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Article

A Renormalizable Model of Quantum Gravity

John Ashmead

Visiting Scholar, University of Pennsylvania; jashmead@seas.upenn.edu

Abstract: Two main problems stand in the way of unifying quantum mechanics and general relativity. First,
the treatment of time and space in quantum electrodynamics (QED) is not fully covariant. Second, the
ultraviolet divergences in quantum general relativity are not easily renormalizable past the one loop level. In
previous work, we addressed the first problem by promoting time from parameter to operator: with
this the treatment of time and space in QED became fully covariant. The most obvious prediction
was additional dispersion in time at the attosecond scale; such effects are falsifiable with current
technology. As an unexpected but welcome side-effect, this regularized the ultraviolet divergences
in QED. We therefore ask “will promoting time to operator regularize the ultraviolet divergences in
quantum general relativity (QGR)?” Using the existing literature on QGR as a base, we show we
can rewrite QGR with time as an operator. And that the ultraviolet divergences are contained in
QGR just as they are in QED. We show that there are feasible tests which can distinguish between
standard QGR and TGR. We conclude that TGR represents a renormalizable model of quantum
gravity which is consistent with existing observational and experimental evidence and which is
falsifiable in principle.

Keywords: quantum gravity,time, quantum mechanics, quantum electrodynamics

1. Introduction

Quantum mechanics (QM) and general relativity (GR) have modified our understanding of the
physical world in depth. But they have left us with a general picture of the physical world which
is unclear, incomplete, and fragmented. Combining what we have learned about our world from
the two theories and finding a new synthesis is a major challenge, perhaps the major challenge, in
today’s fundamental physics. — Carlo Rovelli [132]

Problem of Quantum Gravity

In quantum mechanics (QM) and general relativity (GR) we have two brilliantly confirmed
theories that appear to be almost perpendicular to each other. Since they have very different domains
of applicability it has not so far been possible to force a resolution. But the last few years have seen
extraordinary progress in gravitational wave detection and multi-messenger astronomy [1,35,100,124]
as well as equally extraordinary recent progress on the experimental side [10,18,20,27,31,80,82,87,124].
We should therefore be getting closer to finding a resolution.

There are two main problems making a resolution difficult:

1. The treatment of time and space in QM is not fully covariant.
2. There is currently no way to systematically renormalize higher order loops in quantum general
relativity (QGR).

Promoting Time from Parameter to Operator

With respect to the first problem: in recent work [7-9] we asked “what breaks” if we force the issue
by promoting time to an operator in quantum mechanics (QM) and quantum electrodynamics (QED).
We used the Feynman path integral approach (FPI). We extended the paths from three dimensional -
right/left; forward /back; upwards/downwards — to four dimensional, allowing the paths to move to
future/past as well. From a human point of view this might be a trifle disorienting, but the math does
not care about that. The rest of the FPI machinery was kept almost unchanged.

© 2023 by the author(s). Distributed under a Creative Commons CC BY license.
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The approach (TQM for Time + QM) reduces to standard quantum mechanics (SQM) in the
appropriate limits. But at short times there are differences that should be detectable with current
technology. So TQM is falsifiable as well.

With respect to the second problem: we were concerned that with an additional dimension to integrate
over, the familiar loop divergences would go from renormalizable to un-renormalizable. In fact the
opposite happened; the combination of dispersion in time and entanglement in time made the loops
self-regulating.

Quantizing Gravity

An obvious follow-on questions is “can we apply this approach to General Relativity”? We
argue we can: if we quantize general relativity (GR) at the metric level and employ the de Donder or
transverse-traceless gauge, the same methods that apply to QED apply to GR. The non-linear character
of GR does not keep us from doing this. We refer to the result as TGR (Time + General Relativity).

Experimental Tests

Tests of TQM are feasible with current technology. The predictions are well-defined, so we expect
that it will be confirmed /falsified in the near future. For purposes of this analysis we will assume that
it will be confirmed.

Tests of TGR are harder. The best single test of TQOM is the Heisenberg Uncertainty Principle in
time. A comparable test in quantum general relativity might involve the use of planets moving at
relativistic speeds with respect to each other. This is probably outside the scope of most laboratory
budgets.

With that said, the number of proposed and arguably feasible tests of QGR is rapidly increasing.
It is probably only a matter of time before QGR is confirmed /falsified. Again, we will assume that for
purposes of this analysis it will be confirmed.

Ensembles of Gravitons

We have not found a direct test of TGR that seems suitable, but we have found a class of indirect
tests that might work. In QGR it is natural to assume that the metric is really an average over an
ensemble of gravitons, a variation on the emergent gravity idea (first proposed by Sakharov [135],
subsequently brought to considerable prominence by Verlinde [160-162] and others). If we grant this
assumption, then the predicted thermodynamic properties of the ensemble are very different in TGR.
And it should be possible to probe them with decoherence experiments and other methods. We argue
that TGR is therefore falsifiable in principle.

Outline of Paper

In his Quantum Field Theory in a Nutshell [172] Zee made quantum field theory (QFT) much
more accessible by breaking the subject out into baby, child, and adult problems. We do the same
thing here. We start with the non-relativistic case (baby problem), showing how to integrate four
dimensional paths into the usual FPI formalism. Then we extend this to QED (child problem) letting
the fields vary in all four dimensions. Then we move to quantum general relativity (the adult
problem), including four dimensional paths in the analysis of graviton/matter and graviton/graviton
interactions. We then verify that TGR does not have the ultraviolet (UV) divergences, before going
on to experimental and observational tests of TGR. We also look at implications for dark energy
([16,21,22,34,45,88,98,104,127,142,158,166-168,177,178]) and dark matter ([4,6,15,33,46,86,89,97]). We
conclude by arguing that while confirmation/falsification of TGR is a non-trivial problem, the odds of
confirmation are reasonable and even falsification would have value from a scientific point of view.


https://doi.org/10.20944/preprints202312.0850.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 12 December 2023 doi:10.20944/preprints202312.0850.v1

3 0f 38

2. Time as an Observable in Quantum Mechanics
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Figure 1. Paths in space; paths in time and space.

The work here has its starting point in the Feynman path integral approach (FPI) as originated by
Stueckelberg and Feynman [52-55,148,149] and as further developed in [56,58,68,81,90,90,93,105,129,
138,153,153,179].

Our initial goal is to promote time from parameter to operator. We chose FPI as the primary
approach because with FPI the only change we had to make was to generalize the set of paths to extend
in time just as they already did in space. The rest of the machinery we were able to leave largely alone.

We look at the non-relativistic (NR) and then the QED cases. Most of the key ideas show up in the
NR case. To extend TQM to QED we have to shift from point particles to Fock space and to include
both relativistic energies and the ability to create and annihilate particles.

Our two guiding principles are:

1. Complete covariance between time and space.
2. Consistency with the SQM results in the appropriate limit (usually time goes to infinity).

The great advantage of these two principles is that they leave us with no free parameters. And therefore
ensure falsifiability.

2.1. Non-Relativistic Quantum Mechanics

As noted, the key idea is to promote the paths from 3D to 4D. A number of supporting ideas are
required.

2.1.1. Clock Time

The first of these is clock time. For the moment, we define this as “what the lab clock measures”.
This is also referred to as laboratory time, as in Busch [23]. This investigation is indebted not only to
Busch but to many general reviews of the role of time in quantum mechanics: [24,40,47,102,103,119,
139,176].

The clock time plays an essential role here; we reserve the symbol 7 for it.

We do not mean the proper time. This would be different for each particle, so would make the
analysis of the multiple particle case very difficult.

We will think of T as the time of a nominal observer.

2.1.2. Coordinate Time

The paths extend into the future and into the past. They need a time coordinate along which to
extend themselves. We therefore define coordinate time t as this time coordinate. Coordinate time is
defined by the properties of ¥ plus covariance. We will shortly find it convenient to identify coordinate
time as the time coordinate in the block universe picture.
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2.1.3. Lagrangian and Action Unchanged

For both NR and QED cases we are able to reuse the existing Lagrangian. In the NR case we use a
Lagrangian from Goldstein: [61]:

L[x7, %] = —%mxﬂx,l —qxt Ay (x) — % (2.1)

This gives the action:

T
5= / L 2.2)
0

The path integral itself is defined as the sum over all paths weighed by the exponential of the
action. To make this easier to visualize we slice time up into N slices, going from time equal zero to
time T. Each slice covers an infinitesimal time ¢ = % Normally a path is defined as a series of points
in three space, 7 = (Xp,X1,...,XN). Here we define the paths in four space: 7+ = (xo,x1,...,xn). The
kernel is defined as the sum over all such paths, weighted by the exponential of the action, with an
overall normalization factor Cy:

N-1 1€ g} L;
Kpa = lim C / dtpdTpe 1 23
BA Nl—r>noo N };[1 ndXne (2.3)

At the end of the calculation we let N go to infinity and thereby get the path integral — now
understood as the appropriate QM kernel.

