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Abstract

In the framework of the quasigroup approach to conservation laws in general relativity, we show
how the infinite-parametric Newman-Unti group of asymptotic symmetries can be reduced to the
Poincaré quasigroup. We compute the Noether’s charges associated with any element of the Poincaré
quasialgebra. The integral conserved quantities of energy-momentum and angular momentum, being
linear on generators of Poincaré quasigroup, are identically equal to zero in Minkowski spacetime. We
present a definition of the angular momentum free of the supertranslation ambiguity. We provide an
appropriate notion of intrinsic angular momentum and a description of the mass reference frame’s
center at future null infinity. Finally, in the center of mass reference frame, the momentum and angular
momentum are defined by the Komar expression.

Keywords: Noether theorem; conservation laws; asymptotic structure of spacetime; Poincaré quasi-
group

1. Introduction
The general covariance of the Einstein equations results in differential conservation laws related

to the field equations. From Noether’s theorem, it follows that for an arbitrary diffeomorphism
generated by the vector field ξ, the invariance of the Lagrangian for the Einstein equations leads to
the conservation laws of the form, Jµ(ξ),µ = 0, where the vector density Jµ is defined as Jµ(ξ) = h

µν
,ν ,

with hµν = −hνµ being the superpotential, which is constructed from the densities of spin, bispin, vector
field ξ and its derivatives [1–3].

For the Einstein-Hilbert action, we have a simple expression for the Noether current,

Jµ = − 1
4π

(√
−gξ [µ;ν]

)
,ν

, (1)

which was first obtained by Komar [4]. Komar’s expression provides a fully satisfactory notion of
the total mass in stationary, asymptotically flat spacetimes. It’s worth noting that the normalization
for energy-momentum and angular momentum differs by a factor of 2, and it is impossible simply
to “renormalize” Jµ. The resolution of this problem was pointed out in [5]. One needs to add to the
Einstein-Hilbert action a surface term and apply Noether’s theorem to the total action.

In Minkowski space, the existence of the Poincaré group and corresponding Killing vectors leads
to the definitions of total momentum and total angular momentum. However, the situation is more
complicated in the curved spacetime, even for an isolated system with vanishing curvature tensor at
infinity. While we have a well-defined energy-momentum, there is no accordance for the notion of the
angular momentum or center of mass [6]. A major difficulty in defining the angular momentum is
that the group of asymptotic symmetries is infinite-parametric. Although the asymptotic symmetries
group has a unique translation subgroup, there is no canonical Lorentz subgroup [7–10]. The last one
emerges as a factor group of the asymptotic symmetries group by the infinite-dimensional subgroup of
supertranslations. Therefore, there does not exist a canonical way of choosing the Poincaré group as a subgroup
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of the group of asymptotic symmetries. There are too many Poincaré subgroups, one for each supertranslation,
which is not translation [11].

These circumstances generate the main difficulties in the numerous attempts to find the correct
definition of angular momentum in curved spacetime [12–15]. Most definitions suffer from the
supertranslation ambiguities [7,8,11–13,16–19] (see [20] for review). The origin-dependence of the
angular momentum causes additional difficulties. Hitherto, no satisfactory way of resolving these
problems has been found.

In flat spacetime, a total angular momentum can be written as Jµν = Mµν + Sµν, where the first
term, Mµν = XµPν − PµXν, is the angular momentum, with Xµ and Pν being the position vector and
momentum of the particle, respectively, and Sµν is the intrinsic angular momentum [18].

In Minkowski spacetime, one can find a particular trajectory, describing the center of mass motion
and having the property that the four-momentum is aligned with the observer’s four-velocity [1,2].
Thus, if one wants to generalize this concept to general relativity, then the task would be to find a
worldline with similar properties in curved spacetime [21–24]. An alternative approach is to define a
preferred section at I +, which can be associated with the rest reference frame. This approach was
developed in [25,26], where the so-called nice sections were introduced to study the asymptotic fields of
an isolated system.

In our paper, the quasigroup approach to the conservation laws developed in [2,27–29] is applied
to asymptotically flat spacetime. The Poincaré quasigroup at future null infinity (I +) is introduced
and compared with other definitions of asymptotic symmetries that have appeared in the literature.
We define the complex Noether charge associated with any element of the Poincaré quasialgebra. It
may be regarded as a form of linkages by Tamburino and Winicour [16,17] but with the new gauge
conditions for asymptotic symmetries.

We present new definitions of the center of mass and intrinsic angular momentum using the
available tools on asymptotically flat spacetimes. Our approach is based on the fact that the intrinsic
angular momentum is invariant under the Lorentz boosts [30]. It is shown that the momentum and
angular momentum are defined by the Komar expression in the center of the mass reference frame.

The metric’s signature is (+,−,−,−) throughout the paper, lower case Greek letters range and
sum from zero to three.

The paper is organized as follows. In Sec. II, we review the key ideas and tools that are indis-
pensable for further discussions. In particular, we discuss the non-associative generalization of the
transformation groups – quasigroups of transformations and the structure of the group of asymptotic
symmetries at future null infinity. In Sec. III, we explore the reduction of the Newman-Unti (NU) to
the Poincaré quasigroup. In Sec. IV, we present conserved quantities at future null infinity based on
linkages introduced by Tamburino and Winicour. In Sec. V, we define a cut of I + associated with
the notion center-of-mass reference frame of isolated systems and show that the Komar expression
gives the intrinsic angular momentum. In conclusion, we summarize the obtained results and dis-
cuss possible generalizations of our approach. In the appendices, the details of our calculations are
presented.

2. Mathematical Background
Quasigroups of Transformations.

The definition of the quasigroup of transformations first was given by Batalin [31]. Below we
outline the main facts from the theory of the smooth quasigroups of transformations.

Let M be a n-dimensional manifold and the continuous law of transformation is given by x′ = Tax
, x ∈ M, where {ai} is the set of real parameters, i = 1, 2, . . . , r. The set of transformations {Ta} forms
a r-parametric quasigroup of transformations (with right action on M), if:

1. There exists a unit element which is common for all xα and corresponds to ai = 0 : Tax|a=0 = x;
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2. The modified composition law holds:

TaTbx = Tφ(b,a;x)x; (2)

3. The left and right units coincide:

φ(a, 0; x) = a, φ(0, b; x) = b;

4. The modified law of associativity is satisfied:

φ(φ(a, b; x), c; x) = φ(a, φ(b, c; Tax); x);

5. The transformation inverse to Ta exists: x = T−1
a x′.

By the other side, the generators of infinitesimal transformations,

Γi = (∂(Tax)α/∂ai)|a=0∂/∂xα ≡ Rα
i ∂/∂xα,

form quasialgebra and obey the commutation relations:

[Γi, Γj] = Cp
ij(x)Γp. (3)

Here Cp
ij(x) are the structure functions satisfying the modified Jacobi identity

Cp
ij,αRα

k + Cp
jk,αRα

i + Cp
ki,αRα

j + Cl
ijC

p
kl + Cl

jkCp
il + Cl

kiC
p
jl = 0. (4)

Theorem. Let the given functions Rα
i , Cp

kj obey the Eqs. (3), (4), then locally the quasigroup of
transformations is reconstructed as the solution of a set of differential equations:

∂x̃α

∂ai = Rα
j (x̃)λj

i(a; x), x̃α(0) = xα, (5)

∂λi
j

∂ap −
∂λi

p

∂aj + Ci
mn(x̃)λm

p λn
j = 0, (6)

λi
j(0; x) = δi

j.

