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Abstract: In semi-simple ring R16pn ≡ GF(q)[x]
<x16pn−1>

, where p is prime and q is some prime or prime

power (of type 16k + 3), n is a positive integer, subject to order of q modulo pn is ϕ(pn)
2 , expressions

for primitive idempotents are obtained. Generating polynomials, dimensions and minimum distance
bounds for the cyclic codes generated by these idempotents are also obtained.
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1. Introduction
The group algebra FC16pn , F is field of order q and C16pn is cyclic group of order 16pn such that

g.c.d.(q, 16p) = 1, is semi-simple having finite cardinality of collection of primitive idempotents which
equals the cardinality of collection of q-cyclotomic cosets modulo 16pn [? ] The primitive idempotents
of minimal cyclic codes of length m in case, when order of q modulo m is ϕ(m) for m = 2, 4, pn, 2pn

were computed in [6,9]. The primitive idempotents of length pn with order of q modulo pn is ϕ(pn)
2

were obtained in [10] and minimal quadratic residue codes of length pn in [7]. Cyclic codes of length
2pn over F, where order of q modulo 2pn is ϕ(2pn)

2 were discussed in [8]. Minimal cyclic codes of length
pnq, where p and q are distinct odd primes were derived in [1,3]. Further, when order of q modulo
pn is ϕ(pn), the minimal cyclic codes of length 8pn were discussed in [4,5]. Irreducible cyclic codes of
length 4pn and 8pn, where q ≡ 3(mod 8) and p/(q − 1) were obtained in [2].
In present paper, we obtained cyclic codes of length 16pn over F where q is some prime power
of the form 16k + 3 and order of q modulo pn is ϕ(pn)

2 . We considered the case for p be-
ing a prime of the form 8k + 1 and 8k + 3. However, in other cases whenever p is a prime
of the form 8k + 5 and 8k + 7 the expressions for the idempotents can be obtained by using
some permutation on the set A2. The q-cyclotomic cosets modulo pn are obtained in section
2 and termed those as Ωtpn for t ∈ B′ = {0, 1, 2, 4, 5, 8, 10} and Ωapi for a belongs to differ-
ent sets A = {1, 2, 4, 8, 16, λ, 2λ, 4λ, µ, 2µ, ν, 2ν, η, ξ, ρ, χ}, A2 = {2, 4, 8, 16, 2λ, 4λ, 2µ, 2ν, }, B2 =

{1, 2, 4, 8, λ, 2λ, µ, ν}. Primitive idempotents corresponding to Ωtpn for t ∈ B′ are obtained in sec-
tion 3. In section 4, we derived the expression of primitive idempotents corresponding to Ωtgk pi for
t = 8, 16, k = 0, 1 and those for t = 4, 4λ in section 5. In section 6, we derived the expressions of
primitive idempotents corresponding to Ω2tgk pi for t ∈ B1 = {1, λ, µ, ν} and remaining expressions
are obtained in section 7. Section 8, consists of generating polynomials and dimensions for the cor-
responding cyclic codes of length 16pn. The minimum distance or bounds for minimum distance of
these codes are obtained in section 9. At the end, an example is discussed to illustrate the various
parameters for these codes in section 10.
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2. Cyclotomic Cosets
Let S = {1, 2, ..., 16pn}. For a, b ∈ S, consider a ∼ b iff a ≡ bqi(mod 16pn) for some integer i ≥ 0.

This is an equivalence relation on S. The equivalence classes due to this relation are called q-cyclotomic
cosets modulo 16pn. The q-cyclotomic coset containing s ∈ S is Ωs = {s, sq, sq2, ..., sqts−1}, where ts is
the smallest positive integer such that sqts ≡ s(mod 16pn).

Lemma 1. [8], If ϕ(pn)
2 is the order of q modulo pn, then the order of q modulo pn−i is ϕ(pn−i)

2 , 0 ≤ i ≤ n − 1.

Lemma 2. If ϕ(pn)
2 is the order of q modulo pn then for 0 ≤ i ≤ n − 1, following holds:

(i)For p ≡ 1(mod8) order of q modulo 2tpn−i where t = 1, 2, 4, 8, is ϕ(pn−i)
2 .

(ii)For p ≡ 5(mod8) order of q modulo 2tpn−i where t = 1, 2, 4, is ϕ(pn−i)
2 and modulo 16pn−1 is ϕ(pn−i).

(iii)For p ≡ 3(mod4) order of q modulo 2pn−i is ϕ(pn)
2 , order of q modulo 4tpn−i where t = 1, 2, is ϕ(pn−i),

order of q modulo 16pn−1 is 2ϕ(pn−i).

Proof. (i) Since ϕ(pn)
2 is the order of q modulo pn, therefore by lemma 2.1, order of q modulo pn−i is

ϕ(pn−i)
2 , 1 ≤ i ≤ n − 1. Hence

q
ϕ(pn−i)

2 ≡ 1(mod pn−i) (1)

Since q is of the form 16k + 3, therefore q ≡ 1(mod 2). Hence, q
ϕ(pn−i)

2 ≡ 1(mod 2). As gcd(2, pn−i) = 1

and order of q modulo pn−i is ϕ(pn−i)
2 , so q

ϕ(pn−i)
2 ≡ 1(mod 2pn−i). This implies that ϕ(pn−i)

2 is the

smallest integer for which (2.1) holds. Hence order of q modulo 2pn−i is ϕ(pn−i)
2 . Again q2 = 256k2 +

96k + 9 ≡ 1(mod4), since gcd(4, pn−i) = 1, so q
ϕ(pn−i)

2 ≡ 1(mod4pn−i). Since order of q modulo pn−i is
ϕ(pn−i)

2 , so ϕ(pn−i)
2 is the smallest integer for which equation 2.1 holds. Hence order of q modulo 4pn−i

is ϕ(pn−i)
2 . On similar lines, we can obtain that the order of q modulo 8pn−i and 16pn−i is ϕ(pn−i)

2 .
(ii)As by lemma 2.1 and q4 = (16k + 3)4 ≡ 1(mod16), since gcd(16, pn−i) = 1

qϕ(pn−i) ≡ 1(mod16pn−i). (2)

However, as by lemma 2.1 and ϕ(pn−i) is the least integer that satisfies the equation 2. So, ϕ(pn−i) is
the order of q modulo 16pn−i. Proof of other parts are similar to (i).
(iii) As by lemma 2.1 and q4 ≡ 1(mod16), since gcd(16, pn−i) = 1, so

q2ϕ(pn−i) ≡ 1(mod16pn−i). (3)

However, as by lemma 2.1 and 2ϕ(pn−i) is the least integer that satisfies the equation 3. Thus 2ϕ(pn−i)

is the order of q modulo 16pn−i. Proof of other parts are similar to part (i) and (ii).

Lemma 3. For any odd prime p, there exist an integer g, 1 < g < 16p which is a primitive root modulo p,
further when p is of the form 4k + 1 then order of g modulo 4, modulo 8 is 2 and modulo 16 is 4. and when p is
of the form 4k + 3 then order of g mod 4, mod 8 and modulo 16 is 2. Also, if q is any prime or prime power and

g.c.d.(p, q) = 1, then g /∈ {1, q, q2, ..., q
ϕ(p)

2 −1}.

Proof. Since p is an odd prime some v ∈ Tp = {0, 1, 2, 3, ..., p − 1} will exist with 2v − p = 1. Consider
a primitive root a in Tp. For p ≡ 1(mod8), define g ≡ (2av + tp + 6ap)(mod 16p) where t ≡ 3(mod 16)
is a prime and so g ≡ (2av + tp + 6ap)(mod p) ≡ 2av(mod p) ≡ a(1 + p)(mod p) ≡ a(mod p). Thus g
is primitive root modulo p. Further, g ≡ (2av + tp + 6ap)(mod 16) ≡ (a(1 + p) + tp + 6ap)(mod 16),
again g ≡ {a(1 + 8k + 1) + (16k1 + 3)(8k + 1) + 6a(8k + 1)}(mod 16). Clearly, g ≡ 3(mod 2) ≡
1(mod 2). Hence, order of g modulo 2 is 1, again g ≡ (a(1 + p) + tp + 6ap)(mod 4) ≡ {a(1 + 8k + 1) +
(16k1 + 3)(8k + 1) + 6a(8k + 1)}(mod 4) ≡ {8(ak + a + 3k) + 3}(mod 4) ≡ 3(mod 4) so g2 ≡ 1(mod 4).
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Therefore, order of g modulo 4 is 2. In the similar pattern, we can obtain that order of g modulo 8
and 16 are 2 and 4 respectively. Also, when p ≡ r(mod 8) where r = 3 or 5 or 7, now for r = 3 or
5, g ≡ (2av + tp + (r + 1)ap)(mod 16p) and for r = 7, g ≡ (4av + tp + (r + 1)ap)(mod 16p), where
t ≡ (r + 2)(mod p) is a prime will have the required properties. Further, due to order of g and order of
q modulo p as ϕ(p)

2 and ϕ(p) respectively, g ̸= qi for some 1 ≤ i ≤ ϕ(p)
2 − 1.