2.1.4. Convergence of Path Integrals

For all of this to make sense the individual integrals must converge. Normally this is insured by
adding a small positive factor to the mass or the time. In QED, Wick rotation (replacing T — —17) is
perhaps most popular way to do this [90,179]. Neither approach works for us; there is no way to do
either without violating covariance.

What we found was that neither approach is necessary. If we start with a normalizable wave
function (i.e. not a ¢ function or a plane wave!) and do the integral from start to finish, each
integration keeps the next one convergent. We showed this by using Morlet wave analysis to break
any normalizable wave function up into a sum over Gaussians, showed it for any Gaussian, and then
did the inverse sum.

While this might seem like a minor technical point — certainty it did to us at the time — it turned
out to be key to showing that loops in TQM converge. If the initial wave function has a finite dispersion
in time, that finite dispersion acts like a built-in regularizing factor. The integration over each slice
keeps the next integral honest — or at least finite.

Note that the rate of convergence depends on the specifics of the initial wave function. Further
we are not allowed to solve for a kernel directly; we must always solve for a kernel as applied to a
specific wave function.

2.1.5. Schrodinger Equation

Usually we derive the FPI expression from the Schrodinger equation. But here we work in reverse,
we go from the kernel to the Schrodinger equation:

oK KT+£ *KT (2 4)
€

a7 =lim, ;o

which gives us:
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Pr
- Zml% = ((pu—744) (p" = ga") = m?) g (2.5)

We recognize this as the Feynman-Stiickelberg equation (FS/T) from the Relativistic Dynamics
(RD) program. In fact, this investigation is much indebted to the RD program. See for instance Horwitz,
Fanchi, Piron, Land, Collins, and others [48-51,73,74,79,94].

The only difference is that in the RD program 7 is a free parameter; here it is specifically defined
as the clock time.

2.1.6. Free Solutions

The free solutions have the form:

P (t, 55):41? exp (—1Et+1p - ¥—107) (2.6)

with @, the clock energy defined by:

E2- 7% w2
@p = —Zn (2.7)

We will get the equivalent free solutions in QED by promoting m — E and then including a spinor
or a polarization factor for fermions and photons respectively.

2.1.7. Estimate of Initial Wave Function

Since we must always solve for a specific wave function we have to have a way to estimate them
in particular cases. In the previous papers we got a crude but reasonable estimate by assuming we have
an initial 3D wave function with known uncertainty in three momentum, then getting a maximum
entropy estimate of the 4D wave function by using Lagrange multipliers.

((AEP) ~ ((Apx)*+(py) +(8p2)) (28)

If we have the uncertainty in energy then we can estimate the initial wave function in energy as:

2
[1 W(E-E)n—ELS
@0 (E) = {| —=e *E (2.9)
noz

0% =2(AE)? =2 (<E2> - E2> (2.10)

With the wave function in time as the Fourier transform:

£, (t-10)°
[1 -9 1
)= & —=e ¥ o= — 2.11
$o ( ) 7T0'tz t oF ( )

There are two different time scales at work here. The time scales for t come from atomic units.
They correspond to energies of order electron volts, therefore of order attoseconds and less.

2.1.8. Time Scales

But the time scale for the clock time @), is a million times slower than that. Taking bound state
wave functions as a basis, the clock frequency is of order millionths of an electron volt and associated
time scale of order picoseconds.

This provides a quick if partial explanation of the much debated transition from the quantum to
the classic realm. At atomic times the clock time does not play a role, z% ~ 0, the FS/T equation looks
like the Klein-Gordon (KG) equation, and the wave function varies as rapidly in time as in space.
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But consider the long (to an atomic particle) trip from interaction zone to detector. Now the effects
of on-shell bits of the wave function (@, ~ 0) will tend to reinforce, off-shell bits to cancel, and the
wave function that arrives at the detector will look as if it has magically gone on-shell. See for instance
Tannor [154] on this sort of effect.

2.1.9. Definition of Clock Time in Terms of Quantum Time

The division of time into clock time and coordinate time was essential to the development of
TQM in the previous papers. It is very difficult for a single time to successfully track both the quantum
and classical aspects of time. At the same time (as it were), having two distinct time variables violates
the principle of economy of ideas.

We therefore re-define the clock time as the expectation of the time operator over the wave
function of the laboratory:

T = (Prap [t Prav) (2.12)

We have shifted the weight of the analysis from the clock time, where we started, to the coordinate
time. The clock time is now a mere convenience variable, useful but ultimately disposable.

And to further economize on ideas, we now redefine the coordinate time as the time part of the
block universe picture. The paths are to be seen as objects that exist entirely in the block universe
picture, with well-defined coordinate time endpoints, but no direct connection to the clock time. The
clock time serves to divide up the paths in distinct sets and to make clear the connection of TQM to
SQM, but no longer has a fundamental role to play.

2.1.10. Choice of Laboratory Frame

We had one failure to achieve full covariance; the specific choice of a laboratory frame picks out a
preferred frame. We resolved this by noting that Weinberg [169] was able to define a pseudo-tensor
corresponding to the energy-momentum of spacetime itself. This implies that we can choose the rest
frame of local spacetime as the preferred frame. As this frame is an invariant, we have an invariant
definition of the laboratory frame.

2.1.11. Falsification in Principle

We now have falsification in principle: we can solve the FS/T in a variety of cases, look for
differences from the KG or the usual Schrodinger equation as the case requires, and thereby confirm or
falsify TOM. However the actual effects are going to show at short times and high energies. In such
cases we are looking not only at relativistic energies but also at particle creation and annihilation. To
get to falsification in practice we need to extend this approach to QED.

2.2. Quantum Electrodynamics

Our primary target here is to summarize the recipe for turning an existing set of Feynman rules
with time-as-parameter into the corresponding set of Feynman rules with time-as-observable. We
worked these out in [9].

For the most part the derivations were straight-forward. Thinking of coordinate time (or
coordinate energy) as a kind of fourth space dimension, albeit one that enters with opposite sign in
some cases took care of most questions.

There are of course some subtleties. The principal ones are that:

1. We are primarily interested in short clock times, often short enough that the influence of the
dependence on clock time can be neglected.

2. The elegance of the Feynman rules tends sometimes to obscure the physical meaning. In
particular the use of contour integration at a key step makes the meaning of the virtual particles
perhaps more opaque than is ideal. We discuss this further below.
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2.2.1. Action

We were able to reuse the QED Lagrangians unchanged. But we had to define the action differently.
The spin zero case is the simplest but still typical. In SQM we have the Lagrangian:

£5OM = % (aT¢aT¢—V¢V¢—m2¢2) (2.13)
and the action is:
§SQM — / dt / df% (8T¢8T¢—V¢V¢—m2¢2) (2.14)

The Lagrangian in TQM is formally identical except that the clock time has been replaced by the
coordinate time:

£TM = (8t¢at¢—V¢V¢—m2¢2) (2.15)

N =

No surprise there.
But the action is now subtly different:

T 00,00,00,00 1
TOM _ - 242
STOM — / dt / atdz (9199 p—VpVg-ne?) (2.16)
0 —00,—00,—00,—00
We have integrals for both coordinate time and clock time. The Lagrangian does not depend at all on
the clock time, so that the canonical momenta either do not exist or are trivial, whichever term you
prefer. Further, the integral over clock time is finite. We do not need to take the limit as clock time goes
to plus and minus infinity, in fact we are usually far more interested in short clock times than long.
In either case, every vertex in momentum space will have an accompanying:

ot <Z Pout — Zpin) (2.17)

out in

in the coordinate energy and momenta. But it will only get a:

4 2 @out — 2 @in (2-18)
out in

in clock time if we take T — Zco. (We have E the complementary operator of the coordinate time ¢; @

the complementary variable of the clock time 7.) If we are not taking the T — Foco limit we will have

to compute the integral over clock time by hand, using the appropriate factors of exp (—@,T).

2.2.2. Feynman-Stiickelberg Equations

As a practical matter we found that starting with the FS/T equations provided a more robust
extrapolation of the NR to the QED case than starting with the action. The actions are useful as a
summary of the properties, but the FS/T equations are definitive. Details are in the previously cited
works.

