2 {B(1’4)A(1’2)}.
<5> {M(1’2’4)} 2 {B(1’2’4)A(1’3)}. <6> {M(1’2’4)} 2 {3(1’2’4)A(1)}.
<7> {M(1’2’4)} 2 {B(1’4)A(1’3)}. <8> {M(1,2,4)} 2 {B(l’g)A(l)}.
(9) r(M)=n.

(s) The following 9 statements are equivalent:

<1> {M(1’2’4)} 2 {B(1’2)A(1’2’3)}. <2> {M(1’2’4)} 2 {B(l,Q)A(l,Q)}.
<3> {M(1,2,4)} > {B(l)A(l,Q,S)}' <4> {M(1’2’4)} 2 {B(l)A(l’Z)}.
<5> {M(1’2’4)} ) {B(1’2)A(1’3)}. <6> {M(1,2,4)} 2 {B(I’Q)A(l)}.
(1) AMU20} 2 {BOACOL (8) {ME20} D {BHADY,
(9) r(M)=n=p.

Theorem 10.3. Let A € C™*™ and B € C"*P be given, and denote M = AB. Then the following results hold.
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(a) The following 5 statements are equivalent:

(1) {mM@3491 5 Braf, 2) {M®39} D (BtAG34]
<3> {M(1’3’4)} ) {3(1’3’4)AT}. <4> {M(1’3’4)} 2 {3(1’3’4)14(1’3’4)}.
(5) Both Z(A*M) C Z(B) and Z(BM*) C Z(A*).

(b) The following 5 statements are equivalent:

(1) {M130) 2 (BTAG20Y, (2) {M139} 2 (BIAGHY,
<3> {M(1,3,4)} D {B(1’3’4)A(1’2’4)}. < > {M(l 34)} D {B(l 34)A(1 4)}
(5) r(A)=m, Z(A*M) C Z(B), and Z(BM*) C #(A*).

(¢) The following 3 statements are equivalent:

(1) (MO39 D (BO20ATY. (2) (MUY} 2 (BUYAT). (3) B(BM") = #(A”).

(d) The following 3 statements are equivalent:

(1) {ME29y D {(BIAL2DY. (2) (MUY} D {BTACY). (3) #(A"M) = %(B).

(e) The following 3 statements are equivalent:

<1> {M(1,3,4)} 2 {B(1’2’4)A(1’3’4)}. <2> {M(1,3,4)} > {B(1’4)A(1’3’4)}.
(3) FEither {r(B)=n and Z(BM*) C #(A*)}
or {r(A) =m and Z(BM*) = Z(A*)}.

(f) The following 5 statements are equivalent:

<1> {M(1,3,4)} ) {B(1’2’4)A(1’2’4)}. <2> {M(1,3,4)} 2 {B(1’2’4)A(1’4)}.
<3> {M(1,3,4)} o) {B(1’4)A(1’2’4)}. <4> {M(1’3’4)} D {B(1’4)A(1’4)}.
(5) Both r(A) = m and Z(BM*) = Z(A*).

(g) The following 5 statements are equivalent:

<1> {M(1,3,4)} 2 {B(1,2,3)AT}_ <2> {M(1’3’4)} 2 {3(1’2’3)A(1’3’4)}.
<3> {M(1’3’4)} D {B(l’?’)AT}. <4> {M(1,3,4)} > {B(l’S)A(l’?’A)}.
(5) r(B)=p, Z(A*M)C Z(B), and Z(BM*) C Z(A*).

(h) The following 5 statements are equivalent:

<1> {M(1’3’4)} 2 {B(l,Q,S)A(l,QA)}_ <2> {M(1’3’4)} 2 {B(172,3)A(1,4)}.
<3> {M(1’3’4)} 2 {B(1’3)A(1’2’4)}. <4> {M(1’3’4)} 2 {B(1,3)A(1,4)}_
(5) r(A)=m, r(B)=p, Z(A*M) C %Z(B), and Z(BM*) C Z(A").

(i) The following 3 statements are equivalent:

(1) {MO30) > (B2 AT) (2) (MO0} 2 (B0 AT
(3 Both r(B) =p and Z(BM*) = #(A*).

(j) The following 3 statements are equivalent:

<1> {M(1,3,4)} ) {B(1’2)A(1’374)}. <2> {M(1,3,4)} > {B(I)A(1’3’4)}.
(3) FEither {r(B)=n=pand Z(BM*) C #(A*)}
or {r(A) =m, r(B) =p, and Z(BM*) = #(A*)}.
(k) The following 5 statements are equivalent:
<1> {M(1,3,4)} ) {B(l’Q)A(LZ‘*)}. <2> {M(l,S )} 2 {B(l 2)A (1, 4)}
<3> {M(1,3,4)} ) {B(l)A(1’2’4)}. <4> {M(1,3 4)} ) {B(l A, 4)}

(5 r(A)=m, r(B)=p, and Z(BM*) = Z(A*).
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(1) The following 3 statements are equivalent:

<1> {M(1,3,4)} 2 {B(I,S)A(l,Q)}' <2> {M(1’3’4)} ) {B(1’3)A(1)}.
<3> {M(1,3,4)} ) {B(1’2’3)A(1’2)}. <4> {M(1’3’4)} > {B(1’2’3)A(1)}.
5y r(A)=m, r(B)=p, and Z(A*M) = #Z(B).

(m) The following 3 statements are equivalent:
(1) (MO39} (510D}, (2) (MO39} 2 (BTAD),
(3) Both r(A) =m and Z(BM*) = %#(A*).

(n) The following 3 statements are equivalent:

<1> {M(1’3’4)} ) {B(1’3’4)A(1’2’3)}. <2> {M(1’3’4)} D {B(1’3’4)A(1’3)}.
(3)  PEither {r(A) =n and Z(A*M) C #(B*)}
or {r(B) =p and Z(A*M) = Z(B)}.

(0) The following 3 statements are equivalent:

<1> {M(1,3,4)} 2 {B(1’3’4)A(1’2)}. <2> { (1,3 4)} ) {B 1,3,4 A(l)}
(3) FEither {r(A) =m=mn and Z(A*M) C Z(B)}
or {r(A) =m, r(B) =p, and Z(A*M) = Z%(B)}

(p) The following 5 statements are equivalent:

<1> {M(1,3,4)} 2 {B(1’2’3)A(1’2’3)}. <2> {M(1’3’4)} 2 {B(1’2’3)A(1’3)}.
<3> {M(1,3,4)} 2 {B(1’3)A(1’2’3)}. <4> {M(1,3,4)} > {B(l’B)A(l’?’)}.
(5) Both r(B) =p and Z(A*M) = Z(B).

(q) The following 5 statements are equivalent:

<1> {M(1’3’4)} ) {B(1’2’4)A(1’2’3)}. <2> {M(1’3’4)} 2 {B(1’2’4)A(1’3)}.
<3> {M(1’3’4)} 2 {B(1’4)A(1’2’3)}. <4> {M(1’3’4)} ) {B(1’4)A(1’3)}.
(5) r(M)=n.

(r) The following 5 statements are equivalent:

<1> {M(1,3,4)} 2 {3(1’2’4)A(1’2)}. <2> {M(1’3’4)} ) { (1 2 4 (1)}
<3> {M(1’3’4)} D {B(1’4)A(1’2)}. <4> {M(1,3,4)} ) {B(l 4)A 1)}
5y r(M)=m=n.

(s) The following 5 statements are equivalent:

<1> {M(l ,3, 4)} D {B(l 2 (1,2,3)} <2> {M(1’3’4)} D { (1 2)A (1, 3)}
(3) {MU3D) 2 {BWALIYL (4] (MO0} 2 {BOACY),
(5) (M) =n=p.

(t) The following 5 statements are equivalent:

<1> {M(1,3,4)} 2 {B(1,2)A(1,2)}_ <2> {M(1’3’4)} 2 {B(1’2)A(1)}.
(3) (MO39} 2 {BWAMDYL  (g) {MU20}2{BOAW).
By r(M)=m=n=np.