Lemma 4. For 0 ≤ i ≤ n − 1 and 0 ≤ k ≤ ϕ(pn−i)
2 − 1, t ̸≡ qk(mod 16pn−i), where t = λ, 2λ, 4λ, µ , 2µ

,ν, 2ν, η, ξ, ρ, χ and λ = 1 + 2pn , µ = 1 + 4pn, ν = 1 + 6pn, η = 1 + 8pn, ξ = 1 + 10pn, ρ = 1 + 12pn ,
χ = 1 + 14pn.

Proof. Proof can be obtained by using lemma 2.1 and lemma 2.2.

Theorem 1. For q ≡ 3(mod16) the q-cyclotomic cosets modulo 16pn are given by,
Ωk1 pn = {k1 pn}, for k1 ∈ {0, 8}, ΩK2 pn = {k2 pn, k2 pnq}, for k2 ∈ {2, 4, 10}, Ωk3 pn = {k3 pn, k3 pnq,

k3 pnq2, k3 pnq3} for k3 ∈ {1, 5} and for 0 ≤ i ≤ n− 1, Ωtgk pi = {tgk pi, tgk piq, tgk piq2, ..., tgk piq
ϕ(pn−i)

2 −1},

Ωt1gk pi = {t1gk pi, t1gk piq, ..., t1gk piqϕ(pn−i)−1} and Ωt2gk pi = {t2gk pi, t2gk piq, ..., t2gk piq2ϕ(pn−i)−1},
where k = 0, 1 and g is as defined in lemma 2.3,
(i) when p ≡ 1(mod8) these are (32n + 7), for t ∈ A.
(ii) when p ≡ 5(mod8) these are (24n + 7), for t ∈ A2 and t1 ∈ B1.
(iii) when p ≡ 3(mod4) these are (14n + 7), for t ∈ {8, 16}, t1 ∈ {2, 4, 2µ} and t2 ∈ {1, µ}.

Proof. (i)By definition, it is obvious that Ω0 = {0} is trivial. Since q is of the form 16k + 3, So
q ≡ 3(mod16), so k1 pnq ≡ k1 pn(mod16pn) and hence Ωk1 pn = {k1 pn} also q2 ≡ 9(mod16), so k2 pnq2 ≡
k2 pn(mod16pn) so Ωk2 pn = {k2 pn, k2 pnq} and q4 ≡ 1(mod16), so k3 pnq4 ≡ k3 pn(mod16pn) so Ωk3 pn =

{k3 pn, k3 pnq, k3 pnq2, k3 pnq3}. By lemma 2.2; q
ϕ(pn−i)

2 ≡ 1(mod16pn−i) equivalently, tgk piq
ϕ(pn−i)

2 ≡

tgk pi(mod16pn), so Ωtgk pi = {tgk pi, tgk piq, tgk piq2, ..., tgk piq
ϕ(pn−i)

2 −1}. Equivalently,

t1gk piqϕ(pn−i) ≡ t1gk pi(mod16pn), so Ωt1gk pi = {t1gk pi, t1gk piq, t1gk piq2, ..., t1gk piqϕ(pn−i)−1},

again q2ϕ(pn−i) ≡ 1(mod16pn−i) equivalently, t2gk piq2ϕ(pn−i) ≡ t2gk pi(mod16pn), so
Ωt2gk pi = {t2gk pi, t2gk piq, t2gk piq2, ..., t2gk piq2ϕ(pn−i)−1}.

Obviously, |Ωk1 pn | = 1, |Ωk2 pn | = 2, |Ωk3 pn | = 4 for every k1, k2, k3 and |Ωtpi | = |Ωtgpi | = ϕ(pn−i)
2 , So

∑
t∈A

|Ωtpi | = ∑
t∈A

|Ωtgpi | = ϕ(pn)
2 + ϕ(pn−1)

2 + ... + ϕ(p)
2 = pn−pn−1

2 + pn−1−pn−2

2 + ... + p−1
2 = pn−1

2 .

Hence ∑
k1

|Ωk1 pn |+ ∑
k2

|Ωk2 pn |+ ∑
k3

|Ωk3 pn |+
n−1

∑
i=0

[∑
t∈A

|Ωtpi |+ |Ωtgpi |] = 16 + 32(pn−1)
2 = 16 + 16(pn −

1) = 16pn it follows that these are the only distinct q-cyclotomic cosets modulo 16pn in this case.
Similarly other parts can be proved on similar lines.

3. Primitive Idempotents Corresponding to Ωtpn , t ∈ B′

Throughout this paper, we consider α to be 16pnth root of unity in some extension field of F. Let

Ms be the minimal ideal in R16pn = F[x]
<x16pn−1>

≡ FC16pn , generated by (x16pn−1)
ms(x) , where ms(x) is the

minimal polynomial for αs, s ∈ Ωs. We denote Ps(x), the primitive idempotent in R16pn , corresponding

to the minimal ideal Ms, given by Ps(x) = 1
16pn

16pn−1

∑
t=0

ϵs
i xs where ϵs

i = ∑
s∈Ωs

α−is and Cs = ∑
s∈Ωs

xs.

Then,

Ps(x) =
1

16pn [ ∑
t∈B′

ϵs
tpn Ctpn +

n−1

∑
i=0

{ ∑
a∈A

{ϵs
api Capi + ϵs

agpi Cagpi}}] [4] (4)
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Lemma 5. For cyclotomic cosets Ωtpn , where t ∈ B′

(i) Ωapn = −Ω5apn where a = {1, 2}.
(ii) Ωbpn = −Ωbpn where b = {0, 4, 8}.

Proof. (i) Since Ωapn = {apn, apnq, apnq2, apnq3}. Thus 5apnq + apn = pn(5aq + a) = pn{5a(16k +
3) + a} = pn(80ak + 16a) ≡ 0(mod16pn), therefore −Ωapn = Ω5apn or Ωapn = −Ω5apn .
Further (ii) is trivial.

Lemma 6. For cyclotomic cosets Ωpi , 0 ≤ i ≤ n − 1
(i) If p ≡ 1(mod4)
η2Ωpi = ηΩηpi = Ωpi = ν2Ωpi = χ2Ωpi = −λ2Ωpi = −µ2Ωpi = −ξ2Ωpi = −ρ2Ωpi

(ii) If p ≡ 3(mod4)
µ2Ωpi = Ωηpi = ηΩpi = ρ2Ωpi = −λ2Ωpi = µ2Ωpi = ν2Ωpi = −ξ2Ωpi = ρ2Ωpi = χ2Ωpi

(iii) (2λ)2Ωpi = 2Ω2pi = 4Ωpi = Ω4pi = (2µ)2Ωpi = (2ν)2Ωpi

(iv) (4λ)2Ωpi = Ω16pi = 2Ω8pi = 4Ω4pi = 16Ωpi .

Proof. (i) Since η = 1 + 8pn. So η2 = (1 + 8pn)2 = 1 + 64p2n + 16pn ≡ 1(mod16pn)

Hence η2 ≡ 1(mod16pn) ⇒ η2Ωpi = Ωpi Now η2Ωpi = {η2 pi, η2 piq, η2 piq2, ..., η2 piq
ϕ(pn−i)

2 −1}

= η{ηpi, ηpiq, ηpiq2, ..., ηpiq
ϕ(pn−i)

2 −1} = ηΩηpi .
Now ν2 = (1+ 6pn)2 = 1+ 36p2n + 12pn = 1(mod16pn) and χ2 = (1+ 14pn)2 = 1+ 196p2n + 28pn =

1(mod16pn). Hence ν2Ωpi = χ2Ωpi = Ωpi .
Similarly, result holds for remaining

Theorem 2. For p ≡ 1(mod8), the explicit expressions for the primitive idempotents Ptpn , t ∈ B′ in R16pn are
given by:

Ptpn(x) = 1
16pn [{ ∑

w∈B′
α8twp2n

Cwpn}+
n−1

∑
i=0

{ ∑
a∈A

∑
k=0,1

α8tagk pn+i
Cagk pi}], for t = 0, 8.

Ptpn(x) = 1
16pn [ ∑

w∈{0,1,4,5}
{(−1)w2{α2twp2n

+ α6twp2n}C2wpn}+
n−1

∑
i=0

{ ∑
a∈B2

∑
k=0,1

(−1)a

{α2atgk pn+i
+ α6atgk pn+i}C2agk pi}], for t = 1, 5.

P2tpn(x) = 1
16pn [ ∑

w∈{0,1,4,5,8}
{(−1)w{α2twp2n

+ α6twp2n}Cwpn}+
n−1

∑
i=0

{ ∑
a∈A

∑
k=0,1

(−1)a

{α2atgk pn+i
+ α6atgk pn+i}Cagk pi}], for t = 1, 5.

