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power (of type 16k + 3), n is a positive integer, subject to order of ¢ modulo p" is 53—, expressions

Abstract: In semi-simple ring Rygpn =

for primitive idempotents are obtained. Generating polynomials, dimensions and minimum distance
bounds for the cyclic codes generated by these idempotents are also obtained.
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1. Introduction

The group algebra FCygn, F is field of order g and Cyg)n is cyclic group of order 16p" such that
g.c.d.(q,16p) = 1, is semi-simple having finite cardinality of collection of primitive idempotents which
equals the cardinality of collection of g-cyclotomic cosets modulo 16p” [? ] The primitive idempotents
of minimal cyclic codes of length m in case, when order of ¢ modulo m is ¢(m) for m = 2,4, p",2p"
were computed in [6,9]. The primitive idempotents of length p” with order of 4 modulo p” is w
were obtained in [10] and minimal quadratic residue codes of length p" in [7]. Cyclic codes of length
2p" over F, where order of g modulo 2p" is M were discussed in [8]. Minimal cyclic codes of length
p"q, where p and g are distinct odd primes were derived in [1,3]. Further, when order of 4 modulo
p"is ¢(p™), the minimal cyclic codes of length 8p" were discussed in [4,5]. Irreducible cyclic codes of
length 4p" and 8p”, where g = 3(mod 8) and p/(q — 1) were obtained in [2].

In present paper, we obtained cyclic codes of length 16p™ over F where g4 is some prime power
of the form 16k + 3 and order of 4 modulo p” is % We considered the case for p be-
ing a prime of the form 8k + 1 and 8k + 3. However, in other cases whenever p is a prime
of the form 8k + 5 and 8k + 7 the expressions for the idempotents can be obtained by using
some permutation on the set A;. The g-cyclotomic cosets modulo p” are obtained in section
2 and termed those as Oy for t € B" = {0,1,2,4,5,8,10} and Qapi for a belongs to differ-
ent sets A = {1,2,4,8,16,A,2A,4A, 1, 2u,v,2v,1,¢,0,x}, A2 = {2,4,8,16,2A,4A,2u,2v,}, By =
{1,2,4,8,A,2A, u,v}. Primitive idempotents corresponding to (n for t € B’ are obtained in sec-

tion 3. In section 4, we derived the expression of primitive idempotents corresponding to (), for

ok

t = 8,16, k = 0,1 and those for t = 4,4A in section 5. In section 6, we derived the expressigofls of
primitive idempotents corresponding to tagkpi for t € By = {1, A, u,v} and remaining expressions
are obtained in section 7. Section 8, consists of generating polynomials and dimensions for the cor-
responding cyclic codes of length 16p”. The minimum distance or bounds for minimum distance of
these codes are obtained in section 9. At the end, an example is discussed to illustrate the various

parameters for these codes in section 10.
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2. Cyclotomic Cosets

Let S ={1,2,..,16p"}. Fora,b € S, consider a ~ b iff a = bqi(mod 16p") for some integer i > 0.
This is an equivalence relation on S. The equivalence classes due to this relation are called g-cyclotomic
cosets modulo 16p". The g-cyclotomic coset containing s € S is Qs = {s, 59,547, ..., sq* "1}, where t; is
the smallest positive integer such that sq’s = s(mod 16p").

Lemma1l. [§], If%pn) is the order of g modulo p", then the order of ¢ modulo p"~' is MPTVH), 0<i<n-1

Lemma 2. If % is the order of g modulo p™ then for 0 < i < n — 1, following holds:

(i)For p = 1(mod8) order of q modulo 2tp" " where t = 1,2,4,8, is w

(ii)For p = 5(mod8) order of g modulo 2tp™~" where t = 1,2,4, is ¢(p;7i) and modulo 16p" 1 is p(p" ).
(iii)For p = 3(mod4) order of q modulo 2p™ " is @, order of q modulo 4tp" " where t = 1,2, is ¢p(p" '),
order of g modulo 16p™ 1 is 2¢(p" ).

Proof. (i) Since w is the order of § modulo p", therefore by lemma 2.1, order of g modulo p"~ is

2 1 <i<n—1. Hence

AV aid)

g 7 =1(mod p") 1
Since g is of the form 16k + 3, therefore g = 1(mod 2). Hence, qWTH) = 1(mod 2). As ged(2,p" ") =1
and order of ¢ modulo p"~ is (p(pTYH), Cle) qwzil) = 1(mod 2p"~"). This implies that ‘P(IJT}H) is the
smallest integer for which (2.1) holds. Hence order of g modulo 2p"~ is w Again g = 256k> +
96k 49 = 1(mod4), since gcd(4, p"~') =1, so qlp(pzil) = 1(mod4p™"). Since order of § modulo p"~* is
¢(p; ) , S0 47(17;‘ ) is the smallest integer for which equation 2.1 holds. Hence order of g modulo 4p"
is ‘MPTH). On similar lines, we can obtain that the order of q modulo 8p"~* and 16p" " is MPTM.
(ii)As by lemma 2.1 and g* = (16k + 3)* = 1(mod16), since gcd (16, p" ") = 1
g 7" = 1(mod16p™ ). (2)

However, as by lemma 2.1 and ¢(p" ') is the least integer that satisfies the equation 2. So, ¢(p" ') is
the order of ¢ modulo 16p" . Proof of other parts are similar to (7).
(iii) As by lemma 2.1 and ¢* = 1(mod16), since gcd(16,p" ) =1, so

q2¢(pn7i) = 1(mod16p" ). (3)

However, as by lemma 2.1 and 2¢(p" ') is the least integer that satisfies the equation 3. Thus 2¢(p" )
is the order of g modulo 16p"™~'. Proof of other parts are similar to part (i) and (ii). O

Lemma 3. For any odd prime p, there exist an integer g, 1 < g < 16p which is a primitive root modulo p,
further when p is of the form 4k + 1 then order of ¢ modulo 4, modulo 8 is 2 and modulo 16 is 4. and when p is
of the form 4k + 3 then order of g mod 4, mod 8 and modulo 16 is 2. Also, if q is any prime or prime power and

(p)
g.cd.(p,q) =1,theng ¢ {1, q,qz,...,qlprfl}.

Proof. Since p is an odd prime some v € T, = {0,1,2,3, ..., p — 1} will exist with 2v — p = 1. Consider
a primitive root a in Ty. For p = 1(mod8), define g = (2av + tp + 6ap)(mod 16p) where t = 3(mod 16)
is a prime and so ¢ = (2av + tp + 6ap)(mod p) = 2av(mod p) = a(1+ p)(mod p) = a(mod p). Thus g
is primitive root modulo p. Further, g = (2av + tp + 6ap)(mod 16) = (a(1 + p) + tp + 6ap)(mod 16),
again ¢ = {a(1+ 8k + 1)+ (16k; + 3)(8k + 1) + 6a(8k + 1) } (mod 16). Clearly, g = 3(mod 2) =
1(mod 2). Hence, order of ¢ modulo 2 is 1, again § = (a(1+ p) + tp + 6ap)(mod 4) = {a(1 +8k+1) +
(16ky +3)(8k + 1) + 6a(8k + 1) } (mod 4) = {8(ak + a + 3k) + 3} (mod 4) = 3(mod 4) so g* = 1(mod 4).

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202505.2008.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 26 May 2025 d0i:10.20944/preprints202505.2008.v1

30f22

Therefore, order of ¢ modulo 4 is 2. In the similar pattern, we can obtain that order of ¢ modulo 8
and 16 are 2 and 4 respectively. Also, when p = r(mod 8) where r = 3 or 5 or 7, now for r = 3 or
5,¢ = (2av+tp + (r + 1)ap)(mod 16p) and forr = 7, ¢ = (4av + tp + (r + 1)ap)(mod 16p), where
t = (r+2)(mod p) is a prime will have the required properties. Further, due to order of g and order of
g modulo p as ¢(p) and ¢(p) respectively, g # g for some 1 < i < @ -1 0O

Lemmad4. For0<i<n—-1and0 <k < w —1,t# qk(mod 16p"’i), where t = A, 2A, 4A, u, 2u
V,2u,1,8 0, xand A =1+2p" , u=1+4p", v=1+6p", n=1+8p",  =1+10p", p =1+12p",
x =1414p™

Proof. Proof can be obtained by using lemma 2.1 and lemma 2.2. [

Theorem 1. For q = 3(mod16) the g-cyclotomic cosets modulo 16p™ are given by,

lepn = {klp"},for k] S {O, 8}, Qszn = {k2pn,k2pnq},f01’ kz S {2,4, 10}, kapn = {kgpn,k;gpn.q,
ksp"q® kap" g} forks € {1, 5} andfor0 < i <n—1, Quu = {tg"p', tg"r)"q tgkpiqz, tgkpi™tr 1),
Qg = {18°p' 185 p'q, ., 185 p'q? P DY and Qg = (28" P, 128" pg, - taghplg2e LY,
where k = 0,1 and g is as defined in lemma 2.3,

(i) when p = 1(mod8) these are (32n +7), for t € A.

(ii) when p = 5(mod8) these are (24n +7), for t € Ay and t; € By.

(iii) when p = 3(mod4) these are (14n +7), fort € {8,16}, t1 € {2,4,2u} and t, € {1, u}.

Proof. (i)By definition, it is obvious that Q)y = {0} is trivial. Since q is of the form 16k + 3, So
q = 3(mod16), so kyp"q = ky p" (mod16p™) and hence Oy, ,n = {kyp"} also g% = 9(mod16), so kpp"q* =
kap" (mod16p™) s0 Qy,n = {kap™, kop"q} and g* = 1(mod16), so ksp"q* = k3p" (mod16p™) so Qg =
{ksp", k3p"q, ksp"q* ksp"q®}. By lemma 2.2; q¢(p;_l) = (mod16p"’i) equivalently, tgkpiq")(p;_l =
tgkp (mod16p™), so th pi = = {tg"p', te"piq, tep'a?, .., tg p'q ) ~11. Equivalently,

hgp'g? ") = hgkp! (mod16p™), 50 O i s = {h1g"p ,tlg_ p'a, g p' e, . gk pig? " 1Y,

again g2*(P""") = 1(mod16p" ') equivalently, tzg p‘q 90" = gk p! (mod16p™), so

Oyt = {t2g" P!, 28"p', 128" PP, . g pig? " D71 |
Obviously, [ | =1, |Qk2p | =2, |Qk3pn| = 4 for every kq, ky, k3 and |Qtpi| = |thp | = w, So
LIl = Tl = o) o) el o ptept Tt et

teA

Hence Z|Qk1p |+2|ka,, |+2|Qk3p |+ Z Y|+ Q] = 16+ 2D = 16+ 16(p" —

i=0 tcA
1) = 16;7 it follows that these are the only distinct g-cyclotomic cosets modulo 16p" in this case.

