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Article
A Note on the Mean Square of Riemann Zeta-Function

Li An-Ping

Beijing 100086, P.R.China; apli_1012@sina.cn

Abstract: In this paper, we will give a new proof for a known result of the mean square of the Riemann
zeta-function.
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1. Introduction
Let
T
1= /0 1C(1/2 +it) 2| A(1/2 + it)|dt

where {(s) is the Riemann zeta-function, and

1<m<M

is a finite Dirichlet series. For this type of mean square of {(s), there are a number of researches, which
is related to estimate the number of the zeros of {(s) on the critical line Re(s) = 1/2, see [1-6]As before,
for two positive integers &, k, denote h* = h/(h,k),k* = k/(h,k), and h* is the least positive integer
such that i*h* =1 mod k*. Fors = c +it,c = 1+1#,0 < 7 < 1, denote by

and V = sup {#(c+it)}.
<M
Balasubramanian, Conrey, and Heath-Brown proved that

For a(m) < m¢, and log(m) < log T, there is

x

T(h, k)

I=T ) ”(h—h)ﬁ(h,k) (log 2nhk2 +27—1> +&. (1.1)

hk<M k

where & < VT€ 4 0(T). In the paper [1], it is applied an auxiliary function w(t, Ty, T»), which plays
an important role of "ferrying", Instead, in this paper, we will make use of a new one, i.e. w(t, Ty, T»)
defined in Lemma 2.1. Our result is that

Theorem 1.1. Suppose that a(m) < m€, and log(m) < log T, then

_ T(h k)? i
I=T — (h,k) <log ik + 2y — 1) +&. (1.2)
where & < VT € +0o(T).

As it is easy to know that V < M?*2¢%21 then with a properly re-define €, 77, it has

&,6 <« MPTE. (1.3)
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The main arguments in this paper are most similar to the ones in [1].
2. The Proof of Theorem 1.1
Lemma 2.1. Suppose that A = T?~€, define
A T ,
w(t, Ty, Tp) = 7/ T(A+ (1 — £)i)A~ A =D gy, 2.1)
2 Jty
Let « > 10, denote A = (2aAlog T)'/2,if t € [Ty + A, To — A], then
lw(t, Ty, Tr) — 1| < T%. (22)
Andift <Ty — A ort > Tr + A, then
lw(t, Ty, )| < T (2.3)

Proof. Itis familiar that 1
-A_ - —s
et = 2m,/l"(s))\ ds.
(c)

Hence,
1- CU(t, Tl/TZ) == Rl + RZ/

where

e/\ ) .
_ _ iA—(+u=hi)
Ri= o /TZ T(A+ (u — £)i)A du,

A T; .
Ry= 2 /1r(A+(u—t)i)/\*“*(”*f)l)du,

o 271 J oo

By Stirling’s formula, it has

1> log(A? + (u —t)?)

Re(logT'(A + (u —t)i)) :( ~5 7 —A+%log(2n)

—(u—1t) arctan(bl;t) +0(1/A)
And
Re(log(T'(A + (u — £)i))) + Re(log(A~A+H=Di)yy 4 A
_(u—t)2 (u—t)

1 1
= 2 % —Elog/\—i—ilog(Zn)—kO(l//\)

Hence, if t € [T} + A, T, — A], then

IRy| <</ AT+ (= £)i)A =+ 00y
T,
< A1 / exp(— (1t — £)2/20)du
T,
< T

and similarly

T;

|Ry| < )\*1/2/ 1 exp(—(u —t)2/2A)du < T~
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ift <Ty —A,ort>T,+ A, then
T,
w(t, T, T)| < A‘l/z/ exp(— (1 — £)2/2\)du < T~
T

O

Lemma 2.2 (Estermann|2]). Let

S (x, Z) = nil d(n)e (”kh) p2minx

o) Foon(2)r

write z = —27tix, then for Imx > 0,Res > 1,k > 1, then

Denote by

h 1 . I
S(x,k> = %('y—logz—Zlogk )—l—D(O,k*)

*2s5—1 * T+
—i /(Zn)fs% (D (s, Z{) + (cosmts)D (s, —Z*> > 2~ s (24)

()

where 1 < ¢ < 2, and it has
‘D(O, k) ‘ < k*(log 2k*)?