Eq. (5) is an analog of the Lie equation, and Eq. (6) is the generalized Maurer-Cartan equation [31].
Definition. The Poincaré quasigroup is defined as a semi-direct product of the Lorentz quasigroup

and the group of translations.
The Poincaré quasialgebra is described by the following set of the commutation relations:

[Ta, Tb] = 0, [Ta, LB] = Cb
aB(x)Tb, [LA, LB] = CD

AB(x)LD, (7)

CD
AB, Cb

aB being the structure functions. The last commutation relations mean that the generators of the
Lorentz quasigroup form a closed quasialgebra [29].

NP formalism

This section outlines the main facts from the Newman-Penrose (NP) formalism indispensable for
future discussions. We follow notations in [32–34].

At each point of spacetime, we introduce a null NP basis {l, n, m, m̄} with the following non-
vanishing scalar products: l · n = 1, m · m̄ = −1. The metric components are given by

gαβ = lαnβ + lβnα − mαm̄β − m̄βmα, (8)

where bar means complex conjugate.
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To introduce the coordinate system we choose a one-parameter family of two-dimensional space-
like cross sections of future null infinity, I +, which are labeled by a coordinate u. We assume that
l = ∂/∂r, being a future directed null vector, is tangent to the surface u = const and a null vector n is
parallely propagated along the l congruence. An affine parameter r is normalized by the condition
lα∂r/∂xα = 1. Since the topology of I + is S2 × R then “cuts” of I + can be labeled by a complex
stereographic coordinate ζ = eiφ cot θ/2 [35].

From the null tetrad basis, complex Ricci rotation coefficients are defined as follows:

ρ = lα;βmαm̄β, µ = −nα;βmαmβ, (9)

σ = lα;βmαmβ, λ = −nα;βm̄αm̄β, (10)

κ = lα;βmαlβ, ν = −nα;βm̄αnβ, (11)

τ = lα;βmαnβ, π = −nα;βm̄αlβ, (12)

ϵ =
1
2
(lα;βnαlβ − mα;βm̄αlβ), (13)

γ = −1
2
(nα;βlαnβ − m̄α;βmαnβ), (14)

α =
1
2
(lα;βnαm̄β − mα;βm̄αm̄β), (15)

β = −1
2
(nα;βlαmβ − m̄α;βmαmβ). (16)

The Riemann tensor is decomposed into its irreducible parts in a such way, that the corresponding
tetrad components are labeled

Ψ0 =− Cαβγδlαmβlγmδ, (17)

Ψ1 =− Cαβγδlαnβlγmδ, (18)

Ψ2 =− 1
2

Cαβγδ(lαnβlγnδ − lαnβmγm̄δ), (19)

Ψ3 =− Cαβγδlαnβm̄γnδ, (20)

Ψ4 =− Cαβγδnαm̄βnγm̄δ, (21)

where Cαβγδ is the Weyl tensor.
For further, it is convenient to introduce the notation

D = lα∇α, ∆ = nα∇α,

δ = mα∇α, δ̄ = m̄α∇α,
(22)

for the projections of the covariant derivatives onto the null tetrad. Then one can write

D =
∂

∂r
, ∆ =

∂

∂u
+ U

∂

∂r
+ XA ∂

∂xA ,

δ =ω
∂

∂r
+ ξA ∂

∂xA , A = 2, 3,

for some U, XA, ω and ξ A, where x2 = ζ, x3 = ζ̄ [34,36].
In what follows, employing the coordinate freedom, we will use the Bondi coordinates at I +.

This choice of coordinates implies that a two-dimensional surface S∞, being obtained as a cut u = const,
is a two-sphere S2 with the line element written as

ds2 =
4dζ̄dζ

1 + ζ̄ζ
. (23)
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We choose the NP-basis at I + as follows:

∆0 =
∂

∂u
, (24)

δ0 =P
∂

∂ζ
= − 1√

2

(
∂

∂θ
+

i
sin θ

∂

∂φ

)
, (25)

where P = ζ(1+ ζζ̄)/(
√

2|ζ|). The sign “-” in the definition of δ0 is introduced to provide an agreement
with the standard form of raising and lowering operators (see Appendix A).

The Weyl tensor components and essential for future spin coefficients, α, β, λ, and σ, asymptoti-
cally are [18,32,36]:

α =α0r−1 +O
(

r−2
)

, (26)

β =β0r−1 +O
(

r−2
)

, (27)

λ =λ0r−1 +O
(

r−2
)

, (28)

σ =σ0r−2 +O
(

r−3
)

, (29)

Ψ0 =Ψ0
0r−5 +O

(
r−6
)

, (30)

Ψ1 =Ψ0
1r−4 +O

(
r−5
)

, (31)

Ψ2 =Ψ0
2r−3 +O

(
r−4
)

, (32)

Ψ3 =Ψ0
3r−2 +O

(
r−3
)

, (33)

Ψ4 =Ψ0
4r−1 +O

(
r−2
)

. (34)

In the Bondi coordinates, relationships between functions on I + are [18,22,37]:

α0 =
P̄
2

∂ ln P
∂ζ̄

, (35)

β0 = −ᾱ0, λ0 = ˙̄σ0, (36)

where “dot” denotes the derivative ∂/∂u.
The raising and lowering operators ð and ð̄, respectively, are defined by the following expressions:

ðη = δη + s(ᾱ0 − β)η, (37)

ð̄η = δ̄η − s(ᾱ0 − β)η, (38)

where s is the spin weight of the function η [18,35].
The Weyl tensor [22]:

Ψ0
2 − Ψ̄0

2 = σ̄0λ̄0 − σ0λ0 + ð̄2σ0 − ð2σ̄0, (39)

Ψ0
3 = −ðλ0, (40)

Ψ0
4 = −λ̇0. (41)

The mass aspect function [9,26,34]

Ψ = Ψ0
2 + σ0λ0 + ð2σ̄0, (42)

satisfies the reality condition, Ψ = Ψ̄.
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The evolution equations (Bianci identities) have the following asymptotic form:

Ψ̇0
0 =ðΨ0

1 + 3σ0Ψ0
2, (43)

Ψ̇0
1 =ðΨ0

2 + 2σ0Ψ0
3, (44)

Ψ̇0
2 =ðΨ0

3 + σ0Ψ0
4. (45)

Comments. The relations Eqs. (40) – (45) have the opposite sign in comparison with similar
expressions in Ref. [32]. This is due the difference in the sign of δ0. In [32], it is defined as δ0 = −P∂ζ .