Similarly other parts can be proved on similar lines. [

3. Primitive Idempotents Corresponding to (1, t € B’

Throughout this paper, we consider « to be 16p"th root of unity in some extension field of F. Let

% = FCygpn, generated by (x:f:(;)l), where m;(x) is the

minimal polynomial for #°, s € (). We denote Ps(x), the primitive idempotent in Rygn, corresponding
16p" -1 ) .
to the minimal ideal M, given by Ps(x) = 161’),1 Z €;x* where €] = 2 a % and C; = Z x5,
t=0 seNg se0g

M; be the minimal ideal in Rygyn =

Then,
P(3) = gl L ey + A€ Copi + €, Cagp 1 14 @

i=0 acA
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Lemma 5. For cyclotomic cosets Qipr, wheret € B’
(i) Qupr = —Qsapn wherea = {1,2}.
(ii) Qppn = —Qypn where b = {0,4,8}.

Proof. (i) Since Qg = {ap”, ap"q,ap"q?, ap"q’}. Thus 5ap"q + ap" = p"(5aq + a) = p"{5a(16k +
3) +a} = p"(80ak + 16a) = 0(mod16p"), therefore —Qypn = Qsgpn or Qgpn = —Qspn.
Further (i7) is trivial. O

Lemma 6. For cyclotomic cosets Qpi, 0<i<n-1

(i) If p = 1(mod4)

2 J— J— 12 L 42 L — _ 12 S 12 L 72 2 .
77sz—nﬂﬂpl—ﬁpl—vﬂpl—xﬁpl— /\Qpl— yQpl— §Qp7— -0
(i) Ifp = 3(mod4)

2 020 — — X220 = 120 = 120 = —F20 . — 20 . = V20 .
Qi = Q0 =7, = Qi = AQP’_Z’;QP’_VQZP’_ g7, = p" O = x°Q)
(111)( )2 ,—ZQ o =40, = Qi = (20)°Q = (2v)°Q;

(iv) (4 )Ql—Qlép,—ZQ ;—4Q4pi:160pi.

Proof. (i) Since 7 = 1+ 8p™. So % = (1+8p")? =1+ 64p*" + 16p" = 1(mod16p™)

Hence 12 = 1(mod16p") = 12Oy = Op' Now 120, = {iPp!, 2pia, P pief . il = 1}

. . . pn l _
=n{np gy’ nple T T =00y,
Now 12 = (1+6p")% = 1+ 36p" + 12p" = 1(mod16p™) and x? = (1+ 14p")? = 1+ 196p>" + 28p" =
1(mod16p™). Hence v2Q)i = x*Q = Q.
Similarly, result holds for remaining [

Theorem 2. For p = 1(mod8), the explicit expressions for the primitive idempotents Pyyn, t € B’ in Rygpn are

given by:
n+1—

Py (x) = S0P T} + Z{Z Y aBas'y Cogtpi }], for t = 0,8,

weB’ i=0 acAk=0,1

n—1
n 2n N —=

P (%) = [ Y A(=1)"2{a2 ™ 4 a7} o} + Y Y Y (—1)°

we{0,1,4,5} i=0 a€By k=0,1

n-+i

{aZatgkp + tx6utgkp”+i

}Ezagkpi}],fort =1,5.
n—1
Papn () = el Y L) (P a8 T} + Y AT Y (-

we{0,1,4,5,8} i=0 acAk=0,1

=

{a208 7" 4 (S8 PTNE Y, for b = 1,5.
Pypn(x) = | Y, {(=1)"2Coupn} + Z{ Y. Y (=1)"2Chu
we{0,1,2,4,5} i=0 a€B, k=0,1

Proof. By definition, we have

P Zetpnctp +Z{Z Z eagp agp (5)

i=0 a€Ak=0,1

Sinceef = ) a~ ks and C; = Y x°, where a is 16p"th root of unity in GF(g). Takings = 0, €) = 1

s€Q)s s€Q)s
forall0 <k < 16p" —1,50 Py(x) = 1gs[ ) Cupr + Z{): Y. Cagipi}l-
weB! i=0 a€Ak=0,1

Evaluation of Py (x).

. K _ 2 3
Since Oyn = —Qg;pn,el’iJ = Z a ks = Z Wk = @OPk L (SPRG o SPURET L fSPTRET — g SPTK TPk

s€Qyn s€Qgpn

alSp”k+“15p”k‘

n 1 1 n n
eg = —€§pn = 4, eZn = ezpn = egpn - 0/

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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p" p" 2p21 6p2 to_ ot Pt ot
€opr = ~€lgpn = ~2(aF A+, Cgkp = Caghpi = Cpghpi ~ Cugipi =~
n + + 1 n
gg kpi Zﬂg kpi = =20 +a"), engPi - _GZAg"Pi =0
p” _ p" _ p” _ p" . ZAgkanri 6/\gkpn+i
Cogkpi = “Clegkpi — Congkpi = " Cougkpi = 2(a +a ),
p" N 2 _p" " . . . . .
e =€ =€ =€ - = 0. Using these in equation 5 the expressions for P, (x) can be
ngpz Cgkpl pgkpl ngpz g q p p ( )

obtained. Similarly, Py (x) for t € B’ — {0,1} can be obtained. [

Theorem 3. For p = 3(mod4), the explicit expressions for the primitive idempotents Pyyn, t € B" in Rygpn are

given by
k n+i—
Py (x) = S0P T} + ):{): Y oS PC, b, for t € {0,8),
weB! i=0 a€Dk=0,1
n—1
Ppn(x) = @l X {124 408 ) o} + Y { Y L (-1
we{0,1,4,5} i=0 ac{148u}k=0,1

{NZatgkanri 4 lxéatgkpnﬂ‘ }EZagkpi}]’for t=1,5,

n—1
Prupn(x) = n | Y {(-1) {2 408N Cy + YL Y Y (<1)

we{0,1,4,5,8} i=0 aeD {22} k=0,1
kit kpntiy =
{a2et8" " 1 q0atsTp" Z}Cagk]!,i}]for1,‘ =1,5,

n—1
Ppn() = el ¥ {-1)"2Cup} + YA Y Y (<120,
wef{0,1,2,45} i=0 ae{1,2,48u} k=01
where D = {1,2,4,8,16,u,2u}.

=

|
=

=

Proof. Proof is similar to that of theorem 2. O

Theorem 4. For p = 5(mod8), the explicit expressions for the primitive idempotents Pyyn, t € B" in Rygpn are

given by:
n+i—
Py (x) = ) S0P T} + Z{ZBkZM WS Y] for = 0,8,
weB! i=0 ac
n—1
Ppn(x) = [ ) (=1 22" + " o} + Y { Y Y, (=1)°
we{0,14,5} i=0 ae{148Auv} k=01

{aZatgkan + “GHtgkai}Ezagkpi}],fOrf —15.

Popn(x) = mgr | L {1 4 P )T} + Z{ Y, ) (=1

we{0,1,4,5,8} i=0 a€B—2B; k=0,1

=
=

{a2utgkpn+i + lxéatgkpwri }Eagkpi}]/fort =1,5.
n—1
Pypn (x) = 16lpn[ Y, {D"2Cuwp b+ 3 X Y (1) 2G4,
we{0,1,2,4,5} i=0 a€B—By k=0,1

where B = {1,2,4,8,16,A,2A,4A, u,2u,v,2v}.

Proof. Proof can be derived on same pattern to theorem 2. [J

i, wheret = 8,16

4. Primitive Idempotents Corresponding to thkp
For0 <j <n—1,wedefine: H; = pj Z vcs;I]' = pf Z ocs;Qj = pj Z DCS,'R]‘ = pj Z as.

seﬂsgp]- steégp]- seﬂsp]- steE»pj

Since Qf = (p/ ) o)1 =(p)1( L o)1 =(p)" L o =) ) o

seQ8p]- serpj serpj seqﬂspj

However, (p/)1 = p/, therefore Q? =p Y «°. Moreover, Qg is a cyclotomic coset, therefore
seqﬂspj

19, = Q. Hence Q;.’ =p/ Y o =Qjandso Q; € GF(g). Similarly, H;, I;, R; € GF(q).

se()gpj

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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=1 e 1
Lemma 7. 0§j§n—1,1'+Rj:{ OP otitg;ivisen

n—j
‘P(Pz ) -1

Proof. By definition, I, + Rj =p/ ) (587 + 67, where § = a6V,
t=0
n—j n—'
As the set {1,4,¢%, ..., qwz Ll,g, gq, 99, . ,gq pz ~1} is a reduced residue system mod(p" /),
j

therefore I + R; = J’[pyi ot — Z 5 _ ] Z5t nilépt —p"- 1,1f]:n—1 0
: =P t=0 t=1,p/t -7 0, otherwise.

n—=1 ;i _
. ,Z _n_l
Lemma8. 0<j<n-1H;+Q;= { (F)J ot{zirwise

Proof. This result can be obtained on sumlar pattern as that of lemma 4.1 and using the fact that
e

{1,9,4% ....q ey ) 1,9,99,89% - 89 £, ) ~11 is a reduced residue system mod(2p"~/). [

Lemma9. For 0 <i <n—1and p = 1(mod8) then

(i) Qtpi = —Qi and hence Qi = =i, for t = 8,16,
(ii) Q 4p1 = —Qy i and hence Qe i = —Qy) i,
) Q1 pmypi = =14 (6-t)pnypi 1 hence Oy pynygpi = ~ppay (6-pyprygpir for t = 0,4
(iv) For p = 8k + 1, k is even then
Qapipnp = Oy anpryp and hence Oy gpi = =y 1anyprygpir for t = 0,2,4,6.

(v) For p = 8k + 1, k is odd then
Q(1+tp")pi = _Q{1+(22*t)Pn}Pi and hence Q(1+tpn)gpi = _Q{1+(227t)pn}gpi,f01’t = O, 2, 8, 10.