As usual, denote
x(1—s) =2(2m)7°T(s) cos(ms/2).

Lemma 2.3. Suppose that 1 < ¢ < 2, let

1
J) = 5= [ Tlsr = )2~ G 9x(1 = s)y~as,
(c)

then - p
](]/) :/0 vslef)w(EZm‘yv_’_efzm'yv)?v' (2.5)
Proof. 1
J) = 5. [ T(s1 =92 CIT(s)(riy) = + (~2iy)*)ds =y + o
(c)
where
1 (si— Ly
J1 :ﬁ/F(sl—s))\ (51-9)1 (s (27iy) ~*ds,
()
1 S N—
3 zz—m,/l"(sl — 5)A~ (1791 (5) (—27tiy) ~*ds.
(c)

By the theory of Mellin Transforms(refer to [7])

ZLm' / G(s)F(s)x°ds = /()mf<i)g(xv) o
(c)
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where 1 1
_ —s - = -5
flv) = 7ori /F(x)x ds, <(v) i /G(x)x ds.
(c) (c)
We apply this formula to J; and ], respectively.
For J1,
ATS1 s
f(0) =5 / T(s; —5)(0/A)~ds
(c)
—s
:’;m /F(w)(v/A)_(sl_w)dw
)
—)\ s (U/A)fslef/\/v _ 0*516*)\/?’,
ie.
f(1/v) = vs1e™ .
And 1
= —s _ 5,0
g(v) = 5o /F(s)v ds=e¢7Y,
(c)
ie.
g(xv) =e .
So p
_ « s1 ,—(Av+2miyo) 40
1 /0 vle p.
Similarly,
®© o) AU
_ s1 ,—(Av—2miyv) Y
2 /0 vle p.
O
Denote by L; the straight line from 0 to e’ co.
Lemma?24. Lets; = A+1/2+iu, 0 <6 < t/2, then
51 ,—AV S1,—Av
/ e g / T gv= —etom, 2.6)
L; v(v—1) L,;o(v—1)
And let
v*1e M log(—i(v —1 v*1e M log(i(v — 1
K :/ 5 dv—/ 8 dv
L§ U(U - 1) L7(5 U(U - 1) !
then
K = e*2mi(logu + co + cou™2). (2.7)

where cy and c, are two constants.

Proof. Equality (2.6) is followed by the residue theorem for the two integral paths form a contour with
apoleatv = 1.

To prove (2.7), we change the integral paths L; and L_; to the positive real axis but with an
indentation around v = 1 with Imv > 0 and Im v < 0 respectively.
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And let v = ¢*, then

_1(pX __
K= / exp(Ax + ixu — Aex)wdx

2sinh(x/2)
2y
- / exp(Ax + ixu — Ae* )de
Z-

where the integral path ., is from —oo to —e then along a upper semicircle CJ to +€ and tend to
+c0. The integral path .#_ is same but with a lower semicircle C; . Let C¢ be the union of C;” and the
reversal of ..

Then
. [7€ exp(Ax + ixu — Ae¥) ./+°° exp(Ax + ixu — Ae)
K= -
™ /foo Zsinh(x/2) YT 2simh(x/2)
. log(i(e* — 1))
— /CE exp(Ax +ixu — Ae* )725mh(x/2) dx
i exp(Ax + ixu — Ae¥) i
2 crucs 25inh(x/2)
And then
A —e A iux
K:—/ %dx—R;er'/ ¢ iy
e X —00 X
+o00 e*)xeiux i
) / dx — Py — R,
+€ X 2
where

B exp(Ax + ixu — Ae¥)
Re= ctuce 2sinh(x/2) dx

. log(i(e* —1)) e *logx
r_ _ _
R, = /Ce (exp()\x +ixu — Ae¥) 2sinh(x/2) » dx
1ux _ —A iux
P :/ exp(Ax —Ae¥)  e'e iy
—o0 2sinh(x/2) x
B +oo / piux exp()\x _ Aex) e~ Melux
P+ _/+e ( 2sinh(x/2) x )