3. Asymptotic Symmetries and the Poincaré Quasigroup
The asymptotic symmetries of the asymptotically flat at future null infinity spacetime are de-

scribed by the infinite-parametric Newman-Unti (NU) group [32,36,38,39]. The latter is defined by the
transformation I + → I +, having the form

u → u′ = f (u, ζ, ζ̄), ∂ f /∂u > 0,

ζ → ζ ′ =(αζ + β)/(γζ + δ), αδ − βγ = 1,

where f (u, ζ, ζ̄) is an arbitrary function.
The infinite-dimensional Bondi-Metzner-Sachs (BMS) group preserving strong conformal geome-

try, is a subgroup of the NU-group. The BMS-group is defined as follows [9,10,14,21,26]:

u → u′ = K(ζ, ζ̄)(u + a(ζ, ζ̄)), (46)

ζ → ζ ′ = (αζ + β)/(γζ + δ), (47)

αδ − βγ = 1, (48)

where α,β,γ,δ are complex constants, and a(ζ, ζ̄) is an arbitrary regular function on S2, besides

K(ζ, ζ̄) =
(1 + ζζ̄)

(|αζ + β|2 + |γζ + δ|2) . (49)

The infinite-parameter normal subgroup of BMS-group

ζ ′ = ζ, u′ = u + a(ζ, ζ̄), (50)

is called the subgroup of supertranslations and contains a four-parameter normal translation subgroup

a =
p + qζ + q̄ζ̄ + gζζ̄

1 + ζζ̄
, ℑp = ℑg = 0. (51)

The quotient (factor) group of the BMS-group by the supertranslations consists from the conformal
transformations S2 → S2 and it is isomorphic to the proper orthochronous Lorentz group.

Since the BMS group is the semi-direct product of the Lorentz group and supertranslation’s group,
there is no canonical way to embed the Poincaré group in the BMS group. One has an infinite number
of alternatives to extract the Poincaré group. However, at least in the Minkowski spacetime, one can
elucidate which additional structure on I + the Poincaré group preserves. It turns out to be that the
Poincaré group transforms the so-called good cuts – cuts with vanishing shear σ0, to the good cuts [40].

It can be easily seen by considering the transformation of shear under supertranslations Eq. (50).
We obtain σ0 → σ′0 = σ0 − ð2a, where ð is the “eth” operator on I +. Thus, a supertranslation
transforms a good cut to a bad cut – a cut with nonvanishing shear. If we impose the condition
σ′0 = σ0 = 0, we obtain ð2a = 0. The solution of this equation with a real a yields a four-parametric
subgroup of translations defined by Eq. (51).

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 3 September 2025 doi:10.20944/preprints202509.0356.v1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202509.0356.v1
http://creativecommons.org/licenses/by/4.0/


7 of 22

3.1. Reduction of the NU-Group to the Poincaré Quasigroup

The infinitesimal NU-group is obtained from the asymptotic Killing equations [38]:

£ξ gµν = ξµ;ν + ξν;µ = 0(r−n), (52)

lν£ξ gµν = (ξµ;ν + ξν;µ)lν = Q(u, ζ, ζ̄)lµ, (53)

where Q(u, ζ, ζ̄) is an arbitrary function on I +.
One can write a general element of NU-algebra as follows:

ξ = B(u, ζ, ζ̄)∆0 + C(u, ζ, ζ̄)δ̄0 + C̄(u, ζ, ζ̄)δ0,

ðC = 0, (54)

where ð, ∆0, δ0 are the standard NP operators,“eth”, ∆ and δ, restricted on I +.
The generators of the four-parameter translation subgroup are given by

ξa = Ba(ζ, ζ̄)∆0, (55)

where the function Ba assumed to be a real function and is the solution of the following equation:

ð2Ba = 0, ℑBa = 0 (a = 0, 1, 2, 3). (56)

The generators of “Lorentz group”are determined as follows:

ξA = BA(u, ζ, ζ̄)∆0 + CA δ̄0 + C̄Aδ0, (57)

ðCA = 0, (A = 1, 2 . . . 6), (58)

where BA(u, ζ, ζ̄) is an arbitrary real function.
The generators of the NU-group obey the commutation relations:

[ξa, ξb] = 0, [ξa, ξB] = Cb
aB(u, ζ, ζ̄)ξb, (59)

[ξA, ξB] = CD
AB(u, ζ, ζ̄)ξD, (60)

where Cb
aB, CD

AB are the structure functions. This points out that the NU group is a quasigroup with the
closed Lorentz quasialgebra.

To reduce the NU-group to the particular Poincaré quasigroup one needs to impose the constraints
on a function BA(u, ζ, ζ̄) and, thus, fix the supertranslational ambiguity in the definition of the Lorentz
quasigroup.

In our approach, we use the fact that a group of isometries transforms an arbitrary geodesic to a
geodesic one, and the Killing vectors satisfy the geodesic deviation equation for any geodesic [28,29].
In the construction below, only null geodesics passing inward are transformed to the geodesics under
the transformations of the Poincaré quasigroup. Instead of using the approximate Killing equations,
we propagate the asymptotic generators ξ defined on I + inward along the null surface Γ intersecting
I + in Σ+ employing the geodesic deviation equation.

∇2
l ξ + R(ξ, l)l = 0. (61)

Since the geodesic deviation equation is the second-order ordinary differential equation for
obtaining the unique solution, we need to impose the initial conditions on the vector ξ and its first
derivatives on I +. We use the asymptotic Killing equations for determining them.

The key idea behind our approach is to use the geodesic deviation equation only for a null
geodesic congruence passing inward I + to define the generators of the Poincare quasigroup. It
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implies that the Poincaré quasigroup transforms not an arbitrary geodesic to a geodesic, but only the
null geodesics belonged to the null congruence defined above.

3.1.1. Minkowski spacetime

We demonstrate our approach in the Minkowski spacetime. The key idea is to reduce the NU
group to the ten-parametric Poincaré group, imposing the appropriate conditions on an arbitrary
function BA, and thus fixing the supertranslational freedom (See for details Refs. [27–29].).