}’l

(")

Proof. For t = 0in (iv), Since xy = 1+ 14p" = — (mod16) andg z = 1(m0d16) Further,

qlp( = 1(mod16), as g = 3(mod16), therefore xq AN 1(mod16). Also q 0o = 1(modp™"),

Cle) q M0 = —1(modp") and x = 1(modp"), thus Xq¢ = —1(modp™"). However (16, p") = 1, thus
Xq = = —1(mod16p") and, therefore —Q), ; = Q,;. Hence —Q, .., = Q,

Proof of remaining can be obtained on similar pattern O

Lemma 10. For 0 <i <n—1,k = 0,1 following holds:

Ifp=3(mod8), Qi == and hence Qi = —Qyi, for t € D.

Proof. Proof can be derived on same pattern to lemma 9. O

Lemma 11. For p = 1(mod8);0 <i<m;0<j<mn—1,
—f D, ifitj>n,
Yoats = Y ks = Y g2 =y ahw = L LH ifij<n—1, g £1,
sthlp]- seQﬂ i seQij seﬂspj #Qzﬁrj/ 1f i +]~ <n— 1, g= 1[
wheret; € Ajandt € By.

Proof. As a is 16p"th root of unity in some extension field of GF(g), so

y Q2v8p's — y K8(1+2p") (16" )gp gt _ y Sl y a38P's
5604/\;;1 t=0 t=0 serj
Similarly, remaining can be obtained on simple multiplication.

If g = asé’lf"ﬂ,then Z a88p's — Z lxggpzﬂqz _ Z ‘Blh.
ser]- t=0 t=0
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2" 4 .
. 2 A n—j
it ' iigt _ _ 9(p"7)
Fori+j>mn, ) aS8P's — ) oS8P e )
I= - 2
se()pj t=0

Fori+j < n—1, B is 2p""Jth root of unity. Then ,8‘71 = p7, which is possible when | =

i

; n—j i+j
(mod‘p( )) due to lemma 22. So Y a%FS = M Y ,B’f =P Y o=
( n,l,]) ]
seQ) (P P t=0 P’ seq iti
P 8gp'™
#HiJrjr g # 1,
%QiJrjl 8
O
Proof of lemmas 4.6 - 4.7 can be obtained on similar reasoning as that of lemma 4.5, using definition
of I] and R]

Lemma 12. For p = 1(mod8);0 <i<m;0<j<mn-—1, ‘
4’(1’;7]), ifi-l—jZTl,

1 i i 4 i i 171, 1 .
Yol = YT ¥ = YT grs = YT ahars = & Dl ifitj<n—1, g #1,
seY, i Sedy i SECYy, pi € gy #Riﬂ', ifi+j<n-1, ¢g=1,

wheret1 € A1, thp =1,4,Aand t € By.

Lemma 13. For p = 1(mod8);0 <i<m;0<j<mn—1,

¢(P;7j), ifi—i—jzn,

Z [X16gkpi5 _ Z asgkpis _ 2 aztgkpis _ Z oc4t28kpi5 _ %Ii-i-jr ifi+j <n-1k=1,
seQ) seQ) ; seQ) seQ) 1 s . _
2tpl by pl 16p] 8p/ ﬁRiﬂ" ifi+j<n-1,k=0,
wheret =1,4,A, y,vand tp =1,A
Lemma 14. For p =3(mod8); 0 <i<m;0<j<mn—1,
—2¢(p"), ifit+j>n,
ki ki 4 s
2 asg pls: Z agg pls: ?Hl+]l Zfl—i—]S}’l—l,k:l,
seqd,j s, 5Qivjy ifitj<n—1,k=0.
kit ki 29(p"))—1 k i+ ot 29(p" )1 t
Proof. Assume f=a%7" s0o Y AP = Y W80T = Y g1
seQ]- t=0 =0
p
n—jy_ .
. . 8okpi s 24)(;7 ) 1 8ok pitigt 8ok piti 8ok piti 8ok piti 20(p"1)-1
Fori+j>n, Y a%Ps= Y a7 70 = (a8 P77 44804 4580 1
ser t=0
p
= =2¢(p"").

Fori+j<mn-— 1 then B is 2p"~'~/th root of unity. Then ,Bql = B7 which is possible when
I = r(mod‘P( )) due to lemma 2.2. So,

k i 2(pr )1 K it ot - (P" ]) ¢(pn;7])*1 t
8g p's _ 8okpiti

Yoakrs =y s Z B — Fi v
serj t=0 f =

i WY ") o .

i+y 2 i+j 2 o i+j ) ig. o k= 1,
= 4p _ Z ‘Bqt — 4p _ Z D(ngpl+]qt _ 4L Z p(pls _ Z] i+] 0

= PooS Ploseos, Qi k=0.

Proof of lemmas 4.9 - 4.15 can be obtained on similar reasoning as that of lemma 4.5, 4.8, using
definition of I; and R;.
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Lemma 15. For p = 3(mod8); 0 < i < n; O<]<n—1
—<P( ), ifitj>n,

y ,,ﬁgkp"sz f218 s —

se) seQ

0<i

Hiyj, ifi+j<n-1,k=1,
Ql+], ifi+j<n—-1k=0.

ij

Lemma 16. For p = 3(mod8); <m0<j<n—1,
¢(p )1 lfl+]27’l,
ki ki . .
Y aSPs =Y argrs = ;] i if itj<n—1k=1

5 % gy #Qz#j/ ifi+j<n—1,k=0.

8pj

Lemma 17. For p =3(mod8); 0 <i<m;0<j<mn—1,
20(p"), ifi+j>n,

Y L 1685p's — y 2 168" p's — %Iiﬂ, ifi+j<n—-1k=1,

sef) seQ) %Riﬂ-, ifi+j<n—1,k=0.

Lemma 18. For p = 3(mod8);0 <i<m;0<j<mn—1,
p(p" ), ifi+j=m,

ki ki k i ki 2 Y H —
Z DCSg p's _ Z aSg p's _ E a4g p's _ Z “168 p's _ ;IiJrj/ lf 1 —|—] <n-1, k= 1,
seQZp]- seQZWj seQ4pj seQ4pj %RH_]., ifi+j<n-—1k=0.

Lemma19. For p =3(mod8);0 <i<m;0<j<mn-—1,
p(p"), ifit+j=n,
y 21685 p's — y 2 168" p's — y A8 p's — %Riﬂ-, ifi+j<n—1k=1,
e, seQ), i 4l %IH]', ifi+j<n—1,k=0,

Lemma 20. For p = 3(mod8); 0

<i

WD ifitj>n,
Z IXZflngis _ Z lezgkpis _ { ;j Liyj, ifi+j<n—-1k=1, wheret; = 1,4, uand t) = ty,16.
seQygj LRy ifi+j<n—1,k=0,
Lemma 21. For p = 3(mod8); 0 <i < <

"’(T, ifi+j=>n,

Y aihgkp's _ Y (208" p's — %Riﬂ', ifi+j<n-—1,k=1, wheret; =1,4andt; =1,
seQy i s€lhygyi #1#]-, ifi+j<n—1,k=0,

Theorem 5. If p = 1(mod8) the expressions for the primitive idempotents corresponding to Ogerpis Qygghpi 1
Rygpn are as follows:

Pl
Pyi(x) = r[? U DY (~1)/ Ty} + Z{Z Y, (-1)° agp}}+ Z{Z{Q1+J
o teB’ 71 n—j a€Ak=0,1 i=0 acA
Hi+jcagpi} + Z {RH-]C i+ Il+jcagpi}}]/

acAy

)
Pigyi (%) = 1] 2D (Y T + Z (X cﬂgp}}+ E Y {RijCopi + LijCrgpi}],

teB’ i=n—j acAk=0,1 i= acA
-1 nfl

where in— (1—!—[) H, ="t =1 —-yp), Liza p—1)
and R,_; =L —1)undforall]<n—2 Q= —I—R—O

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202505.2008.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 26 May 2025 d0i:10.20944/preprints202505.2008.v1

9 of 22

. . SPj _ —ks __ 8ks
j, as obtained in lemma 4.4, so ¢," = Z a "= Z a®,
seQ i seQ i

Proof. Since Qg = —Qg,
8p/
Thus eslf (-1 )t"”(p Dfort e B and using lemma 4.3, 4.5 — 4.7, wherever required we obtain,
. —74’(2 )1f1+]2n, 7'1’(2 )if1+]2n,

8p/ 1 . . _ 8 j 1 Y, . B -

et;kpi: ﬁQiﬂ'lfz—i—]Sn—l,k—O, fort € Ay, 2fgp— p— Riyjifi+j<n—1k=0,
Hiﬂ'ifi—i—jgn—l,k:l, ifi+j<n—-1k=1,

fort € By = {1,2,4,8,A,2A, 1,v},

Using all these in (3.1), the expression for Pg,,; is obtained.

p] l+]

Using lemma 4.3, 4.5 — 4.7, the expressions for Pygpi Py - and P, gp AN be derived. However, the
expressions for Py i and Pygqpi can be obtained by interchanging Q;;, Ri4; by H;;, ;1 respectively
and vice versa in the expressions of Py, i(x), Py, (x),

Since Cy = )_ x° and (Cy) e = = Cr(alf?) = ) (uc16pj)s. Therefore Cypn (al6P') = 1 fort = 0,8;
seQ)y seQ)y

Cipn (a16P) = 4 for t = 1 5; Cipn(a'') =2 for t = 2,4,10;.