P4pn(x) = 1
16pn [ ∑

w∈{0,1,2,4,5}
{(−1)w2C2wpn}+

n−1

∑
i=0

{ ∑
a∈B2

∑
k=0,1

(−1)a2C2agk pi}].

Proof. By definition, we have

Ps(x) =
1

16pn [ ∑
t∈B′

ϵs
tpn Ctpn +

n−1

∑
i=0

{ ∑
a∈A

∑
k=0,1

ϵs
agk pi Cagk pi}]. (5)

Since ϵs
k = ∑

sϵΩs

α−ks and Cs = ∑
sϵΩs

xs, where α is 16pnth root of unity in GF(q). Taking s = 0, ϵ0
k = 1

for all 0 ≤ k ≤ 16pn − 1, so P0(x) = 1
16pn [ ∑

w∈B′
Cwpn +

n−1

∑
i=0

{ ∑
a∈A

∑
k=0,1

Cagk pi}].

Evaluation of Ppn(x).

Since Ωpn = −Ω5pn , ϵ
pn

k = ∑
sϵΩpn

α−ks = ∑
sϵΩ5pn

αsk = α5pnk + α5pnkq + α5pnkq2
+ α5pnkq3

= α5pnk + α7pnk +

α13pnk + α15pnk.
ϵ

pn

0 = −ϵ
pn

8pn = 4, ϵ
pn

pn = ϵ
pn

4pn = ϵ
pn

5pn = 0,
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ϵ
pn

2pn = −ϵ
pn

10pn = −2(α2p2n
+ α6p2n

), ϵ
pn

gk pi = ϵ
pn

λgk pi = ϵ
pn

µgk pi = ϵ
pn

νgk pi = 0,

ϵ
pn

2gk pi = −ϵ
pn

2µgk pi = −2(α2pn+i
+ α6pn+i

), ϵ
pn

4gk pi = −ϵ
pn

4λgk pi = 0,

ϵ
pn

8gk pi = −ϵ
pn

16gk pi = −4, ϵ
pn

2λgk pi = −ϵ
pn

2νgk pi = −2(α2λgk pn+i
+ α6λgk pn+i

),

ϵ
pn

ηgk pi = ϵ
pn

ξgk pi = ϵ
pn

ρgk pi = ϵ
pn

χgk pi = 0. Using these in equation 5 the expressions for Ppn(x) can be

obtained. Similarly, Ptpn(x) for t ∈ B′ − {0, 1} can be obtained.

Theorem 3. For p ≡ 3(mod4), the explicit expressions for the primitive idempotents Ptpn , t ∈ B′ in R16pn are
given by

Ptpn(x) = 1
16pn [{ ∑

w∈B′
α8twp2n

Cwpn}+
n−1

∑
i=0

{ ∑
a∈D

∑
k=0,1

α8tagk pn+i
Cagk pi}], for t ∈ {0, 8},

Ptpn(x) = 1
16pn [ ∑

w∈{0,1,4,5}
{(−1)t2{α2twp2n

+ α6twp2n}C2wpn}+
n−1

∑
i=0

{ ∑
a∈{1,4,8,µ}

∑
k=0,1

(−1)a

{α2atgk pn+i
+ α6atgk pn+i}C2agk pi}], for t = 1, 5,

P2tpn(x) = 1
16pn [ ∑

w∈{0,1,4,5,8}
{(−1)t{α2twp2n

+ α6twp2n}Cwpn}+
n−1

∑
i=0

{ ∑
a∈D−{2,2µ}

∑
k=0,1

(−1)a

{α2atgk pn+i
+ α6atgk pn+i}Cagk pi}] for t = 1, 5,

P4pn(x) = 1
16pn [ ∑

w∈{0,1,2,4,5}
{(−1)w2C2wpn}+

n−1

∑
i=0

{ ∑
a∈{1,2,4,8,µ}

∑
k=0,1

(−1)a2C2agk pi}],

where D = {1, 2, 4, 8, 16, µ, 2µ}.

Proof. Proof is similar to that of theorem 2.

Theorem 4. For p ≡ 5(mod8), the explicit expressions for the primitive idempotents Ptpn , t ∈ B′ in R16pn are
given by:

Ptpn(x) = 1
16pn [{ ∑

w∈B′
α8twp2n

Cwpn}+
n−1

∑
i=0

{∑
a∈B

∑
k=0,1

α8tagk pn+i
Cagk pi}], for t = 0, 8.

Ptpn(x) = 1
16pn [ ∑

w∈{0,1,4,5}
{(−1)w2{α2twp2n

+ α6twp2n}C2wpn}+
n−1

∑
i=0

{ ∑
a∈{1,4,8,λ,µ,ν}

∑
k=0,1

(−1)a

{α2atgk pn+i
+ α6atgk pn+i}C2agk pi}], for t = 1, 5.

P2tpn(x) = 1
16pn [ ∑

w∈{0,1,4,5,8}
{(−1)w{α2twp2n

+ α6twp2n}Cwpn}+
n−1

∑
i=0

{ ∑
a∈B−2B1

∑
k=0,1

(−1)a

{α2atgk pn+i
+ α6atgk pn+i}Cagk pi}], for t = 1, 5.

P4pn(x) = 1
16pn [ ∑

w∈{0,1,2,4,5}
{(−1)w2C2wpn}+

n−1

∑
i=0

{ ∑
a∈B−B1

∑
k=0,1

(−1)a2C2agk pi}],

where B = {1, 2, 4, 8, 16, λ, 2λ, 4λ, µ, 2µ, ν, 2ν}.

Proof. Proof can be derived on same pattern to theorem 2.

4. Primitive Idempotents Corresponding to Ωtgk pi , where t = 8, 16

For 0 ≤ j ≤ n− 1, we define: Hj = pj ∑
sϵΩ

8gpj

αs ; Ij = pj ∑
sϵΩ

16gpj

αs ; Qj = pj ∑
sϵΩ

8pj

αs ;Rj = pj ∑
sϵΩ

16pj

αs.

Since Qq
j = (pj ∑

sϵΩ
8pj

αs)q = (pj)q( ∑
sϵΩ

8pj

αs)q = (pj)q ∑
sϵΩ

8pj

αqs = (pj)q ∑
sϵqΩ

8pj

αs.

However, (pj)q = pj, therefore Qq
j = pj ∑

sϵqΩ
8pj

αs. Moreover, Ω8pj is a cyclotomic coset, therefore

qΩ8pj = Ω8pj . Hence Qq
j = pj ∑

sϵΩ
8pj

αs = Qj and so Qj ∈ GF(q). Similarly, Hj, Ij, Rj ∈ GF(q).
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Lemma 7. 0 ≤ j ≤ n − 1, Ij + Rj =

{
−pn−1, if j = n − 1
0, otherwise.

Proof. By definition, Ij + Rj = pj

ϕ(pn−j)
2 −1

∑
t=0

(δgqt
+ δqt

), where δ = α16pj
.

As the set {1, q, q2, ..., q
ϕ(pn−j)

2 −1, g, gq, gq2, ..., gq
ϕ(pn−j)

2 −1} is a reduced residue system mod(pn−j),

therefore Ij + Rj = pj[
pn−j

∑
t=0

δt −
pn−j

∑
t=1,p/t

δt] = pj[
pn−j

∑
t=0

δt −
pn−j−1

∑
t=1

δpt] =

{
−pn−1, if j = n − 1
0, otherwise.

Lemma 8. 0 ≤ j ≤ n − 1, Hj + Qj =

{
pn−1, if j = n − 1
0, otherwise.

Proof. This result can be obtained on similar pattern as that of lemma 4.1 and using the fact that

{1, q, q2, ..., q
ϕ(pn−j)

2 −1, g, gq, gq2, ..., gq
ϕ(pn−j)

2 −1} is a reduced residue system mod(2pn−j).

Lemma 9. For 0 ≤ i ≤ n − 1 and p ≡ 1(mod8) then
(i) Ωtpi = −Ωtpi and hence Ωtgpi = −Ωtgpi , for t = 8, 16,
(ii) Ω4pi = −Ω4λpi and hence Ω4gpi = −Ω4λgpi ,
(iii) Ω2(1+tpn)pi = −Ω2{1+(6−t)pn}pi and hence Ω2(1+tpn)gpi = −Ω2{1+(6−t)pn}gpi , for t = 0, 4.
(iv) For p = 8k + 1, k is even then

Ω(1+tpn)pi = −Ω{1+(14−t)pn}pi and hence Ω(1+tpn)gpi = −Ω{1+(14−t)pn}gpi , for t = 0, 2, 4, 6.
(v) For p = 8k + 1, k is odd then

Ω(1+tpn)pi = −Ω{1+(22−t)pn}pi and hence Ω(1+tpn)gpi = −Ω{1+(22−t)pn}gpi , for t = 0, 2, 8, 10.