Let us write the Killing vector as

ξ = AD + B∆ + C̄δ + Cδ̄. (62)

Using the asymptotic expansion

A =A1r + A0 + A−1r−1 + 0(r−2), (63)

B =B1r + B0 + B−1r−1 + 0(r−2), (64)

C =C1r + C0 + C−1r−1 + 0(r−2), (65)

we obtain the solution of the geodesic deviation equation in the following form:

A−n = A−n(u, ζ, ζ̄), C−n = C−n(u, ζ, ζ̄), B−n = 0 (n ≥ 1). (66)

The explicit dependence of A−n(u, ζ, ζ̄), and C−n(u, ζ, ζ̄) is not important for study the structure of
asymptotic symmetries.

To obtain the unique solution of the geodesic deviation equation, we have to impose the conditions
on the functions A, B, C and its first derivatives at I +. This implies that A0, A1, B0, B1, C0, C1 should
be determined. We adapt the asymptotic Killing equations to determine these coefficients:

lim
r→∞

lµlν£ξ gµν = 0, lim
r→∞

mµnν£ξ gµν = 0,

lim
r→∞

mµm̄ν£ξ gµν = 0, lim
r→∞

rmµm̄ν£ξ gµν = 0,

lim
r→∞

rlµmν£ξ gµν = 0. (67)

After some algebra we obtain

A0 = −1
2
(ðC̄0 + ð̄C0)−

B0

2
(µ0 + µ̄0) +

1
2
(τ0C̄1 + τ̄0C1), (68)

A1 = −1
2
(ðC̄1 + ð̄C1), (69)

B1 = 0, (70)

C0 = −ðB0 + σ0C̄1, (71)

ðC0 = ðσ0C1 +
σ0

2
(ðC̄1 − ð̄C1), (72)

Ċ1 = 0, ðC1 = 0, (73)

where “dot” denotes the derivative with respect to the retarded time u. Substituting C0 from Eq. (71)
in Eq. (72), we get

Ċ1 = 0, ðC1 = 0, (74)

ð2B0 −
σ0

2
(3ðC̄1 − ð̄C1)− C̄1ðσ0 − C1ð̄σ0 = 0. (75)
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A general solution of this system can be written as

B0 = Bt + ðηC̄1 + ð̄ηC1 +
u − η

2
(ðC̄1 + ð̄C1),

ð2Bt = 0, ðC1 = 0, (76)

where σ0 = ð2η.
The system of diffferential constraints, Eqs. (74)-(75), is the unique one that determines the

functions B0, C1 and restricts the NU group to a particular Poincaré group. Thus in the Minkowski
spacetime, one can reduce the NU-group to the Poincaré group even for “bad” cuts (σ0 ̸= 0).

Now an arbitrary Killing vector at I +, ξ0 = ξ|I + , can be wrtitten as

ξ0 = B0(u, ζ, ζ̄)∆0 + C1(ζ, ζ̄)δ̄0 + C̄1(ζ, ζ̄)δ0. (77)

To specify the generators of the Poincaré group one should impose the additional conditions on the
functions B0 and C1.

Translations. – The generators of translations are

la = Ba∆0, a = 0, 1, 2, 3, (78)

with ℑBa = 0, and Ba being solutions of the differential equation ð2Ba = 0. With real Ba we obtain
four independent solutions of this equation yielding

la = (1, sin θ cos φ, sin θ sin φ, cos θ). (79)

Boosts and rotations. – The generators of boosts and rotations are given by

ξA = BA∆0 + CA δ̄0 + C̄Aδ0, (80)

where ðCA = 0 and

BA = ðηC̄A + ð̄ηCA +
u − η

2
(ðC̄A + ð̄CA), (81)

with ℑBA = ℑη = 0 and σ0 = ð2η. Imposing the additional conditions:

ð̄CA + ðC̄A = 0 (rotations), (82)

ð̄CA − ðC̄A = 0 (boosts), (83)

we obtain six independent solutions of the equation ðCA = 0. It is convenient to divide them in two
groups, writing CA = {Li, Ri}, where Li and Ri describe the rotations and boosts, respectively. We
denote the generators of the complex Lorentz group as ΓA = C̄Aδ0 = ξA∂ζ . Using the results of Ref.
[39], we obtain the generators of the boost and rotations. They are shown in Table I.
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Table 1. Generators of the complex Lorentz group. (Note that L1,L2, L3 are defined from Lx, Ly, Lz. (see Appendix
B))

Generator ΓA = ξA
∂

∂ζ

Γ1 = L1
i
2 (1 − ζ2) ∂

∂ζ

Γ2 = L2 − 1
2 (1 + ζ2) ∂

∂ζ

Γ3 = L3 iζ ∂
∂ζ

Γ4 = R1
1
2 (1 − ζ2) ∂

∂ζ

Γ5 = R2
i
2 (1 + ζ2) ∂

∂ζ

Γ6 = R3 ζ ∂
∂ζ

Let us introduce a complex vector ξc at I + such that an arbitrary element of the infinitesimal NU
group is written as ξ = ξc + ξ̄c, where

ξc = ξs∆0 + ξ1δ0. (84)

(Hereafter we omit the index “0” in ξ0.) We specify the vector ξs as follows:

ξs = ξt + ðηξ1 +
u − η

2
ðξ1, (85)

ð2ξ0
t = 0, ð̄ξ1 = 0, (86)

where ℑξ0
t = ℑη = 0 and ð2η = σ0. Comparing this expression with Eq. (77), we find B0 = ξs + ξ̄s

and C1 = ξ̄1.
A straightforward computation shows that ξs obyes the following differential equation:

ð2ξs =
3
2

σ0ðξ1 + ðσ0ξ1,

ð̄ξ1 =0.
(87)

Thus, instead of employing Eqs. (74)-(75) to reduce the NU group to the Poincaré group in the
Minkowski spacetime, one can consider the equivalent differential constraints Eq. (87).

3.1.2. General case: asymptotically flat spacetime with radiation

As was mentioned above, the NU group is an infinite-dimensional group and therefore there is no
exist an unique way to reduce the NU group to the finite-dimensional group even in the Minkowski
spacetime. All attempts suffer on the supertranslational ambiguity. To overcome this issue, we impose
on ξc the differential constraints restricting the NU group to a particular Poincaré quasigroup [29]:

ð2ξs =
3
2

σ0ðξ1 + ðσ0ξ1, (88)

ð̄ξ1 =0. (89)

Since the spin weight of the asymptotic shear σ0 is two, one can write σ0 = ð2η, where η = η(u, ζ, ζ̄)

is a complex function. Then a general solution of the Eq. (88) can be written as

ξs = ξt + ðηξ1 +
u − η

2
ðξ1, (90)

where ð2ξt = 0.
We consider Eq. (88) as the differential constraint restricting the NU group to a particular Poincaré

quasigroup [29]. In the absence of radiation, the differential constraint Eq. (88) is compatible with
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the Killing equations, and the Poincaré quasigroup becomes the Poincaré group. Note that the same
constraint was obtained in [15,41] in the twistor theory framework.