For spin zero we replace m — w:

2 12 yp2

" (2.19)

For photons we assume we are in Lorentz gauge, so that each component obeys its own KG
equation:

Ly @
E)Tlp_

m
2w
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_ 0 v _ 2 72 v
2wng = (w k ) A (2.20)

And for fermions we again take advantage of the fact that with a bit of manipulation the Dirac
equation can also apply to each component separately:

—I'yo%wrz(;ﬁ—m)tpr (2.21)

With these choices the propagators can be written as a polarization or spin factor times the spin
zero propagator. (This is also true in the QED case, see [92]).

2.2.3. Free Wave Functions

With the FS/T equations we have their corresponding free solutions almost by inspection. We
focus, as usual, on the spin zero case.

Explicit Free Wave Functions

SQM free wave function:

(Pk(x)_\lN ! exp (—szT—HE . J_C'),CUT( = \/K24-m? (2.22)

1 . w2 —K2+m?
exp (—1@T—1kx),0p = —1———

1
(Pk(x)_ﬁm 2w

The changes are:

(2.23)

1. Box normalization goes to hyper box normalization: V — TV. We assume periodic boundary
conditions.

2. Three vectors go to four vectors: k-% — kx.

3. Energy normalization goes from on-shell energy to free energy: w; — w.

4. Dependence on clock time given by clock frequency.

The first two changes are direct results of rule one.

The use of box normalization is a great help with dimension checking. Once the dimension
checking is done, it is often simpler to work with continuous normalization. In this case the factors
(27)% goto (27)*.

The presence of a box in time — the factor of T — may be a bit unnerving at first. In QED we can
think of this as a box in time large enough to contain the entire interaction of interest. In GR, this time
range may be up to 13.8 billion years, so as boxes go, this is a large one. In this case, we may prefer a
more sophisticated treatment using a manifold of hyper-boxes, keeping the individual boxes at a more
reasonable size.

The shift from the on-shell energy to the unconstrained energy is an aspect of the shift from time
as parameter (constrained) to time as observable (unconstrained). This same rule is applied to the
Dirac spinors: all occurrences in them of the on-shell/contrained Ej are replace by the unconstrained
E.

As to the fourth point, in TQM almost all the dependence on time is through the dependence on
coordinate time. For the sort of high-speed interactions we are primarily interested in, the clock time is
likely to be essentially frozen, only coming into play on the legs.

It is often helpful to write the coordinate time as:

t =T+ 0t (2.24)
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the coordinate energy as:
w = wp +ow (2.25)
with the usually reasonable expectation that both ¢ and éw will be small in practice.

Fock Space

This lets us define the Fock space in terms of sums of the appropriately symmetrized free wave
functions. It is given in the occupation representation by:

{me}) (2.26)

where n is an integer from zero to infinity and the wave functions are fully symmetric.
The creation and annihilation operators are defined by their effects in Fock space:

ag Ing) = /g e — 1), af [m) = /g +1|ng +1) (227)
with 4D commutators:
[ 0] = 8* (k=¥ (2.28)

All other commutators are zero. We make 0 use of the common interpretation in terms of harmonic
oscillators.

In and Out Wave Functions

These are given by sums over the free wave functions above.

Feynman Propagators

SOM The propagator is defined in terms of time ordered products of the free wave functions:

107, (F= 1) = (0|T {¢%, (8),¢5 (1)} ] 0) (229)
We pause the derivation at what is normally treated as an intermediate step:
1 e*leT e*lw;T
_ _ 2.
1S+ (k) (27_[)3 < sz 0 (1) + 2(“)}5 6 ( T)) (2.30)

These are Feynman boundary conditions; as noted, good for S matrix calculations, but problematic
for loop calculations in TQM. We will refer to this as the “unpacked” form.
The next step in the derivation is to replace the positive time branch with a contour integral:

—1lwyT

¢ h(r) =2 / d et (2.31)
T) = — w .
2wy (w— wy + 1€) (w+ wE)

and the negative time with a similar contour integral. Combined, they give us the familiar
expression for the propagator:

s () _ 1
IAS (k) - (2.32)

This looks four dimensional; that’s not quite correct. The integral over energy is a contour integral.
The value of the energy is effectively fixed by the value at the residue forcing the energy — appearances
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not withstanding — back on shell. This elegant trick makes the integrals easier to do but somewhat
deceptive in appearance. TQM will replace this contour integral with a real one.

TOM TQM can be handled the same way, but with four dimensions in play rather than three.
Again start with the definition of the propagator:

sy (x =) = (O[T {x (x).¢, () }] 0) 239

We again use Feynman boundary conditions, to keep the development in parallel with SQM. But
we stop the derivation just before the trick with the contour integral:

/d4kezweryzk(x—y) efzweryfzk(x—y)

Ay (x—y)= 0(t)— 0(—1)

2w 2w

Note that the second term in TQM differs from the second term in SQM by the overall sign and
by the sign of the clock frequency term. We are already integrating over w. We can see that the w
integral is real; that off-shell values will contribute to the result. Effectively we have moved from
virtual fluctuations in energy to real ones. This is what changing time from parameter to observable
means in the context of propagators.

The value of w does depend on the choice of frame; see earlier comments about the use of the rest
frame of spacetime to eliminate this choice.

With the same approach we have the propagator for photons in Lorentz gauge:

v k
DI (%) = — 1g dwdk

et 2w (exp (—10kT — 1kx) 0 (T) — exp (—1@xT + tkx) 0 (—7)) (2.34)

and the propagator for fermions:

d4 p+m o1 @pTay—1p(x—Y) = 1@pTey—1p(X—Y) g (_
1S¢(p / p2E Py 0 (1) —e Orty 6 ( T))
The derivation of the photon and fermion propagators depended on the ability to find a gauge in
which each component separately obeyed the KG equation. We then mapped the SQM KG equation to
the TQM KG equation:

1 exp (—1wxT exp (—1wxT
KSQM _ kzi_HséKTQM: p(zw k )Q(T)— p(zw k )9(—1’) (2.35)

We have not as yet extended TQM to Yang-Mills theories. Given that our experience was that
almost all of the difficulties happened in the promotion from NR to spin zero we expect technical
difficulties but not conceptual ones in that extension.

2.2.4. Vertexes

In QED there is only the one vertex term:

—etpy, AV (2.36)

As discussed earlier, in TQM each vertex will get a delta function in the coordinate momenta.
If we are taking the limit as T — 400 we will also get a ¢ function in clock energies. But for shorter
times, we will generally want to go to the unpacked forms (of both SQM and TQM) and work out the
dependence on clock time explicitly.
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2.2.5. Measurable Differences between SQM and TQM

The driving difference between SQM and TQM is the promotion of time from parameter to
operator. This implies the paths go from 3D to 4D, the wave functions have dispersion in time as well
as in space, and so forth. There are technical questions as to normalization and boundary conditions
but they are secondary.

If we want to see differences between SQM and TQM we will generally have to look at short
times; attoseconds or smaller. Fortunately our reach into the attosecond realm is rapidly increasing.
The recent award of the Nobel prize for such work [107] is a strong sign of this.

Currently the shortest attosecond scale pulses are now down to about 53as [91] which is still too
large. But with skillful experimental design we can push well below that. For instance Ossiander et al
[116] were able to probe down to sub-attosecond levels.

The scope of the expected effects is great: any time-dependent phenomena will show some effect.

Tests of the Heisenberg uncertainty principle (HUP) in time/energy are the most promising. If the
HUP applies in energy/time as it does in space/ momentum, then when a wave packet passes through
a small gate in time (think very rapid camera shutter) it will be diffracted: the resulting uncertainty
in time at a detector will be arbitrarily great. But if the HUP does not, then the wave packet will be
clipped: the resulting uncertainty in time at a detector will be arbitrarily small. (In practice the small
gate could be replaced by a probe wave packet engineered to have a small dispersion in time.) The
experiment is a knife: the effect is either arbitrarily large or arbitrarily small.

3. Quantizing the Metric

3.1. Metric as Quantum Field

There is an extraordinary literature on GR; we have found the following particularly helpful:
[2,29,70,101,134,140,151,155,157,163,173].

Our goal is now to apply the approach used for QED to QGR. To do this we will treat the metric
as a field, no different in principle from any other field, and slot it into the machinery developed for
QED.