. ¢(P ) ey
C,,i(a1P)) = 1g Lifikjzn and C,,(a10P) ={ 2 ’.lf.H—.] =
P p] l+]/ lfl+]§1’l—1. gp' ﬁ1i+j/lfl+]én_1/

where a € A. Using all these in P16p,-( 16?’j) =1, to obtain

. n—1 i 16
l6p" = (p" )8 +8 3 ¢(p" )]+ — 2 LR+ i)
i=n— j PP
—j- n—1
1

which in turn implies o Z l+]‘ + 12i+]’) -

, (p+1)
1=
In particular, for j =n —1, n =1 (R w1+ 2 1) = ’g;l(p +1). Using lemma 4.1, to obtain

n—1 n—1
Iii=5-(/pP—1and R, =5 (—/p—1)andso I, o =Ry o =1L, 3 = Ry3=..=0.
Relations for Q;,j and H;; can be derived using lemma 4.2 and the fact that Py, (@) =1. O

Theorem 6. For p = 3(mod8), the expressions for the primitive idempotents corresponding to Ogorpis Qyggkpi
in Rygpn are as follows:
o 1 n—j—1 . .
Py (X) = 1o | DY (1) Cipn } + Z {y Z agkp,-} + o Z {Hi+j{cpi + cm,i}
teB’ i=n—j a€Dk=0,1
CZygpi}}]'
i) n—]—l
Pl6pj(x) = 161;7 p {ZC n+ Z . ) Cag pi }}—|— Z {11+]{C +C2gp, +C4p +C8gp, +
teB’ i=n—j acDk=0,1

Ewpi + Ew,i + ézygpi} + Ri_,_]-{égpf + Ezpi + 64gpi + Egpi + Clégpi + Cygpi + Czypi}}].
The expressions for Pgoyi and Pygq,i can be obtained by interchanging Q;;j, Riy; by Hiyj, 1iyj respectively in
the expressions of Py, (x), Pyg,i (x),

-1 n—1 n—1
where Q1 = 5= (1= /=p), Hi1 = 5= (1+/=p), L =’72 (vV=p—1)and
n—1
Rnflzpz (=v/—p—1) andforallj <n -2, Qj=Hj=1=R;=0.

Proof. These expressions can be obtained using lemmas 4.9 - 4.15 and on similar reasoning as that of
theorem 4.16. Also relations can be derived using lemma 4.1 - 42 and Py (a8) =1, Pygpi (a16P)) =
1. O

5. Primitive Idempotents Corresponding to ().« ,i, Where t =1, A
For0 <j <n—1,define
Gi=p Y &, Pj=p/ Y o Duetosimilar procedure as in section 4, Gj, Pj € GF(q).

777
seQ) sopl seQ) sl
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Proof of lemma 5.1 — 5.3 can be obtained on similar lines as that of lemma 4.5, 4..8 and represent Giﬂ,

Lemma 22. Forp_l(modS) 0<i<um O<]<n—1

Z 4g ps _ Z ‘X4Ag p's _ _ Z 4g p's _ _ Z a4/\gkpis — Z Ztgkpis — Z DCZygkpis

Sleuﬂj seQ), - Sthsz SEQtll’j seQZt j seszj
—_ Z levgkpis - _ Z a2t3gkpis - _ Z aZtsgkpis — Z lthg pls _ Z tzgkpis - _ 2
seQZAp]- seszj seszp]' seQ4pj seQM j S€Q4p]'
0, ifi+j>n,
at28p's — Y o« ah8p's %Giﬂ, ifi+j<n—1,k=1,
€y #piﬂ-, ifi+j<n—1,k=0,

wheret; = 1,u,1m,0, th =Av,i,x, t3=Av, t€ B

Lemma 23. For p =3(mod8);0<i<n,0<j<n-1,
O

ifi+j>n,
Zaﬁlg";?"s: W48’ — p]. Giyj, ifi+j<n—1,k=1
se() seﬂ pi ;Piﬂ-, ifi+j<n—1,k=0.

Lemma 24. For p =3(mod8);0<i<m;0<j<mn-—1,

0, ifi+j>n,
Z (28’ — Z W2H8''s — 2 8P’ — %Gz#j/ ifi+j<n—1k=1, wheret= 1,u
SEQZp]' SEQZMJ seQ4pj #Pi+jr ifi+j<n-1,k=0.
Theorem 7. For p = 1(mod8), the expressions for the primitive idempotents corresponding to Oygrpis Qypghpi
are given by:
1 9" ) )iC (S dagkpti= 1
P4p]-(x) = T6p" [T{{ Z (-1 Cth”}+ Z { Z Z L Cagkpi}}+7 Z
t€{01245} i=n—j a€A;k=0,1 P izo
{PH‘]{_C i+CAp C +C C +C§P C 1 +CXP }+Ql+]{czp +C2Ap’ +C2]1Pl +C21/p }+
l+,{c4p + Cgyi + C16p + CW b+ Glﬂ{ + CAgp Cygpl + Cvgp Cngp + Cegpi — Cpgpi +
Crgpit + H1+]{C2gp1 +C, Ay T Czygp, + Cngp } + Il+]{C4gp, + ng,,, + Cmgpl + Cy4 Agpi 13
n—j—1
n=j 4 i+tj— 1
Py (%) = 17 [%{{ Y (0Tt LAY L ey
te{01245} i=n—j a€Ayk=0,1 P izo
{Piyj{Cpi — Crpi + Cppi = Cypi + Cyppi = Capi + Cppi = Cpi} + Qi jf{Copi + Conpi + Coppi + Coppi} +

Z+]{C4p + CSp + Cl6rll + C4)\P } + G1+]{C C/\gpi + E;lgp - Evgpi + ngp ngpr + Cpgp
XgP } + Hl+]{c2gp’ + CZAgpl + CZygpl + Cngp } + Il+]{c4gpl + CSgp’ + C16gp’ + C4Agp }}]

The expressions for Pyqpi and P,, i can be obtained by replacing P Piyj, Qiyjr Riyjby P Gitj, Hiyj,

Agp
L1 j respectively and vice versa in the expressions of Py, (x), P, Api (x),

where P,_1 = ’gz;l(,/—p), Gp—1 = 0and Qu_1, Ry_1, Hy—1, I,_1 are defined in theorem 5 and for
jgn—z,P]‘ZG]‘ZO.

Proof. These expressions can be derived using lemmas 4.3, 4.5 — 4.7, 5.1 with similar procedure as in
theorem 4.16. Also the relations can be derived using Py, (a*”) =1 and Py, (@%8P)y=0. O

Theorem 8. For p = 3(mod8), the expressions for the primitive idempotents analogous to Q4g pi are specified
as:

_ i+ i+ =
Pui(x) = @rlo("{ L (=1)Cup} +9(p") )T L v O s

te{0,1,245} i=n—j aeD—{1u}
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1 n—j—1

|2
Clégpi} + Pi-‘r]'{cgpi + C;x,gpf} + 2Qi+j{c2gpi + CZygpi}}]

Py () = 0N Y ()Tt 490" T (¥

11 of 22

i—

k yitji—
Y {atsr ]Cagkpi}} +

te{0,1,24,5} i=n—j acD—{1,u}k=0,1

1 n—j—1
2
Crogpi} + Ginj{Copi + Cpgpi b + 2Hi f{Cogyi + Copgpi} 3,

i=

where P,_1 =0, Gy, =0and Q,_1, R,—1, Hy—1, I,—1 are defined in theorem 4.17 and for j < n —2,

P =G;=0.
Proof. Due to lemma 4.4, Q4pj:704gp]',50€;§,p]: ) a ks = Y ak’s,
seQ i 5604 j
8P
€§f;, = (=D'¢(p" ), for t € {0,1,2,4,5} etpn = Ofort € {1,5}. Due to lemma 5.2 - 5.3, 4.8-
4.15, to obtain,
0, ifi+j=>n,
oW ] LG, ifitj<n-1k=0,
$p gty " P
ﬁpiﬂ" ifi+j<n-1k=1,
—p(p")), ifitj=n,
4pl 4p/ 2H . ifidid — =
2§kp _ezzgp p/.HhLJ, ifi+j<n-1,k=0,
N
o(p")), ifi+j>n, pp"), ifitjzm,
4p 4pl 27 ifiai _ — 4pl 21, ifi4i — =
4§k+1p _€1ggk+1pi: o Lictjs ifi+j<n—1,k=0, eggkpi: ;;]-Lﬂ, ifi+j<n-1k=1,
%R,-ﬂ-, ifi+j<n—1k=1, SR ifi+j<n—1k=0,

Using all these in equation (3.1), to get the expressions of Py,. Using similar reason the expressions

for Pyq )i can be derived.
Evaluation of P, ; and G, ,
By definition of primitive idempotents, Py, (a*8P") = 0.

Cipr (a%8) = 1for t € {0,8}, Cpgppm(a®8?) = 2(-1)!, for t € {1,2,5}, Cyn(a”) =0, for

t e {1,5}.
Due to lemma 5.2 - 5.3, 4.8-4.15, to obtain,
0, ifi+j=n,
e (@387) = T (@487 = & Gy if i j<n—1, k=0,
%Pi-i-jr ifi+j<n-1 k=1
—p(p""), ifit+j=n,
Cogip (V') = Gy (a?') = { THigj if i+j<n—1,k=0,
%Qiﬂ/ ifi+j<n-1k=1.
¢(p"), ifitji=n,
E4gkpi(a4gp]): %Ii+]‘, ifi+j<n—-1,k=0,
ZRij ifitj<n—1k=1
‘P(P;ﬂ), Zfl+] >,
= i 1 cpe _ _ .
Clegkpi("‘4gp]) = ;Iz’ﬂ} ifi+j<n-1k=0, Caghyi (a¥') =

7R1’+]', lfl+] S T’l*l, k: 1
Using all these in P, ; (a*8 v ) = 0, which gives

W ifitjzn,
%Iiﬂ-, ifi+j<n—-1,k=0,
7R1’+]', lfl+]§n71, k:1

n—1 )
0=¢(p" N1 +2+2+14+2438 an(p’H)Ha -
i=n—j i=0
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(8Q%j +8H?;) N (8R%iy; + 812i+j)}
i i :
p

Using the value of Q;1j, Hiyj, li1j, Riyj from theorem 4.17, which in turn implies

n—j—1

1 . .
# ;) E(PZIH + G2i+]') = 0. In particular, for j = n — 1, G?,_1 + P?,_1 = 0.
i=
Again using P, (a¥") =1, to get ﬁ(Gn,lpn,l) =0.
Thus P,_1 =0and G,y =0,andforallj <n—-1,P, , =G, =P, 3=G,3=..=0. O

6. Primitive Idempotents Corresponding to ()
For 0 <j <n—1,define
Ci=p Y, o, F=p Y o, K=p Y o,0,=p ) «, Due tosimilar procedure as in
SeQZAgpj seQ2 ol SEQZApj seszj

section 4, C;, F;, K;, O}, € GF(q).
Proof of lemma 6.1 — 6.4 can be obtained on similar lines as that of lemma 4.5, 4.8 and represent CZ-+]-,

Ztgkpi't € By

Fitj, Gitjs Kitjs Oigj, Piyj.

