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Abstract: A statistical field model is constructed on Minkowski spacetime for a self-interacting Dirac
field that fluctuates with respect to an auxiliary parameter A. The fluctuating Dirac field undergoes a
variational Hamiltonian flow while exchanging action with an action bath. Assuming ergodicity, the
partition function is calculated and used to provide a perturbative expansion for the field’s correlation
functions. Non-perturbative calculations are carried out and the resulting 2-point correlation functions
have a distinct light cone structure as expected for a relativistic field theory.

Keywords: relativistic statistical field theory

Introduction

Traditionally, non-perturbative quantum field theory calculations are performed on Euclidean
lattices [1-3]. Physics, however, is relativistic. Euclidean lattice models lack a unique time-like
direction and instead rely on analytical continuation to connect the Euclidean correlation functions
to observables on Minkowski spacetime [3-5]. While several methods are known for generalizing
these reconstructions to some curved spactimes, it would still be desirable to have models formulated
on spacetime directly [6-9]. For this reason, various “real-time” methods have been developed to
non-perturbatively calculate correlation functions directly on Minkowski spacetime. Many of these
real-time models, however, face convergence issues because the actions of quantum field theories are
usually not bounded from below and because fields are often weighted by a complex phase factor
[10,11]. Other authors have addressed some of these issues using various relativistic statistical field
theory constructions [12-16].

Recently, however, the present author has developed a statistical field model with two key features:
(1) a relativistic action that is bounded from below and (2) an extended variational phase space whereby
the fluctuating fields exchange action with an action bath [17]. Assuming ergodicity, the combination
of these two features provides a relativistic partition function that samples a canonical ensemble of
field configurations. The present article refines this approach and applies in to an interacting Dirac
field model.

Preliminaries

The action of the free Dirac equation is typically expressed as SJ%Z:C = [P(x)(id — mD)y(x)d*x
where I is the 4x4 identity matrix, ¢ := T7?, and g := Zy -0 'y 5 with o# denotmg the Dirac repre-
sentation gamma matrices and x(*) providing coordinates on MlnkOWSkl spacetime. To get the classical
equations of motion for ¢, one usually sets the variational derivative of the action with respect to ¢
equal to zero; however, one could equivalently set the variational derivative with respect to " equal
to zero to afford 7 (id — mI)y(x) = 0. Often, it is more efficient to deal with the momentum space
version of the Dirac equation where, after Fourier transformation, the partial differential equations
become the matrix equation 7°(¥ — mI)(k) = 0 where now ¥ = 7% — 23 1 Yk, The matrix
70(¥ — ml) is diagonalizable. Diagonalizing this matrix gives 7°(K —m) = P(k)D(k)P’l(k) where
D(k) is the diagonal matrix defined in equation (1) with wp := \/(k(l))2 + (k(z))2 + (k(3))2 +m?2 and
P(k) is an invertible matrix.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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- 0 k©) — wp 0 0
D(k) := 1
(k) 0 0 k©) 4 g 0 M
0 0 0 k©) 4wy

The diagonalization of a matrix describes, in a different basis, the same operator as the orig-
inal matrix. Redefining the Dirac field in this new basis as ¢/(k) := P~!(k)y(k), the Dirac equa-
tion is now expressed as D(k)y’(k) = 0. Using the inverse Fourier transformation then gives the
spacetime representation of this diagonalized Dirac equation as the pseudodifferential equation
(DY) (x) := 14 [ D(k)y' (k)e~*~*d*k = 0 where k - x := k(0 x(0) — kD x(D) — k2 x(2) — k3 x(3) This
diagonalized Dirac operator is conceptually similar to the pseudodifferential operator square root
of the Klein-Gordon equation described previously by Limmerzahl [18]. Indeed, one can define an
adjoint operator D*/ that composes with D to give the Klein-Gordon equation. To see this, return
to the free Dlrac action and this time set the variational derivative with respect to i to zero to get
Pt (x)y (z J — mI) = 0. Taking the Hermitian conjugate of both sides gives — (id + mI)y%p(x) =

The momentum space representation of the matrix —(id + mI)7? is again diagonalizable and affords
the diagonal matrix defined in equation (2).

—k0) _ wy 0 0 0
i 0 —k©) — 0 0
ad o 0
DHk) = 0 0 —k©) 4wy 0 @
0 0 0 —k©) 4wy

Composing D™ (k) with D(k) gives — ((k(0)>2 - (k(1)>2 — (k(Z))2 — (k(3))2 — m2> L It follows

that (D“delp’) (x) := 41? [ D™i(k)D(k)y' (k)e~**d*k = —(O + m?)y'(x) = 0 as desired. Because
the original basis for the Dirac field is unimportant, the tick mark, ’ , will be dropped from the
notation going forward and (x) will be understood to be a collection of four complex-valued fields
lp(“)(x) eC,a=0,1,2,0r3.