Proof. For t = 0 in (iv), Since χ = 1 + 14pn ≡ −1(mod16) and q
ϕ(pn)

2 ≡ 1(mod16). Further,

q
ϕ(pn)

4 ≡ 1(mod16), as q ≡ 3(mod16), therefore χq
ϕ(pn)

4 ≡ −1(mod16). Also q
ϕ(pn)

2 ≡ 1(modpn),

so q
ϕ(pn)

4 ≡ −1(modpn) and χ ≡ 1(modpn), thus χq
ϕ(pn)

4 ≡ −1(modpn). However (16, pn) = 1, thus

χq
ϕ(pn)

4 ≡ −1(mod16pn) and, therefore −Ωχpi = Ωpi . Hence −Ωχgpi = Ωgpi .
Proof of remaining can be obtained on similar pattern.

Lemma 10. For 0 ≤ i ≤ n − 1, k = 0, 1 following holds:
If p ≡ 3(mod8), Ωtpi = −Ωtgpi and hence Ωtgpi = −Ωtpi , for t ∈ D.

Proof. Proof can be derived on same pattern to lemma 9.

Lemma 11. For p ≡ 1(mod8); 0 ≤ i ≤ n; 0 ≤ j ≤ n − 1,

∑
sϵΩ

t1 pj

α8gpis = ∑
sϵΩ

2tpj

α4gpis = ∑
sϵΩ

4λpj

α2tgpis = ∑
sϵΩ

8pj

αt1gpis =


− ϕ(pn−j)

2 , i f i + j ≥ n,
1
pj Hi+j, i f i + j ≤ n − 1, g ̸= 1,
1
pj Qi+j, i f i + j ≤ n − 1, g = 1,

where t1 ∈ A1 and t ∈ B1.

Proof. As α is 16pnth root of unity in some extension field of GF(q), so

∑
sϵΩ

4λpj

α2νgpis =

ϕ(pn−j)
2 −1

∑
t=0

α8(1+2pn)(1+6pn)gpi+jqt
=

ϕ(pn−j)
2 −1

∑
t=0

α8gpi+jqt
= ∑

sϵΩ
pj

α8gpis

Similarly, remaining can be obtained on simple multiplication.

If β = α8gpi+j
, then ∑

sϵΩ
pj

α8gpis =

ϕ(pn−j)
2 −1

∑
t=0

α8gpi+jqt
=

ϕ(pn−j)
2 −1

∑
t=0

βqt
.
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For i + j ≥ n, ∑
sϵΩ

pj

α8gpis =

ϕ(pn−j)
2 −1

∑
t=0

α8gpi+jqt
= −ϕ(pn−j)

2
.

For i + j ≤ n − 1, β is 2pn−i−jth root of unity. Then βql
= βqr

, which is possible when l ≡

r(mod ϕ(pn−i−j)
2 ), due to lemma 2.2. So ∑

sϵΩ
pj

α8gpis =
ϕ(pn−j)

ϕ(pn−i−j)

ϕ(pn−i−j)
2 −1

∑
t=0

βqt
=

pi+j

pj ∑
sϵΩ

8gpi+j

αs =
1
pj Hi+j, g ̸= 1,
1
pj Qi+j, g = 1.

.

Proof of lemmas 4.6 - 4.7 can be obtained on similar reasoning as that of lemma 4.5, using definition
of Ij and Rj.

Lemma 12. For p ≡ 1(mod8); 0 ≤ i ≤ n; 0 ≤ j ≤ n − 1,

∑
sϵΩ

t1 pj

α16gpis = ∑
sϵΩ

2tpj

α8gpis = ∑
sϵΩ

4t2 pj

α4t2gpis = ∑
sϵΩ

16pj

αt1gpis =


ϕ(pn−j)

2 , i f i + j ≥ n,
1
pj Ii+j, i f i + j ≤ n − 1, g ̸= 1,
1
pj Ri+j, i f i + j ≤ n − 1, g = 1,

where t1 ∈ A1, t2 = 1, 4, λ and t ∈ B1.

Lemma 13. For p ≡ 1(mod8); 0 ≤ i ≤ n; 0 ≤ j ≤ n − 1,

∑
sϵΩ

2tpj

α16gk pis = ∑
sϵΩ

4t2 pj

α8gk pis = ∑
sϵΩ

16pj

α2tgk pis = ∑
sϵΩ

8pj

α4t2gk pis =


ϕ(pn−j)

2 , i f i + j ≥ n,
1
pj Ii+j, i f i + j ≤ n − 1, k = 1,
1
pj Ri+j, i f i + j ≤ n − 1, k = 0,

where t = 1, 4, λ, µ, ν and t2 = 1, λ

Lemma 14. For p ≡ 3(mod8); 0 ≤ i ≤ n; 0 ≤ j ≤ n − 1,

∑
sϵΩ

pj

α8gk pis = ∑
sϵΩ

µpj

α8gk pis =


−2ϕ(pn−j), i f i + j ≥ n,
4
pj Hi+j, i f i + j ≤ n − 1, k = 1,
4
pj Qi+j, i f i + j ≤ n − 1, k = 0.

Proof. Assume β = α8gk pi+j
, so ∑

sϵΩ
pj

α8gk pis =
2ϕ(pn−j)−1

∑
t=0

α8gk pi+jqt
=

2ϕ(pn−j)−1

∑
t=0

βqt
.

For i + j ≥ n, ∑
sϵΩ

pj

α8gk pi .s =
2ϕ(pn−j)−1

∑
t=0

α8gk pi+jqt
= {α8gk pi+j

+ α8gk pi+jq + ... + α8gk pi+jq2ϕ(pn−j)−1}

= −2ϕ(pn−j).
For i + j ≤ n − 1, then β is 2pn−i−jth root of unity. Then βql

= βqr
which is possible when

l ≡ r(mod ϕ(pn−i−j)
2 ), due to lemma 2.2. So,

∑
sϵΩ

pj

α8gk pis =
2ϕ(pn−j)−1

∑
t=0

α8gk pi+jqt
=

2ϕ(pn−j)−1

∑
t=0

βqt
=

2ϕ(pn−j)
ϕ(pn−i−j)

2

ϕ(pn−i−j)
2 −1

∑
t=0

βqt

=
4pi+j

pj

ϕ(pn−i−j)
2 −1

∑
t=0

βqt
=

4pi+j

pj

ϕ(pn−i−j)
2 −1

∑
t=0

α8gk pi+jqt
=

4pi+j

pj ∑
sϵΩ

8gk pj

αpis =


4
pj Hi+j, k = 1,
4
pj Qi+j, k = 0.

Proof of lemmas 4.9 - 4.15 can be obtained on similar reasoning as that of lemma 4.5, 4.8, using
definition of Ij and Rj.
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Lemma 15. For p ≡ 3(mod8); 0 ≤ i ≤ n; 0 ≤ j ≤ n − 1,

∑
sϵΩ

2pj

α4gk pis = ∑
sϵΩ

4pj

α2µgk pis =


−ϕ(pn−j), i f i + j ≥ n,
2
pj Hi+j, i f i + j ≤ n − 1, k = 1,
2
pj Qi+j, i f i + j ≤ n − 1, k = 0.

Lemma 16. For p ≡ 3(mod8); 0 ≤ i ≤ n; 0 ≤ j ≤ n − 1,

∑
sϵΩ

8pj

αgk pis = ∑
sϵΩ

8pj

αµgk pis =


− ϕ(pn−j)

2 , i f i + j ≥ n,
1
pj Hi+j, i f i + j ≤ n − 1, k = 1
1
pj Qi+j, i f i + j ≤ n − 1, k = 0.

Lemma 17. For p ≡ 3(mod8); 0 ≤ i ≤ n; 0 ≤ j ≤ n − 1,

∑
sϵΩ

pj

α16gk pis = ∑
sϵΩ

µpj

α16gk pis =


2ϕ(pn−j), i f i + j ≥ n,
4
pj Ii+j, i f i + j ≤ n − 1, k = 1,
4
pj Ri+j, i f i + j ≤ n − 1, k = 0.

Lemma 18. For p ≡ 3(mod8); 0 ≤ i ≤ n; 0 ≤ j ≤ n − 1,

∑
sϵΩ

2pj

α8gk pis = ∑
sϵΩ

2µpj

α8gk pis = ∑
sϵΩ

4pj

α4gk pis = ∑
sϵΩ

4pj

α16gk pis =


ϕ(pn−j), i f i + j ≥ n,
2
pj Ii+j, i f i + j ≤ n − 1, k = 1,
2
pj Ri+j, i f i + j ≤ n − 1, k = 0.

Lemma 19. For p ≡ 3(mod8); 0 ≤ i ≤ n; 0 ≤ j ≤ n − 1,

∑
sϵΩ

2pj

α16gk pis = ∑
sϵΩ

2µpj

α16gk pis = ∑
sϵΩ

4pj

α8gk pis =


ϕ(pn−j), i f i + j ≥ n,
2
pj Ri+j, i f i + j ≤ n − 1, k = 1,
2
pj Ii+j, i f i + j ≤ n − 1, k = 0,

Lemma 20. For p ≡ 3(mod8); 0 ≤ i ≤ n; 0 ≤ j ≤ n − 1,

∑
sϵΩ

8pj

α2t1gk pis = ∑
sϵΩ

16pj

αt2gk pis =


ϕ(pn−j)

2 , i f i + j ≥ n,
1
pj Ii+j, i f i + j ≤ n − 1, k = 1,
1
pj Ri+j, i f i + j ≤ n − 1, k = 0,

where t1 = 1, 4, µ and t2 = t1, 16.