Lemma 25. Forp—l(modS)and0<z<n 0<j<n-—1,

Zg ps _ “ZAg p's _ IXZyg p's “21/g P s - _ “Zygkpis - _ “ngpis
D D D D D D

seﬂtlpj se{)twl seﬂtwj sthpr] S(‘;Otlpj ‘ seOt3p]-
_ Z levgkpls _ Z aZ)\gkpls _ E ‘thgkp’s — 2 t3gk}715 — Z Déflgkpls = 2

SEQtzl’j S€Q¢4I’j 5502/\,,]‘ seQ2 ol seszj 5602 ol
alagp's — y alag'p's — y alagp's — Y ahsp's — y pf28"p's

se()zpj seQzApj seQZWj seQZVp]-
n—j k i+j kpitiy .. .

%{zxzﬂ’ +a% Py ifitj>n,

= %Fpr]', lfl+]§7’l—1,k:1, wheretlzlln, th=AE t3=u,p, ty=v,x
l . . . _
EOH_]', 1f1+]§n—1,k—0,

Lemma 26. For p = 1(mod8) and0 <i<n,0<j<n-—1,

Z lXZ/\gkp"s: Z angpis: Z angkpis: Z a2;4gkpis:_ Z angkpis:_ Z

sthlp]- sthzp]- seﬂ%pj sthMj sthlp]- sthzp]-
aZ‘ugkpjs — _ Z aZAgkpis — _ Z angpis — Z atlgkpis — 2 atzgkpis — Z at3gkpis
sngpj 560,4;71' seQij seﬂzpj seQZij
— Y -y s Y ah28p's — _ Yo = — ) atsgp's —
seQZWj seQZij seQZWj seOZAp]' seﬂzpj
D (20 g YT if iy >,
%Ciﬂ‘/ ifi+j<n—=1,k=1,  wheret;=1,17,t2 =MN&t3=u,p, ty =v,x.
iKiH, ifi+j<n—1,k=0,

Lemma 27. For p = 3(mod8) and 0 <i<n,0<j<n-—

P(p"~ ]){azg P ab Y if iy >,
y f28P's — y aZngpis:_ L 218 p's — 2F+], ifi+j<n—1,k=1,
seQ) seQ) i Seﬂ 2 2014, ifi+j<n—1,k=0.
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Lemma 28. For p = 3(mod8) and0 <i<n,0<j<n-1,
Y a8p's — _ y ahep's — Y ahgr's — _ Y a8p's —
SEQZp]' seszj SEQZMJ SeQZypj
2D 1028 9T 4 68Ty if i >,
1 el .
EFI'F]’ lfl+]§1/l*1,k:1,
1 oo .
EOH]‘, lfl—l—]Sn—l,kZO
Theorem 9. For p = 1(mod8), the expressions for the primitive idempotents corresponding to (), ok pis where

t € By are given by'

PZpJ ( )

-1

P ] n+j n-+j i+j k i+j —=
{{ Z { 2Atp +a 6Atp }Ct n} 4 Z { Z { 2)\g p _‘_aé)xg p ){—Cgkpi
teB’ i=n—j k=0,1
4gkp!

— — i+j i+ ral
+ Cpigipi — Cpgipi + Cogipit +2{—C togtpt — Cangipi} + (@77 4 a8V T+
B 1" j—1

pgp
Cug cggp+cxgp}}}}+ Z {Klﬂ{ ~Cpi +Cpi —C,i +C, .}+Pi+j{_62pi+éw_EZW-JF

+ Cgoyi + C

8gkp!

CVSP Cﬂgrﬂ + Cpgp ot Glﬂ{ CZgP’ + CZAgP C2ugp1 + Cngp } + H1+J{C4gp’ + C‘Mgp h
+ 1 j{Cogyi + Crgpi + Fij{ = CAgP’ + Cugpi — Cagpi + Crgpi ]
n—1
-j n+ n+jy— ko i+j ko i+i _
PzApf(x) = 11 p ){Z th / +aff ]}CfP”+ Z { Z {(Nng ]+‘X6gp ]){_Cgkp T
teB! i=n—j k=0,1 N

P E P CPg it +2{- C4g p T Cogipi +C - E4Agkzﬁ'} + ("‘Mgkplﬂ + "‘Mgkplﬂ){_é)xgkp" +

_ _ 1 "l _ _ _ _ _ _
gkpi ngkpi + ngkpi}}}} + ; Z {Oi+j{—c i+ C pi C pit Cppi} + Pi+]'{czpi - CzApi + CZM,f -
Eﬂgrﬂ' Cngpl + Cpgp I G’ﬂ{Cng CZAgP’ + C2ﬂgp Cngp } + H1+J{C4gp‘ + C4/\8P b Ilﬂ{CSgpl +
C16gp P+ G- CAgp, + C Cégp, + ngp -

n—1
n= J n+] n+jy— k i+j kpiti\ (= =
i (¥) = 1| (2 {Z{ o af Y b Y Y {0 a8V [C o = C g +

@l

ugkp 8gkpi 168k p!

@]
=

P

(e i=mej k=01
— — — — — 20k piti 6okpitiN (= =
Chgtpi — Cpgkpi} + 2{—C4g kpi T Caghpi + Clégkpi — CMgkpi} + (8P 4 %8P ){C/\gkpi — Cygrpi +
_ nj1 _ _ _ _ _
ngkpi xg pi it} + Z {KH_]{C pi t C Cppi} + PH_]-{—CZPI‘ +Copnpi = Coppi + CZVpi} +

9i+j{c4£f + Cyppi} + Rli]{CSp’j— Cigpi }j‘ Oi+j{EApi = Cypi + Capi = Copit + Citj{Cqpi — Cpigpi +
Chapi — Cpgp"} + Giyj {_CZgP" + Corgpi = Copgpi + Cngpf}

+ Hi+j{é4gpi + E4/\gpi} + IiJr]'{éSgpi + E16gpi} + FiJr]'{éAgpi - El/gpi + éégpi - 6)(gp’l}]'

Py, i (%) = 1gpm pitusl {tg/{ Q27" AT +:;j{k§)ll{(a2gkpw +zx6gk”i+j){6gkpi ~ Cugrpi T

Eng"r’i - Epgkpi} + 2{_C4g P ESg"pf + E16gkzﬂ' - E4x\gkl7i} + (“ZAgkp " “Mgkpiﬂ){@gkpi - Eugkp" +
n—j—1

é(:;'gkpi xgkpi i} + = Z]: {O,+]{C E pi +é pi _Cppi} + Pi+j{62pi _Ez/\pi +62]/tpi _EZVpi} +

Ql+]{c4p’ + Copi} + Rz+]{C8p + Crepi} + Kinj{Chyi = Cppi + Copi = Copid + Firf{Copi — Cpugpi +

ngpi pgp } + Gl+]{C2gp CZ)Lgp’ + CZygp CZVgp } + Plle]{C4gpZ + C4Agp } + Il+]{c8gp‘ + C16gp } +

1+J{C?~gp Cvgp‘ + Cégp Crspi -
Where Cl+], i+js Kitj, Ojyj can be obtained from the following relations,

iy iCitj+ OitiFi ,H iy Oiti+ CitiFi n-1

Z+] l+] l+] Z+] P l+] Z+] Z+] l+] P

= = 3p+1).
VY e T Ty = P

i=0 i=0

e CHIFIEY LIy - F o L n—1

I e ”}——”2 (1-p).

i=0
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- K+F++O+C+ Vl—l
%2{111111111}_ P4(1_p)'
i=0 p

The expressions for Pyypis where t € By can be obtained by interchanging P;\j, Qiyj, Riyj, Kiyj, Oiyj by Giyj,
Hiyj, Iiyj, Ciyj, Fiyjand P by wsp’ respectively and vice versa in the expressions of Poypis where t € By.
Proof. These expressions can be obtained using lemmas 4.3, 4.5 — 4.7, 5.1, 25 — 26 with same

procedurg to the theorem 5. Also the relations can be derived using P, (txzf’j) =1 Dy, (zng”j) =0,
Py (@?*P") = 0 and P, (a*87") = 0. O

Theqrem 10. For p = 3(mod8), the expressions for the primitive idempotents corresponding to Oygkpis gy ok pi
are given by

P.

n—j -t n4 = n=l i+ i+ = = —
() = e [P ([ (@259 4 o) C ) 4 Y (25 4 a8 f>{cpf—%f}+2{—c4pf+

teB’ i=n—j
- = 2piti 6pitiN (=

Cugpi} + P i+f{c2gp" + CZugP"} T 2Qi+fc4grﬂ'}]'

. n—1 . L
n+ n+j\ = i+ i+ - 3
Py (x) = LY (1 @ + a8\ T} + Y (a2 4 a8 =G +Cppid +
teB’ i=n—j
2Ty + Cap + Cra} + (@ 405 ) Ty + Ty +21Cogyr + Cag + Caggut 1+ -3
api T Cgpi T Cagpir + (& a gp' T ugp! 4gp' T 8gpl T 6gy! p =
i=

{Fl‘+]'{—6pi + Eﬂpi} + Gi+]‘{é2pi + EZWI'} + 2Hl‘+]'é4pi + 21i+]‘{68pi + Emgpi} + 2Ri+j{él6p" + Esgpi} +
Hj{—égp- + Chgpi )+ Pitj{Cogpi + Copgpi} +2Qi1jCagpi}],

the expressions for PngJ and szgp,- can be obtained by interchanging Piyj, Qiyj, Ritj, Oiyj by Givj, Hiyj,

Liyj, Fiyjand ap by agp' respectively and vice versa in the expression of Py, and Py where Fiyj, Oiy

can be obtamed from the following relations,

12 2
1+J l+] _pi+p) e T
VY Ln) POy
1= 1=l

Proof. These expressions can be derived using lemmas 4.4, 14 — 21, 23 -24, 27128 With same
procedure to the theorem 5. Also relations can be derived using P, (a2’') = 1and P, (2287 =0. O

7. Primitive Idempotents Corresponding to ()1, t € A;
Forogjgn—l,defineA]-:praS;B]-:pf Z as;D]-:pf Z as;E]-:pf Z a®;
seQ) i seQA i seQ) i seQ) i
) ) ) 8p ) 8P H8P: vgp:
Ji=p Y, o5Li=p Y, &;Mj=p Y o Nj=p ) o
seQ) seQ) seQ) se)
Apl il vpl v

Using similar procedure as in section 4 to obtain A]-, B]-, D]-, E]-, ]]-, Lj, Mj, N]- € GF(g).