The structure of the Poincaré quasialgebra is as follows:
Translations. – The generators of translations are given by

ξa = ξta + ξ̄ta = Ba∆0, (91)

where Ba = B̄a with Ba being solution of the equation

ð2Ba = 0. (92)

There are four independent solutions of this equation, if we assume that ℑBa=0.
Lorentz quasialgebra. – The generators of boosts and rotations are given by

ξA = ξcA + ξ̄cA, (93)

where
ξcA = (ðηC̄A +

u − η

2
ðC̄A)∆0 + C̄Aδ0, (94)

and ðCA = 0. There are six independent solutions of the equation ðCA = 0, if we impose additional
constraints:

ð̄CA + ðC̄A = 0 (rotations), (95)

ð̄CA − ðC̄A = 0 (boosts), (96)

The straightforward computation shows that the generators of the Poincaré quasigroup obey at
I + the commutation relations:

[ξa, ξb] = 0, [ξa, ξB] = Cb
aB(u, ζ, ζ̄)ξb, (97)

[ξA, ξB] = CD
AB(u, ζ, ζ̄)ξD, (98)

CD
AB, Cb

aB being the structure functions. The last commutation relations mean that the generators of
Lorentz quasigroup form a closed algebra.

4. Energy-Momentum and Angular Momentum at I +

As well known, the general covariance of the Einstein equations results in differential conser-
vation laws related to the field equations. From Noether’s theorem, it follows that for an arbitrary
diffeomorphism generated by the vector field ξ, the invariance of the Lagrangian for the Einstein
equations leads to the conservation laws of the form

Jµ(ξ),µ = 0, (99)

where the vector density Jµ is defined as Jµ(ξ) = h
µν
,ν , with hµν = −hνµ being the superpotential, which

is constructed from the densities of spin, bispin, vector field ξ and its derivatives [1–3].
For the Einstein-Hilbert action, one obtains up to a factor of 2 a simple expression

Jµ = − 1
4π

(√
−gξ [µ;ν]

)
,ν

(100)

which was first given by Komar [4]. It is impossible simply to “renormalize” Jµ by a factor of 2
because the normalization for energy-momentum and angular momentum differs by a factor of 2. The
resolution of this problem is known as pointed out in [5]. One needs to add to the Einstein-Hilbert
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action I a surface term Is and apply Noether’s theorem to I + Is. Komar’s expression provides a fully
satisfactory notion of the total mass in stationary, asymptotically flat spacetimes.

As is known, the Komar integral is not invariant under a change of the choice of the generators
of time translations in the equivalence class associated with the given BMS translation. Besides,
the resulting energy would not be the monotonically decreasing Bondi energy but the less physical
Newman-Unti energy [38].

For an asymptotically flat at future null infinity spacetime the modified “gauge invariant” Komar
integral (linkage) was introduced by Tamburino and Winicour [16,17]. The computation leads to the
following coordinate independent expression [8,12,13]:

Lξ = − 1
4π

ℜ
∮ [

B
(

Ψ0
2 + σ0λ0 − ð2σ̄0

)
+ C̄

(
Ψ0

1 − σ0ð2σ̄0 − (1/2)ð(σ0σ̄0)
)]

dΩ, (101)

where λ0 = ˙̄σ0, and ξ is an arbitrary generator of the NU group at I +,

ξ = B∆0 + C̄δ0 + Cδ̄0, ðC = 0. (102)

A complex generator, ξc = ξs∆0 + ξ1δ0, of the Poincaré quasigroup yields the complex Noether
charge that can be written as [11]:

Qξc = − 1
8π

∮ {
ξs

(
Ψ0

2 − σ0λ0 − ð2σ̄0
)
+ ξ1

(
Ψ0

1 − σ0ðσ̄0 − (1/2)ð(σ0σ̄0)
)}

dΩ. (103)

Setting B = (ξs + ξ̄s)/2 and C̄1 = ξ1, we obtain

Lξ = Qξc + Qξc = Qξc + Qξ̄c
. (104)

The factor 1/8π in Eq. (103) is determined by calculating the intrinsic angular momentum, J = ma,
for the Kerr metric with the rotational Killing vector, Lz, yielding ξ1 = −Lz · m̄ = i/

√
2 sin θ. The Weyl

scalar, ψ0
1 = σ/

√
2 is computed with respect to a Bondi frame with shear-free cross sections [11,42].

As in the previous section, to reduce the NU group to the Poincaré quasigroup, we impose the
following differential constraints:

ð2ξs =
3
2

σ0ðξ1 + ðσ0ξ1, (105)

ð̄ξ1 =0. (106)

One can show that the following integral identity is valid:∮
ð2ξsσ̄0dΩ =

∮
ξ1

(
ðσ0σ̄0 − 3

2
ð(σ0σ̄0)

)
dΩ. (107)

Using this identity in Eq. (103), one can rewrite it in the equivalent form introduced in [15]

Qξc = − 1
8π

∮ {
ξs

(
Ψ0

2 + σ0λ0 + ð2σ̄0
)
+ ξ1

(
Ψ0

1 + σ0ðσ̄0 + (1/2)ð(σ0σ̄0)
)}

dΩ. (108)

Now employing Eqs. (105)-(106) and performing integration by parts, we find that Eq. (108) can
be recast as

Qξc = − 1
8π

∮ (
ξs(Ψ0

2 + σ0λ0) + ξ1Ψ0
1

)
dΩ. (109)
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We adopt this as the definition of the conserved quantities on I + associated with the generators of the
Poincaré quasigroup, writing [11,15,29,43]

Lξ = Qξc + Qξc . (110)

The integral four-momentum is given by

Pa = − 1
4π

ℜ
∮

la(Ψ0
2 + σ0λ0)dΩ. (111)

Using the Bianchi identities, we compute the loss of energy-momentum and get the standard
expression (see, e. g. [8])

Ṗa = −(1/4π)
∮

la|λ0|2dΩ. (112)

The angular momentum is given by

Mi = − 1
4π

ℜ
∮ (

ξi(Ψ0
2 + σ0λ0) + L̄iΨ0

1

)
dΩ, (113)

where ξi is the solution of the Eq. (105),

ξi = ðη L̄i +
u − η

2
ð L̄i. (114)

Here Li is the solution of the eqution ðLi = 0 such that ð̄Li + ðL̄i = 0, and σ0 = ð2η.
Substituting ξi in Eq. (113) and performing integration by parts, we find