Lemma 21. For p ≡ 3(mod8); 0 ≤ i ≤ n; 0 ≤ j ≤ n − 1,

∑
sϵΩ

8pj

α4t1gk pis = ∑
sϵΩ

16pj

α2t2gk pis =


ϕ(pn−j)

2 , i f i + j ≥ n,
1
pj Ri+j, i f i + j ≤ n − 1, k = 1,
1
pj Ii+j, i f i + j ≤ n − 1, k = 0,

where t1 = 1, 4 and t2 = 1, µ.

Theorem 5. If p ≡ 1(mod8) the expressions for the primitive idempotents corresponding to Ω8gk pi , Ω16gk pi in
R16pn are as follows:

P8pj(x) = 1
16pn [

ϕ(pn−j)
2 {{ ∑

t∈B′
(−1)tCtpn}+

n−1

∑
i=n−j

{ ∑
a∈A

∑
k=0,1

(−1)aCagk pi}}+
1
pj

n−j−1

∑
i=0

{ ∑
a∈A1

{Qi+jCapi +

Hi+jCagpi}+ ∑
a∈A2

{Ri+jCapi + Ii+jCagpi}}],

P16pj(x) = 1
16pn [

ϕ(pn−j)
2 { ∑

t∈B′
Ctpn +

n−1

∑
i=n−j

{ ∑
a∈A

∑
k=0,1

Cagk pi}}+
1
pj

n−j−1

∑
i=0

∑
a∈A

{Ri+jCapi + Ii+jCagpi}],

where Qn−1 = pn−1

2 (1 +
√

p), Hn−1 = pn−1

2 (1 −√
p), In−1 = pn−1

2 (
√

p − 1)

and Rn−1 = pn−1

2 (−√
p − 1) and for all j ≤ n − 2, Qj = Hj = Ij = Rj = 0.
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Proof. Since Ω8pj = −Ω8pj , as obtained in lemma 4.4, so ϵ
8pj

k = ∑
sϵΩ

8pj

α−ks = ∑
sϵΩ

pj

α8ks.

Thus ϵ
8pj

tpn = (−1)t ϕ(pn−j)
2 for t ∈ B′ and using lemma 4.3, 4.5 − 4.7, wherever required we obtain,

ϵ
8pj

tgk pi =


− ϕ(pn−j)

2 if i + j ≥ n,
1
pj Qi+j if i + j ≤ n − 1, k = 0,
1
pj Hi+j if i + j ≤ n − 1, k = 1,

for t ∈ A1, ϵ
8pj

2tgk pi =


ϕ(pn−j)

2 if i + j ≥ n,
1
pj Ri+j if i + j ≤ n − 1, k = 0,
1
pj Ii+j if i + j ≤ n − 1, k = 1,

for t ∈ B2 = {1, 2, 4, 8, λ, 2λ, µ, ν},
Using all these in (3.1), the expression for P8pj is obtained.
Using lemma 4.3, 4.5 − 4.7, the expressions for P16pj , P8gpj and P16gpj can be derived. However, the
expressions for P8gpj and P16gpj can be obtained by interchanging Qi+j, Ri+j by Hi+j, Ii+j respectively
and vice versa in the expressions of P8pj(x), P16pj(x),

Since Ck = ∑
sϵΩk

xs and (Ck)α16pj = Ck(α
16pj

) = ∑
sϵΩk

(α16pj
)s. Therefore Ctpn(α16pj

) = 1 for t = 0, 8;

Ctpn(α16pj
) = 4 for t = 1, 5; Ctpn(α16pj

) = 2 for t = 2, 4, 10;.

Capi (α16pj
) =

{
ϕ(pn−j)

2 , i f i + j ≥ n
1
pj Ri+j, i f i + j ≤ n − 1.

and Cagpi (α16pj
) =

{
ϕ(pn−j)

2 , i f i + j ≥ n,
1
pj Ii+j, i f i + j ≤ n − 1,

where a ∈ A. Using all these in P16pj(α16pj
) = 1, to obtain

16pn = ϕ(pn−j)[8 + 8
n−1

∑
i=n−j

ϕ(pn−i)] +
16
pj

n−j−1

∑
i=0

1
pi (R2

i+j + I2
i+j)

which in turn implies 1
pj

n−j−1

∑
i=0

1
pi (R2

i+j + I2
i+j) =

pn−1

2
(p + 1)

In particular, for j = n − 1, 1
pn−1 (R2

n−1 + I2
n−1) =

pn−1

2 (p + 1). Using lemma 4.1, to obtain

In−1 = pn−1

2 (
√

p − 1) and Rn−1 = pn−1

2 (−√
p − 1) and so In−2 = Rn−2 = In−3 = Rn−3 = ... = 0.

Relations for Qi+j and Hi+j can be derived using lemma 4.2 and the fact that P8pj(α8pj
) = 1.

Theorem 6. For p ≡ 3(mod8), the expressions for the primitive idempotents corresponding to Ω8gk pi , Ω16gk pi

in R16pn are as follows:

P8pj(x) = 1
16pn [

ϕ(pn−j)
2 {{ ∑

t∈B′
(−1)tCtpn}+

n−1

∑
i=n−j

{ ∑
a∈D

∑
k=0,1

(−1)aCagk pi}+
1
pj

n−j−1

∑
i=0

{Hi+j{Cpi + Cµpi}

+ Ii+j{C2pi +C4gpi +C8pi +C16gpi +C2µpi}+Qi+j{Cgpi +Cµgpi}+ Ri+j{C2gpi +C4pi +C8gpi +C16pi +

C2µgpi}}].

P16pj(x) = 1
16pn [

ϕ(pn−j)
2 { ∑

t∈B′
Ctpn +

n−1

∑
i=n−j

{ ∑
a∈D

∑
k=0,1

Cagk pi}}+
1
pj

n−j−1

∑
i=0

{Ii+j{Cpi +C2gpi +C4pi +C8gpi +

C16pi + Cµpi + C2µgpi}+ Ri+j{Cgpi + C2pi + C4gpi + C8pi + C16gpi + Cµgpi + C2µpi}}].
The expressions for P8gpj and P16gpj can be obtained by interchanging Qi+j, Ri+j by Hi+j, Ii+j respectively in
the expressions of P8pj(x), P16pj(x),

where Qn−1 = pn−1

2 (1 −√−p), Hn−1 = pn−1

2 (1 +
√−p), In−1 = pn−1

2 (
√−p − 1) and

Rn−1 = pn−1

2 (−√−p − 1) and for all j ≤ n − 2, Qj = Hj = Ij = Rj = 0.

Proof. These expressions can be obtained using lemmas 4.9 - 4.15 and on similar reasoning as that of
theorem 4.16. Also relations can be derived using lemma 4.1 - 4.2 and P8pj(α8pj

) = 1, P16pj(α16pj
) =

1.

5. Primitive Idempotents Corresponding to Ω4tgk pi , where t = 1, λ

For 0 ≤ j ≤ n − 1, define
Gj = pj ∑

sϵΩ
4gpj

αs, Pj = pj ∑
sϵΩ

4pj

αs. Due to similar procedure as in section 4, Gj, Pj ∈ GF(q).
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Proof of lemma 5.1 − 5.3 can be obtained on similar lines as that of lemma 4.5, 4..8 and represent Gi+j,
Pi+j.

Lemma 22. For p ≡ 1(mod8); 0 ≤ i ≤ n; 0 ≤ j ≤ n − 1,

∑
sϵΩ

t1 pj

α4gk pis = ∑
sϵΩ

t2 pj

α4λgk pis = − ∑
sϵΩ

t2 pj

α4gk pis = − ∑
sϵΩ

t1 pj

α4λgk pis = ∑
sϵΩ

2tpj

α2tgk pis = ∑
sϵΩ

2pj

α2µgk pis

= ∑
sϵΩ

2λpj

α2νgk pis = − ∑
sϵΩ

2pj

α2t3gk pis = − ∑
sϵΩ

2µpj

α2t3gk pis = ∑
sϵΩ

4pj

αt1gk pis = ∑
sϵΩ

4λpj

αt2gk pis = − ∑
sϵΩ

4pj

αt2gk pis = − ∑
sϵΩ

4λpj

αt1gk pis =


0, i f i + j ≥ n,
1
pj Gi+j, i f i + j ≤ n − 1, k = 1,
1
pj Pi+j, i f i + j ≤ n − 1, k = 0,

where t1 = 1, µ, η, ρ, t2 = λ, ν, ξ, χ, t3 = λ, ν, t ∈ B1

Lemma 23. For p ≡ 3(mod8); 0 ≤ i ≤ n; 0 ≤ j ≤ n − 1,

∑
sϵΩ

pj

α4gk pis = ∑
sϵΩ

µpj

α4gk pis =


0, i f i + j ≥ n,
2
pj Gi+j, i f i + j ≤ n − 1, k = 1
2
pj Pi+j, i f i + j ≤ n − 1, k = 0.