Since the product B AT is unique, the last 64 cases in (1.9) can be written as
(AB)' = {(AB)(1:234)} D {B(s2st2) A(105t)} (10.1)

for the eight commonly-used types of generalized inverses of matrices. From (4.100),

(AB)! = {(AB)(25:9) 2 (Blowrota) g0}
& Bb2et2) AG1t) g invariant and (AB)T = BTAT. (10.2)
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The invariance property of B(s2:-t2) A(s1:-t1) ig characterized in Theorem Also by the definition of the
Moore—Penrose inverse,

(AB)! = BT AT & {(AB)123) 5 BT AT and {(AB)12%} 5 BF AT (10.3)

Thus we obtain from Theorems [10.1{a) and [10.2(a) that

(AB)' = BTA" & #(A*AB) C #(B) and Z(BB*A*) C Z(A"). (10.4)

This fact was well known in the theory of generalized inverses, which was first established in [32]. Finally, combining
Theorem 6.1 with (10.4)), we obtain the following results.

Theorem 10.4. Let A € C™*™ and B € C"*P be given. Then the following results hold.
(1) (AB)" = B'A" & #(A*AB) C #(B) and #(BB*A*) C Z(A*).

(2) (AB)t = BtAM3Y holds for all A3 < {r(A) = m, Z(A*AB) C %#(B), and Z(BB*A*) C %(A*)} or
Z(A*AB) = % (B).

(3) (AB)t = BT A2 holds for all AV?4 < AB =0 or {r(A) = m, Z(A*AB) C Z(B), and Z(BB*A*) C
R(A)}.

(4) (AB)t = Bt A(23) holds for all AV?3) < A =0 or #(A*AB) = #(B).
(5) (AB)T = BT ALY holds for all ALY < {r(A) = m, #(A*AB) C %#(B), and Z(BB*A*) C #(A*)} or

(6) (AB)t = BT A3 holds for A3 all < #(A*AB) = #(B).

(1) (AB)t = BYAM2) holds for all AM? < A=0 or B=0 or {r(A) =m and Z(A*AB) = #Z(B)}.
(8) (AB)t = BYAW holds for all AV < {r(A) =m and Z(A*AB) = #(B)} or B =0.

9 (

AB)T = BU3Y AT holds for all BY34 < {r(B) = p, #(A*AB) C #(B), and Z(BB*A*) C #(A*)} or
Z(BB*A*) = Z(A%).

(10) (AB)t = BU3D A3 holds for all BY34 and AG3Y o r(A) = r(B) = n or {r(A) = m, r(B) = p,
H(A*AB) C Z(B), and Z(BB*A*) C Z(A*)} or {r(A) = m and Z(BB*A*) = Z(A*)} or {r(B) =p and
Z(A*AB) = %Z(B)}.

(11) (AB)T = BA34 A024 holds for all BE3Y and AN < A =0 or {AB =0 and 7(B) = p} or {r(A) =m
and r(B) = p, Z(A*AB) C #Z(B), and Z(BB*A*) C Z(A*)} or {r(A) =m and Z(BB*A*) = #(A*)}.

(12) (AB)t = BA39 AM23) holds for all B&3Y and AV23) o A =0 or r(A) = r(B) = n or {r(B) = p and
H(A*AB) = %(B)}.

(13) (AB)t = BU3D A4 holds for all B&3Y and AN < {r(A) = m, r(B) = p, Z(A*AB) C %#(B), and
H(BB*A*) C Z(A*)} or {r(A) =m and Z(BB*A*) = #(A*)}.

(14) (AB)t = BA3Y A3 holds for all BY34) and A3 & r(A) = r(B) = n or {r(B) = p and Z(A*AB) =
A(B)}.

(14) (AB)t = BU3D A2 holds for all BE3Y and A2 < A =0 or r(A) = 7(B) = m = n or {AB =
0, r(A) = m, and r(B) = p}.

(15) (AB)t = BU3Y AWM holds for all B&3Y and AM) < r(A) = r(B) =m =n or {r(A) = m, 7(B) = p, and
H(A*AB) = Z(B)}.

(17) (AB)t = B2 AT holds for all B&2Y < B =0 or Z(BB*A*) = Z(A*).

(18) (AB)t = BU:2M) A3 holds for all BH2Y and A34) o B =0 orr(A) = r(B) =n or {r(A) = m and
Z(BB*A*) = Z#(A*)}.

(19) (AB)T = B1:24 A024 holds for all BM2Y and AM?Y & A =0 or B=0 or {r(A) = m and Z(BB*A*) =

(20) (AB)t = B1:24 A1:23) holds for all BY?% and A123) < A=0 or B=0 orr(A) =r(B) =n.
(21) (AB)t = BA2YD AQA) holds for all BE2Y) and ALY < B =0 or {r(A) = m and Z(BB*A*) = #(A*)}.
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22) (AB)F = B1:249 A3 holds for all BM24Y and A1) < B =0 orr(A) = r(B) =n.

24

(22) (
(23) (AB)T = BA24 A2 holds for all BA24) and A2 < A=0 or B=0 orr(A) =7(B)=m =n.
(24) (AB)t = B2 AW holds for all BH2Y and A < B =0 or r(A) =r(B) =m =n.

(25) (

25) (AB)T = BU23) AT holds for all BM?3) < A = 0 or B = 0 or {(B) = p, Z(A*AB) C Z(B), and

Z(BB*A*) C #(A")}.

(25) (AB)t = BO:23) AM34) s invariant & B = 0 {AB = 0 and r(A) = m, Z(A*AB) C #(B), and
A(BB*A*) C #(A*)} or {r(4A) = m and r(B) = p, Z(A*AB) C #(B), a d A(BB*A*) C #(A*)} or

{r(B) =p and #Z(A*AB) = #(B)}.

(A

(27) = B123) AL24 holds for all BY23) and A2 < AB =0 or {r(A) =m, r(B) = p, Z(A*AB) C

B)
H(B), and Z(BB*A*) C #(A*)}.
B)' =

B)f = B(1:2:3) A(L23) holds for all B2 and A2 & A=0or B=0 or {r(B) = p and Z(A*AB) =
Z(B)}.

(29) (AB)t = BU:23) A4 holds for all B123) and A o B =0 or {AB =0 and 7(A) = m} or {r(A) =m,
r(B) = %(A*AB) C %Z(B), and Z(BB*A*) C Z(A*)}.

(28) (A

(30) (AB)t = B1:23) A03) holds for all BY23) and AN < B =0 or r(B) = p and Z(A*AB) = Z(B).

(31) (AB)t = B1:23) A02) holds for all BH23) and A2 < A =0 or B =0 or {r(A) = m, r(B) = p, and
H(A*AB) = %#(B)}.

(32) (AB)t = BU23) AW holds for all BA?3) and AV < B =0 or {r(A) = m, r(B) = p, and Z(A*AB) =

#(B)}.
(33) (AB)t = BAD A holds for all BMY < #(BB*A*) = Z(A*).
(34) (AB)t = BOH ALY holds for all BYY and A3 & either r(A) = r(B) = n or {r(A) = m and

(

Z(BB*A") = Z#(A")}.
35) (AB)t = BUAY AM24 holds for all B&Y) and A2 < A =0 {r(A) = m and Z(BB*A*) = #(A*)}.
36) (AB)T = BUA AM23) holds for all B&Y) and A123) & A =0 or r(A) =r(B) =n.

37) (AB)t = BOY AT holds for all BAY) and AMY) < r(A) = m and Z(BB*A*) = Z(A*).

39

(AB)!

(35) (AB)" =

(36) (AB)" =

(37) (AB)

(38) (AB)t = BAD AW holds for all B&Y and A1) < r(A) =r(B) = n.

(39) )t = BAD A2 holds for all B&Y and A2 < A =0 orr(A) =r(B) =m =n.
(40) (AB)t = BA&D AW holds for all B&Y and AV < r(A) = r(B) =m =n.