It is easy to know that Rc and R, — Oase — 0. Let P = lirr(l)(P_ — Py), then
€—

K = e *2mi(logu + co + P)

where

11_ ©0
Co—/ 1 cosxd _/ cosxdx’
exp(—Ax —A(e™* —1))
2/ cos(ux <x 2sinh(x/2) ax
2/ cos(ux

exp(Ax —A(e* — 1)) P
<§xp —Ax—A(e™* —1)) )1x
2/ sin(ux < x)dx
(

2 smh(x/2)
2 sinh( x/2)

exp(Ax —A(e*—1)) 1
2sinh(x/2) dx

sin(ux)
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By the partial integration, P can be expressed as
Y o "+0wN).
2<n<N
where N is a any positive integer.
O
The following Lemma is direct.
Lemma 2.5. o o
/ o1 e My = A9 / X1l % dx = AT (s9) (2.8)
0 0
Lemma26. Letc=1+%n0<y<1,51=A+1/24iu, T <u<2T,6 =1/T, and let
o5 /\v ( ) —7tis/2 s—1 dv
W= / e (14 s |) S(cos7'cs)e (v—1)"""ds—
Then
W <y T°(log T/T)". (2.9)

and the estimation is also holds in the cases the term cos7ts is removed, or Ly is replaced by L_ 5 and e~ ™/2 by
eTtis/2,

Proof. Let v = x¢'’, then
IT(s)] < (14 [¢)1/2e /2,
COS 718
‘sin 7S
|efns/2| — ent/Z’

<

|Usl| < x)x+l/2’

1/v] < 1/x,

|e—/\v| _ e—A’x

7

where ' = A cosé, and clearly, A — T7¢/2 < A" < A.
And
(0 =17 = o — 1" e~ a8 = g(x, ) exp(—tb(x,d))
where
a(x,8) = ((x — a)* +2x(1 — cos 8))(c~V/2

xsind
xcosd —1

Suppose that 8 > 10, let § = (281og T/A)/2, there are the following estimates

b(x,d) = arctan

1, ifx<1-9,
a(x,6) < ¢ 071, if|x—1] <86,
2l ifx>1+40.
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and
> 0, x>0,

> 0715, lx—1| <86,
b(x,0)¢ <m—Co715, |x—1|<8,
< T —Cxé, 0<x<1-9,
<6671, x>1+6.

where C is a constant. Hence

N o3/ x>1+6,
/ (1 |¢])et1/ 27t 1) /2= t0(x0) gy (6-1)e+3/2 |x —1] <,
- (6x)°%2, 0<x<1-6.
Divide the x integral into three pieces W1, Wp and W3 with0 < x <1-6,1-0 < x <140 and
140 < x < oo respectively, then there are

W=W1+W2+W3.

1-6
W1 < 5_5/2_’76)‘/ XA 2o Nx gy « 575/2-nT—P
0

Wy < T€6°
Wy < §-5/2716A /°° AHe3/2,-Nx gy o 55/2-nT—B
146
O
Lemma 2.7. Lets; = A +1/2 + iu, define
eA —81+s A
o) = 5— / T(sy — $)A~1+57(s)x (1 — s) A(s) A(1 — s)ds.
(1/2)
Then for T < u < 2T, there is
a(l)a(k) u(h k)2 L
— S 2.1
o) = b T (k) (leg g b+ O™ 4 & (2.10)

where & < VT €, and by is a constant.
Proof. We move the integral path from (1/2) to (¢),c =1+1#,0 < 5 < 1, the residue at s = 11is
R=eM(A—1/2—iu)A~ W22 70)A(1)A(0) < MMTET* « T4H1

Hence,
g(u) =g(u) — R
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where §(u) is the one of g(u) moved in the new integral path.