Lemma29. For0 <j<n—1,Lj—pP'N; =0; M; — pr'J; = 0; D; — V' A; = 0; E; — pS”' B; = 0; where
B =a"

Proof. Since at?’ = a(H4"0W = aV/pr'. So L = pi Y of = plla? ad 4 a®H 4+

seQ)
Hp'
o o) ;
al 2 Vp] [Oép ﬁp +pﬂp ‘BP +0¢‘7 P ﬁp + .. +alg‘7 2 ‘B ] ‘Bp [p] Z pcs] = ﬁp N]

serj
Remaining can be obtained in similar lines. [

Proof of lemma 7.2 — 7.7 is similar to that of lemma 4.5 and 4.8.
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a58p's — y AP P's —
seQ)

s€Q) ; seQ) i
p Ap! upl
y QV8p's — y Q18p's — y WX8Ps — y WX8P's — Y WS — Y ahetp's —
se() i seQ) i seQ) i seQ) i seQ), seQ)
vp np xp vp Apl np!
0, ifi+j>n,
-y alsp’s — _ y W8P — y aPsp's — %Aiﬂ', ifi+j<n—1,k=1,
. . . 1 . . .
seﬂgp] seQW] serp] ENH']" lf i+j<n—1,k=0.
Lemma 31. Forp = 1(mod4),0<i<n;0<j<n-—1,
y aA&P's — y afe s — y AV s — y aX8p's — _ y af8 s — _ y aPs s
seQ) ; seQ) i seQ) i seQ) seQ) ; seQ)
P np Hp: op P vp
0, ifi+j>n,
-- Y Q18P's — y 2 X&p's — #Biﬂ', ifi+j<n—1,k=1,
se€d, j se€) i % Jitjr ifi+j<n—1,k=0.
Lemma 32. For p = 1(mod4),0<i<n;0<j<mn-—1,
Y ahep's — y QV8P's — y aPsp's — y &P — _ y aPSP's — _ y fXSP's
serj seQ/\pj seQW]v seﬂg i serj seO/\pj
0, if i+j>mn,
-- Y Q18P — Y a8 p's — Diyj, ifi+j<n—1, k=1,
se€d seQ), i %L,’ﬂ', ifi+j<n—1, k=0.
Lemma 33. For p = 1(mod4),0<i<n;0<j<mn-—1,
Y aV8P's — Y aPsp's — Y a%8P's — Y QXSS — _ y XS _ y ahg s
serj seQMj se()]wj seQWj se()pj SGQAPJ'
0, ifi+j>n,
= — 2 ar/gkpis = — Z ankPjS = 7Ei+]‘, 1fl+] S n— ]., k - 1,
se€d seQ. j #Miﬂ-, ifi+j<n—1, k=0.
Lemma 34. For p =3(mod4),0<i<n;0<j<n-—1,
0, ifi+j>n,
Y adhs = - w8 s = LA ifitj<n—1k=1,
seQ j seQ l+],1fz—|—]<n—1 k=0.
Lemma 35. For p =3(mod4),0<i<n;0<j<n-1,
0, ifi+j>n,
Y p's — ngkp's — Diyj, ifi+j<n—1k=1
14 = Z 14 = i+js ] = 7 7
s€Q), ki se %Liﬂ, ifi+j<n—1,k=0.
Theorem 11. For p = 1(mod8), the expressions for the primitive idempotents corresponding to Qg i, where

t € Aj are given by:

IfO —pri,

[4’(17”’ { Z

te{0,1,4,5}

P

Pi(x)

n+j
o (_1>t([x2t)xp

= = = — k pitj it+j
{_Cngpi + C2ygkpi} - 2C8gkpi +2C16g"pi + (lng Plta 6g o= CZAg P Tt Cng pi it} +

o n—1 i
+ bt +])Czﬁa”} + 2 {87 4o

6/\gkpi+j )
i=n—j k=0,1

Z {Mz+]

{—épi + Eﬂpl} ‘|‘ Kj+j{—62pi "’ Ez‘upi} + Pj+]'{—64pi + C4/\Pi} + Qi+jC8pi + Ri+jcl6pi + Ll+]{ C/\P

Egpi} + OjJr]'{—Ez/\pi + Ezvpi} + ]i+j{_é},pi + Eppi} + Niﬂ'{—év
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l+]{ CZ/\gp’ + CZVgp } + Bl+]{ Cygpl + Cpgp } + Al+]{ CvgpZ + C)(gp }}] .
IfQ, = Qi then Pp]( x) can be obtained by replacing the sign + to — and — to + of the terms when Chpi

has odd suffix.
IfQApi == _Qppi/ :
. n—
n—j n-+j n+j\—= kit kpiti
Py () = @ 25 L (DM@ e o} + L (L (X )
te{0,1,4,5} i=n—j k=0,1
— — — — 2gkpiti 6Aghpiti — — 1 "t
{_ngkpz‘ + Czygkpi} — 2Cgakpi +2C g0k i + (« +u ){_Cz/\gkpi + szgkpi}}} + ; Z
i=0
{Litj{=Cpi +Cypi} +Oij{ =Copi + Copppi} + Pij{Cypi — C4/\p }+QitiCayi +Rl+]C16pl +Mz+J{CAp
thp } + K1+]{ CZAp’ + C2vp } + N1+]{C Cpp } + Il+]{ + Cxp } + Dl+]{ + C;ygp } +

{ CZAgp‘ + Cngp } + A1+]{Cygp pgp } + B1+]{ Cvgpl + C;(gp }}}]

If Qi = —Qi, then Py, i (x) can be obtained by replacing the sign of the terms + to — and — to + when
Etpi has odd suffix.

Iy = Qg

—j L n—1 .
D Y @l S} 4 T T (@Y a8
te{0,1,4,5} i=n—j k=0,1 Bt

[Cogtyt —Congeyr} — gyt + 2Cggep + (W57 Lad#P ) Ty Ty 1)+ ; L UG+ c,”, }+ Kisj{Capi — Coppi} +
Piyji{=Cypi + Cyppi} + QirCapi + RisCrepi + Nisj{Chpi — Copi} + Oij{Coppi — Coppi + Mi i {Cpi = Cppit + Lisj{—Cppi + Cppi} +
Biyj {7Egn" - Ensn’} +Cigj {Ezgp" N EZugp" }+ Giyj {7644210" + E‘MSP’} * HiHEgSP’ * Iiﬂflégp‘ +Aiyj {C\g;ﬂ" N Eégﬂ"} +Fiy; {EZASP’ N
Copgpit + Eiri{Chgpi — Cpgpi} + Dis{=Cugyi + Crgpi -

PM;I' (X) = ]6lpn

If Qi = =i, then Pypj(x) can be obtained by replacing the sign of the term + to — and — to + when étp,
has odd suffix.

FO,, = _Qﬂpf'

WW:wWWW{E(“WHWﬂ%M+E{Z{WW )0~ T} = g+ 2y + (7

X te{0,1,4,5} n—j—1 i=n—j k=0,1
Aok pit] 1 — —
W Congtyi ~ Caugt I+ 5 Z {Nitj{=C,i +Ci} +0ij{Cppi = Cyppi} + Prai{Cypi = Cypi } + Qi Cpi + RisiCrgpi + Jii{=Cpi +

E!3;)1'}+Ki+j{CZAp 2wl}+Lx+j{ C +C }+Mz+/{ C +C l}+A1+]‘{76 i +C, i}+l:i+l{c2czp ZIAgP‘}+G‘+7{C4‘ZP 4Agpi}+
HiyjC i +Bi{—Cygpi + ngpf} + Gl Corgyi

ngp

; +L+/C ,}+D,+]{ C pi +CPZP'}+E1+]{ Cvgp‘ J"ngpl}}]

8gp 16@ Agp ZV‘ZP o
IfQ, 0 = =Qyi, then P, (x) can be obtained by replacing the sign of the term + to — and — to + when C, i
has odd suffix.
Uanl - _vai/
P i i — n—1 i i
Py (x) = i EE T (1 @ 40} + T L L (@ 4 a0
te{0,1,4,5} i=n—j k=0,1 1 " i1
k i+j i

{ Cng Zygp} 2C8gp +2C16gp ( ngﬂ_,'_ ﬁqpﬂ){ CZAgp +C2vgp}}}}+* Z {Mt+]{c

— C,Wi} + Ki+]'{*C2pz +62]4pi} + Pi+j{*C4pi +E4Ap } + QH—]CSp + RH—]Clépl + LH—]{CAp C{fp }+O0ii{— C2Api +62Vp1} +
Jiti{Chpi = Copi} + Niti{Cppi = Crpi} + Eij{Copi — Cpoi} + Ci{ = ng,,z + Copgpi } + Gitj{—Cagpi + Capgpi } + HisjCogpi +
Ii+j616gpi + Di+j{6/\gp Cg’fqp } + Fl+]{ CZAgp’ + Cqup } + Bl+]{c;¢gpi pqp } + AH»]{qupi - )(gp"}}}' o

If Qi = —Q, i then Pqp,( x) can be obtained by replacing the sign of the term + to — and — to + when Cipi

has odd suffix.
Qg = =y
n—j + + kit 6gkpit
Pi() = e 2B T (1) @@+ a8} + T L (@ a )
te{0,1,45} i=n—j k=0,1 n—j—-1
oK ity it = =
{- C2gkpz Zilgkp’} 2C8§"P' +2C16gkp1 (a 2ty +’X6Ag ! l){ CZAgkpf +C2vx"p‘}}}}+ Z {L‘“{C Pi}+oi+f{_c i+ ZHP’}+
i=0

Pz'+j{C4,,i = Cyppi}+QitCopi + RitjCrgpi + Minj{—Cp i + Cgi} + Kinj{—Cyp i +Cyp i +N,+,{ C
Cgpit +Eai{— C pi +62ngi}+ Gi+j{64gpi -

pg,,:}+Bl+]{Cvgpi = Cogi 1 B
If Qg = =i, then ng,( x) can be obtained by replacing the sign of the term + to — and — to + when Cipi

has odd suffix.

npt +Cppx}+]1+j{6vpi - p1}+D1+]{CM,A -
Copgpi } + HijCoppi  1ijCrggpi + Eij{ =Croi + Crgpi b+ Cini{ =Copgpi + Copi b+ Aigj{—Cppgi +

op'’
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Qi =

pp,(x)