(41) (AB)t = B3 A holds for all BM®) < r(B) = p, Z(A*AB) C #(B), and Z(BB*A*) C %#(A*).
(42)

42) (AB)t = BU3) A3 holds for all B3 and AG3Y < {r(A) = m, r(B) = p, Z(A*AB) C #(B), and

(
R(BB*A*) C Z(A*)} or {r(B) = p and Z(A*AB) = Z(B)}.

(43) (AB)t = BW3) A29 holds for all B3 and A4 < A =0 or {AB =0 and r(B) = p} or {r(A) =m,
r(B) =p, Z(A*AB) C #(B), and Z(BB*A*) C Z(A*)}.

(44) (AB)T = B3 AL23) holds for all BM3) and AM23) o A =0 or {r(B) = p and Z(A*AB) = Z(B)}.

(45) (AB)t = B3 ALY s holds for all BM3) and A & r(A) = m and 7(B) = p, Z(A*AB) C #Z(B) and
Z(BB*A*) C #(A*).

(46) (AB)t = B3 A3 holds for all BM3) and A & r(B) =p and #(A*AB) = Z(B).
(47) (AB)t = BU3 AW holds for all BM) and AN < A =0 or {r(A) = m, r(B) = p, and Z(A*AB) =

% (B)}.
(48) (AB)T = B3 AW holds for all B3 and AV < r(A) = m, r(B) = p, and Z(A*AB) = %(B).
(49) (AB)" = B2 At holds for all BM? < A=0 or B=0 or {r(B) = p and Z(BB*A*) = Z(A*)}.
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(49) (AB)t = B2 AW34) holds for all BY?) and A34) < B=0orr(A) =r(B)=n=por{AB =0, r(A) =
m, and r(B) = p}.

(51) (AB)t = B2 AM24) holds for all B&?) and A2 < A =0 or B =0 or {r(A) = m, r(B) = p, and
R (BB*A*) = #(A*)}.

(52) (AB)t = B2 A123) holds for all BY?) and A23) < A=0or B=0 orr(A) =r(B) =n = p.
(53) BL2 AL s invariant < B =0 or r(A) =7(B) =n = p.

(53) (AB)t = BA2 ALY holds for all BY? and AYY < B =0 or {r(A) = m, r(B) = p, and Z(BB*A*) =
H(A")}

54) (AB B2 AWL3) holds for all B&?) and A1) & B =0 orr(A) =7(B)=n=p.

55) (AB)t = BW2) A2 polds for all B&2) and A2 o A=0 or B=0 or r(A)=r(B)=m=n=p.

t = BML2 AW holds for all BM?) and AV < B=0 orr(A) =r(B)=m=n=np.

(54) )F =
(55) )=
(56) (AB)
(57) (AB)t = BM AT holds for all BV < r(B) = p and Z(BB*A*) = Z(A*).

(58) (AB)t = BW ALY holds for all BY) and A13Y < r(A) = r(B) =n =p or {r(A) = m, r(B) = p, and
%(BB*A*) = Z(A*)}.

(59) (AB)T = BM ALY holds for all BY and A% o A =0 or {r(A) = m, r(B) = p, and Z(BB*A*) =

AB)t = BWAW23) holds for all BY and A23) < r(A) =r(B) =n = p.
AB)F = BWACAY holds for all & BY and AN < r(A) = m, r(B) = p, and Z(BB*A*) = Z(A*).

(60) (AB)

(61) (AB)

(62) (AB)T = BMWA®L3) holds for all BV and A < r(A) =r(B) =n =p.

(63) (AB)T = BMA®2) holds for all BY) and A2 < A =0 orr(A) =7(B) =m=n=p.
(64) (AB)" =

AB) = BWAM holds for all BY and AV < r(A)=r(B)=m=n=p.

11 Miscellaneous results on ROLs

As demonstrated in the preceding sections, the ROL (AB)" = BT A for the Moore-Penrose inverses is one of the
most important forms in (1.7), while both and (10.4) show that (AB)T = BT AT has essential links with other
types of the ROLs in (1.7), and can be characterized by many equivalent statements. In this section, we reconsider
this ROL and present a bunch of necessary and sufficient conditions for the ROL to hold.

Lemma 11.1. Let A € C™*™ and B € C"*P and denote M = AB. Then the following 11 statements are
equivalent:

{( M)®D} 5 MT (A7)
2y MT = (AT M) AT
3 = (A*M)TA*.
4y (ATM) = MTA.

(1
(
(
(
(5) ATMMT A is Hermitian, i.c., (ATMMTA)* = ATMMTA.
(
(
(
(

7y MBYA' is EP, i.e., #( M BTA") = 2[(M BT A")*].
8) The range ROL Z[(M*)'] = Z[(A*)T(B*)1] for the Moore-Penrose inverse of matriz product holds.
9) r[AA*M, M) =r(M).
(10) Z(AA*M) = R(M).

)

) M

) M

)

)

6) MM' and AA* commute, i.c., MMTAA* = AA*MMT.

)

)

)

)

) r[AA*M, M] = r(A) + r[A*M, B] — r[A*, B] and r[A*M, B] = r[A*, B] + (M) — r(A).

(11
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Proof. By Theorem [0.4(1) and (15), Result (1) holds if and only if r[AA*M, M] = r(M), establishing the equiva-
lence of (1), (9), and (10).

The equivalence of (9) and (11) follows from ¢4 > t5 > t¢ in (4.29).

It is easy to verify that (AB)T, (ATAB)TAT, and (A*AB)TA* are {2}-inverses of AB. Then we obtain by

that
I 1
r[MT — (ATAB) AT = 1 _(At%)w] (M, (ATM)TAT] = r(MT) — r[(AT M) AT]
= | gy | 7O (ATMY] 20
=r M%A*] —r(M)
= r[AA*M, M] —r(M), (11.1)
and
rIMt— (A*M)TA*] =7 :(A*%;TA*] +r[MT, (A*M)TA*] = r(MT) = r[(A*M)T A7
. _(A*%;*A*} + (M, (A*M)*] - 2r(M)
-
=T _(AA*M)*:| —r(M)
— P[AA*M, M] - r(M). (11.2)

It is also easy to verify that (ATM)T and MTA are {2}-inverses of ATM. Then we obtain by (4.20) that
r[(ATM)Y — MTA] = r[AA* M, M] — r(M). (11.3)

Setting all sides of (11.1))-(11.3) equal to zero leads to the equivalence of (2)—(4), and (9).
The rank of (ATMMTA)* — ATMMTA is
rl(ATMMYA)* — ATMMTA] = r[A*MMT(AT)* — ATMMT A]
= r(AA*MM'T — MMTAA¥)
= 2r[AA* MM, MM —2r(MMT) (by (4.26))
=2r[AA*M, M| — 2r(M). (11.4)
Setting all sides of (11.4]) equal to zero leads to the equivalence of (5), (6), and (9).
By (4.1) and Lemma 8.6,
r[MBTAT, (MBYA"*] = r[M, (A")*B] = r[AA* M, M],
r((M7)*, (AN (BY)] = r[M, (AT)*B] = r[AA* M, M].

Hence,
Z(MBTAY) = Z[(MBTAY)*] & r[(M1)*, (AN)*(B")*] = r(M) & r[AA*M, M| = r(M),
R(MY)] = Z[(A)(BT)] & r[(M")", (A)*(B)*] = r(M) & r[AA"M, M] = r(M),
establishing the equivalence of (7), (8), and (9). O
Lemma 11.2. Let A € C™*™ and B € C"*P and denote M = AB. Then the following 11 statements are
equivalent:
(1) {(MB*)9} 5 (BY)TMT.
(2) Mt = BI(MBY.
(3) Mt = B*(MB*)T.
(4) (MBY' = BM*.
(5) BMTMB' is Hermitian, i.e., (BMTMB")* = BMTMB.
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(6) MTM and B*B commute, i.e., MM B*B = B*BM'M.

