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Article
2" — 1 as the Integer Formulation to Govern the
Dynamics of Collatz-Type Sequences

Gaurav Goyal

Department of Mechanical Engineering, Indian Institute of Technology, Delhi, India; Gaurav.Goyal@mech.iitd.ac.in

Abstract: It has been discovered that representing odd integers as modified binary expressions ending with
2™ —1 for m > 1 helps in understanding the dynamics of Collatz-type sequences. Starting with the original
Collatz sequence 31 + 1, it is found that when the odd step is applied to an odd integer ending with 2 — 1, an
even integer that ends in 2m+1 4 om _ 3 ig obtained, which is exactly once divisible by 2, unless the lowest index
reduces to zero. This implies that the sequence alternates between odd and even steps m times. This governs the
dynamics of the Collatz-type sequences because the value of m determines the number of times the integer can be
divided by 2 in each even step. A shortcut method is then presented that gives the even integer after m odd-even
steps are completed. This formulation also allows construction of odd integers to follow specific patterns of odd
and even steps. The shortcut method for the modified Collatz sequence 51 + 1 is also presented.

Keywords: Collatz; 3n + 1

1. Introduction

The Collatz problem [1-4], defines the following set of rules: If 7 is odd, multiply it by 3, and add
1. If n is even, it is divided by 2.

The associated Collatz conjecture states that every integer ultimately reduces to unity. To prove
this conjecture, it must be shown not only that the sequence eventually cycles through 1, 4, 2, 1, but
also that no integer diverges to infinitely larger integers [5,6].

While a complete proof may be impossible, this article attempts to understand the working of
Collatz-type sequences. For this, the odd integers are expressed as modified binary expressions ending
in 2™ — 1 for m > 1. By examining the integers that result from this seed form, insights are gained
into the patterns of the odd-even steps. The conditions that govern the progression of Collatz-type
sequences are immediately made clear through the use of the modified binary form ending with 2" — 1.
For this reason, 2™ — 1 is stated as the governing integer formulation for Collatz-type sequences.

2. Behavior of Collatz Sequence 3n 4+ 1 with 2™ — 1

Let n be an odd integer ending with 2" — 1. The term 2™ — 1 is crucial because it governs the
sequence’s behavior. Although calculations will only explicitly show the evolution of this term, it is
implied that the full odd integer, including higher index terms, is present but not explicitly written out.

Let O{1}, O{2},... denote the resulting integer at the end of the odd step while £{1}, £{2},...
denote the resulting integer at the end of the even step. The modified binary expression of integers at
the end of each step is:
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n=2"-1
O{1} = 2+1)(2"—1)+1
="t yom_2

E{1y =2m 42" 1 1

o2y =2+1)2"-1)+1+2+1)(2™ Y
:2’”“+2m—2+(2+1)(2m D)

E{2y =2m 42" 14+ (24+1)(2" )

O3}y =214 om 24 (24 1)(2" 1) + (2+1)2(2m*2)

{3} =2m 42" 1—1+(2+1)(2m 2+

The following observations are made:

¢ The number of divisions in each even step depends on m. If the lowest index of 2 vanishes, then
the resulting integer is even, leading to an additional £ step.

e The reduction in index at an £ step is compensated by multiplying by (2 + 1) at the O step.
However, the reduction in index by an additional £ step cannot be compensated and is carried
forward for the remainder of the cycle.

e Once the first 2° is reached, additional € steps occur after fewer O cycles since the lowest index
is now less than m. See appendix A for more information.

e After m additional £ steps, the term 2" is reduced to 29, and all lower index terms vanish. The
value m is also deducted from higher indices.

Let the even integer obtained at the first even step after the m'" odd step be &™) {m}.

Dim}y=2"+2" 14+ 24+ 12" )+ +2+1)" 1 -1
=3" -1

Suppose the actual integeris Y 2" 42" — 1, then the integer obtained at £(!) {1} becomes

n>m

D{m} = <(;>mn;nz”> +3" -1

A few examples are given in Table 1.

Table 1. Examples of the even integer obtained at £(1) {m} for various seed integers.