This should then address both of the problems that inspired this work:

1. The treatment of time will be fully consistent with that of space. As we saw, this is not entirely
true of QED; it is certainly a fundamental requirement for any quantization of GR.

2. The perturbative expansion of the action in Feynman diagrams is not convergent: the loop
diagrams do not converge. The first order loop diagrams can be renormalized but the number of
renormalization constants increases without limit as the number of loops increases.

Before settling on the metric as the target we consider alternatives. The principal alternative is to
quantize at the spacetime level. There are two problems with this:

1. Which spacetime? There are many: string theory, loop quantum gravity, causal set theory, causal
dynamic triangulation, and so on.

2. Most show their effects at the Planck scale. For the most part, this means there is no real prospect
of falsifying any results.

By working at the metric level we are working with a kind of lowest common denominator of most
or all of the proposed spacetimes. If we can quantize at the metric level, then experimental or
observational discrepancies can direct our attention to effects of some underlying spacetime.

We have found it helpful to think in terms of the Mercator projection maps of the world found in
schoolrooms everywhere. The Mercator projection stretches the distances at the poles so you can not
just apply ruler to map to get a correct distance. It is easy enough to develop a metric that corrects for
this.
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But consider now a traveler using a Mercator map to get from one place to another. The metric
will give the true distance from a flying crow’s point of view. But if the traveler has to climb mountains
or descend into oceans to follow the straight course from A to B, the travel time metric will give wildly
different results from the Mercator metric.

For us, then spacetime plays the role of the underlying geography. We focus on the metric because
with that we can get falsifiable results, but we are always mindful of the possibility that there may be
more to the question than just the metric.

We take the metric as target and assume that there are also quantized disturbances in the metric
(ripples on the map). We follow the literature in referring to these as gravitons. They may be
quasi-particles or fundamental representations of an irreducible Lorentz group: we are not fussy. So
long as we can quantize them in a consistent way and predict experimental or observational results,
we have what we need.

We can write the metric as:

Suv — 77;1v+hy1/ (3.1)

where 7 is the Minkowski metric (using particle conventions):

41 0 0 0
0 -1 0 0
=1 0o 0o -1 o (3.2)

Much of the literature uses a variable dimension D > 4. We will content ourselves with the usual
four dimensions here.
We can break up the & into classical and quantum parts:

(classical) | ~(quantum)

gﬂV:n]W+hyv ‘H:l}n/ (3.3)
Often it will be useful to perform a coordinate transformation to flatten out the classical part of /,

leaving us with just the Minkowski metric and the quantum fluctuations on it:

v +Hw (3.4)

3.2. Free Gravitons

We now build up the free wave functions and propagator for gravitons. The treatment here is
abbreviated from [68,84,157,159].
The matter free action in general relativity is:

/ drd¥\/—gR (3.5)

If we vary the action with respect to the metric we get the free Einstein equations of motion. If we
take a second variation, we get the propagator. For instance [159]:

o 5ﬂa5VIB+5V‘85VIX_5]lV5aﬁ
= 2 ie

K (3.6)

This is more complex than we would like.

We can simplify the propagator by making an appropriate gauge choice. We want one where each
element of the metric obeys the KG equation by itself; then we can apply equation 2.35 to get the TQM
propagator.

The metric starts as a symmetric four-by-four matrix, with ten degrees of freedom. The metric
must satisfy the four Bianchi identities; this leaves have only six degrees of freedom. We can use our
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freedom to choose the four coordinates to reduce the number of degrees of freedom by four, leaving us
with only two degrees of freedom.
We take advantage of this to impose the de Donder (or transverse traceless) gauge condition:

1
Iy — 5 9y, =0 (3.7)
We can simplify still further by defining:

_ 1
Ty = Iy = 510 (3.8)

This gives the simple form for the matter-free Einstein equation:
Oy =0 (3.9)
We can get the familiar & back from / by:
- 1-
hyy = hHV_EhWV (3.10)

With only two actual degrees of freedom we can describe a graviton using only two polarization
matrices. For example assume the graviton is traveling in the z direction:

kyz (wE,O,O, w%) (311)

We can take the two polarization matrices as:

00 0 O 0 000
01 0 0 0 010
1 2
= = 12
i 00 -1 0 Hiw 0100 (12
00 0 O 0 000
These are sometimes called plus (+) and cross (x) polarizations.
We can write the graviton wave function in terms of these two polarizations:
Gl (1,%) = He Tk (3.13)
A /ZVWE
The corresponding TGR free wave function is:
1 o
Gr,k t X :7Hre—zwl;r—zwt+zk~x 314
0= s 19
3.2.1. Fock Space in TGR
This gives us the Fock space as the sum over these free wave functions:
[{mi}) (3.15)

With creation and annihilation operators:
A |n}) =/} [n—1) AT |n}) = /nf+1|nj+1) (3.16)
Commutation relations:

Ay, At =0 (k=K )1 (3.17)

And wave function operators:
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1 AT ~tr
GT(t, f)z (erfzwkTJrzkx_’_Hk ezwk'rfzkx) (318)
‘ ;rzl,Z V2TVw

3.2.2. TGR Propagators

And same procedure as with TQM gives us the free graviton propagator. We start with the (clock)
time-ordered product:

1K (x—y)=(0|T{G (x),G (y)}]0) (3.19)
We use same approach as for TQM. The treatment is essential;y the same as for the photon. The
result is:
ap__ap [ exp (—1@T) exp (—1@xT)
with side-definition:
1
1 = = (5;55+5553) (3.21)

I ensures that the graviton matrix stays symmetric.

We therefore have the free TGR wave functions and propagator. Note that during the derivation
we required that the individual components of the graviton obey the KG equation. But now we have
established the mapping from SQM to TQM, we are permitted to undo the gauge transformations that
achieved this simplicity. For instance, we could return to the original propagator and map it to its
TQM equivalent:

ex —1W; T ex —1W; T
Kyvap — (8uabup+6,86ua—0umap) (I’(Zwk)e (1) —%9 (—r)) (3.22)

4. Action for Quantum General Relativity

“Wheeler’s often unconventional vision of nature was grounded in reality through the principle
of radical conservatism, which he acquired from Niels Bohr: Be conservative by sticking to
well-established physical principles, but probe them by exposing their most radical conclusions.” —
K. S. Thorne [156]

We first note our obligation to workers in the area of Quantum Gravity as [25,28,36-39,41-44,59,68,83,
115,123,133,147,152,169]

At this point we have what we need to build a renormalizable model of quantum gravity. We do
this by applying the methods of TQM to the metric of QGR. We are largely taking a kind of “direct
product” of the two approaches, although the non-linear character of gravity and the fact that general
relativity expresses itself as geometry add complications.

We start by taking the “cosmic time” as the equivalent of laboratory time. Then we look at the
expansion of the action in powers of the graviton. The propagator provides a convenient way to
categorize this. We have pure matter, matter-graviton, and graviton-graviton terms. Once we have
done this we will have enough to apply our Feynman rules recipe to promote QGR to TGR.

We will refer to QGR with time-as-parameter as standard QGR or SGR.

4.1. Cosmic Time As clock Time

To develop in parallel with TQM, we need a clock time to serve as reference. For the development
here the specific choice of clock time is not critical; we only require a well-defined and consistent
choice.
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We may think of the universe as an unusually large laboratory clock. We therefore use as our
laboratory time the cosmic time as defined in the A — CDM model.
And ultimately we can define the cosmic time, in its turn, as the expectation of the coordinate
time variable of the wave function of the universe /:
T= (Ut IU) (4.1)

From here to the end, references to T will refer to cosmic time.

4.2. Expansion of the Action in Powers of the Quantum Operators

We have found Jakobsen [84] particularly helpful. He is approaching QGR from a QFT perspective,
as we are, and gives a detailed account of the propagator, vertexes, and so on. As usual we will focus
on the spin zero case to define the rules, then extend to include photons and fermions.

We start with the Einstein-Hilbert and matter actions. We work in parallel to the development in
TQM. The QGR action is given by:

/dex#}\/jg <i§+£M) (4.2)

with x defined as:

k> = 321Gy (4.3)

This lets us mark the various terms in the Feynman diagrams by « to reflect how many powers of
Gy they correspond to.
We have immediately the corresponding action for TGR:

2R
/dnzx“& /=2 (K2+£M> (4.4)
The two Lagrangians are formally the same, but all references within to clock time have been
replaced with references to coordinate time. We will be interrogating this action with in powers of the
graviton operator fi:
g—g+h (4.5)

The measure for the path integral looks formally the same. But as earlier, each field is define over
four dimensions rather than three. For instance at clock time T we will be varying the metric over its
values for the entire block universe (not merely one time-slice of the block universe):

Dh,, D¢ (4.6)

The Einstein equations are derived by varying the action with respect to the fields:

SV=8 (B+Em) sy g(ReLw)
Sl 5

=0 4.7)

To help with power counting, we work with a scaled graviton field:

~ h
hyv uv

- (4.8)

There are three cases we will look at:
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1. Classical gravity; quantized matter. The matter waves are traveling over a classical sea of
gravitons.