—Q/\pi/
(L @ ey + T E (e e

)
[
te{0,1,4,5} i=n—j k=0,1
i+ i+ ~ _ _ _
{Cagipi — Copgipi } = sgipi + WCeqeyi + (@7 + a8V )Ty — e 111 o Z {L+,{C = Cypit + Kigj{Cop = Coppi} + Pisj{~Cypi +
Cappi } +QitjCopi + RitjCrgpi + Nigj{=Chrpi +Cgpi } + 01 j{Coppi = Coppi } + Miy{=C,, + C } +Lisj{Cypi = Cypi } + Binj{Copi — Cypgpi b+ Citj{Cogpi —
Cougp }+ G j{—Cagyi + Cangyi } + HitCagpi + It jCrggpi + Airj{—Cogyi + Cagpi } + Fi+/{c2/\gp’ ~ Cougpi } + Eitj{=Cgpi + Cpgpi } + Ditj{Crgyi *Exgi}}}]-

If Qi = —Qgi, then Ppp]-(x) can be obtained by replacing the sign of the term + to — and — to + when C,,;

has odd suffix.
IfQXFﬂ - _Qpi/
n—1
P)(p/(x) — 61’!}"[ o) {{ Z (a 2/p”+/+lx6lp”+/ sz e Z { Z{ 287 +lx6gkp,+/)
zc(0,1,4,5} i=n—j k=0,1

= — — i+ i+ it —= i+ itj
Cogrpi — 2Cggryi + 2Cyggh,i + (2287 oAg )Congepi — (& 281 4 o8y )Copgipi — (& 285y 628" )Cougtpi 11} + Z {N,H{C Cppi} +

Oi+i{Capi = Coppi } + Pij{Cup = Cappi} + QisCopi + RitjCropi + Jisj{Cap — Copi} + Kisj{Corpi — Coppi } + Ligj{Cpp — pp‘} + M;j{Cpp = Cppi} +

Aiﬂ'{fgpz - 67/3;0"} + F,H‘{ngpi - 62ngx} +Giyj {C&gp‘ - 64/\gpi} + Hi+j68gp’ + Ii+j616‘gp" + B,-Jr}-{ngpi - C:gpi} + CH,/'{CZ/\gpi - Czl,gpi} + D,'H'{Cygpl -

P.;P i+ E‘ﬂ{ctgp - 7ng - .
IfQ, i = =Qy i, then P, ( ) can be obtained by replacing the sign of the term + to — and — to + when Cypn
has odd suffix.

where t € Aq can be obtained by interchanging a? Pitj, Qitj, Rivj, Kiyj, Oiyj,
i+

The expressions for P, i

Livj, Miyj, Niyj, Jivj by a¥sP ,
versa, also change the sign + to — and vice versa of Cyg,,i when C

, Gi+]-, Hl-+]-, I,-+j, C,-+]-, Fi+]-, Di+]-, E1~+]-, Ai+]-, Bi+]- respectively and vice
tgpi 11as 0dd suffix only,
where Ajyj, Biyj, Divj, Eivj, Jivj, Livj, Miyj, Niyj can be obtained, using lemma 29 and the following rela-

tions

" & MijNigj + AiyjEig + JivjLiv + BiyjDis P

o Z { : } = ,
l:D P

VNG M B L+ D2 P+ By + N2+ A%y

yoad i b=
1?0 p

T MigBig + NiyiDigj — LigjAiyj — JigiEi | 0

Vo= { pi b=
1=l

1 '_1{Mi+jDi+j + BitjNiyj — EigjLivj — ]i+in+j} _0

pi

Proof. These expressions can be obtained using lemmas 4.3, 11 — 13, 22, 25 — 26 and 30 — 33 with
same procedure like to theorem 5. Also the relations can be derived using P, () =1, P, (a?') =0,
P(a’8P) = 0and P, (a¥s') = 0. O

3
Jd

Il
o

Theorem 12. For p = 3(mod8), the expressions for the primitive idempotents corresponding to Q)
are given by:

. n—1 L L L
Py = delor N L 24 6fgﬂ"*f)c2tn+ T (@7 a8 €y — Coppi — 2 +2C o + (¥ 4
te{0,1,4,5} i=n—j

} 2C i+ 2C16gp }} + Z {Al+] i+ 2Fi+]‘62 i+ 2Gi+764 i +4Hi+j68pi +4Ii+f616pi + Di+j6pp'

gkpir Qpghpi

6piti\ (=
a7 ){Cogpi = Copgp 8gp

2Pi+j6 i + NiHC i +20l+]c

2up’ ZQp’ + 2P1+jc4gp’ + 4‘Ql+] 88171 + 4Rl+jcl6gp’ + Ll+]c;¢gp Ol+jC2]4gpi H

. n+ n+ i i = —
Pi(0) = @dalp( N L (D (" 428" ) Copp + POkt (@27 4+ 87N (T, + i} — 2Cgpi + 2 +
te{0,14,5} zn]

i+j i+j — — — —
(@ + 6% ) {=Cogpi + Copugpi} = 2Cspi +2C 40 }}+ Z {chp, 2F;4Cypi +2GiCypi +4H, 1 jCqpi + 4111 Crgpi —

Azﬂc i+ 2F, CZW + L,»ﬂ-c 2o,+,c2gp, + 2P,+]C4gp, + 4Q,+] sepi T 4R,+]C16gp Ningpi + onjEZWi M.

The expressions for Py, and P opi can be obtained by replacing Piyj, Qivj, Ritj, Oiyj, Livj, Nitj by Giyj,

Hiﬂ, Iiﬂ, Fi+j, Di+]~, Aiﬂ and aP" by arer't respectively and vice versa, where Ai+j, Diﬂ, Ni+]~, Li+j can
be obtuined using lemma 29 and the following relations,

Z {A21+] + N2 i+j + L? i+j + D? i+j ndT 1+] z+] + Dz+]Lz+]}

b= Z{

p! p'

r(s). Distributed under a Creative Commons CC BY license.
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Proof. These expressions can be obtained using lemmas 4.4, 14 — 21, 23 — 24, 27 — 28 and 34 —
35 with same procedure like to theorem 5. Also the relations can be derived using P («”) =1 and

P,i(as?) =0. O

8. Dimension and Generating Polynomials

The polynomial 5(x) = [ | (x — &) denote the minimal polynomial for &° and so the generating
seQ)g

polynomial for cyclic code M; of length 16p™ corresponding to the cyclotomic coset () is x;i::le and
the dimension of M; is equal to the cardinality of the class () [5].

Theorem 13. (i) The generating polynomial for the codes Myyn, for t = {0,1,2,4,5,8, 10} are (1+x + x* +
(x8+
2

w2100 (68 — 1) (a2 4 ) (a2 +/32)(1+x16+.--+x16< v, (x+ﬁ2><x+/%6>( -1 1)1+
X0 4 10 (62 — 1) (e 1) (R 1) (1 + 210 L+ 2100 D)) (a8 — 1) (22 — BO) (22 — B2)(1 +
04 100" 1) (a8 1) (e 4 1) (a2 4 1) (x — 1) (1 + 220 . 4 x160" 1), and (x + 1)(x*—1)(x —

B?)(x — BO) (14 x10 + ... 4+ x'6(P"=1)) respectively, where B is 16th root of unity.

(it) The genemtmg olynomzalfor Mg, ® Mg, Mmp, @Mlé L and M ® sz S My, & M, & My, & My, i &
Mypi © My i © 2vpi © My & M ® Mop M é% 2gp1 @ 4@ Agp é ZAgp' S Mygpi @ Mwn
MZMSP‘ @ Mvgp‘ @ Mngp’ @ Mr/gp’ @ Mégp‘ @ Mpgﬂ’ @ ngp‘ m’e (P FDET = DEFT D ET DET )+

X671 T ) (T ) (a2 1) (T 4 1)(x81’”’i F1)(1 421" 4 X100 and
T ) (T )T ) (6T = 1) (1 21T L X1 (D) respectively.

n—i—1 n—i—1

Proof. (i) The minimal polynomial for af?", for t = {0,1,2,4,5,8,10} are (x — 1),

(x — ") (x — a"0) (x = a?"T) (x — ") = (x = B) (x = B) (x — PT")(x = BT") = (x — B)(x — B*) (x +

Blx+p) = (a2 = p2)(x* = %), (x — P*)(x = B°), (x* +1), (x* + p*)(x* + ), (x +1) and (x

B?)(x + BP) respectively. The corresponding generating polynomials are (1 + x + x% + ... + x(16p" — 1)),

(x8 — 1) (2% + BO) (a2 + B2) (1 4 210 4 ... + 21007 1)) (x4 B2) (x4 BO) (x* — 1) (A8 + 1) (1 + 10 + ... +
16(p" 1)y, (62 = 1) (x* + 1) (28 + 1) (1 4+ 210 4+ ... + 210" =1)) (8 — 1) (22 — BO) (2% — B2) (1 + 210 + .. +

01 (o 1) (2 + 1) (a2 4+ 1) (x — 1) (14 210 4 ..+ 210" "Dy and (28 4+ 1) (x* — 1) (x — B2) (x —

BO) (14 x16 4 ..+ x16(P" 1)),

(ii) The product of minimal polynomial satisfied by a8 and a88P' is (X’(L}il) Therefore, the

pntl

n—i

F ) DT DT )+
DA+ X160 4 X167 (P 1) The product of minimal polynomial satisfied by 169" and a168%" is
(L)

xpnilil—l . ‘ . . .
Therefore, the generating polynomial for Mg, & Mg, is T DT DT ) (T 4
1) (xgpn—i + 1)(1 + x16pn—i

po2p Ay ogp xSy " D) " 1) ﬂ"”.ﬂ) . .
ol atP 0P, P8P o is D ) @ Therefore, the generating polynomial
for Mpi 53] szi 5] M4Pi 53] MM,I' 53] MZ/\pi 53] M4M,i 53] M pi © MZM,I' e M, pi © MZVpi oM npi @ Mgpi 5]
Mppi ©® Mxpi S M 1 S Mzgpz ©® M4gpz ©® M}Lgpl ©® MZ)LgP’ @1M4/\gpz S Mﬂgrl’ @ MZng’ @ Ml/gpi S szgpi‘@
. . 2 n 1 16 n—i
)

n—i—1

generating polynomial for Mg, © Mg, is (xP

+ ...+ x16prf*i(pi_1) ). Also the product of minimal polynomial satisfied by

9. Minimum Distance

If [ is a cyclic code of length m generated by g(x) and its minimum distance is d, then the code I
of length mk generated by g(x) (1 + x™ + x2" + ... 4+ x(k=1)™) is a repetition code of  repeated k times
and its minimum distance is dk [3]. Here, we find the minimum distance of the minimal cyclic code
M; of length 16p", generated by the primitive idempotent P;.