Mi = − 1
4π

ℜ
∮

L̄iJ dSΩ, (115)

where

J =Ψ0
1 +

3
2
ðη(Ψ0

2 + σ0λ0) +
η

2
(
ðΨ0

2 + ð(σ0λ0)
)
. (116)

It yields the following expression for the angular momentum loss:

Ṁi = − 1
4π

ℜ
∮

L̄i
∂J
∂u

dΩ. (117)

Comments. Geroch and Winicour have given a list of properties which conserved quantities P(ξ, Σ)
defined at I + should have [12]:

• P(ξ, Σ) should be linear in the generators of the asymptotic symmetry group.
• P(ξ, Σ) should be invariant with respect to the conformal transformations g̃µν = Ω̃2gµν.
• The expression P(ξ, Σ) should depends on the geometry of I + and behavior of generators in the

neighbourhood of I +.
• P(ξ, Σ) should be proportional to the corresponding Komar integral for the exact symmetries and

coincide with the Bondi four-momentum when ξ is a BMS translation.
• P(ξ, Σ) should be define also for the system with radiation on I +.
• There should exist a flux integral I which is linear in ξ and which gives the difference P(ξ, Σ′)−

P(ξ, Σ), for Σ′ and Σ′ closed two-surfaces on I +.
• In Minkowski spacetime P(ξ, Σ) should vanish identically.

Our definition of the conserved quantities, Lξ = Qξc + Qξc , where the complex Noether charge is
given by Eq. (109), is free from the supertranslation ambiguity and satisfies all these conditions.
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5. Center of Mass and Intrinsic Angular Momentum
In special relativity, total angular momentum is given by Jµν = XµPν − PµXν + Sµν, where the

two first terms are the angular momentum, and Sµν denotes intrinsic angular momentum, with Xµ and
Pν being the position vector and momentum of the particle, respectively. Using space-like translation
freedom, one can transform the given reference frame to the center-of-mass reference frame (CMRF),
where Pν is aligned with the observer’s four-velocity. In the CMRF one has JµνPν = 0. Applying the
transformation Xµ = Pµ/PνPν, we obtain the Dixon condition on the intrinsic angular momentum,
SµνPν = 0 [44].

The Dixon condition implies that the boost generators do not contribute to the internal part of
the total angular momentum [30]. At future null infinity, this condition reduces to the requirement
that the linkage Lξ = 0 for the boost generators. We adopt this requirement for the general case by
imposing the condition that the Noether charge Ki = 0 for the boost generators, given by

Ki = − 1
4π

ℜ
∮ (

ξR
i (Ψ

0
2 + σ0λ0) + R̄iΨ0

1

)
dΩ, (118)

here

ξR
i = ðηR̄i +

u − η

2
ðR̄i, (119)

and Ri is the solution of the equation ðRi = 0 such that ð̄Ri − ðR̄i = 0.
As one can see, the quantities Ri and Li are related by the relations Ri = ±iLi (See Table I in Sec.

III.). Then the condition Ki = 0 can be written as

ℑ
∮ (

ξi(Ψ0
2 + σ0λ0) + L̄iΨ0

1

)
dΩ = 0, (120)

where ξi are defined by Eq. (114). In terms of the complex Noether charge Eq. (120) can be recast as
ℑQξc = 0.

To transform the given reference frame at null infinity to the CMRF frame, we use supertranslation
freedom to align the total momentum with the observer’s four-velocity. To explain in detail, let us
consider the Noether charge associated with the mass aspect,

Qa =
∮

ξaΨdΩ =
∮

ξa(Ψ0
2 + σ0λ0 + ð2σ̄0)dΩ. (121)

In the CMRF, only the component Q0 is different from zero. Thus, to align the total momentum with
the observer’s four-velocity, one should require Qi = 0 for i = 1, 2, 3. Using this condition in Eq.(120)
we obtain

ℑ
∮ (

L̄iΨ0
1 − ξið2σ̄0)dΩ = 0, (122)

where the integration is performed over the section defined by equation u − η0 = 0. Further simplifica-
tion can be made by employing Eq. (105). The computation yields

ℑ
∮

L̄i
(
2Ψ0

1 − ðσ0σ̄0 − 3σ0ðσ̄0)dΩ = 0. (123)

The obtained results are an integral expression of the condition defining the center of mass deduced in
[22]. It corresponds to the Dixon condition imposed on the intrinsic angular momentum, SµνPν = 0.
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To proceed further, we expand ξi, σ0 and η in terms of spin-weighted spherical harmonics:

ξi =
∞

∑
l=0

l

∑
m=−l

ξ i
lmYlm, (124)

σ0 =
∞

∑
l=2

l

∑
m=−l

hlm(u) 2Ylm, (125)

η =η0 +
∞

∑
l=1

l

∑
m=−l

ηlmYlm. (126)

From the relation σ0 = ð2η it follows

ηlm =
2hlm√

l(l2 − 1)(l + 2)
, l ≥ 2. (127)

We use the freedom in the choice of η to eliminate in Eq. (124) the contribution of the term with
l = 0, choosing the cut as u − η0 = 0. We obtain

ξi =
∞

∑
l=1

l

∑
m=−l

ξ i
lmYlm. (128)

Using Eq. (128) in Eq. (121), we have

Ji =
∞

∑
l=1

l

∑
m=−l

ξ i
lm

∮
Ylm(Ψ

0
2 + σ0λ0 + ð2σ̄0)dΩ. (129)

To proceed further, we consider the supermomenta Plm(Σ) introduced in [25],

Plm(Σ) = − 1√
4π

∫
Σ

YlmΨdΩ, (130)

where Σ is an arbitrary section of I +. A nice section is defined by the requirement that the supermo-
mentum, Plm(Σ) = 0 for l ≥ 1. Thus only the component P0 of the total momentum is nonvanishing,
providing us with a geometric notion of a reference frame at rest. This, in general, involves the need to
make a Lorentz boost, which keeps Σ fixed and aligns the generator of time translations with the total
momentum [26]. As one can see, for the nice sections the quantity Ji = 0.