2. Quantum interactions between gravity and matter. We look at he, h?, h>p, h>¢? terms.

3. Gravity self-interactions. We will focus on the three graviton vertex, although in practice the four
graviton vertex may also be significant.

4.3. Quantum Matter/Classical Gravity Interactions

We look first at classical gravity, quantum matter. Here we get classical gravity as merely the first
term in an expansion of the action. Oppenheim has argued that gravity should be seen as ultimately
classical [110-114] so that the treatment of gravity should stop here. In this context this is a minority
but a necessary position.

There are a number of analyses of quantum matter moving in a curved space, including [74-78,
164]. Any of those might serve as a starting point for the analysis here.

We focus on the matter action, taking the metric as a given. In SGR this is:

/ J—gd*x Ly (4.9)

with the normal derivatives being replaced by covariant derivatives: 9, — D).
We promote this action to a TQM action by turning all internal T — t and adding an integral over
clock time:

[ v=stxcu — [ar [ /=gdxLu (4.10)

We look first at the spin zero case. For spin zero the covariant derivative and the ordinary
derivative are the same. Therefore in the spin zero case, at this order we replace the flat Minkowski
metric with the curved but classical Einstein metric and (in TQM) include the integrals over 4D paths,
but have no further changes to make:

5= / drdxt, /—g% (9,00 p—112g?) 4.11)
For photons we have:

S=— /dr/d4x,/—gFuchdg”hgbd (4.12)

The covariant derivatives do not vanish but they do the next best thing, the Christoffel symbols
cancel out.

Fuv = DyAy—DyAp=3,A,—3, Ay (4.13)

Therefore the case for photons is the same as for spin zero particles: adjust to life on a curved
metric and include paths in time as well as space. But again nothing particularly tricky.
For fermions we have our first taste of real complexity:

S= / dr/d4x\/jg¢ (1Dy—eAy) Yy (4.14)
The covariant derivative does not reduce to the normal partial derivatives:
10,7 — zayfy"—l—zl"ﬁv'y",l"ﬁvzav <ln \/ |g|> 4.15)

We have:

S:/dr/d4x\/jglﬁ(lay+zay (ln \/@) —eAy)'y?‘tp (4.16)

We can if we wish treat the Christoffel term as an effective addition to the vector potential:


https://doi.org/10.20944/preprints202312.0850.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 12 December 2023 doi:10.20944/preprints202312.0850.v1

17 of 38

1
Ap = Apt Py (inv/1g7) (4.17)

where we have rewritten the 10 as a momentum operator acting on the In /|g].

There are more sophisticated ways of modeling the behavior of fermions in curved space, see for
instance [141]. Since our primary focus here is on the behavior of gravitons we leave this question
unexplored.

4.4. Quantum Matter/Graviton Interactions

We now look at the quantum matter/graviton interactions. We are concerned with cases where
we have one power of the graviton field and one or two powers of the matter fields in play.

4.4.1. Action

Again we start with the spin zero case, with action:

[ dry=g5 (3u9"9-1209) (@.18)

Again we switch to a locally Minkowskian frame. We expand the metric with lowered indices to
the first power of the graviton operator:

S =T+ (4.19)

The graviton with raised indices is the inverse of that, so the graviton operator enters with
opposite sign:

g~y (4.20)

We must also include the density. To first order in the graviton operator we have:
12 = R 421
V=g=1+5hh=h, (421)

4.4.2. Hybrid Matter /Graviton Particles

We are faced with a slight twist here. Normally the propagator part of a Feynman diagram
expansion represents two powers of the same species of particles. But here we have terms with powers
of h¢p, hA, h¢ appearing. Appearing in the expansion at the propagator level suggests they may have
an important role to play.

For now, we will treat them as hybrid particles. Think of them as normal particles strongly
coupled to spacetime.

The most interesting case is graviton/photon hybrids. Both travel at the same speed, ¢, and we
know that photons can be coaxed into forming hybrid particles with sound, i.e. phonon polaritons
[72].

We will refer to these as “gotons” — gravitons + photons. Since the coupling of a graviton to
anything depends on its energy, they are most likely to appear in cases where high energy gravitons
are created next to high energy photons. If they succeed in hybridizing, we can see the graviton half
as a ripple in spacetime that accompanies its companion photon, like a flying fish teaming up with a
diving bird.

In the section on experimental and observational tests we will suggest several places where they
might be looked for. The odds are not good, but if the long odds can be overcome, the scientific and
practical possibilities may be significant.
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4.4.3. Three Point Interactions
We turn now to more conventional interactions.
!
DB
Figure 2. Graviton spin-zero scattering.
Spin Zero
The action to first order in # is:
¢ 1 4. 1 1 4. M v 242
SP () == [ g+ [ dsi (97 gu—m?) (4.22)
Per Jakobsen, the vertex is:
2 k—m?
VI (5 k) =1k~ P 2

We normal order the operators at the vertex. The cases are:

a'ha — spin zero particle absorbs a graviton

a'hta - spin zero particle emits a graviton

a’a’h - graviton emits a spin zero, anti spin zero pair

. htaa — spin zero, anti spin zero pair consume each other and give off a (rather high energy)

=W

graviton.

The first two represent quantum interactions of spin zero particles with a metric. The latter two
represent variations on Hawking radiation.

The second and fourth represent ways that spin zero particles can pump energy into a metric
(and vice versa).

Photons

We note that as before the covariant derivatives reduce to ordinary partial derivatives so in this
respect this is similar to the spin zero case.

st — / dt / \/ngtdfip,wpw (4.24)
We have a coupling to the trace of the graviton, coming from the density:
e
V{v}zgrx (FuFM™) (4.25)
And we have a more complicated coupling from the raised form of the metric:

(Apv—Avy) 8"8" (Ap—Apa) (4.26)

which to first order gives:

(Apy—Avp) B9 P (A p—Apa) + (Apv—Avu) " 1P (Ayp—Apa) (4.27)
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We have the same set of possible couplings as for the spin zero case.
Fermions
Again we start with the action:
sf= [dr [ dtaz,/=g§ (1D Aw) 1"y (4.28)
For the trace term, we drop the covariant derivative part:
fe} _a
1% == (10" —eAuyH) (4.29)
The metric replacement in the action acts once:
P (W (104—eAy) vv) (4.30)

And we have the same set of possible couplings as in the spin zero case.

4.4.4. Higher Order Corrections

There are order #? and higher terms to consider, but for a first attack on the problem the first order
should sulffice.

The key point is that any quantum particle will experience a kind of quantum friction with the
metric, even in flat space. This means there will be a constant interchange of energy and information
between metric and particle.

While this may not be detectable at the single graviton level, if we model the metric as an ensemble
of gravitons, there may be observational and experimental possibilities.

4.5. Graviton/Graviton Interactions

ls

76

2x Vi (1,1, 1)

Figure 3. Three graviton vertex.

The graviton/graviton interactions are extremely complex. And as QGR is a non-linear gauge
theory we have to include ghost terms in the action, which adds considerably to the complexity. DeWitt
[38] notes there are 171 terms in the three point vertex, 2850 terms in the four point vertex — although
he goes on to reassure us that with appropriate symmetrizations these may be reduced to 11 and 28
respectively.

Fortunately for our purposes here we do not actually need the details of the vertexes; we need
their symmetry properties and how they scale with momentum, but the detailed index structure of the
vertexes is the same in QGR and TGR, so not itself a concern.

We will look only at the three point vertex.
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And we will focus on the case where there is no matter nearby and we are using a locally flat
metric.

In SGR each vertex is accompanied by a J function in three momentum plus a ¢ function in clock
energy reflecting the fact that it is normal to take the limit as T — o0 in SGR. Using the convention
that all momenta are inward bound we have:

o4 (lh+1a+13) (4.31)

The vertex is given (in Jakobsen’s notation) by:
2k VI3 P (1y 1y 1) (4.32)

We have one pair of indices — (uv) (aB) (79) for each incoming graviton. The vertex may be
expanded out in terms of “U” functions. The U functions are complex but not functions of the momenta;
they are eight dimensional constant matrices. In a certain sense the U function appears only once here;
the second and third terms are symmetrized versions of the first. Each of the three terms gives up six
of its eight indexes to the incoming gravitons, leaving the other two to pair with all three possible pairs
of the graviton momenta.