(7 BYATM is EP, i.e., #(BTATM) = 2[(BTATM)*].

(8) The range ROL #(M") = %(B'A") for the Moore—Penrose inverse of matriz product holds.
(9) r[B*BM*, M*] =r(M).

(10y Z(B*BM™*) = % (M*).

(11)

We next collect/prove a family of known/novel necessary and sufficient conditions for the well-known case
(AB)I = BTAT in (1.7) to hold.

r[B*BM*, M*| = r(B) + r[BM*, A*] — r[A*, B] and r[BM*, A*| = r[A*, B] +r(M) — r(B).

Theorem 11.3. Let A € C™*™ and B € C"*P, and denote M = AB. Then the following 73 statements are
equivalent:

= BYA" and/or M = (BTANT.
Mt e {BtAt3Y (3) Mt e {BT A2,
Mt e {BTA"D}. (5) Mt € {B1:3:D At}
Mt e {B(1 :3:4) A(1,3,4) } 7 MT e {B(1’3’4>A(1’2’4)}.
Mt e {BA3H ALY 9) Mt e {B123) At}
Mt e {B(l :2,3) A(1,3,4) } (11) Mt € {B(1’2v3)A(1’2’4>}.

(1
(2
(4
(6 (
(8 (
10
12) Mt e {B(1:23) 4041 (13) Mt € {B13) At}

Mt e {B1:3) A3 (15)

Mt e {B(l 3)A (1,4)}. (17) {M(1,3,4)} ) {BTA(1’3’4)}.

{M(l )3, 4)} {B (1,3,4) AT} (19) {M(1,3,4)} ) {B(1’3’4)A(1’3’4)}.

14 Mt e {B13) gA0241
16
18
20) Both {M13)} 5 Bt AT and {M1-} 5 BT AT,

Both {M13)) > {BL3Y AL apd (M} D {BTAG3HY
Both {M1:3)) > {BAL2H AL apd (M} D {BTAG2DY

) M
)
)
)
)
)
)
)
)
)
)
21)
)
23) Both {M"3} D {BUSAT} and {MIH} D {BTAUD} .
)
)
)
)
)
)
)
)
)
)
)
)

22
24) Both {M1:3)} D {BTA13D Y and { M} O {BO3DATY
Both { M3} D {BA3HALIDY gng {MOA) D {BO3HAQ3HY
Both {M:3} > {B1:23) A03DY gnd (MY} D {BL3HA020]
Both {M03} > IBUS AW gng {MEH) D {B13D A0
Both {M:3} D {BTA023)) and { M} D {B124 AT}

Both {M1:3)) > {B1L3D A023Y gng {M(D) D { B2 AL3341
Both { M3} 5 {BU:23) A2} gng (M4} D {B24) 4024
Both {M13} > { B ALZIY gnd { MO} D {BL2HAOH L
Both {M13)} > {BTAUS} and {MUID} D {BED AT

Both {M:3} D {BU3H AW and { MO} D {BAHAL3AL
Both {M®1:3)} 2 {BA2I AL gnd (MO} D {BEAHAL2H Y

Both {M®:3)} 2 {BUH ALY gpd { M4} D {BOHAGHY

(
(
(
(
(
(
(
(
(
(
(25
(26
(27
(28
(29
(30
(31
(32
(33
(34
(35
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36) {(A*M)V} 5 BIA*A)!, {(AM)ED} 5 MiA, {(MB*)P} > (BB)TAT, and {(MB*)39} >
(B*)TMT.
37 = BTATMBYAT.  (38) BMTA=BBYATA.  (39) BsBMTAA* = M*.
40) Both MMt = MBYA" and MTM = Bt At M.
41) Both MM'tA = M B and ATM = BMTM.
42) Both BBYA*AB = A*AB and ABB*A'A = ABB*.
43) BBTA*ABB*A'A = BB'A*ABB* = A*ABB*A'A = A*ABB*.
45) Both Mt = BY(ABBY)! and (ABB")' = BBt A",
46

(
Both Mt = (A*AB)tA* and (A*AB)t = Bf(A*A)T.
47 (

Both Mt = B*(ABB*)" and (ABB*)" = (BB*)! AT.

48

(37) M
(40)
(41)
(42)
(43) B
(44) Both M' = (ATAB)YA" and (ATAB)" = BTATA.
(45)
(46)
(47)
(48) Both M' = BT(ATABBT)TA" and (ATABBY)! = BBTATA.
(49)

49) Both MT = B*(BB*)k—1[(A* A)%(BB*)*]T (A* A)*—1A* and [(A*A)*(BB*)¥]" = [(BB*)*|T[(A*A)¥]t for any

integer k > 1.
50) Both MT = B*B(AA*ABB*B)'AA* and (AA*ABB*B)' = (BB*B)T(AA*A)f.
51) Both (ABB")I = BBTAT and (A'AB)" = BTATA.
52) Both MBA" and BT ATM are orthogonal projectors.
53) Both AEgA' and BYF4B are orthogonal projectors.
54) Both MMTA = MBY and BMTM = AT M.
55) Both A*ABB' = BBYA*A and AYABB* = BB*ATA.
56) Both MBYAYM = M and Mt = (ATM)t At = Bt (M BT)t.
57) Both MBYAYM = M and Mt = (A*M)TA* = B*(MB*)*.
58) MBYATM = M, (ATM)t = MtA, and (MB")' = BMT.
60) MBYATM = M, MMYAA* = AA*MM?', and MTMB*B = B*BM'M.
61) Both #(A*ABBY) = #(BBTA*A) and #(A'ABB*) = #(BB*At A).
R(AYABBY) = #(BBYATA), #(M') = #(BTAY), and Z[(M*)'] = Z[(A*)T(B*)1].

63) Both #(ATABB') = #(BB*A*A) and #(BB'A'A) = #(A* ABB*).

(50)

(51)

(52)

(53)

(54)

(55)

(56)

(57)

(58) M

(59) MBYAIM = M, (AtMM'TA)* = ATMM*A, and (BMIMB')* = BMIM B!,
(60)

(61)

(62)

(63)

(64) Z(A*ABB*) = #(BB*A*A), i.e., A¥ABB* is EP.

(65) Both Z(A*M) C %(B) and #(BM*) C %(A*).

(66) Both Z(A*M) = %(A*) N %(B) and %(BM*) = %(B) N Z(A*).

(67) Both r[A*M, B] = r(B) and r[BM*, A*] =r(A).

(68) r[A*, B] = r(A) +r(B) —r(M), r[AA*M, M] = r(M), and r[B*BM*, M*] = r(M).

[MM*M MB*B]
(69) T_AA*M M =r(M).

(70) MB*BMTAA*M = MM*M, r[AA*M, M] = r(M), and r[B*BM*, M*] = r(M).

[MM*M MB*B]

R VS YV

=r[A*, Bl 4+ 2r(M) —r(A) — r(B) and r[A*M, B] + r[BM*, A*] = r[A*, B] + r(M).

(0]
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r2y o[ VAN MB B 4 ar, B [BA®, A4 r(A) £ r(B) ~ 2r[A*, B] — r(AB), r[AA*M, M) = r(M),

and r[B*BM*, M*] = r(M).
(73) The matriz equation BXA = A*ABB* is consistent.