Theorem 14. Each of the codes My, (i) for t = 0,2,8,10, are of minimum distance 16p™
(ii) for t = 1,4,5, are of minimum distance 8p"
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(iii) For 0 < i < n — 1, the minimum distance of the cyclic codes M
32p' and for a € A — {8,16} are greater than or equal to 16p'.

aghpi for a = 8,16, are greater than or equal

16p" =1y which is

Proof. (i) Since the generating polynomial for the code My is (14 x + x2 + ... + x
itself a polynomial of length 16p", hence its minimum distance is 16p”.

The generating polynomial for the code My is (x + B2)(x + BO)(x* — 1)(x® + 1)(1 + x16 + .. +
x10(P"=1)) If we take a cyclic code of length 16 generated by the polynomial (x + 2)(x + °)(x* —
1)(x® + 1) then the minimum distance of this code is 16. Since the cyclic code of length 16p" with
generating polynomial (x + B2)(x + B®)(x* — 1)(x® +1)(1 4 216 + ... + x10(P"=1)) is a repetition of the
cyclic code of length 16 with generating polynomial (x + B2)(x + p°)(x* — 1)(x® + 1) repeated p"
times, therefore its minimum distance is 16p”.

Similarly, the minimum distance of each of the cyclic codes My,», where t = 8, 10, can be obtained.
(ii) The generating polynomial for the cyclic code Mpn is (x® —1)(x? + 6)(x® + B2)(1 + x'0 + ... +
x10(P"=1)) which is a repetition code of the cyclic code of length 8 with generating polynomial
(x® — 1) (x% + B°)(x? + B2), repeated p" times. Therefore its minimum distance is 8p". Similarly, the
minimum distance of each of the cyclic codes M;,, where t = 4,5, can be obtained.

n—i—1

(iii) Since the product of generating polynomials of the cyclic codes Mg, and Mg, is (x? +
(" = 1) (2" 1) (" 1) (3T 1) (1 + x167’"7i(”i_14)). Therefore, if we take a
cyclic code C of length 16p" ' generated by the polynomial T DT D) ) (T +
1)(x8""" 4 1) then the minimum distance of this code is 32.Since the cyclic code C; of length 16p"
generated by the polynomial P D) (P = DT D) (AT D (T 1) (Tl
o 4 217" (P'=1)) is a repitition of the code C repeated p" times. Hence its minimum distance is 32p'.
The codes corresponding to Mg, and Mg, are the sub codes of the above code, so their minimum
distance is greater than or equal to 32p’.

Similarly, the minimum distance of the cyclic code Mg, and Mg, of length 16p™ are also greater
than or equal to 32p’. .
The product of generating polynomial for the cycliF: codes M,,;, Mgy, a € A—{8,16}is (x¥"" +
DT )8 T 1) (" 1) (14 210" 4 169" (P -1)) Therefore if we take a code
C of length 16p" i generated by the polynomial (x27" " + 1)(x%" " + 1)(x8"" " +1)(a®"" + 1),
then the minimum distance of this code is 16. Since the cyclic code of length 16p” generated by the
polynomial (x2" "+ 1)(x#" " + 1) 4 1) F 1)1 4 21" 4 L+ (10D g 2
repitition of the code C repeated p’ times. Hence its minimum distance is 16p'.

M,gpira € A —{8,16} are the sub codes of the

above code, so this minimum distance is greater than or equal to 16p'. [

n—i—1

Since the codes corresponding to the cyclic codes M,

10. Example

Example 10.1. Cyclic codes of length 48.
Take p = 3, n = 1,16p" = 48, q = 67. Then the g-cyclotomic cosets are
Oy = {0}, O = {1,19,25,43}, O, = {2,38}, O3 = {3,9,27,33}, Oy = {4,28}, Q5 = {5,23,29,47},
Qg = {6,18}, Oy = {7,13,31,37}, Qg = {8}, Q19 = {10,46}, 17 = {11,17,35,41}, Oyp = {12,36},
Oy = {14,26}, O15 = {15,21,39,45}, 6 = {16}, Qa9 = {20,44}, O = {22,34}, Oy = {24},
O30 = {30,42}, Q3 = {32}, Qg = {40}.
Minimal polynomials for af, wheret € C = {0,...,8,10,11,12,14,15,16,20,22,24,30,32,40} are x — 1,
xt —3x2 —29, 22 — 3x — 29, x* — 20x% — 1, x? — 30, x* — 23x2 + 30, x> — 20x — 1, x* + 3x2 — 29, x — 30,
x? —23x +30, x* +23x2 + 30, x2 + 1, x2 + 3x — 29, x* +20x? — 1, x — 29, x? +29, x? +23x + 30, x + 1,
x2 +20x — 1, x 4+ 30 and x + 29 respectively.
The minimal codes M;, where t € C of length 48 are as follows:
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Code Dim. Min. Distance Generating Polynomial
Bound
47
Mg, 1 48 {38°*x!Y (mod67),  wherea =0, 3
t=0
47
Mg, 1 32<d<48 Y {38!V xt} (mod67), where b = 1,2,4,5
t=0
M; 4  16<d<48 37 4 47x2 + 38x* + 66x8 + 44x10 4 37x12 4 29x16 4 64x18 +
66x20 + 30x2* + 20026 + 29x28 4+ x32 4 23x34 4 30x3%6 +
38x%0 + 3x*2 4 x*
M, 2 16 < d < 48 37 4 47x + 38x% + 66x* + 44x° + 37x° + 29x8 + 64x° +

66x10 + 30x12 + 20x13 + 29x1% 4 x16 4 23517 4 30418 +
38x20 4 3x21 4 x22 4 37x24 4 47x%5 4 38x20 4 66x28 + 44x% +
37x30 + 29x32 + 64x3 + 66x3* 4 30x30 + 20x37 + 29x38 +
x40 23341 430242 + 38x4 4 3x40 4- x40

M; 4 24 1+ 47x2 + 66x* + 66x8 +20x10 4 x12 4 x16 4 47x18 1 66520 +

66x2% 4+ 20x20 + x28 4+ x32 4 47x3% + 662130 4 66x40 4 20x%2 +
44
X

23
M, 2 16<d<48 Y {66 x*} (mod67)
t=0

Ms 4  16<d<48 29 4 20x2 + 30x* + 66x8 + 64x10 4+ 29x12 + 37x16 4 44x18 +
66x70 +38x7 + 47x76 + 37x28 + x32 4 3x%* 4-38x% +30x* +
23x42 4 x4

Mg 2 48 1+ 47x + 66x> + 66x* +20x° + x° + x® + 47x° + 66x10 +
66x12 4+ 20413 4 x4 4 x16 4+ 47x17 4 66x18 + 66x20 + 20x21 +
X224 x4 47x% 4 66320 4 66x% 4+ 206 + 130 4 ¥ 4
47x33 4 66x3* 4 66x3° + 20x%7 + 38 4 x40 1 47x41 4 66242 +
66x** + 20x* x40

My 4 16 < d < 48 37 4 20x2 + 38x* + 668 + 23x10 4 37x12 4 29x16 4 3418 1
66320 + 30x%* + 47x26 + 29x% 4 ¥ + 44x3 + 30x%° +
38x40 + 64x42 4 x4
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Code Dim. Min. Distance Generating Polynomial
Bound
My 2 16 < d < 48 29 + 20x + 30x% + 66x* + 64x° + 29x° + 37x8 + 4417 +

66x10 +38x12 4 47x13 4 37x14 4 x16 4 3x17 4 38x18 - 30x20 +
23x21 + %2 + 29x%* 4 20x% + 30x% + 66x7° + 64x% +
29x30 4 37x32  44x33 4 66x3* + 38x30 + 47x37 4 37x38 4
x40 4 3x41 4 3842 4 30x* 4 23x% + x#0

My 4  16<d<48 29 + 47x2 + 30x* + 66x3 + 3x10 4 29x12  37x16 4 23418
66x20 + 38x2% + 20x26 + 37x%8 + x32 + 64x3% + 38x36 +
30x%0 4 44542 4 x34

23
My 2 24 Y {66 x*} (mod67)
t=0

My 2 16<d<48 37 4+ 20x + 38x% 4 66x* +23x° 4 37x0 +29x8 4 3x7 + 66x10 +
30x12 4 47x13 4+ 29x1 + x16 4 44517 4 30x18 + 38x20 +
64x?1 4+ x22 + 37x%* 4 20x%° 4 38x%0 + 66x% + 23x%° +
37x30 4+ 29x32 4 3x33 + 66x3* 4- 3030 + 47x37 +29x38 4- x40 1
44x* 4+ 30x%2 + 38x4 + 64x% 4 x40

Mis 4 24 14-20x2 4 66x* 4 66x8 4 47x10 + x12 4 x16 + 20x18 1 66220 4
66x%* + 47x%6 + x?8 4 x32 4 20334 4 66x% + 66x40 + 47x42 4
x44
23

My 2 16<d<48 Y {307 x*} (mod67)
t=0

My 2 16<d<48 29 +47x + 30x% + 66x* + 3x5 4+ 29x° + 37x8 4+ 23x° + 66x10 +

38x12 4 20x13 4+ 37x1 + x16 4 64x17 + 38x18 + 30x20 +
44570 4 x22 4 29x2% 4 47x25 1 30x20 4 66328 + 3% +29x30 +
37x32 4 23x3 + 66x3* + 38x3° + 20x%7 + 37x38 4+ %0 4
64x* + 38x42 4 30x%* 4 44x% 4 x40

Mz 2 48 1+ 20x 4 66x% + 66x* + 47x° 4+ x® + x® +20x7 + 66x10 +
66x12 4 47x13  x14 4 x16 4 20x17 4 66x18 + 66x20 4 47x%1 +
X2 4 x%% £ 20x% + 66x%° 4 66x28 4+ 47x%° + x30 4 x32 4
20x33 + 66x3* + 66x30 4+ 47x%7 4 x38 4+ x40 420441 4 66142 +
66x* + 47x% + x40
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