Employing the condition Ji = 0 in Eq. (113), after some computations we find that the intrinsic
angular momentum, Ji, can be written as the Komar angular momentum:

Ji = − 1
4π

ℜ
∮

L̄i
(
Ψ0

1 + σ0ðσ̄0)dΩ. (131)

An independent calculation by Gallo and Moreschi [26] confirms Eq. (131).
Hence the angular momentum loss is given by

J̇i = − 1
4π

ℜ
∮

L̄i
(
Ψ̇0

1 + λ̄0ðσ̄0 + σ0ðλ0)dΩ, (132)

Using the Bianci identities [33,37]

Ψ0
2 − Ψ̄0

2 = σ̄0λ̄0 − σ0λ0 + ð̄2σ0 − ð2σ̄0, (133)

Ψ̇0
1 = ðΨ0

2 − 2σ0ðλ0, (134)
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Eq. (132) reduces to

J̇i = − 1
8π

ℜ
∮

L̄i
(
3λ̄0ðσ̄0 − 3σ0ðλ0 + σ̄0ðλ̄0 − λ0ðσ0)dΩ. (135)

This expression agrees with the results obtained in [45].
To compute the angular momentum loss, we express σ0 and L̄i in terms of spin-weighted spherical

harmonics:

σ0 =
∞

∑
l=2

l

∑
m=−l

hlm(u) 2Ylm, (136)

L̄i =
1

∑
m=−1

Lim −1Yl1m. (137)

The computation yields (see for details Appendix B)

J̇i =
1

8π
ℜ ∑

l,m,l′ ,m′

(
hlm

˙̄hl′m′ − ḣlm h̄l′m′
)
ci

lml′m′

=
1

8π
ℜ ∑

l,m,l′ ,m′
hlm

˙̄hl′m′
(
ci

lml′m′ − c̄i
l′m′ lm

)
, (138)

where the coefficients ci
lml′m′ are given in terms of the Wigner 3-j symbols:

ci
lml′m′ =(−1)m′

√
3(2l + 1)(2l′ + 1)

8π

{
3
√
(l′ + 2)(l′ − 1)

(
l l′ 1
−2 1 1

)

+
√
(l + 3)(l − 2)

(
l l′ 1
−3 2 1

)} 1

∑
m′′=−1

Lim′′

(
l l′ 1
m −m′ m′′

)
. (139)

In Appendix B, it shall be demonstrated that, for the specific case l = 2, the loss of the z-component
of angular momentum is represented by the equation,

J̇z =
1

4π
ℑ

m=2

∑
m=−2

mh2m
˙̄h2m. (140)

Finally, in the last equation, we obtain the momenta carried away by the terms of the gravitational
waves polarizations h from gauge-invariant perturbations derived by Thorne in [6] and [46].

6. Discussion and Conclusions
In this paper, we have addresses the task of identifying conserved quantities, such as energy-

momentum and angular momentum and linear moment radiate by an isoleted system, within asymp-
totically flat spacetimes as governed by general relativity. Our investigation demonstrates that the
application of quasigroup symmetries facilitates a systematic and unified representation of the con-
served quantities.

By employing the quasigroup methodology, we have developed a framework that effectively
resolves the conventional challenges presented by supertranslation ambiguity at null infinity. Our
method facilitates the establishment of a geometric and algebraic structure invariant under supertrans-
lations; in particular, we derive the intrinsic angular momentum and delineate with the center of the
mass frame reference. In conjunction with methodologies for modulating supertranslation freedom,
this highlights the pivotal importance of selecting suitable sections of null infinity for rigorous physical
analysis.

Utilizing methodologies such as the spin coefficient formalism and Newman-Penrose scalar
quantities, in conjunction with an in-depth analysis of the Bondi-Metzner-Sachs group, we have
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derived explicit formulae that describe the loss of angular momentum and energy conveyed by
gravitational radiation by the Weyl tensor Ψ4 in terms of the spin-weighted spherical harmonics. It is
important to remark that our results for conservative quantities are well known and in concordance
with established results using other methodologies.

This investigation enhances our understanding of the asymptotic structure of spacetime and
offers a dependable methodology for distinctly identifying conserved quantities within gravitational
systems. Subsequent research endeavors might extend these concepts to encompass more generalized
frameworks, such as spacetimes affected by gravitational forces and intricate matter configurations,
thereby augmenting both theoretical insights and their astrophysical significance.
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Appendix A. Spin-Weighted Spherical Harmonics
A quantity η is said to have a spin weight s (s.w. s), if η transforms as η → eisθη under a rotation

of mα → eiθmα, with θ a real function of position. The complex conjugate η̄ has spin weight −s. The
spin coefficients of the set {ρ, µ, ϵ + ϵ̄, γ + γ̄} have s.w. zero, elements of {κ, τ, ᾱ + β, ν, π̄} have s.w.
+1 and elements of {σ, λ̄} have s.w. +2 [18].

For a function η(u, ζ, ζ̄) of the spin weight s, the raising and lowering operators ð and ð̄, respec-
tively, are defined on I + as follows [22,35]:

ðη := δ0 f + 2ᾱ0s f = PP̄−s ∂(P̄sη)

∂ζ
,

ð̄η := δ̄0 f − 2α0s f = P̄Ps ∂(P−sη)

∂ζ̄
,

where

δ0 = P
∂

∂ζ
, α0 =

P
2

∂ ln P̄
∂ζ

. (A1)

Here P is a conformal factor emerged in two-dimensional metric of cuts on I +:

ds2 =
2dζdζ̄

|P(u, ζ, ζ̄)|2
. (A2)

In a particular choice P = P0 = (1 + ζζ̄)/
√

2 the metric above will be the metric of two-sphere, and
the coordinates referred to as Bondi coordinates (BC).

The commutator [ð, ð̄] is given by

[ð, ð̄]η = sηðð̄ ln(PP̄) = (K + K̄)sη, (A3)

where (K + K̄) is the Gaussian curvature of two-dimensional cut. The following useful lemma holds:
Lemma. If s.w. A + s.w. B = −1, then∮

AðBdΩ = −
∮

BðAdΩ. (A4)

where s.w. denotes spin weight [11].
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In what follows we make a choice of the conformal factor as P = P0
√

ζ/ζ̄. This yields

δ0 =
1 + ζζ̄√

2

√
ζ

ζ̄

∂

∂ζ
. (A5)

In the spherical coordinates we obtain

δ0 = − 1√
2

(
∂

∂θ
+

i
sin θ

∂

∂φ

)
. (A6)

This gives, up to the factor 1/
√

2, the standard form of raising and lowering operators [35,36,47]

ðη = − 1√
2

(
∂θ +

i
sin θ

∂ϕ − s cot θ

)
η = − 1√

2
sins θ

(
∂θ +

i
sin θ

∂ϕ

)(
η sin−s θ

)
, (A7)

ð̄η = − 1√
2

(
∂θ −

i
sin θ

∂ϕ + s cot θ

)
η = − 1√

2
sin−s θ

(
∂θ −

i
sin θ

∂ϕ

)
(η sins θ), (A8)

A direct computation shows

ð̄ðη =
1
2

(
1

sin θ
∂θ sin θ∂θ +

1
sin2 θ

∂2
ϕ +

2is cos θ

sin2 θ
∂ϕ − s2

sin2 θ
+ s(s + 1)

)
η, (A9)

ðð̄η =
1
2

(
1

sin θ
∂θ sin θ∂θ +

1
sin2 θ

∂2
ϕ +

2is cos θ

sin2 θ
∂ϕ − s2

sin2 θ
+ s(s − 1)