Proof. Result (1) obviously implies (2)-(16) by Lemma 3.1(c). Conversely, if one of the following holds MT =
BtAWL3Y At = ptA24) At = BT ALY ppf = B3 gt ppt = B34 A(L34) At — p(1.3.4) 4(1.24)  prt —
BU3H A0 £t — BO23) AT At = BL23) A034) Nt — B1,23) 4124 ppt — BL.23) A4 ppt — B(L3) AT,
Mt = B3 AQ34 At = B3 A1L.24) “and MT = B(1:3) A4 then pre- and post-multiplying BB and AAT to
both sides of these equalities and applying , , and BFBMTAAY = M1 lead to

MT = B'BMTAAT = Bt BBT A3 44t = BT AT, (

Mt = Bt BMTAAT = BT BBt A2 4 AT = BT AT, (

MT = B'BMTAAT = B BBt ALY 44T = BT AT, (11.7

Mt = Bt BMTAAT = Bt BBTBB1:34 AT AAT = B AT, (

Mt = B'BMTAAT = B34 A3 g AT — BT AT (

Mt = BtBMTAAT = B3 A(129 g AT — BT AT (

Mt = Bt BMTAAT = BA3D 404 g4t = BT AT, (

Mt = Bt BMTAAT = BO23) AT 44T = Bt AT, (

Mt = BtBMTAAT = B(1:23) A3 g At — BT AT (

Mt =Bt BMTAAT = B(1:23) A(29 g AT — BT AT (

Mt = BIBMTAAT = B123) A0 g AT = BT AT (11.15

Mt = Bt BMTAAT = BO3) AT AAT = BT AT, (

Mt = Bt BMTAAT = BO3) AL34) g4t = BT AT, (

Mt = Bt BMTAAT = BO3) A24 g 41 = BT AT, (

Mt = BIBMTAAT = BA3) AGD 44T = BT AT, (
Eqgs. (TL5)-(T1.19) show that each of (2)—(16) implies (1).

The equivalence of (1) and (17)—(19) follows from Theorem a).
The equivalence of (20)—(35) and (67) follows from Theorem 9.4(a), (b), (d), and (f), and Theorem 9.5(a), (b),

(d), and (f).
The equivalence of (36) and (68) follows from Theorem 9.1(78) and (116), Lemma [11.1(1) and (9), and Lemma
1) and (9).

Result (1) obviously implies (37). Conversely, pre-multiplying the equality in (37) with AB yields ABMT =
ABBTATABBTA" = (ABBYAT)?, where ABMT is idempotent. So that (ABBTAT)?2 = ABBT AT, which is equiva-
lent to BTATABBTAT = BT AT by Theorem 9.1(88) and (93). Thus, (37) implies (1).

Pre- and post-multiplying both sides of (1) with A and B yields (38). Conversely, pre- and post-multiplying
both sides of (38) with A and BT yields (1).

Pre- and post-multiplying both sides of (1) with A* and B* yields (39). Conversely, pre- and post-multiplying
both sides of (39) with (AT)* and (BT)* yields (1).

The equivalence of (1) and (40) follows from Theorem 9.4(a)(1) and (5) and Theorem 9.5(a)(1) and (5).
(5

( 1)

The equivalence of (1) and ( 1) follows from Theorem 9.4(a)(1) and (5) and Theorem 9.5(a)(1) and (5).
The equivalence of (42) and (67) follows from Theorem 9.4(a)(8) and (17) and Theorem 9.5(a)(8) and (17).
The equivalence of (43) and (67) is derived from Lemma 5.2(d) and (e).
The equivalence of (44) and (68) follows from Lemma 11.1(2) and (9) and Theorem 9.5(a)(9) and (26).
The equivalence of (45) and (68) follows from Lemma 11.2(2) and (9) and Theorem 9.4(a)(9) and (26).
Applying the equivalence of (1) and (65) to the two equalities in (46), we first see that

M' = (A*"AB)'A* & Z(AA*M) = Z#(M), (11.20)

(A*AB)" = BT(A*A)" < both Z[(AA*)?AB] C %(B) and Z(BB*A*) C Z(A*). (11.21)

Also by (8.19),
F(AA*AB) C #(B) = Z[(AA*)?AB] C #(AA*B) = Z[(AA*)?AB] C #(B). (11.22)
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Thus if (1) holds, combining (65) and (68) with (11.20)), (11.21]), and (11.22)), we see that the two equalities in (46)
hold. Conversely, merging the two equalities in (46) and simplifying yields the equality in (1).

Merging the two equalities in (48) and simplifying yields the equality in (1). Conversely, notice that
BT(ATABBT)TAT is a {2}-inverses of AB. Then we obtain by (4.20) that

] At
| BT (ATABBT)TAT
—r(M") —r[BT(ATABBT)T A
) .
(ATABBT)* At
M*
| B*AT

M *
=r _MB*B] +r[M, AA*M] —2r(M). (11.23)

r[M' — BY(ATABBT)TAT] = r ] +r[MT, BY(ATABBT)TAT]

} +r[M*, (AYABBT)*| — 2r(M)

- ] +r[M*, BY(ATABB")*] — 2r(M)

So that
MT = BN (ATABB" A" & r[AA*M, M] = r(M) and r[B*BM*, M*] = r(M). (11.24)

Thus if (1) holds, combining (68) with (11.24)) and Theorem 9.1(98) and (116), we see that the two equalities in
(48) hold.
Merging the two equalities in (49) and simplifying yields the equality in (1). Conversely, notice that
B*(BB*)k=1[(A*A)k(BB*)*]T(A* A)k~1 A* is a {2}-inverses of AB. Then we obtain by (4.20) that
P~ B (BB (A AN (BB (AT ) a7)
MT
= r|:B*(BB*)k_1[(A*A)k(BB*)k}T(A*A)k_lA*
+ r[MT, B*(BB*)*"[(A* A)¥(BB*)F]T(A* A)F—1 A%
— (M) (B (BB (A A (BB (4 A A1)
— M*
=T B*(A*A)2k—1A*
_ M
~"lABB*)2-1B

] +r[M*, B*(BB*)** 1 A*] — 2r(M)
} + r[M, A(A*A)**71B] — 2r(M). (11.25)

So that
M' = B*(BB*)" (A" A)*(BB*)]T (A" A)* 1 A
& RA(A*A)*1B] = (M) and Z|B*(BB*)** "1 A*] = #(M™). (11.26)
Applying the equivalence of (1) and (65) to the product (A*A)*(BB*)F yields
[(A*A)*(BB*)*)T = [(BB*)F]T[(A*A)*]T © Z[(A*A)** B] C Z(B) and Z[(BB*)**A*] C % (A*). (11.27)
Also note from (11.22) that
R(A*M) C #(B) = Z[(A*A)**B] C Z(B) and Z[A(A*A)**"1B] = (M), (11.28)
Z(BM*) C Z(A*) = Z[(BB*)** A*] C #(A*) and Z[B*(BB*)** ' A*] = %(M™). (11.29)
Thus if (1) holds, combining (65) with (I1.26)—(11.29)), we see that the two equalities in (49) hold.

Merging the two equalities in (50) and simplifying yields the equality in (1). Conversely, notice that
B*B(AA*ABB*B)TAA* is a {2}-inverses of AB. Then we obtain by (4.20) that

Mt

| B*B(AA*ABB*B)TAA*
— r(M") —r[B*B(AA*ABB*B)T AA*]
C

| B*A*(A
[ M
M(B*B)?

r[M' — B*B(AA*ABB*B)TAA*] = r ] +r[M', B*B(AA*ABB*B)T AA*]

oy T (B BT < 20

} +r[M, (AA*)*M] — 2r(M). (11.30)

7
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So that
MT = B*B(AA*ABB*B) AA* & Z[(AA*)? M| = %(M) and Z|(B*B)?>M*] = Z(M*). (11.31)
Applying the equivalence of (1) and (65) to the product AA* ABB*B yields
(AA*ABB*B)" = (BB*B)(AA*A)l & #Z[(A*A)>B] C #(B) and Z[(BB*)3A*] C Z(A*). (11.32)
Also by (8.19),

R(A*M) C Z(B) = Z[(A*A)*B] C Z(B) and Z[(AA*)*M] = Z(M), (11.33)
R(BM*) C #(A*) = Z|(BB*)*A*) C #(A*) and Z[(B*B)*M*)| = Z(M*). (11.34)
Thus if (1) holds, combining (65) with (11.31)—(11.34), we see that the two equalities in (50) hold.