Lemma 24. For p ≡ 3(mod8); 0 ≤ i ≤ n; 0 ≤ j ≤ n − 1,

∑
sϵΩ

2pj

α2tgk pis = ∑
sϵΩ

2µpj

α2µgk pis = ∑
sϵΩ

4pj

αtgk pis =


0, i f i + j ≥ n,
1
pj Gi+j, i f i + j ≤ n − 1, k = 1,
1
pj Pi+j, i f i + j ≤ n − 1, k = 0.

where t = 1, µ

Theorem 7. For p ≡ 1(mod8), the expressions for the primitive idempotents corresponding to Ω4gk pi , Ω4λgk pi

are given by:

P4pj(x) = 1
16pn [

ϕ(pn−j)
2 {{ ∑

t∈{0,1,2,4,5}
(−1)tC2tpn}+

n−1

∑
i=n−j

{ ∑
a∈A2

∑
k=0,1

α4agk pi+j
Cagk pi}}+

1
pj

n−j−1

∑
i=0

{Pi+j{−Cpi + Cλpi − Cµpi + Cνpi − Cηpi + Cξ pi − Cρpi + Cχpi}+ Qi+j{C2pi + C2λpi + C2µpi + C2νpi}+
Ri+j{C4pi + C8pi + C16pi + C4λpi} + Gi+j{−Cgpi + Cλgpi − Cµgpi + Cνgpi − Cηgpi + Cξgpi − Cρgpi +

Cχgpi}+ Hi+j{C2gpi + C2λgpi + C2µgpi + C2νgpi}+ Ii+j{C4gpi + C8gpi + C16gpi + C4λgpi}}],

P4λpj(x) = 1
16pn [

ϕ(pn−j)
2 {{ ∑

t∈{0,1,2,4,5}
(−1)tC2tpn}+

n−1

∑
i=n−j

{ ∑
a∈A2

∑
k=0,1

α4agk pi+j
Cagk pi}}+

1
pj

n−j−1

∑
i=0

{Pi+j{Cpi − Cλpi + Cµpi − Cνpi + Cηpi − Cξ pi + Cρpi − Cχpi} + Qi+j{C2pi + C2λpi + C2µpi + C2νpi} +
Ri+j{C4pi + C8pi + C16pi + C4λpi} + Gi+j{Cgpi − Cλgpi + Cµgpi − Cνgpi + Cηgpi − Cξgpi + Cρgpi −
Cχgpi}+ Hi+j{C2gpi + C2λgpi + C2µgpi + C2νgpi}+ Ii+j{C4gpi + C8gpi + C16gpi + C4λgpi}}].
The expressions for P4gpj and P4λgpj can be obtained by replacing αupi+j

, Pi+j, Qi+j, Ri+j by αugpi+j
, Gi+j, Hi+j,

Ii+j respectively and vice versa in the expressions of P4pj(x), P4λpj(x),

where Pn−1 = pn−1

2 (
√−p), Gn−1 = 0 and Qn−1, Rn−1, Hn−1, In−1 are defined in theorem 5 and for

j ≤ n − 2, Pj = Gj = 0.

Proof. These expressions can be derived using lemmas 4.3, 4.5 − 4.7, 5.1 with similar procedure as in
theorem 4.16. Also the relations can be derived using P4pj(α4pj

) = 1 and P4pj(α4gpj
) = 0.

Theorem 8. For p ≡ 3(mod8), the expressions for the primitive idempotents analogous to Ω4gk pi are specified
as:

P4pj(x) = 1
16pn [ϕ(pn−j){ ∑

t∈{0,1,2,4,5}
(−1)tC2tpn} + ϕ(pn−j)

n−1

∑
i=n−j

{ ∑
a∈D−{1,µ}

{α4agpi+j
Capi + α4api+j

Cagpi}} +
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1
pj

n−j−1

∑
i=0

{Gi+j{Cpi + Cµpi} + 2Hi+j{C2pi + C2µpi} + 2Ii+j{C4pi + C16pi + C8gpi} + 2Ri+j{C8pi + C4gpi +

C16gpi}+ Pi+j{Cgpi +Cµgpi}+ 2Qi+j{C2gpi +C2µgpi}}],

P4gpj(x) = 1
16pn [ϕ(pn−j){ ∑

t∈{0,1,2,4,5}
(−1)tC2tpn}+ ϕ(pn−j)

n−1

∑
i=n−j

{ ∑
a∈D−{1,µ}

∑
k=0,1

{α4agk pi+j
Cagk pi}}+

1
pj

n−j−1

∑
i=0

{Pi+j{Cpi +Cµpi}+ 2Qi+j{C2pi +C2µpi}+ 2Ri+j{C4pi +C16pi +C8gpi}+ 2Ii+j{C8pi +C4gpi +

C16gpi}+ Gi+j{Cgpi + Cµgpi}+ 2Hi+j{C2gpi + C2µgpi}}],
where Pn−1 = 0, Gn−1 = 0 and Qn−1, Rn−1, Hn−1, In−1 are defined in theorem 4.17 and for j ≤ n − 2,
Pj = Gj = 0.

Proof. Due to lemma 4.4, Ω4pj = −Ω4gpj , so ϵ
4pj

k′ = ∑
sϵΩ

4pj

α−k′s = ∑
sϵΩ

4gpj

αk′s.

ϵ
4pj

2tpn = (−1)tϕ(pn−j), for t ∈ {0, 1, 2, 4, 5} ϵ
4pj

tpn = 0 for t ∈ {1, 5}. Due to lemma 5.2 - 5.3, 4.8-
4.15, to obtain,

ϵ
4pj

gk pi = ϵ
4pj

µgk pi =


0, i f i + j ≥ n,
1
pj Gi+j, i f i + j ≤ n − 1, k = 0,
1
pj Pi+j, i f i + j ≤ n − 1, k = 1,

ϵ
4pj

2gk pi = ϵ
4pj

2µgk pi =


−ϕ(pn−j), i f i + j ≥ n,
2
pj Hi+j, i f i + j ≤ n − 1, k = 0,
2
pj Qi+j, i f i + j ≤ n − 1, k = 1,

ϵ
4pj

4gk+1 pi = ϵ
4pj

16gk+1 pi =


ϕ(pn−j), i f i + j ≥ n,
2
pj Ii+j, i f i + j ≤ n − 1, k = 0,
2
pj Ri+j, i f i + j ≤ n − 1, k = 1,

ϵ
4pj

8gk pi =


ϕ(pn−j), i f i + j ≥ n,
2
pj Ii+j, i f i + j ≤ n − 1, k = 1,
2
pj Ri+j, i f i + j ≤ n − 1, k = 0,

Using all these in equation (3.1), to get the expressions of P4pj . Using similar reason the expressions
for P4gpj can be derived.
Evaluation of Pi+j and Gi+j,

By definition of primitive idempotents, P4pj(α4gpj
) = 0.

Ctpn(α4gpj
) = 1 for t ∈ {0, 8}, C(2t)pn(α4gpj

) = 2(−1)t, for t ∈ {1, 2, 5}, Ctpn(α4gpj
) = 0, for

t ∈ {1, 5}.
Due to lemma 5.2 - 5.3, 4.8- 4.15, to obtain,

Cgk pi (α4gpj
) = Cµgk pi (α4gpj

) =


0, i f i + j ≥ n,
2
pi Gi+j, i f i + j ≤ n − 1, k = 0,
2
pi Pi+j, i f i + j ≤ n − 1, k = 1.

C2gk pi (α4gpj
) = C2µgk pi (α4gpj

) =


−ϕ(pn−i), i f i + j ≥ n,
2
pj Hi+j, i f i + j ≤ n − 1, k = 0,
2
pj Qi+j, i f i + j ≤ n − 1, k = 1.

C4gk pi (α4gpj
) =


ϕ(pn−i), i f i + j ≥ n,
2
pj Ii+j, i f i + j ≤ n − 1, k = 0,
2
pj Ri+j, i f i + j ≤ n − 1, k = 1.

C16gk pi (α4gpj
) =


ϕ(pn−i)

2 , i f i + j ≥ n,
1
pj Ii+j, i f i + j ≤ n − 1, k = 0,
1
pj Ri+j, i f i + j ≤ n − 1, k = 1.

C8gk pi (α4pj
) =


ϕ(pn−i)

2 , i f i + j ≥ n,
1
pj Ii+j, i f i + j ≤ n − 1, k = 0,
1
pj Ri+j, i f i + j ≤ n − 1, k = 1.