~ a(h)a ad nh
ORI DL SPT
1<hk<M n=1
_ ¥y a(h)a(k) id(n)e/\ /oo Uslef/\v(ezmnh/k_|_672m'nh/k)d_v
1<inrem K3 0 v
a(h)a(k
= ( )k ( (h+ L)
1<hk<M
where
I =M +Ry—iEy, Ib,=Mp+ Ry, —iE,.
M, = e’\/vsle_/\vly —log(—2mi(v —1)h/k) — 2logk* dv
—27mih* v
Ls
_ h* A 51 —/\vdv
Rl_D<0,k*>e /v e p.
Ls
A S1 ,—Av dv
Ei=e /v le Pl(v)7
Ls
Fi(v) = /(27r)_SM D{s " + (cosms)D| s —E
1 sin 7ts "k Tk
(c)
(—2mih*k* (v —1))5 " ds
And
Mo — o Usle_Av'y—log(—Zm'(v—1)h/k)—210gk*d_v
2 27ih* v
L_s
_ h* A S1 —Avdv
R2—D<O, k*>e /v e 5
L_s
A s1,—Av dv
Ey=¢ /vle Fz(v)7
L
E(v) = /(27r)_s [(s) D|s " + (coss)D | s E
2 sin 7ts Tk "k
(c)
- (2mih*k* (v — 1)) 1ds
By Lemma 2.4,
_ 1 u(h, k)? -2
M1+M2—F<1OgW+W+C0+O(M >>
and by Lemma 2.5

x

h
Ry + Ry < ReD <0, k_*> T™* < M(log M)>T™* < T~**1

So —
a(h)a(k)

Ri+Ry) K M2 1o MT 41 « T—2H2
g
1<h k<M
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The other error term is L
a(h)a(k)
k

(El + EZ)/
1<h k<M

which may be written as a sum of four terms of a typical one is that

Z= //G(v $1,8).4 (s)dsdv

where I(s)
_ A5 ,—Av S —2s5(__ o s—1_.—1
G(v,s1,s) = e*v'le sinrfs(zn) (=2mi(v—1))° "0 ",
= d(n)  a(alk) , oo, (1
M (5) = (k) =2)e| —— ).
n;l ns h,lgM (hk)1=s k
By Lemma 2.6,
Z KL VTeo°.
O

The Proof of Theorem 1.1.

Proof. By Lemma 2.1, it has
2T
I(T,2T) = / w(t, T — A,2T + A)|TA(1/2 + it)|%dt + o(1)
2T 2T+A
Zn/ / T(A + (1 — DA~ A=) gz A(1/2 + it) Pd + o(1)

2T+A 2T
AT —(/\+(u—t)i) 2\ 12
27{/ /T T(A+ (u— D)i)A ICA(1/2 + it)|Pdtdu + o(1)

2T+A P
< 1
< [ atwdu+o)
2T+A alk) I,k 2
- y 8,) (10g “SKE by + 0 ) +0()
T-A  j<ikeM hk 27thk
a(h)a(k) ( T(h, k)
=T ), (h,k){ log +by—1+2log2) +O(&T)
L<hTeM hk 27thk
a(h)a(k)
+O<A10gT1<I§<th(h,k)
and T k)
. 3
1<hzk;<M hk <M h;vlh <<10g M

th

that is, the last term is O(A log* MMZ).
Then replacing T by T/2%,1 < k < log T, and summing, it follows

1<t Y ° h)m(h,k) <log T(h,k)* +b0—1> +é

=Y 27thk

On the other hand, similarly it has
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I(T,2T) = /:Tw(t, T+ A,2T — A)|CA(1/2 + it)2dt + o(1)

A 2T 2T—A
= 267_[ /T /T T(A+ (u— t)i))f()”r(u*t)l)du|€A(1/2 +it)[2dt + o(1)
+A

e)t 2T—A 2T .
. / / T(A + (1 — H)A~ O =001 2 A(1/2 + it) Pdtdu + o(1)
27T JT+A JT

v

2T—A
/ g(u)du +0(1)
T+A

Hence, it will lead same bound as the upper bound above. As for the fact by = 2+, it may be followed
from the known result of Ingham [5]. O

It should be mentioned that the integrant of w(t, T1, Tp) in general is not as the one of w(t, Ty, T»)

_(t=u)d
6A2 7

context, so can be approximately viewed as a positive real number, and the deduction above is valid as

a positive real number, nevertheless, its argument is about 5 which is very small in the

the one in [1].
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