The equivalence of (51) and (65) follows from Theorem 9.4(a)(9) and (26) and Theorem 9.5(a)(9) and (26).
The equivalence of (52) and (65) follows from Theorem 9.4(a)(23) and (26) and Theorem 9.5(a)(23) and (26).
The equivalence of (53) and (65) follows from Theorem 9.4(a)(23) and (26) and Theorem 9.5(a)(23) and (26).
The equivalence of (54) and (65) follows from Theorem 9.4(a)(13) and (26) and Theorem 9.5(a)(13) and (26).
The equivalence of (55) and (65) follows from Theorem 9.4(a)(14) and (26) and Theorem 9.5(a)(14) and (26).
The equivalence of (56) and (68) follows from Theorem 9.1(a)(87) and (116), Theorem 11.1(2) and (9), and

Theorem 11.2(2) and (9).

The equivalence of (57) and (68) follows from Theorem 9.1(a)(87) and (116), Theorem 11.1(3) and (9), and
Theorem 11.2(3) and (9).

The equivalence of (58) and (68) follows from Theorem 9.1(a)(87) and (116), Theorem 11.1(4) and (9), and
Theorem 11.2(4) and (9).

The equivalence of (59) and (68) follows from Theorem 9.1(a)(87) and (116), Theorem 11.1(5) and (9), and
Theorem 11.2(5) and (9).

The equivalence of (60) and (68) follows from Theorem 9.1(a)(87) and (116), Theorem 11.1(6) and (9), and
Theorem 11.2(6) and (9).

The equivalence of (61) and (68) follows from Theorem 9.4(a)(21) and (26), and Theorem 9.5(21) and (26).

The equivalence of (62) and (68) follows from Theorem 9.1(a)(116) and (155), Theorem 11.1(8) and (9), and
Theorem 11.2(8) and (9).

It can be derived from (4.10) that

r[ATABB', BB*A*A] = r[BM*, A*] + (M) — r(A), (11.35)

r[BBYATA, A*ABB*] = r[A*M, B] + r(M) — r(B). (11.36)
Thus

Z(ATABB') = Z(BB*A* A) & r[BM*, A*] = r(A), (11.37)

Z(BBYATA) = #(A* ABB*) < r[A*M, B] = r(B). (11.38)
If (1) holds, then (63) implies (64) by (11.37)), (11.38)), and Theorem 9.1(a)(1) and (155). Conversely, (64) obviously

implies (65), and thus it implies (1) as well.
Applying (4.10) to M* — B*BMTAA* gives

r(* - B BMiany = M ]‘g*j*} (M) = ﬁﬁ{ MOMBB ), (11.39)
Setting both sides of equal to zero leads to the equivalence of (39) yields (69).
The equivalence of (69) and (70) are derived from Lemma 4.2(e).
The equivalence of (69) and (71) are derived from r(J) =t; =ty = (M) in (4.30).
The equivalence of (69) and (72) are derived from r(J) =t3 = t4 = (M) in (4.31).
The equivalence of (65) and (73) are derived from Lemma 5.2(b) and (e). O

Some equivalent statements in Theorem [11.3| were formulated by different authors and were scattered in the
literature. But we prefer to giving complete proofs for the equivalences of all these statements in order to sufficiently
recognize and use this collection of results in different situations.

Many subsequent results can be established on ROLs for the Moore—Penrose inverses of matrix products by the
replacements of A and B with (A")* and (B1)*, as well as (A*A)2 and (BB*)z, respectively.

Corollary 11.4. Let A € C"™*™ and B € C"*P, and denote A= (AYY* and M = (A")*B. Then the following 74
statements are equivalent:
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(0) (AB)I = BT AT, (1) M = BTAT.

(2) Mt e {BTA13DY, (3) Mt e {BfA0201,

(4) Mt e {BTALYY, (5) Mt e {B1:34 AT},

(6) Mt e {B1:34 4134} (1) Mt € {BL34 A2
( 9) Mt e {B1L23) A},

(10) Mt e {B(1:23) A13.4)} 11) Mt e {B(1:2:3) 2120}

)
)
)
)
8) Mt e {B1:34 A1}
)
(12)
)

(
(

MT € {B(1:23) 40191, (13) MT € {BL3) AT},
(

(14) MT € {B(1:3) 1391, 15) MT € {B(1:3) A(1:2:4)},

(16) MT e {BH A0, a7y {Ma39} 5 {B@uw}.
(18) {M13D) > {B(1’3’4)ET} ' (19) {M13D) > {3(1,3,4)2(1,3,4)} '

(20) Both {M*3} 5 BIAT and {M1-9} 5 BT Al

(21) Both {M13} > {B(lv3~4)@} and { MO} D {B@u,s,zx)}
(22) Both {M(9} 2 {BU29 At} and {M0} o {BIAC201,
(23) Both {M(9} 2 {BU9 AT} and {M1-9} 2 {BTAGHY.
(24) Both {M(9} > {BIA3VY and (M0} 2 {BOSH AT,
(25) Both { M)} 5 { a4 A(13.4) } and {MOD} D {B<1,3,4>g<1,3,4>}_
(26) Both { M1} D { B(1:23) 1(1.3:4) } and { M09} > { B34 gu,u)} ,

(27) Both { M1} 5 { B3 413, 4>} and { M9} D {B(1~3’4)E(1’3)}.

{5

{

{

{

{

{

(28) Both {M19} > {BTA(L”’)} and {M1D} > {B(1’2’4)/TT}.

(20) Both {M(9} 2 { BU3D A28 gna (MO} 5 {p120 40330},
(30) Both {M13)} > {B<123>A<123 } and {MU9} D {B<1,2,4>g<1,2,4>},
(31) Both {M(19} D {Bu 3) A2, 3>} and { M9} D {B(1’2’4)X(1’4)}.
(32) Both {M(19} D {BTA<1 3>} and { M9} D {B<1~4>,ZT}.
(33) Both {M(9} 2 {BUSHACD Y gna (MO0} 5 {BUHACIO Y,
(34) Both {M(19} > {B(l 2.3) (1, 3)} and { M9} D {B(L‘*)ﬁ(l’?"‘)}.

(35) Both {M(9} 2 {BUH A} and (M0} 2 {BOH ALY,

36) {(Aa)D} 5 BIAA), {(A M)} 5 MIAY), {(MB)W} 5 (BBY)IAT, and {(MB)(9} 5
(B*)TM*,
(37) Mt = BTATMBYAT.  (38) BMTA = BBTATA.  (39) B*BMTAA* = M*.

(40) Both MM = MB'AT and MTM = BYATM.
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(41) Both MMTA = MB' and ATM = BM'M.

(42) Both BB'A*AB = A*AB and ABB*A'A = ABB*.

(43) BBTA*ABB*A'A = BBt A*ABB* = A*ABB*A' A = A* ABB*.
(44) Both M1 = (ATAB)' AT and (ATAB)! = BTA1 A,
(45) Both Mt = B (ABB")' and (A BBT) = BBTAT.
(46) Both M1 = (A*AB)TA* and (A*AB)! = BT(A* A)T.

(47) Both M = B*(ABB*)" and (ABB*)! = (BB*)T AT,

(48) Both Mt = BT(ATABB)T A" and (A'ABB')t = BBTATA.
(49)

Both MT = B*(BB*)F=1[(A* A)*(BB*)*|T(A* A)*~1 A* and [(A* A)F(BB*)F]t = [(BB*)*|T[(A* A)*|T for any
integer k > 1.

Both M = B*B(AA*ABB*B)' AA* and (AA*ABB*B)' = (BB*B)!(AA*A)t.
Both (ABB")f = BBTA! and (ATAB)t = BTATA.

Both MB' A" and BtATM are orthogonal projectors.

Both A\EBA\T and BTFAB are orthogonal projectors.

Both MMTA = MB' and BMTM = AT M.

Both A*ABB" = BBYA*A and ATABB* = BB*A' A.

Both MBTATM = M and MT = (ATM)T At = BY (M BT,

Both MBTATM = M and M = (A*M)t A* = B*(MB*)'.

MBYATM = M, (AtM)t = MTA, and (MB')t = BM?.