)
V,j;”“ﬁ“’ (I1,Ip,13) =— (uw PO )l 3y UMP TP VL 3 L gy U VP “ﬁ”l(l)al(z)p) (4.33)

Note that the vertex is completely symmetric in its three inputs. And that there are two powers of
I? present. This latter is consistent with the fact that for gravity, energy is charge.

This is also the source of the difficulties with renormalization: the two extra powers of momentum
in the numerator make the use of standard renormalization techniques difficult. For instance a standard
loop integral might have two vertices. Each will contribute two extra powers of the momenta, making
the loop integral not logarithmically divergence but quartically divergent.

In TQM the vertex structure is, as it was with QED, identical. The § functions in momentum are
adjusted just as they are in TQM: every vertex gets a 5* in the coordinate energy and three momenta; it
will have a ¢ in the clock energy if we are taking the limit as T &£ oo, otherwise not.

4.6. Feynman Rules for Metric and Matter

We now have all we need to write the Feynman diagrams for TGR. We assume we start with
a set of Feynman diagrams for QGR. The topology and symmetries are the same as with QGR. All
non-graviton parts are unchanged from TQM.

4.6.1. Initial Graviton Wave Function

The initial graviton wave functions have to be written with four rather than three dimensions 3.2.
We can estimate the extension in energy for an individual wave function using the method in 2.1.7.
The polarization part is unchanged.

We repeat for convenience:

SGR wave function:

1 7o
G;(T/f):\/mlee_lw’zTHl.x (4.34)
k

goes to TQM wave function:

1
G (t,x) =————Hle @71l (4.35)

V2TVu K
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4.6.2. Graviton Propagator
The index part of the QGR propagator stays the same. For instance if the index factor is:
(5ya5yﬁ+5yﬁ§ya_5yy5aﬁ) (4.36)
it stays unchanged. The spin zero factor maps in the same way that does in QED:
1 exp (—1@xT) exp (—1@xT)
e — ( 5 6 (1) 5 0 (—1) (4.37)

4.6.3. Vertexes

The vertexes are unchanged except that the accompanying delta function is changed per the
above: the vertex gets an addition J function in the coordinate energy while the ¢ function in clock
energy is deprecated and rare.

4.6.4. Overall Diagram

The same remark applies to the J functions in overall momenta.
We allow for short times:

Tfinish
5 (St —Sitout) — / dtexp (—10,7) (4.38)
Tstart

but expand the remaining three dimensional overall delta functions into four dimensional delta
functions:

& (i —Zhout) = &* (Zhin—Zhous) (4.39)

4.6.5. Discussion

With that caveat, the main objective of this paper is accomplished. We can take any SGR Feynman
diagram and translate it into an equivalent TGR diagram. It will include paths in time on the same
basis as paths in space. And the loops will be convergent.

While we can compute any Feynman diagram in principle as a practical matter the combinatoric
explosion in indexes requires the use of dedicated software. An appropriate starting point may be
provided by the open source Mathematica packages FeynGrav, FeynCalc, FeynArts [62-67,95,96,143—
146].

The methods used to distinguish between SQM and TQM in the QED arena will not work here:
those methods looked for differences at the attosecond scale. This scale looks to be well below the
reach of any currently proposed tests of QGR. Therefore we are unlikely to be able to find a direct test
that distinguishes between SGR and TGR. In the section Experimental and Observational Tests we will
look at indirect tests.

5. Self-Energy Calculation for Gravitons

“The shell game that we play ... is technically called "renormalization’. But no matter how clever the
word, it is still what I would call a dippy process! Having to resort to such hocus-pocus has prevented
us from proving that the theory of quantum electrodynamics is mathematically self-consistent. It’s
surprising that the theory still hasn't been proved self-consistent one way or the other by now; I
suspect that renormalization is not mathematically legitimate.” - Richard P. Feynman p128 [57]
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Clock time —»

K (z;1)

Lr(xl)
K (z;x)

Figure 4. Simple loop diagram.

The loop integrals in QED have been a problem since its inception. They are dealt with by
renormalizing, by comparing two “nearby” integrals and arguing that even if each is infinite, it is only
the difference between the two that is physically significant. It then is possible to combine integrals in
such a way that all measurable properties are finite.

We originally expected that the loop diagrams would be still more of a problem in TQM: TQM has
one more dimension to integrate over in the loop integrals: we would expect that the loop diagrams
might go from logarithmically divergent to linearly divergent, perhaps making them unrenormalizable.
More detailed calculations, however, showed that two factors:

1. initial finite dispersion in time
2. entanglement in time

made the loop diagrams self-regularizing. This is essentially the same mechanism that guaranteed the
convergence of the time slice integrals in the non-relativistic case. Of course the calculations in the
field theory case are much more complex.

5.1. Loop Calculation

We will first calculate the loop for fixed clock time, then take the Fourier transform of this with
respect to clock time. This functions as an effective mass correction. The details of how that is done
are familiar; our goal here is show that the loop and the Fourier transform of the loop with respect to
clock time are finite in TGR. The graviton splits into two at clock time T = 0. Each of the two gravitons
travels along till time 7, when they merge. The loop is normally calculated in momentum space, but
in some ways the calculation is clearer in coordinate space. We have:

Lt (x) =—x2 /d‘%c[({ﬁ1 (x1; %) KB (x1; %) 9o (x)

L represents the wave function as it is modified by the loop. It will be added to the initial wave
function to get the loop corrected wave function. To get the full loop correction we will need to sum
over clock time. To do this we will take the Fourier transform with respect to the clock time. But we
will focus on the loop correction at fixed clock time first.

We will take the wave function as a Gaussian. If it is a Gaussian in coordinate space it is also one
in momentum space and vice versa.

The basic idea is to observe that if we take the initial wave function as a Gaussian in four
dimensions, each of the four Gaussians serves to regularize one of the four loop integrals. The
regularization is supplied by the incoming wave function. In coordinate space this is obvious, but the
QGR vertex functions are unmanageable in coordinate space. So we will shift back and forth at need.

Note that in standard field theory this does not work: connecting the time/energy part of the
initial wave function to the time/energy variable in the integral is exactly entanglement in time. And
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entanglement-in-time is one aspect of time-as-observable, a defining property of TQM, forbidden in
QED.

5.1.1. Setup

Vertex

As noted earlier, the three graviton vertex has six indexes. A simple loop has two of these:

2k VI3 PV (13,1 1) (5.1)

In each vertex the three incoming momenta occur in pairs: I1,l; and I, I3 and I3,]; in a fully
symmetric manner. In the case of our loop the incoming momentum is p and the loop momentum is
k. Each vertex contains two momenta in symmetric pairs. At each vertex the pairs are p, k, p, p — k,
k, p — k. The external momenta p is fixed, so that momenta that are integrated over as part of the loop
go as the powers of k from 0 — 4. Depending on the specifics we might be looking at w?ky in one term
and w* at another and so on. The total number of k factors in a single term is a maximum of 4. As
noted, DeWitt put the number of terms at each three vertex at 171 so that the total number of our terms
here is 29241. DeWitt shows that the number of distinct terms is much smaller, but the loops in QGR
are still far more complex than those in QED.

Initial Wave Function

We estimate the initial wave function as a Gaussian with fixed dispersions in energy and

_a 1 1(p—po),*—(P—po)" 35w (P—P0)"
%(M—@ e g ’ (5.2)

We take the initial dispersion as diagonal in the momentum. Effectively the initial wave function

momentum.

is a product of four separate Gaussians in E, px, py, pz:

& 0 0 0

. 0 2 0 0

Y = x 53
0 0 &> 0 (53)
0 0 0 o2

As noted earlier, using Morlet wave analysis any normalizable wave function may be written as
sums over such direct products, so there is no loss of generality in doing this.
The equivalent wave function in coordinate space is very similar:

1 _ #7(x—x );'L(x_x )V 1
x)=¢ e Pt 0) 2z 0 == 5.4
(PO( ) 4 det (Z) 5 (5:4)
Propagator
The propagators are much simpler in momentum space:
KS (K) = e — KT () =22 5200 (v) 55
@O = —%,kz:wz—E2 ‘

Note we have shifted from the Feynman boundary conditions to retarded boundary conditions.
The kernels are shorthand for:

R (k) — K (ki;k) 6* (ki —k) (5.6)
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The propagators in coordinate space are much more complex. In the non-relativistic case, the
momentum space propagator replaces the factors of the relativistic energy with the rest mass:

1 1

With this change the kernel in coordinate space is:
2 (t—t')?  (F=%) .
m
K- (x; x’):—z4n2072 P e e L e Tt b (5.8)

If we use steepest descents to approximate the coordinate kernel, given the exact momentum
space kernel, we can expand:

L_> 1 1_@ Sw?
2w 2w

—_— | w= ) 5.9
wo+w% >w wo+ow (5.9)

More generally we could write:

k=ko+0k (5.10)

Then we get the steepest descents approximation by expanding around k¢ to second order in
ok. We are going to further simplify by approximating the denominators to zeroth order, i.e. just the
average energy. This let us treat the kernel in coordinate space as the product of four independent
kernels, one for each dimension.