)
η, (A10)

Let sYjm be a normalized spin-weighted spherical harmonic of order j and spin weight s, then we
have, sȲlm = (−1)s+m−sYl−m, and

ð sYjm =

√
j(j + 1)− s(s + 1)

2 s+1Yjm, (A11)

ð̄ sYjm =−
√

j(j + 1)− s(s − 1)
2 s−1Yjm. (A12)

When s1 + s2 + s3 = 0 the triple integral is given in terms of the Wigner 3-j symbols:∫
S2

s1Yj1m1s2Yj2m2s3Yj3m3 dΩ

=

√
(2j1 + 1)(2j2 + 1)(2j3 + 1)

4π

(
j1 j2 j3

m1 m2 m3

)(
j1 j2 j3
−s1 −s2 −s3

)
(A13)

For the references, we present analytic expressions for the first few orthonormalized spin-weighted
spherical harmonics [48]:

−1Y10 = −
√

3
8π

sin θ (A14)

−1Y1±1 = −
√

3
16π

(1 ± cos θ)e±iφ (A15)

−2Y20 =

√
15

32π
sin2 θ (A16)

−2Y2±1 =

√
5

16π
sin θ(1 + cos θ)e±iφ (A17)

−2Y2±2 =

√
5

64π
(1 + cos θ)2e±2iφ (A18)
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Using the relation sȲlm = (−1)s+m−sYl−m, we obtain

1Y10 =

√
3

8π
sin θ (A19)

1Y1±1 = −
√

3
16π

(1 ∓ cos θ)e±iφ (A20)

2Y20 =

√
15

32π
sin2 θ (A21)

2Y2±1 = −
√

5
16π

sin θ(1 ∓ cos θ)e±iφ (A22)

2Y2±2 =

√
5

64π
(1 ∓ cos θ)2e±2iφ (A23)

Appendix B. Angular Momentum Loss
The loss of the intrinsic angular momentum is given by

J̇i = − 1
8π

ℜ
∮

L̄i
(
3λ̄0ðσ̄0 − 3σ0ðλ0 + σ̄0ðλ̄0 − λ0ðσ0)dΩ. (A24)

To proceed further, we express σ0 and L̄i in terms of spin-weighted spherical harmonics:

σ0 =
∞

∑
l=2

l

∑
m=−l

hlm 2Ylm, (A25)

L̄i =
1

∑
m=−1

Lim −1Y1m. (A26)

Taking the derivative, we obtain

ðσ0 =
∞

∑
l=2

l

∑
m=−l

hlm

√
(l − 2)(l + 3)

2 3Ylm, (A27)

ðσ̄0 =−
∞

∑
l=2

l

∑
m=−l

h̄lm

√
(l + 2)(l − 1)

2 1Ȳlm. (A28)

The computation yields

J̇i =
1

8π
ℜ ∑

l,m,l′ ,m′

(
hlm

˙̄hl′m′ − ḣlm h̄l′m′
)
ci

lml′m′ =
1

4π
ℜ ∑

l,m,l′ ,m′
hlm

˙̄hl′m′
(
ci

lml′m′ − c̄i
l′m′ lm

)
, (A29)

where

ci
lml′m′ = (A30)

1

∑
m′′=−1

Lim′′

∮
dΩ −1Y1m′′

(√
(l + 3)(l − 2)

2 3Ylm 2Ȳl′m′ − 3

√
(l′ + 2)(l′ − 1)

2 2Ylm 1Ȳl′m′

)
(A31)

Performing the integration, we obtain

ci
lml′m′ =(−1)m′

√
3(2l + 1)(2l′ + 1)

8π

{
3
√
(l′ + 2)(l′ − 1)

(
l l′ 1
−2 1 1

)

+
√
(l + 3)(l − 2)

(
l l′ 1
−3 2 1

)} 1

∑
m′′=−1

Lim′′

(
l l′ 1
m −m′ m′′

)
(A32)
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The recurrence relations for the Wigner 3-j symbols:

−
√
(l3 ∓ s3)(l3 ± s3 + 1)

(
l1 l2 l3
s1 s2 s3 ± 1

)

=
√
(l1 ∓ s1)(l1 ± s1 + 1)

(
l1 l2 l3

s1 ± 1 s2 s3

)

+
√
(l2 ∓ s2)(l2 ± s2 + 1)

(
l1 l2 l3
s1 s2 ± 1 s3

) (A33)

For the standard rotational Killing vectors about the x, y and z axes given by

Lx = sin φ∂θ + cot θ cos φ∂φ (A34)

Ly = cos φ∂θ − cot θ sin φ∂φ (A35)

Lz = ∂φ. (A36)

the computation yields

L̄1 =− Lx · m̄ =
1√
2
(i cos θ cos φ − sin φ) = i

√
2π

3
(
−1Y1−1 − −1Y11

)
, (A37)

L̄2 =− Ly · m̄ =
1√
2
(i cos θ sin φ + cos φ) = −

√
2π

3
(
−1Y11 + −1Y1−1), (A38)

L̄3 =− Lz · m̄ =
i√
2

sin θ = −2i
√

π

3 −1Y10. (A39)

Using these results in (A32), after some algebra we obtain

cx
lml′m′ =i(−1)m′

√
(2l + 1)(2l′ + 1)

4

{
3
√
(l′ + 2)(l′ − 1)

(
l l′ 1
−2 1 1

)

+
√
(l + 3)(l − 2)

(
l l′ 1
−3 2 1

)}{(
l l′ 1
m −m′ −1

)
−
(

l l′ 1
m −m′ 1

)}
(A40)

cy
lml′m′ =(−1)m′+1

√
(2l + 1)(2l′ + 1)

4

{
3
√
(l′ + 2)(l′ − 1)

(
l l′ 1
−2 1 1

)

+
√
(l + 3)(l − 2)

(
l l′ 1
−3 2 1

)}{(
l l′ 1
m −m′ 1

)
+

(
l l′ 1
m −m′ −1

)}
(A41)

cz
lml′m′ =i(−1)m′+1

√
(2l + 1)(2l′ + 1)

{
3
√
(l′ + 2)(l′ − 1)

(
l l′ 1
−2 1 1

)

+
√
(l + 3)(l − 2)

(
l l′ 1
−3 2 1

)}(
l l′ 1
m −m′ 0

)
(A42)

In particular for l = 2, the computation of the angular momentum z-component loss yields

J̇z =
1

4π
ℑ

m=2

∑
m=−2

mh2m
˙̄h2m. (A43)

In the final equation, we derive the momenta associated with the polarizations h of gravitational waves,
based on gauge-invariant perturbations, as outlined by Ruiz [6], Thorne [45] and Lousto [46].
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