MBTATM = M, (AtMMTA)* = ATMM' A, and (BMTMB"* = BMMB!.
MBTATM = M, MMt AA* = AA*MM?*, and MTMB*B = B*BM* M.

#(ATABBY) = %#(BBTAA), #(M') = (BT AY), and Z|(M*)1] = Z[(A*)T(B*)1].
63) Both Z(ATABB') = %#(BB*A*A) and #(BBTAtA) = %#(A* ABB*).

(54)

(55)

(56)

(57)

(58)

(59)

(60)

(61) Both %#(A*ABB') = #(BB'A*A) and #(A'ABB*) = %#(BB* AT A).
(62)

(63)

(64)

(65) Both #(A*M) C Z(B) and Z(BM*) C Z(A*).

(66) Both #(A*M) = Z(A*) N #(B) and Z(BM*) = #(B) N Z(A*).
(67) A

(68) r[A*, B] = r(A) 4+ r(B) — r(M), r[AA*M, M] = r(M), and r[B*BM*, M*] = r(M).
(69) r Fgfﬂjy me B} — (M),

(70) MB*BMTAA*M = MM*M, r[AA*M, M) = r(M), and r|[B*BM*, M*] = r(M).

MM*M MB*B

(71) r{ Py T } = r[A*, B] + 2r(M) — r(A) — r(B) and r[A*M, B] + r[BM*, A*] = r[A*, B] + r(M).

(72) 7 Fgfﬂ]f Mf; B} = r[A*M, Bl +r[BM*, A*|+r(A)+r(B) —2r[A*, B] - r(AB), r[AA*M, M] = r(M),
and r[B*BM*, M*| = r(M).

80


https://doi.org/10.20944/preprints201812.0342.v2

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 30 April 2020 d0i:10.20944/preprints201812.0342.v2

(73) The matriz equation BXA = A*ABB* is consistent.

Corollary 11.5. Let A € C™*" and B € C"?, and denote B = (BY)* and M = A(BT)*. Then the following 74
statements are equivalent:

(0) (AB)! = BTAT. (1) Mt = Bt AT,

(2) Mt e {BfAL3D} (3) Mt € {BtA029),

(4) Mt e {Bf A0}, (5) MT € {B(1:3:4) At}

(6) Mt e {B1:3:4 A(1:3.4)) (7) Mt € {B1:3:5)A0.24))
(8) Mt e {B1:3:4) A1)}, (9) MT € {B(1:23) At}

(10) Mt e {B(1:23) A13.4)) (11) Mt e {B1:23) 424},
(12) Mt e {B(1:23) A0D}, (13) MT € {B13) AT},

(14) Mt ¢ {§(1,3)A(1,3,4)}. (15) Mt e {§(1>3)A(1’274)}.

(16) Mt e {B13 A1), (17) {M039) > {ﬁTA(l,g,zx)}.

(18) {M(39) 5 {§(1,3,4)AT} _ (19) { M3} 5 {§(1,3,4)A(1,3,4)} _
(20) Both {M*3} 5 BTA" and {M1-9} 5 BTAt.

(21) Both {M13)} > {E(L?’A)AT} and { MDY > {ETA(I,SA)}'
(22) Both {M1-»} > {B(12 3>AT} and { MDY} D {ETA(L?A)}.
(23) Both {M(9} 2 {BEI AT} and {M19} 2 { BTG},
(24) Both {M(9} 2 {Br A3} and {m0} 2 { B89 AT},
(25) Both {M1:} D { B34 413:) } and { MO} 2 {1?(17374)14(17374)},
(26) Both {M1:®} D § B(1:23) A(13.4) } and { MDY D {§<173,4>A<1,2,4>},
(27) Both {M1»} 2 {B13 403, 4>} and { M9} D {]§<L3’4>A(1’3)}.
(29) Both {M1*} 2 1 B(1:3:4) A(1.2.3) } and {MOH} D {§<172,4>A<1,3,34>}_
(30) Both {M13} D 3 B(1:2:3) A(1.2.3) } and {M®9} D { B(1.2,4) 4(1,2,4) }
(31) Both {M1»} > {B13) A<123>} and { M9} D {§(17274)A(174)}.
(32) Both {M(9} 2 {BIALI} and {M19} 2 {Ba-H AT}
(33) Both {M1»} 2 { B3940, 3)} and { M9} D {§(1’4)A(1’3’4)}.

(34) Both {M1®} D

{
{
{5
{
{
{a¢
(28) Both {M(13} > {E A<123>} and { MDY} D {§(172’4)AT}.
{z
{5
{5
{
{5
{B¢

2,3) A(1, 3)} and { M9} D {§(1,4)A(1,2,4)}_
(35) Both {M(9} 2 {BUIAC Y and {M@-0} 2 {BAHAOHY.

6) {(A* M)V} 5 BHA*A), {(A*M)32} 5 MEAT, {(ME*)<1>} 5 (BB)A!, and {(MB*)9} 35
( “TMT.
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Mt = BTATMBTAt.  (38) BM'A=BB'ATA.  (39) B*BMTAA* =M

Both MMT = MBTA' and MTM = Bt AT M.
Both MMTA = MB' and ATM = BMTM.
Both BBTA*AB = A*AB and ABB*A'A = ABB*.

BBTA*ABB*A'A = BBTA*ABB* = A*ABB*ATA = A* ABB*.

(37)

(40)

(41)

(42)

(43)

(44) Both MT = (ATAB)TA" and (ATAB)T = BTATA.
(45) Both Mt = BT (ABB") and (ABB")t = BBT A

(46) Both MT = (A*AB)TA* and (A*AB)t = BT (A*A)T.

(47) Both Mt = B*(ABB*)! and (ABB*)t = (BB*)t A,

(48) Both M = BT(ATABBM)TA! and (ATABBY) = BBTATA.
(49)

Both Mt = B*(BB*)*~1[(A* A)*(BB*)¥]1(A* A)*1A* and [(A*A)*(BB*)*]t = [((BB*)*|T[(A*A)*]T for any
integer k > 1.

Both M = B*B(AA*ABB*B)T AA* and (AA*ABB*B)' = (BB*B)T(AA*A)'.
Both (ABBY)T = BBYAT and (ATAB)" = BTATA.

Both MBTA" and BT ATM are orthogonal projectors.

Both AEEAJr and ETFAE are orthogonal projectors.

Both MM'A = MB' and BMTM = AT M.

Both A*ABB' = BBTA*A and ATABB* = BB*A'A.

Both MBTAYM = M and MT = (ATM)TAT = BY (M BT,

Both MBTATM = M and M = (A*M)t A* = B*(MB*)t.

MBTATM = M, (ATM)" = MYA, and (MBY)t = BM?.

MBYATM = M, (AtMMTA)* = ATMM' A, and (BMTMB")* = BMMBT.

MBTATM = M, MMt AA* = AA*MM?*, and MTMB*B = B*BM* M.

R(ATABBY) = #(BBTAA), #(M*) = Z(BAY), and Z[(M*)1] = Z[(A*)T(B*)1].

(54)
(55)
(56)
(57)
(58)
(59)
(60)
(61) Both #(A*ABB') = #(BB'A*A) and #(A'ABB*) = %#(BB*ATA).
(62)
(63) Both #(ATABB') = %#(BB*A*A) and Z#(BB'A' A) = %(A* ABB*).
(64)
(65)
(66)
(67)
(68)

68) r[A*, E] =r(A) —|—r(§) —r(M), r[AA*M, M| =r(M), and T[E*EM*, M*| =r(M).

MM*M MB*B]
(69) r{AA*M " }_T(M).

(70) MB*BMTAA*M = MM*M, r[AA*M, M) = (M), and r[B*BM*, M*] = r(M).

MM*M MDB*B

(71) T{AA*M Y } = r[A*, B +2r(M) — r(A) — r(B) and r[A*M, B] + r[BM*, A*] = r[A*, B] + r(M).
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MM*M MB*B
AA*M M
and r[B*BM*, M*] = r(M).