These diagonalized free Dirac equations are interesting because one can define smooth, positive-
definite integral kernels that are approximate solutions. For example, define AL (x; €) according to:

A (x;€) 0 0 0
0 A (x;€) 0 0
Ap(x;€) = e , 3
m(xi€) 0 0 Ay(xe) 0 ©)
0 0 0 A, (x;€)
where € is a small positive number and A} (x; €) are defined as follows:
2
(k0 £ wy .
AL (x;€) / _Q —ewp | e * X4k 4)
Zwo\f €

The integral kernel AL (x; €) is an approximate solution of the diagonalized free Dirac operator D
in the sense that lim,_,o+ (D AL)(x;€) = 0 because:

2
7T k(o) F wo
lim / s “Opxp| — —( )
e—0F 2wpy/€ €

0wy )
since ﬁexp <—7r(kw> approaches a Dirac delta distribution centered on (k(o) F wo) ase — 0.

—ewp e * ¥tk =0 5)

€
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Moreover, AL (x;¢€) is positive-definite because each of A% (x;€) is. That is, for any complex-
valued function ki, with complex conjugate h*, that is not identically zero, these integral kernels have
the following property:

positive-definitness for m, e > 0: //h*(xz)Ai(xz — x1;€)h(x;)d*xpd*x; >0 (6)

This property follows from the Plancherel theorem [19] whereby [ [ h* (x2) AL (x2 — x1; €)h(x1)d*xad*xy
is equal to [ A% (k;€)|h(k)|?d*k and A% (k;€) > 0 everywhere when m, e > 0.

The integral kernels also have smooth, closed form spacetime representations which can be found
by explicitly evaluating the Fourier integrals. First, evaluate the integral with respect to k(¥ to get:

o) = L
A (x;€) (

iy3 k) x()
2ﬂ)zexp — /2wOexp e:I:zx( ))wo)elzlzlk] ' k. (7)

A 2 N\ 2
Switching to spherical coordinates with p? := 21321 (k(] )) ,t:=x0), and 12 := Z?:1 (x(] )) gives:
AL(t,re) =

et? [ 22\ [ giercos(s) ®
( )/ mexp( (e £it)\/p +m>/1ePC°S dcos(0)dp.

The integral with respect to the angle 6 can be performed to give':

1 2
A%(t,r;e)zﬁ ( f >/ mexp( eilt)\/p2+m2)sin(pr)dp. 9)

According to the Bateman Table of Integral Transforms at page 75, equation 36 [21], this integral
has the following closed-form solution:

me—etz/(47t)

Ai(t, r€) =

K4 {m 2+ (e+ it)z] , (10)
2m\[12 + (e £ it)?

where K; is the modified cylindrical Bessel function of the second kind and order one.
With these properties, AL (x;¢€) encodes the physics of the free Dirac equation into a smooth,
positive-definite integral kernel with a closed-form spacetime representation.

Constructing the Statistical Dirac Field Model

Let X denote a simply connected region of Minkowski spacetime having a boundary, 0X, and
finite 4-volume, Voly := f x d*x. The Dirac field, 1, is a collection of four complex-valued scalar fields,
@, on X that is typically arranged in column vector notation as:

O (x)
(1) (x)
P(x) = : (1)
(2) (x)
(3) (x)
Suppose that this Dirac field “fluctuates” with respect to some parameter A € [0, c0). The variation
of ¢ for any given value of (x,A) € (X,[0,00)) is defined as {(x,A) := W‘ . To prescribe
K=

physics to these fluctuations, it is useful to couple ¢ to an additional fluctuating field defmed as:

1 A similar integral is evaluated in spherical coordinates in the book by Sharf at equations (2.3.8) and (2.3.9) [20].
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)
¥ (x) = ; , (12)
)

where each HE:)) (x) is a complex-valued scalar field. Fluctuations of 7(#) are defined by AW (x,A) =

) . . . . . .
W . As these fields fluctuate, they can exchange action with an action bath by interacting
k=0
with the action bath parameter s(A) which is a global, real-valued parameter with $(A) := ds(g: )
K=

K
The action bath parameter s(A) will likewise be coupled to an additional parameter denoted by () (A)

with 708 (1) := % . Together, these fields define the degrees of freedom of the system. To