This is a technical change; we could if we wished expand the denominators to second order. The
cost would be a slight correction to the time-squared part of the argument, which would not be too bad,
and cross terms in dwdk,, which we could get rid of by diagonalizing the argument. Since our goal is
only to show the integrals are finite, not to compute their most exact values, we keep the simpler if less
accurate form.

Core Loop Calculation

We now take advantage of the symmetry of the loop calculation in the case of graviton. This is
one of the few places where a calculation in quantum gravity is simpler than the equivalent calculation
in QED. Consider a graviton with average momentum:

po= (Eo, Po) (5.11)

It splits into two gravitons. The best estimate of the relativistic energy for each is half of the
original energy:

_Eo
2
Since there are two gravitons and their kernels are identical, the total kernel to go from x — xq is:

Eq (5.12)

e E2
K’E—ff) (x,.x’) :_11671—72721(1_ (x,-x/) (513)

We can write the equivalent momentum space kernel by inspection:

R 5 E?

RET) (pip') =—1FRe (psp') , Fe = et (5.14)
Or more explicitly:

RED (p; ') :—1F7M54 (p—p/) (5.15)

2E
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We are free to replace the E in the denominator with Ey and cancel it against one of the Ey’s in the
numerator if we wish.
We got a similar result in the mass correction loop in the QED case, the F; there was:

m2

—l—— 5.16
P ere) (5.16)
With the replacement m — % the overall factor is the same. The clock frequency was not as

simple, however.

Fourier Transform

The Fourier transform of the kernel is given by:

FT [EXP(;“DPT)] _ —\/@w—wﬂ (5.17)

so the loop correction is:

. E(z) T M
Lo(p)=17c21/ 5 ’w—oop ] (5.18)

Quadratic and Higher Powers of the Momentum

Whereas in QED or in standard QGR the regularizing factor has to be supplied by hand, in TQM
and TGR it is supplied by the initial wave function. Any mere polynomial potential will be easily
regularized by the wave function. We have been using Gaussians for convenience but as noted these
are completely general.

We can do the actual calculations with this same approach here provided we are willing to be a
bit more careful about our steepest descents approximation. If we add an additional factor of, say:

exp (—1a k") (5.19)

in the definition of the momentum space kernel, and then do the steepest descents calculation in
detail, at the end of the calculation we can take the derivative of the result with respect to a; to get
whatever powers of the momentum we need to see integrated over:

_liKeffective N Keffective (ky) (5.20)
A ay=0
Higher powers means more derivatives. As they are being compared to Gaussians, the degree of
the polynomial will not make the integral infinite.

5.2. Discussion

5.2.1. If Renormalization Does not Make Sense, Why Does It Work So Well?

The most obvious question about renormalization is “why does it work at all?” As Feynman
(among many others) noted it does not make sense. Yet it works astonishingly well.

The approach here sheds some light on this. The effective regularization function is the time
dispersion of the initial wave function. Renormalization works by looking at the difference between
the loop calculation at two different starting points. If these starting points have initial wave functions
with similar dispersions in time, the correction due to the difference in the these two regularization
functions will be a correction to a correction, and therefore quite possibly too small to see.
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5.2.2. Could We See the Effects of Regularization in TGR?

At sufficiently high energies, we should see the effects of the regularization function take effect.
In principle, these functions are then detectable.

We would almost certainly need something more finely calibrated than the maximum entropy
estimate of the dispersion in time that we started with. That makes sense in terms of giving an
order-of-magnitude estimate. And that in turn should be adequate for falsifiability. But it is not likely
to be suitable for precision work.

It would be preferable to have an a priori estimate of the initial wave function in time. In QED,
we would need to compute the bound state wave functions with time now part of the calculation. This
looks doable but non-trivial. Once this is done we could look at, say, the Lamb shift and see what
further corrections would result from differences in the dispersion in time for the 2s and the 2p states
that are compared there.

In TGR we would need to work out the statistical mechanics of an ensemble of gravitons, as that
would be the population an incoming graviton would be coming from. This is also non-trivial.

6. Experimental and Observational Tests

“In this work, the potential of twisted light for the generation of gravitational waves in the high
frequency regime is explored for the first time. ... Compelling evidence is provided that the properties
of the generated gravitational waves, such as frequency, polarisation states and direction of emission,
are controllable by the laser pulse parameters and optical arrangements.” — Atonga et al [11]

The fundamental problem in developing tests of quantum gravity is that gravitons, if they exist,
do not couple strongly to matter. See Rothman [130] and also Nicolini [106].

Graviton/Photon Hybrids

We discussed previously the possibility that under the right conditions graviton-photon hybrids
might form. The force between the two halves would go as the product of their energies so the optimal
conditions for the production would be conditions where high energy gravitons and photons are
created simultaneously. The collapse of two neutron stars into each other is one possibility (as in the
GW170817 gravitational wave detection [118]). The work of Atonga et al [11] is another. This is focused
on the use of intense laser beams to generate gravitational waves. One asks if the same approach could
be used to generate gravitons and/or graviton-photon pairs? The great advantage of such pairs is that
the photon half of the hybrid would be relatively detectable. From our specific point of view, these
may also serve as tests of TGR since there will almost certainly be a strong time element.

Gravity as a Classical Potential with Effects on Quantum Particles

In a number of the proposed experiments the effects of gravity are similar to the effects of any
other (classical) potential. For instance in the Overstreet treatment of the Aharonov-Bohm effect from
a gravitational field [117] the passage through a gravity potential changes the relative phase of the two
halves of the wave function. An interferometer can then detect the difference. The same sort of thing is
predicted from gravitational time dilation [131].

In semi-classical approximation, the phase goes as the integral of the Lagrangian along the path, i.e.
the action. Different paths give different values of the action, hence interference effects. Unfortunately
as TGR uses the GR action, the actions along the paths are going to be the same. Such approaches do
not seem promising as tests of TGR specifically, although they are interesting in their own right.

Gravity as a Quantum Field

The next step up in sophistication is to see gravity as a quantum field and look specifically for
effects that are only present at the quantum level. Entanglement is one such; see discussions in [19,126].
One could also look for interference between different quantum states of spacetime, as in [32].
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Unless the entanglement involves entanglement in time, such experiments are unlikely to
disambiguate between TGR and standard QGR.

The Metric as an Ensemble of Gravitons

Decoherence has been proposed as a mechanism to help explain the transition from the quantum
to the classical case [85,109,137,174,175,180-185]. Gravity is particularly attractive as a source of
decoherence; it is omnipresent and can therefore explain why most of the observable universe appears
to be made of classical objects. A number of experiments have been proposed to look for decoherence
effects created by gravity [3,5,13,14,17,26,99,120-122,128,136,165,171].

When decoherence is used to model the collapse of the wave function it invariably is modeling
the loss of information from the observed system. Since in quantum mechanics information can neither
be created nor destroyed (see the no-cloning and no-deleting theorems), the information must have
gone somewhere. That somewhere is always the system doing the detecting. And that system has to
be modeled as a statistical system. In this way, we ensure that the “lost” information is still extant but
no longer accessible, it is “lost in the crowd”.

Specific examples of decoherence generally need to model the statistical mechanics of the system
doing the decohering.This makes them the first of these classes of experiments which can specifically
be used to test for TGR as opposed to QGR. This is sufficiently important here that we devote the next
section to it.

7. Statistical Mechanics of the Graviton Ensemble

We look at the statistical mechanics of the graviton ensemble. We are not going to work out the
rules for this here; it is a large, complex subject requiring a dedicated investigation. Instead we are
going to discuss why we should make such an investigation, how we can go about this, and how we
might compare the predictions of TGR to currently available observations.