Using all these in P4pj(α4gpj
) = 0, which gives

0 = ϕ(pn−j)[1 + 2 + 2 + 1 + 2 + 8
n−1

∑
i=n−j

ϕ(pn−i)] +
1
pj

n−j−1

∑
i=0

{
(4P2

i+j + 4G2
i+j)

pi +
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(8Q2
i+j + 8H2

i+j)

pi +
(8R2

i+j + 8I2
i+j)

pi }.

Using the value of Qi+j, Hi+j, Ii+j, Ri+j from theorem 4.17, which in turn implies

1
pj

n−j−1

∑
i=0

1
pi (P2

i+j + G2
i+j) = 0. In particular, for j = n − 1, G2

n−1 + P2
n−1 = 0.

Again using P4pj(α4pj
) = 1, to get 1

pn−1 (Gn−1Pn−1) = 0.
Thus Pn−1 = 0 and Gn−1 = 0, and for all j < n − 1, Pn−2 = Gn−2 = Pn−3 = Gn−3 = ... = 0.

6. Primitive Idempotents Corresponding to Ω2tgk pi , t ∈ B1

For 0 ≤ j ≤ n − 1, define
Cj = pj ∑

sϵΩ
2λgpj

αs, Fj = pj ∑
sϵΩ

2gpj

αs, Kj = pj ∑
sϵΩ

2λpj

αs, Oj = pj ∑
sϵΩ

2pj

αs, Due to similar procedure as in

section 4, Cj, Fj, Kj, Oj, ∈ GF(q).
Proof of lemma 6.1 − 6.4 can be obtained on similar lines as that of lemma 4.5, 4.8 and represent Ci+j,
Fi+j, Gi+j, Ki+j, Oi+j, Pi+j.

Lemma 25. For p ≡ 1(mod8) and 0 ≤ i ≤ n; 0 ≤ j ≤ n − 1,

∑
sϵΩ

t1 pj

α2gk pis = ∑
sϵΩ

t2 pj

α2λgk pis = ∑
sϵΩ

t3 pj

α2µgk pis = ∑
sϵΩ

t4 pj

α2νgk pis = − ∑
sϵΩ

t1 pj

α2µgk pis = − ∑
sϵΩ

t3 pj

α2gk pis

= − ∑
sϵΩ

t2 pj

α2νgk pis = − ∑
sϵΩ

t4 pj

α2λgk pis = ∑
sϵΩ

2λpj

αt2gk pis = ∑
sϵΩ

2µpj

αt3gk pis = ∑
sϵΩ

2pj

αt1gk pis = ∑
sϵΩ

2νpj

αt4gk pis = − ∑
sϵΩ

2pj

αt3gk pis = − ∑
sϵΩ

2λpj

αt4gk pis = − ∑
sϵΩ

2µpj

αt1gk pis = − ∑
sϵΩ

2νpj

αt2gk pis

=


ϕ(pn−j)

4 {α2gk pi+j
+ α6gk pi+j}, i f i + j ≥ n,

1
pj Fi+j, i f i + j ≤ n − 1, k = 1,
1
pj Oi+j, i f i + j ≤ n − 1, k = 0,

where t1 = 1, η, t2 = λ, ξ, t3 = µ, ρ, t4 = ν, χ.

Lemma 26. For p ≡ 1(mod8) and 0 ≤ i ≤ n, 0 ≤ j ≤ n − 1,

∑
sϵΩ

t1 pj

α2λgk pis = ∑
sϵΩ

t2 pj

α2gk pis = ∑
sϵΩ

t3 pj

α2νgk pis = ∑
sϵΩ

t4 pj

α2µgk pis = − ∑
sϵΩ

t1 pj

α2νgk pis = − ∑
sϵΩ

t2 pj

α2µgk pis = − ∑
sϵΩ

t3 pj

α2λgk pis = − ∑
sϵΩ

t4 pj

α2gk pis = ∑
sϵΩ

2λpj

αt1gk pis = ∑
sϵΩ

2pj

αt2gk pis = ∑
sϵΩ

2νpj

αt3gk pis

= ∑
sϵΩ

2µpj

αt4gk pis = − ∑
sϵΩ

2νpj

αt1gk pis = − ∑
sϵΩ

2µpj

αt2gk pis = − ∑
sϵΩ

2λpj

αt3gk pis = − ∑
sϵΩ

2pj

αt4gk pis =


ϕ(pn−j)

4 {α2λgk pi+j
+ α6λgk pi+j}, i f i + j ≥ n,

1
pj Ci+j, i f i + j ≤ n − 1, k = 1,
1
pj Ki+j, i f i + j ≤ n − 1, k = 0,

where t1 = 1, η, t2 = λ, ξ, t3 = µ, ρ, t4 = ν, χ.

Lemma 27. For p ≡ 3(mod8) and 0 ≤ i ≤ n, 0 ≤ j ≤ n − 1,

∑
sϵΩ

pj

α2gk pis = ∑
sϵΩ

µpj

α2µgk pis = − ∑
sϵΩ

pj

α2µgk pis =


ϕ(pn−j){α2gk pi+j

+ α6gk pi+j}, i f i + j ≥ n,
2
pj Fi+j, i f i + j ≤ n − 1, k = 1,
2
pj Oi+j, i f i + j ≤ n − 1, k = 0.
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Lemma 28. For p ≡ 3(mod8) and 0 ≤ i ≤ n, 0 ≤ j ≤ n − 1,

∑
sϵΩ

2pj

αgk pis = − ∑
sϵΩ

2pj

αµgk pis = ∑
sϵΩ

2µpj

αµgk pis = − ∑
sϵΩ

2µpj

αgk pis =


ϕ(pn−j)

2 {α2gk pi+j
+ α6gk pi+j}, if i + j ≥ n,

1
pj Fi+j, if i + j ≤ n − 1, k = 1,
1
pj Oi+j, if i + j ≤ n − 1, k = 0.

Theorem 9. For p ≡ 1(mod8), the expressions for the primitive idempotents corresponding to Ω2tgk pi , where
t ∈ B1 are given by:

P2pj(x) = 1
16pn [

ϕ(pn−j)
4 {{ ∑

t∈B′
(−1)t{α2λtpn+j

+ α6λtpn+j}Ctpn}+
n−1

∑
i=n−j

{ ∑
k=0,1

{(α2λgk pi+j
+ α6λgk pi+j

){−Cgk pi

+ Cµgk pi − Cηgk pi + Cρgk pi} + 2{−C4gk pi + C8gk pi + C16gk pi − C4λgk pi} + (α2gk pi+j
+ α6gk pi+j

){−Cλgk pi +

Cνgk pi −Cξgk pi +Cχgk pi}}}}+
1
pj

n−j−1

∑
i=0

{Ki+j{−Cpi +Cµpi −Cηpi +Cρpi}+Pi+j{−C2pi +C2λpi −C2µpi +

C2νpi}+ Qi+j{C4pi + C4λpi}+ Ri+j{C8pi + C16pi}+ Oi+j{−Cλpi + Cνpi − Cξpi + Cχpi}+ Ci+j{−Cgpi +

Cµgpi − Cηgpi + Cρgpi}+ Gi+j{−C2gpi + C2λgpi − C2µgpi + C2νgpi}+ Hi+j{C4gpi + C4λgpi}
+ Ii+j{C8gpi + C16gpi}+ Fi+j{−Cλgpi + Cνgpi − Cξgpi + Cχgpi}}].

P2λpj(x) = 1
16pn [

ϕ(pn−j)
4 { ∑

t∈B′
(−1)t{α2tpn+j

+ α6tpn+j}Ctpn +
n−1

∑
i=n−j

{ ∑
k=0,1

{(α2gk pi+j
+ α6gk pi+j

){−Cgk pi +

Cµgk pi − Cηgk pi + Cρgk pi}+ 2{−C4gk pi + C8gk pi + C16gk pi − C4λgk pi}+ (α2λgk pi+j
+ α6λgk pi+j

){−Cλgk pi +

Cνgk pi −Cξgk pi +Cχgk pi}}}}+
1
pj

n−j−1

∑
i=0

{Oi+j{−Cpi +Cµpi −Cηpi +Cρpi}+ Pi+j{C2pi −C2λpi +C2µpi −

C2νpi}+ Qi+j{C4pi + C4λpi}+ Ri+j{C8pi + C16pi}+ Ki+j{−Cλpi + Cνpi − Cξ pi + Cχpi}+ Fi+j{−Cgpi +

Cµgpi − Cηgpi + Cρgpi}+ Gi+j{C2gpi − C2λgpi + C2µgpi − C2νgpi}+ Hi+j{C4gpi + C4λgpi}+ Ii+j{C8gpi +

C16gpi}+ Ci+j{−Cλgpi + Cνgpi − Cξgpi + Cχgpi}}].