(72) r = r[A*M, B]+r[BM*, A*| +r(A)+r(B) —2r[A*, B|—r(AB), r[AA*M, M] = r(M),
(73) The matriz equation BX A = A*ABB* is consistent.

Corollary 11.6. Let A € C™*" and B € C"*?, and denote A = (A*A)2, B = (BB*)z, and M = AB. Then the
following 74 statements are equivalent:

(0) (AB)t = Bt Al (1) Mt = Bt AT

(2) Mt e {BTA139Y, (3) Mt e {BtA129),

(4) Mf e {BFAGH}. (5) Mt e {BUL34 AT,

(6) Mt e {5(1,3,4)11(1,3,4)}_ (7) Mt e {B(l :3,4) A(1,2, 4)}

(8) Mt e {§<1,3,4>g(1,4>}. (9) Mt e {B(l 3)117}_

(10) Mt e {§(1,2,3)g(1,3,4)}. 11y Mt € {B(1,2,3)A(1,2,4)}

(12) Mt e {B1:23) A4}, (13) Mt e {B®3) A1},

(14) Mt e {B1:3) 4034} (15) Mt e {B(1:3) 4024},

(16) Mt e {BU3) A1), (17) {M13H) 5 {ETK(L?”‘U}.

(18) {M13} D {§(1,3,4)g1}_ (19) {M13} D {3(1,3,4)g(1,3,4)}_

(20) Both {M13)} 5 Bt AT and {MO14} 5 BT AT

(21) Both {M1-3} > { B34 gf} and { MDY D { Bt g<1,3,4>}.
(22) Both {M1®} > B(1,2,3>gf} and { M9} > {ETZ(IBA)}.
(23) Both {M19} > B(1’3)ﬁ*} and {MOD} > {ETJ(M)}.

(24) Both {M®®} > B+g<1,3,4>} and {M(D} 2 { 134)AT}
(25) Both {M®:®} D § B(134) ,1073,4)} and { MO} D { B(1,3.4) g<1,3,4>}_
(26) Both {M(1®)} > ¢ B(1:2:3) ]1(1,3,4)} and { MDY} D { B(1.3.4) g<1,z,4>}_
(27) Both {M(1®} D B<1v3)ﬁ(1a374>} and {M1H} D {§(1,3,4)g(1,3)}_
(29) Both {M(1®} D B<17374>E(17273)} and { MDY D {§<1,2,4)g<1,3,34>}.
(30) Both {MU1*)} D B<1,2,3>g<1,273>} and { M4} D {5(1,2,4)11(1,2,4)}_
(31) Both {MU1*} D 3(1,3)11(1,2,3)} and { M9} D {§(1,2,4)g(1,4)} .
(32) Both {M1®} BTZ(L??)} and {MOAY S {§<1,4>g1}.

(33) Both {M13)} D B(1’3’4)/T(1’3)} and {MOH} > {§<1,4>g<1,3,4>},

{
{
{
{
{
{
(28) Both { M1} > {3@07273)} and { M9} > {’é(nwﬁ}.
{
{
{
{
{
{

(34) Both {M13)} D B(1’2’3)ﬁ(1’3)} and {MOD} > {E(LM(LM}.
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(35) Both {M®} > § BUD AL qpd { MDY} D L B ALY

(36) {(AM)U)} S BUA2), [(AM)O®) 5 MT(A), {(M§)<1>} 5 (BT A, and {(MB)Y} > Bt Mt
37 — BIATMBtAT.  (38) BM'A=BBATA.  (39) B2MTA2 = M
40) Both MM' = MBTA' and MTM = BYAT M.
41) Both MM'A = MB' and AtM = BM'M.

42) Both BBYA2B = A%2B and AB2ATA = AB2.

43) BB'A2B2A'A = BBYA2B? = A2B2ATA = A2B2.

(37) M

(40)

(41)

(42)

(43) B

(44) Both Mt = (ATAB)T A" and (ATAB)t = BTATA.
(45) Both Mt = BY(ABB")! and (ABB')! = BB A,
(46) Both Mt = (A2B)t A and (A2B)t = BY(A?)1.
(47) Both Mt = B(AB2)" and (AB%)! = (B2)T Al
(48) Both Mt = BT (ATABB") A" and (A'ABB')t = BBTATA.
(49) Both Mt = B2k=1( A2k B2k)T A2k=1 g (A2k B2k)T = (B2K)T(A2K)T for any integer k > 1.
(50) Both Mt = B2(A3B®)1 A2 and (A*B3)T = (B3)1(43)f,
(51) Both (ABB') = BB' A" and (ATAB)! = BTA1A.

(52) Both MBYAT and BTATM are orthogonal projectors.
(53) Both AE AT and BTF B are orthogonal projectors.
54) Both MM'A = MB' and BMTM = At M.
55) Both A2BB' = BBTA? and A'AB? = B2ATA.
56) Both MBYATM = M and M' = (At M)t At = BT (M Bt
57) Both MBTATM = M and M = (AM)'A = B(MB)'.

58) MBYATM = M, (AtM)t = M A, and (MB")" = BM*.

59) MBYATM = M, (AT MM1tA)* = AtMMTA, and (BMTMB')* = BMtMB?.

60) MBYATM = M, MMtAA = AAMMT, and MtMBB = BBEM'M.

(54)

(55)

(56)

(57)

(58)

(59)

(60)

(61) Both Z(A2BB") = #(BB'A?) and #(AtAB?) = Z(B2At A).
(62) #(ATABBY) = #(BBTAtA), #(M') = #(B A", and Z[(M*)1] = Z[(A)T(B)1].
(63) Both #(ATABB') = %(B2A?) and Z#(BB' AT A) = #(A2B?).
(64) #(A2B?) = #(B%A2).

(65) Both Z#(AM) C #(B) and Z(BM*) C Z(A).

(66) Both Z(AM) = Z(A) N % (B) and #(BM*) = Z(B) N Z(A).
(67) Both r[AM, B] = r(B) and r[BM*, A] = r(A).

(68) r[A, B] = r(A) +r(B) — r(M), r[A2M, M] = r(M), and r[B2M*, M*] = r(M).

MM*M MB?

(69) = A2 M M

=r(M).
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(70) MB2MTA2M = MM*M, r[A2M, M) = r(M), and r[B2M*, M*] = r(M).

(71) r M}fLM M MEQ — r[A, B] + 2r(M) — r(A) — r(B) and r[AM, B) + r[BM*, A = 1[4, B] + r(M).
MM*M MB? B T B
(72) r koY vz r[AM, B] + r[BM*, A] +r(A) + r(B) — 2r[A, B] —r(AB), r[A2M, M| = r(M), and

r[B2M*, M*] = r(M).

(73) The matriz equation BX A = A2B? is consistent.

12 Concluding remarks

We have formulated several groups of two-term ROLs for generalized inverses of products of two matrices, given a
complete account of the one-sided matrix set inclusions in (1.9) by means of the three classic block matrix method,
matrix rank method, and matrix equation method in matrix calculus, which have been identified as dependable
and efficient tools for dealing ROLs in most situations. We believe that the whole work will have certain influential
impact on the development of the theory of matrix equalities/identities and the theory of matrix ranks.

It is undoubtedly a fundament work to establish equalities/identities for elements in algebras of other types,
and it is easy to see that all the preceding results and facts can symbolically be extended to the analogous topics
on ROLs in other algebraic structures that are somehow close to the matrix case, in which generalized inverses of
elements are defined by the four Penrose equations as well. But it should be pointed out that for the same kind of
ROL problems, any results derived from methods other than the three BMM, MRM, and MEM for a given ROL
to hold over general algebraic structures that are close to the matrix case must be consistent with these deduced
from the three careful matrix analytic methods for real or complex matrices. The past and present works together
with the countless open problems proposed demonstrate once again that algebraic equality /identity problems are a
class of featured subjects in mathematics and will attract ever-lasting and prominent attention in different research
fields of mathematics.
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