Integer Modified binary EM{m} Integer value
7 25 -1 3P -1 26
19 244221 (%)224+32—1 44
34603007 | 2254220 1 (%)20225 +3%0 1 115063885232
57343 | 2154214 4213 1 (%) P15 p 1) 131 | 11160260

3. Controlling Collatz Sequence Using 2" — 1

Since the behavior of the Collatz sequence is understood, it is now possible to estimate the starting
integer based on a given pattern of O& cycles, or to estimate the cycle pattern based on the integer. An
example of estimating the integer based on a given O& cycle is presented.
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3.1. Estimating Integer Based on a Cycle Pattern

Suppose the following cycle pattern is desired:

OEE OEE OEOVEE
S o S —
« B 0%

The cycle is segmented into «, B, and 7 blocks depending on termination by the extra & step. Let
the integer be of the form 27 +2f +2% — 1,4 > B > . The value of « is visually determined as 1.

The residue of 2* — 1 at the end of « block is one. The lowest index term at the end of a block
determine the cycle pattern for the B block. The lowest index terms resulting from 2f and 27 at the end
of the & block are estimated using binary formulation in previous section.

OLE(m) = ... +27 1 42724 271 1 2F2 11

The higher index terms are ignored. The integer formulation should end in 2! — 1 since there is
one O cycle. Therefore, the odd integer resulting from 26~2 + 1 should be equivalent to 2! — 1.

2721 1=21_1
p=>4

In a similar manner, the lowest index at the end of § block are

OEEOEE(n) = ... +272 42773 42773 4 o744 9F=2 4 f=3 4 2F=3 4 pf~4 1 q
OEEOEE(n) = ...+ 20 L4274 4o~ 1 pf~4 1
OEEOEE(n) = ...+ 204 424 11

The higher index terms obtained from coalescing lower index terms are removed. The lowest
index terms are 27~# + 2~% and this should be equivalent to 22 — 1 since the O& continues for two
cycle.

274y oft 1 =022 1

If B = 5, the term 26~* + 1 becomes equal to 22 — 1. Therefore, the value of 7 is greater than 4.
Some of the integers obtained for different values of v along with their cycle are given.

311.7=5

The integer is 25 + 25 + 2! — 1 = 65. The Collatz cycle is OEEOEEOEEE. The cycle is correct till
the 8 block but then differs for the 7y block. It happens because the value of v and g is taken equal that
results in index coalescing.

312.7=6

The integer is 26 +2° + 2! —1 = 97. The Collatz cycle is OEEOEEOEOVEOEE. The cycle is
improvement over the previous one but still not correct. This occurs because 27 +2~4 41 =
22 422 _ 1. As one can see, the indices are same and coalesce to become 23 — 1 for which the O&
repeat three times.

313.y=7

The integer is 27 + 2% 4+ 2! — 1 = 161 and the Collatz cycle is OEEQEEOEOEE which is the
desired cycle.
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314.v=38
The integer is 28 + 2° + 2! — 1 = 289 and the Collatz cycle is OEEOEEOVEOEE which is also the
desired cycle. Similarly, any integer 27 4 2° + 2! — 1 will follow the desired cycle for any 7 > 7.

4. Application to Collatz-Type 5n 4 1 Sequence

Consider the modified binary expression of integers obtained when 5n + 1 is applied to 2" — 1:

n=2"-1
Oo{1} =2 +1)2" 1) +1
:2m+2+2m_22

eW{1} =omHl 4 om=1 _ o
E@y=2m42m2 1

o2y =22 +1)2" -1) +1+ (22 +1)(2"?)

=2mt2 om0 4 (22 41)(2" )

EM {2} = 2mHl fom=1 24 (22 41)(2"3)
E@ ) =2m 4 om2 14 (224 1)(2" )

O{3} =22 4-2m — 22 4+ (22 +1)(2"72) + (22 + 1)%(2" %)
W3y =2m 4o 24 (22 41)(2" %) + (22 +1)2(2" )
E@B} =2m+2m 2 — 14+ (22 +1)(2" ) + (22 +1)2(2"°)

The following observations are made:

e Ifmisodd then the pattern O£ E®) repeats for (mTfl) times. The integer obtained at £(1){ ’”TH}
is odd and a O step follows, resulting in the pattern terminating with O£ 0.

e If mis even then the pattern O£ ) £(2) repeats for (% — 1) times. The integer obtained at £ @4 T}
is even and another € step follows, resulting in the pattern terminating with O£ £G), The
actual number of & steps depend on the integer.