K

=0
define how these fields fluctuate consider the following action:

7)) )2
Sizs (ZMS) +8V‘2X1n<s>+ / 2'”5'2("2>+c[w<xz>]d4xz—so , 13)
with Lp(x2)] = 9*(x2) [ [AR] (2 = xii)p(n) + PVIp(x2), 9l . (14)

Here, Sy, Ms, B, and g are real-valued constants that do not depend on A and the explicit A-
dependence of the degrees of freedom is omitted in favor of a more compact notation. The constant Sy
in particular is defined such that S|, _, = 0. In £, the term [A,’Z ] - (x2 — x1; €) is the operator inverse of
AP (xy — x1; €) and necessarily exists and is positive-definite because AL (xo — x1; €) is positive-definite.
The operator inverse is used here so that the 2-point correlation function of the free field is proportional
to AD(x; — x1;€) as shown in one of the sections below. Additionally, the term V[¢(x2), (x1)] is an
interaction term for the Dirac field, an example for which is provided in the examples section below.
Overall, the term L[i(x2)] must be bounded from below, and this limitation constrains the set of
acceptable interaction terms V[ (x2), P(x1)].

The development of the degrees of freedom with respect to A is then defined by the following
variational analog of Hamilton's differential equations:

)
ﬁ(lP)(x,/\) =——1 15
5¢+ x,A ( )
. oS
xX,A) = , 16
P(x,A) pormssd BN (16)
) (A) = —%i , and (17)
A
. 0§

Here, % denotes the variational derivative. These equations define a symplectic flow on the

variational phase space consisting of the degrees of freedom. This flow conserves the total action of
the system, assuming appropriate boundary conditions, because the total action acts as a variational
Hamiltonain [17,22-24]. When the fields are discretized for numerical simulation, these variational
equations become a finite system of partial differential equations that can be integrated numerical with
respect to A as demonstrated in the examples section below. Thus, assuming a suitable prescription for
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all of the degrees of freedom at A = 0, one can obtain a 1-parameter family of system configurations
from which observables can be calculated.

Observables, Expectation Values, and the Partition Function

The observables of interest for this system are functionals of Dirac field, e.g., O [1}7(”‘)} e C.
The expectation value of an observable is given by its average with respect to A. Specifically,
<(’) {lp(“)} >A i=limy 0 % fOA @) [l[J(“) (A)] dA. These expectation values can be computed during nu-
merical simulations. Assuming ergodicity of the system’s dynamics with respect to A, one can also
calculate expectation values using the partition function.

The partition function is defined by the ergodic average over the variational phase space using
the phase space measure given by:

dr == C(S) dsdn® D[Re{nW)}] D [Im{n@l’)}} D[Re{p}|D[Im{yp}], (19)

where D[Re{}] := [Tref1,2..N}ae{0,1,2,3} dRe{yp(®)}(x) is the functional integral measure over N dis-
cretized points, the other functional integral measures are defined analogously, and C is a normalization
constant. Define the following change of variables: 7(¥) := @ and £t .= # This change
of variables is equivalent to a re-scaling of A. See the article by Bond, Leimkuhler, and Laird for an
analogous construction used in classical statistical mechanics [25]. This change of variables changes
the integration measure in the partition function by a factor of s~ to give:

Z=C / N6 (S)ds drs) D [Re{g(l/”}] D[Im{EW’)}] D[Re{p}] D[Im{y}). (20)

Recall the identity £5[f(c)] = 5([J;§CC/§] , where ¢’ is the isolated zero of f(c). For the systems of
dcl(c)
interest here, ¢’ is given by the following equation:

 =exp

svﬁ ( Ty / WP (x2) + L[p(x )]d4x2—50>]. (21)

Assigning a unit volume to each of the N points in the functional integral measure gives Volx = N.
Performing the integral with respect to ds affords:

X2

()
Z /exp [ - ﬁ( M, + |E(¢)|2(X2) + ﬁ[lP(X2)]d4xZ — So)] 22)

in® D [Re{EW)}} D [zm{g@lﬂ }] D[Re{y}] D[Im{p}].