We start with two working hypotheses:

1. that the GR metric is in fact composed of a statistical ensemble of gravitons.
2. and that the metric acts as a store of energy and information.

Metric as a Statistical Ensemble of Gravitons

Jakobsen [84] has shown that we can derive the Schwartzschild metric from QGR, which is strong
evidence of the feasibility of this approach. He and Latosh [95,96] both cite a significant literature
developing general relativity from a particle perspective. It appears that there is no fundamental
principle barring this approach, even if it is a minority view.

See also the discussion in [60] of gravity as irreversible, a statistical property.

Treating the metric as an ensemble of gravitons provides a natural explanation of the black hole
information paradox [69,108,150]: as with decoherence, information that goes into a black hole is not
lost, it has merely been “misplaced”, part of the sea of gravitons that comprises the metric, even the
black hole metric.

Metric as a Store of Energy and Information

There has been a fair amount of work on the energy to be associated with spacetime: Weinberg
[169], Dirac [41], and Baryshev has a review of this [12]. Baryshev discusses the storage of energy in
the gravity field. We have not seen a discussion of the storage of energy and information in the metric
treated as a statistical system.

There is some indirect evidence to suggest the metric should be treated as a statistical system,
and further one with its own characteristic properties. The cosmic microwave background (CMB)
currently has an estimated energy density of 0.260eV /cm3 or 0.260MeV /m3[170]. The cosmological
constant corresponds to an energy density of about 3.35GeV /m>[125]. Naively, the statistical structure
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of graviton gas should be very similar to that of a photon gas; they are both massless and there are
two degrees of freedom. We may reasonably assume that being, as it were, in very close proximity,
they are at the same temperature. The gravitons have an attractive force for each other, but that is
normally considered weak. If we model the graviton gas using the same approach as for the photon
gas ([30]) then for the gravitons to have a heat capacity about 12,000 times greater than a photon gas is
a discrepancy too great to easily reconcile.

In statistical mechanics we normally weight each state by with an occupation number of # and
momentum k by:

exp (fﬁn ‘%D (7.1)

where g = .
When time is an observable we are at liberty to look at off-shell variation, as:
k

()

) 2
702 (7.2)

exp —ﬁnm—n

where the dependence on w is a Gaussian centered on ’E‘ If 0|2E| is small enough, this turns into a

J function so reduces to the usual.

This provides an adjustable constant in the dispersion in energy. It can easily account for the
factor of 12,000 difference. Too easily in fact, which is a problem.

Feynman and Hibbs [58] show we can use Feynman path integrals to compute partition functions.
The core of the approach is to note the formal resemblance between partition functions and the path
integral, then exploit this resemblance by using imaginary time as formally equivalent to a temperature.
This should let us compute the partition function for a graviton ensemble from first principles.

Could a graviton gas be that different in character from a photon gas? The force between gravitons
is attractive and for gravity the energy of the graviton functions as charge. A statistical distribution
with an otherwise disproportionately high percentage of high energy gravitons might be energetically
favored because of the potential energy benefits.

How this plays out is best determined by detailed calculation. If a formal calculation is consistent
with the dark energy energy density, then we will have confirmatory evidence. If it does not, we will
have falsified the hypothesis.

Decoherence Experiments as a Probe of the Graviton Ensemble

The decoherence experiments discussed previously necessarily probe the statistical structure of
the gravitons. For instance, high energy photons will couple at one rate, lower energy at another. The
results from such experiments may be used to probe the statistical structure of the gravitons.

Metric as Explanation of Dark Energy and Dark Matter

We currently detect dark energy and dark matter only through their gravitational effects, through
the metric. While many explanations have been proposed for them, none have been confirmed.

It is possible that the explanation for these two phenomena is that they represent an accumulation
of energy in the metric structure of spacetime. Dark energy would be the part averaged over the
universe, dark matter would be the local variations in the energy distribution.

Normally in general relativity we assume that the exchange of energy and momentum between
metric and matter is entirely described by the Einstein equations “Space tells matter how to move
Matter tells space how to curve” (Wheeler in [101]). But as noted, QGR implies an additional
mechanism for the exchange of energy and information between matter and metric, a kind of quantum
friction.
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If the metric is correctly described as an ensemble of gravitons, then these transfers will be
governed by the principles of statistical mechanics. Now consider the situation at the Big Bang.
Assume there is relatively little energy in the metric. We expect then that there will be a transfer of
energy from matter to metric. This will result in an increase in the temperature and the volume of
the metric, in other words it will look like an expansion of the universe (i.e. dark energy). Once the
universe has expanded enough that its parts are no longer in effective communication with each other
the rate of transfer will be governed by local conditions. Any concentrations of energy in matter (i.e
stars and galaxies) will drive transfers of energy into the local metric (i.e. dark matter). The transfers
of this energy within the metric will look like currents of energy radiating outward from the core of a
galaxy, surrounding galaxies with a halo of dark matter.

The patterns of the initial transfer and the local transfers will obey the rules of statistical mechanics.
The direction of the transfer of energy from matter to metric or vice verse will be determined by
whichever transfer increases entropy the most. The rate will be defined by the coupling matrices,
integrated over the local metric and matter.

Observations of the history of dark energy and dark matter will provide an additional line of
attack on the partition function of the metric.

Falsifiability

We have a way to compute the statistical structure of graviton ensemble and several ways to
compare the predicted structure with experimental and observational evidence. Therefore TGR is
falsifiable in principle.

8. Discussion

The question of whether time should be treated as a parameter or as an operator goes back to the
start of quantum mechanics. Heisenberg [71] took for granted that it should, at least in the sense that
the uncertainty principle should apply to the time/energy relation as it does to the space/momentum
relation. But practice since then has largely treated time as a parameter. Our initial goal was to force
the issue and see what breaks.

The push to non-relativistic quantum mechanics and then to QED was relatively straightforward:
with Feynman path integrals it was largely a matter of extending the paths to include motion in the
future/past direction on the same basis as motion in the right/left, forward/back, and up/down
directions. For the most part the rest of the FPI machinery could be left untouched.

This can be seen as an exercise of Wheeler’s principle of radical conservatism: we are taking both
special relativity and quantum mechanics completely seriously. By making time an operator we are
merely “completing the square”. The predictions are well-defined; the associated tests non-trivial but
feasible with current technology. We expect that TQM will be confirmed /falsified in the near future.

What we have done in this paper is apply the same approach to quantum general relativity: we
have combined not special relativity but general relativity with quantum mechanics, again taking both
completely seriously. The non-linear character of general relativity and the presentation of general
relativity as curvature in spacetime present technical problems. But the use of the metric as the field to
be quantized lets us use the same procedures for general relativity as we had used for QED.

Further we have shown here that the UV divergences are contained in QGR just as they are
contained in QED. In fact, for once, the calculations in QGR were simpler than in QED. With this we
established that TGR is a renormalizable model for QGR.

It is not yet established that general relativity should be quantized in the first place. However if it
should be quantized then it is very difficult to see how that could be done correctly without quantizing
time and the three space dimensions in the same way and at the same point in the calculation. In a way
then, and a bit paradoxically, any confirmation of QGR — whether or not the confirmation is specifically
of time-related aspects of QGR — will tend to confirm that time should be treated as an operator in QM
as well. Of course as a practical matter we would expect to see confirmations with QM first.
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The predictions for TGR are well-defined if technically demanding to work out. The next question
is: are the odds good enough to justify the potentially significant effort required to test the predictions
by observation or experiment?

TGR starts from well-defined and accepted theories — general relativity and QED - and combines
them in a straight-forward way. Further it does not suffer from the infinities that trouble SGR. Therefore
the odds of confirmation should be reasonably good.

As additional motivation, the necessary experiments tend to be interesting in their own right. For
instance, to compare the predictions of TGR for the graviton ensemble with nature using decoherence
we need to look at decoherence probes of spacetime in a different way: not just is there decoherence?
but how fast does it happen? at different frequencies? is there latency? does a quantized spacetime
give us a way to entangle matter at different locations? and so on.

To compare those predictions with observations of dark energy and dark matter we need to think
about those mysterious phenomena in a different way: what is their history? are stars and galaxies
interacting with spacetime at the thermodynamic level? or is it curvature all the way down? and so on.

In a certain sense, an experimental or observational test of time-as operator is likely to have no
null outcomes; whatever result comes back, that result should tell us something interesting about
nature. Which is ultimately the goal.
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