4.1. Case 1: m Is Odd
Suppose m is odd and the O{ "+ + 1} step occurs after the £V {1} step. The even integer
obtained at O{" +1} is

O{m;—l+l} =(22+1)(2"t —2) 41

RN+ @R+ @)

— pm+3 | om+1

+ @+ + @+ 4+ P41 -9
—m+3 L omtl y 5¥2 5 omil g

m+3

=572 -9

As before, if the actual integer is ). 2" + 2™ — 1, then the integer obtained at (9{ mTH + 1}

n>m

m-+1 5 2 m+3
o{+1}— 10-<) ) 45" g
2 ( 22 n;n

becomes
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Table 2. Values of even integer obtained at (’){ mrl 4 1} for various seed integers with odd m.

50f6

Integer | Modified binary o { mT“ + 1} Integer value
7 21 5% —9 116
541
95 26425 -1 10- (%) T 26457 -9 1866
13+1
57343 | 215421442131 | 10- ( 2%) P15 4214) 455 9 | 2734366

4.2. Case 2: m Is Even
Let z additional & steps occur after £(2){ Z}. The resulting odd integer will be

£(2+Z){%} — le(zm+2m72_1_'_(22_’_1)(211174)_’__’_(224_1)%71)

The odd step produces an even integer given by

0{%“} - 21—2((22+1)(2m —1)) +1
1

+ ((22 F1)2M2) 4+ (22 +1)2Q2" ) -+ (22 + 1)%)

:217(5%“—5)“

As before, if the actual integer is ), 2" 4-2™ — 1, then the integer obtained at (’){ % + 1} becomes

n>m

o 41} - (5 (;)"fn;nzn) L (st -5) 11

The variable z is chosen such that O{% + 1} is even.
A few examples are given in Table 3.

Table 3. Values of even integer obtained at O{ + 1} for various seed integers with even m. (*6 is
obtained when O is applied to 1.)

Integer | Modified binary o{%+1} z | Integer value
3 221 (581 -5) +1 6*
4
79 264241 <%.(2—52)226)+2%(5%+175)+1 2 156
12
53247 | 215 4214 4212 1 (g (%) (215+214)) + 4 (5% —5)+1 | 2| 253906

5. Conclusion

It has been recently discovered that expressing odd integers in the alternate binary form 2" — 1 aids
in understanding the workings of Collatz-type sequences. The understanding leads to formulations
that generate the even integer obtained after m odd-even steps are completed. For the original Collatz

sequence 31 + 1, the said even integer is given by ((%)m Y 2") + 3" — 1. This formulation allows
n>m

for construction on odd integers that follow a specific odd-even step pattern.
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For the modified Collatz-type sequence 5n + 1, the formulation for the even integer depends on

m+1
2

m. If m is odd, the even integer is <10 . (2%) Yy 2") + 5mT+3 — 9. However, when m is even, the

n>m
m

even integer is (252 . (%) iy 2”) + 21—2 (5%+1 — 5) + 1. Here, the maximum value of z is such that
n>m
the integer remains even.

Data Availability Statement: Data availability is not applicable to this article as no new data were created or
analysed in this study.

Appendix A. Behavior of Collatz Sequence 3n + 1 with 2" — 1

The expanded form of the modified binary expression of integers at the end of each step is:

n=2"-1
O{1}y =2ty om 2
E{1y=2m+2m 1 1
O{2} =2m+2 pom1 _p
E{2}y =2mt 4 2m=2 1
O{3} =2mt2 4 omtl pom=lyom=2 9
E{3} =2mtlyom 4 om 242" %

The following observations are made:

o After m OE steps, the lowest index becomes zero and 2° cancels the negative 1.

e  The resulting integer is even with the lowest index being less than or equal to m.

* The £ step occurs until the lowest index becomes zero again, so that the resulting integer is odd
and ends in 2°.

® The ending term 20 is rewritten as 21 — 1. Following this, an O step is performed, which is then
followed by two & steps.

This shows that although the overall growth of the integer, terms with progressively smaller
indices are being generated. Once the smallest binary index is reduced to zero, it triggers a domino
effect, causing the next smallest index to also become zero. This cascading process continues until all
indices are reduced to zero,
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