Now, the integrals with respect to drr(*), D [Re{ n¥) }} ,D {I m{zx¥) }} are all Gaussian and can be
evaluated and, after collecting constant terms, affords the partition function:

zZ-27, / exp[ B / P(x2)] d4x2} [Re{y}] D[Im{y}]. 23)

The partition function is helpful for calculating expectation values because, by the assumption of
ergodicity, the expectation value of some observable O taken with respect to A agrees with its ensemble
average. In equations:

(O[p)]) = lim /l\/OAO[lp(“>(/\)]dA, (24)

A A—00
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(01p1), =20 [ O[y®]exp|~p [ Llp()lds2| DIRe(y)) Dltm{p}land (29

(o)), = (0[] @)

Because the expectation value with respect to A agrees with the ensemble average, let <(9 {1/1(“)} >
denote the expectation value determined by either method.

Correlation Functions

The correlation functions encode the physics of the system. These correlation functions can
be calculated perturbatively using the partition function, as demonstrated in this section, or non-
perturbatively by numerically integrating the system’s evolution with respect to A, as demonstrated in
the next section. To begin, consider the cumulant generating function:

In(Z[y]) ==
‘ 27
in(Zo [exp [ in* el — iv* cadn(oa) ~ BLIp (x| D[R4 Dl (9)]), >
where 7 is a source term, and recall the definition of L[ (x7)]:
-1
Llp)) == ' (x2) [ [BR] " (xa = xse)plxn) + PVIp(ra), ). (28)
1

The correlation functions are calculated in terms of the cumulant generating function by taking
variational derivatives with respect to 1t and 7 followed by setting the source terms to zero:

5" n(Z[y])
T (x1)--0" (xa) 91 (Xa11) -0 (Xa4p)

= (=1 (1) (2P ()Y (Fais) ) (29)

=0

These correlation functions can be expressed perturbatively in the interaction term, g%V [¢(x2), ¥(x1)],
by expanding them as a series in the parameter 4. The generating function can be compactly expressed
by making use of the following indentity terms of a variational operator acting on the free partition
function as follows:

Zln ]_exp[ B /x2 /X1 [ 577 x2) i577((5X1)]d4x2d4x1]mem G0

where the details of this expression can be found in Bailin and Love at Chaper 5 [26]. The free partition

function, defined as:

Zfree[n] 1= Zo /ExP [/Xz in® (x2)9(x2) — i (x2)77(x2)

(31)
u p] ! 4. g4
By (x2) [ [BR] (32— xi;)p(x1)d* oty | DIRe{}] Dllm{y}),
1
is a standard Gaussian integral which can be evaluated to give:
Zfree[n] < exp [ / / xl;e)iy(xl)d4x2d4x1] . (32)

Combining the above equations, the correlation functions can be expressed in terms of various
contractions of the integral kernel AL (x; — x1;¢€), and one could use a diagrammatic technique similar
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to the Feynman diagrams to keep track of these terms. In particular, this shows that the 2-point
correlation function of the free field is given by:

(pp (), = 50R(a -~ me) )

Examples

An advantage of the model developed in the previous sections is that it is easy to discretize and
simulate numerically. In each of the following examples, the field ¢ was evaluated on a set of 4096
points selected at random from the region X of Minkowski spacetime that satisfies y/(xp)? < 1 and
V(x1)2+ (x2)2 + (x3)2 4+ /(x0)? < 1 for each x € X with a uniform distribution of points in the (t, r)
plane. Each component of ¢ and 71(¥) was initialized with a random phase and magnitude ranging

from -1.75 to 1.75. The variables s and 77(®) where initialized to 1 and 0, respectively. The parameter
values m = 1and B = 1 were used. The value of € was set to 0.01 for the integral kernel, AL (xo — x1;€),
and the integral kernel was divided by its value at x, — x; = 0 to standardize the results.

Once an initial configuration was established, each example was numerically integrated with
respect to A using the explicit leap-frog algorithm provided by Bond, Leimkuhler, and Laird [25]
with a step size of AA = 0.1. Each system was “equilibrated" by stepping the system forward
for 1,000,000 steps. After this “equilibration” period, each system was further numerically inte-
grated with respect to A for an additional 5,000,000 steps during which data was collected. The
collected data included expectation values of the form (¢ (f;)¢(fo)) where P(f;) := Yrex P(x)fi(x)
and ¥(fo) := Yrex ¥(x) fo(x) with {fi(x) } being a set of 225 equally sized, real-valued functions that
tesselate X by taking the value 1 in a triangularly supported region of the (t, r) plane and taking the
value 0 outside of each function’s respective region of support. Further, fy(x) covers the origin where
(t, r)=(0, 0).

Example 1: Free Field

In this example, the free field model was used (i.e., q=0). The real and imaginary parts of the
expectation value (§(f;)¢(fo)) were each normalized to a maximum absolute value of 1 and are ploted in
Figure 1A and 1B, respectively. From the calculation of the 2-point correlation function in the previous sec-

tion, one would expect ({(f;)(fo)) to approximate < (1/1(0) (xz)) *111(0) (x1)> + < (1/1(1) (xz)) *l[J(l) (x1)> —

< (1/1(2) (xz)) *l[J(Z) (x1)> - < (1/1(3) (x2)) *1[J(3) (x1)> which is to proportional to Im{A;},(x — x1;€) }. More-
over, limg_,o+ Im{A}}, (x2 — x1;€)} = A (x2 — x1) which is the Pauli-Jordon propagator.

A) B)

t ' g t : s

Figure 1. Normalized real part (A) and imaginary part (B) of the correlation function (§(f;)¥(fo)) of the free field
model in the (t, r) plane. Before normalization, the maximum absolute value for the real part was 0.8 times that of
the imaginary part.
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As seen in the plot of the imaginary part (Figure 1B), the correlation function has three distinct
regions: (I) the interior of the past-directed light cone, (II) the acausal region, and (III) the interior of
the future-direct light cone. Regions, (I) and (III) have a small oscillatory character whereas region (II)
is substantially zero. Moreover, region (II) is separated from regions (I) and (III) by a sharp light cone
with the past-directed light cone and future-direct light cone being antisymmetric with respect to time
inversion. All of these properties are consistent with the expectation that the result should be similar
to the Pauli-Jordon propagator.

The real-part of the correlation (Figure 1A), by contrast, is more noisy with a large negative feature
near the origin and some smaller oscillatory behavior in the interiors of the future and past directed
light cones. These effects may be due to the non-interacting nature of the separate () modes which
do not cancel each other out to give zero. This hypothesis is supported in the following interacting
model wherein the real part of the correlation function is substantially feature-less noise.

Example 2: Interacting Model

In this model, the following interaction term was used with q=0.1:

PPV[p(x2), ¥(x1)] = g*(j*(x2)) A% (x2 — x1;€)j"(x1), where (34)

j*(x2) := P(x2)7"¢(x2), and (35)

As(xz —xy;€) = diag (AT(xz - xl,'e),AT(xz - xl;e),AT*(xz - xl;e),AT*(xz - xl;e)), (36)

AT (xy — x1;€) = (Aj(xéo) - xgo), Ty— Xy€)+ Aj(x%o) — xgo), Ty ?1;6)) /05(0,€).  (37)

Here, the j#(x;) and j*(x1) terms are currents generated by the fluctuating Dirac field and
they interact through the time-symmetrized integral kernel AT (x, — x1;€) and its complex conjugate
AT"(xy — x1;€) where € additionally parameterizes a small but positive mass term that, in the limit
as € goes to zero, may mimic the exchange of a photon. The interaction kernel AT (x; — x1;€) was
found to be positive-definite by Cholesky decomposition for the system under consideration; so, other
interaction models could consider using an inverse of this kernel. The factor A}, (0, €) was included to
standardize the magnitude.

As seen in the plot of the imaginary part (Figure 2B), the correlation function has three distinct
regions: (I) the interior of the past-directed light cone, (II) the acausal region, and (III) the interior of
the future-direct light cone. Regions, (I) and (III) have a small oscillatory character whereas region
(I) is substantially zero. Moreover, region (II) is separated from regions (I) and (II) by a sharp light
cone with the past-directed light cone and future-direct light cone being antisymmetric with respect to
time inversion. These properties suggest that this interacting model may obey causality as would be
required for a physically meaningful model.


https://doi.org/10.20944/preprints202504.1510.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 18 April 2025 d0i:10.20944/preprints202504.1510.v1

90f 10

A) B)

1

t ’ - t

Figure 2. Normalized real part (A) and imaginary part (B) of the correlation function ({(f;)¢(fp)) of the interacting
field model in the (t, r) plane. Before normalization, the maximum absolute value for the real part was 0.018 times
that of the imaginary part.

The real-part of the correlation (Figure 2A), by contrast, looks like feature-less noise. While both
plots were normalized to have a greatest absolute value of 1, before normalization the maximum
absolute value for the real part was about two orders of magnitude smaller than that of the imaginary
part. This suggests that the real part may be effectively zero.

Discussion

These results demonstrate an implementation of a statistical Dirac field model on Minkowski
spacetime. The 2-point correlation functions of both the free field model and the interacting model
have light cone structures similar to what one would require from a relativistic field theory. Future
work may involve attempting to construct a fermionic algebra of observables with the appropriate
anti-commutation relations.
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