P2µpj(x) = 1
16pn [

ϕ(pn−j)
4 { ∑

t∈B′
{α2tpn+j

+ α6tpn+j}Ctpn +
n−1

∑
i=n−j

{ ∑
k=0,1

{(α2λgk pi+j
+ α6λgk pi+j

){Cgk pi −Cµgk pi +

Cηgk pi − Cρgk pi} + 2{−C4gk pi + C8gk pi + C16gk pi − C4λgk pi} + (α2gk pi+j
+ α6gk pi+j

){Cλgk pi − Cνgk pi +

Cξgk pi −Cχgk pi}}}+
1
pj

n−j−1

∑
i=0

{Ki+j{Cpi −Cµpi +Cηpi −Cρpi}+ Pi+j{−C2pi +C2λpi −C2µpi +C2νpi}+

Qi+j{C4pi + C4λpi} + Ri+j{C8pi + C16pi} + Oi+j{Cλpi − Cνpi + Cξ pi − Cχpi} + Ci+j{Cgpi − Cµgpi +

Cηgpi − Cρgpi}+ Gi+j{−C2gpi + C2λgpi − C2µgpi + C2νgpi}
+ Hi+j{C4gpi + C4λgpi}+ Ii+j{C8gpi + C16gpi}+ Fi+j{Cλgpi − Cνgpi + Cξgpi − Cχgpi}].

P2νpj(x) = 1
16pn [

ϕ(pn−j)
4 { ∑

t∈B′
{α2tpn+j

+ α6tpn+j}Ctpn +
n−1

∑
i=n−j

{ ∑
k=0,1

{(α2gk pi+j
+ α6gk pi+j

){Cgk pi − Cµgk pi +

Cηgk pi − Cρgk pi} + 2{−C4gk pi + C8gk pi + C16gk pi − C4λgk pi} + (α2λgk pi+j
+ α6λgk pi+j

){Cλgk pi − Cνgk pi +

Cξgk pi − Cχgk pi}}}}+
1
pj

n−j−1

∑
i=0

{Oi+j{Cpi − Cµpi + Cηpi − Cρpi}+ Pi+j{C2pi − C2λpi + C2µpi − C2νpi}+

Qi+j{C4pi + C4λpi} + Ri+j{C8pi + C16pi} + Ki+j{Cλpi − Cνpi + Cξ pi − Cχpi} + Fi+j{Cgpi − Cµgpi +

Cηgpi −Cρgpi}+Gi+j{C2gpi −C2λgpi +C2µgpi −C2νgpi}+ Hi+j{C4gpi +C4λgpi}+ Ii+j{C8gpi +C16gpi}+
Ci+j{Cλgpi − Cνgpi + Cξgpi − Cχgpi}}].
Where Ci+j, Fi+j, Ki+j, Oi+j can be obtained from the following relations,

1
pj

n−j−1

∑
i=0

{
Ki+jCi+j + Oi+jFi+j

pi } = − pn−1

4
(1 − p), 1

pj

n−j−1

∑
i=0

{
Ki+jOi+j + Ci+jFi+j

pi } = − pn−1

4
(3p + 1).

1
pj

n−j−1

∑
i=0

{
K2

i+j + C2
i+j + F2

i+j + O2
i+j

pi } = − pn−1

2
(1 − p).
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1
pj

n−j−1

∑
i=0

{
Ki+jFi+j + Oi+jCi+j

pi } = − pn−1

4
(1 − p).

The expressions for P2tgpj , where t ∈ B1 can be obtained by interchanging Pi+j, Qi+j, Ri+j, Ki+j, Oi+j by Gi+j,

Hi+j, Ii+j, Ci+j, Fi+j and αupi+j
by αugpi+j

respectively and vice versa in the expressions of P2tpj , where t ∈ B1.

Proof. These expressions can be obtained using lemmas 4.3, 4.5 − 4.7, 5.1, 25 − 26 with same
procedure to the theorem 5. Also the relations can be derived using P2pj(α2pj

) = 1, P2pj(α2gpj
) = 0,

P2pj(α2λpj
) = 0 and P2pj(α2νgpj

) = 0.

Theorem 10. For p ≡ 3(mod8), the expressions for the primitive idempotents corresponding to Ω2gk pi , Ω2µgk pi

are given by

P2pj(x) = 1
16pn [

ϕ(pn−j)
2 {{ ∑

t∈B′
(α2gtpn+j

+α6gtpn+j
)Ctpn}+

n−1

∑
i=n−j

{(α2gpi+j
+α6gpi+j

){Cpi −Cµpi}+2{−C4pi +

C8pi + C16pi} + (α2pi+j
+ α6pi+j

){Cgpi − Cµgpi} + 2{−C4gpi + C8gpi + C16gpi}}} +
1
pj

n−j−1

∑
i=0

{Fi+j{Cpi −

Cµpi} + Gi+j{C2pi + C2µpi} + 2Hi+jC4pi + 2Ii+j{C8pi + C16gpi} + 2Ri+j{C16pi + C8gpi} + Oi+j{Cgpi −
Cµgpi}+ Pi+j{C2gpi + C2µgpi}+ 2Qi+jC4gpi}].

P2µpj(x) = 1
16pn [

ϕ(pn−j)
2 {{ ∑

t∈B′
(−1)t(α2gtpn+j

+ α6gtpn+j
)Ctpn}+

n−1

∑
i=n−j

{(α2gpi+j
+ α6gpi+j

){−Cpi + Cµpi}+

2{−C4pi + C8pi + C16pi}+ (α2pi+j
+ α6pi+j

){−Cgpi + Cµgpi}+ 2{−C4gpi + C8gpi + C16gpi}}}+
1
pj

n−j−1

∑
i=0

{Fi+j{−Cpi + Cµpi}+ Gi+j{C2pi + C2µpi}+ 2Hi+jC4pi + 2Ii+j{C8pi + C16gpi}+ 2Ri+j{C16pi + C8gpi}+
Oi+j{−Cgpi + Cµgpi}+ Pi+j{C2gpi + C2µgpi}+ 2Qi+jC4gpi}],
the expressions for P2gpj and P2µgpj can be obtained by interchanging Pi+j, Qi+j, Ri+j, Oi+j by Gi+j, Hi+j,

Ii+j, Fi+j and αupi+j
by αugpi+j

respectively and vice versa in the expression of P2pj and P2µpj . where Fi+j, Oi+j

can be obtained from the following relations,

1
pj

n−j−1

∑
i=0

Fi+jOi+j

pi =
pn−1(1 + p)

2
, 1

pj

n−j−1

∑
i=0

F2
i+j + O2

i+j

pi = pn−1(p − 1).

Proof. These expressions can be derived using lemmas 4.4, 14 − 21, 23 − 24 , 27 − 28 with same
procedure to the theorem 5. Also relations can be derived using P2pj(α2pj

) = 1 and P2pj(α2gpj
) = 0.

7. Primitive Idempotents Corresponding to Ωtgk pi , t ∈ A1

For 0 ≤ j ≤ n − 1, define Aj = pj ∑
sϵΩ

gpj

αs; Bj = pj ∑
sϵΩ

λgpj

αs ; Dj = pj ∑
sϵΩ

µgpj

αs ; Ej = pj ∑
sϵΩ

νgpj

αs;

Jj = pj ∑
sϵΩ

λpj

αs; Lj = pj ∑
sϵΩ

µpj

αs ; Mj = pj ∑
sϵΩ

νpj

αs; Nj = pj ∑
sϵΩ

pj

αs.

Using similar procedure as in section 4 to obtain Aj, Bj, Dj, Ej, Jj, Lj, Mj, Nj ∈ GF(q).

Lemma 29. For 0 ≤ j ≤ n − 1, Lj − βpj
Nj = 0; Mj − βpj

Jj = 0; Dj − βgpj
Aj = 0; Ej − βgpj

Bj = 0; where
β = α4pn

.

Proof. Since αµpj
= α(1+4pn)pj

= αpj
βpj

. So Lj = pj ∑
sϵΩ

µpi

αs = pj[αµpi
+ αqµpi

+ αq2µpi
+ ... +

αq
ϕ(pn−j)

2 −1µpi
] = pj[αpi

βpi
+ αqpi

βpi
+ αq2 pi

βpi
+ ... + αpiq

ϕ(pn−j)
2 −1

βpi
] = βpi

[pj ∑
sϵΩ

pj

αs] = βpi
Nj.

Remaining can be obtained in similar lines.

Proof of lemma 7.2 − 7.7 is similar to that of lemma 4.5 and 4.8.
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Lemma 30. For p ≡ 1(mod4), 0 ≤ i ≤ n; 0 ≤ j ≤ n − 1, ∑
sϵΩ

pj

αgk pis = ∑
sϵΩ

λpj

αξgk pis = ∑
sϵΩ

µpj

αρgk pis =

∑
sϵΩ

νpj

ανgk pis = ∑
sϵΩ

ηpj

αηgk pis = ∑
sϵΩ

χpj

αχgk pis = − ∑
sϵΩ

νpj

αχgk pis = − ∑
sϵΩ

λpj

αλgk pis = − ∑
sϵΩ

µpj

αµgk pis =

− ∑
sϵΩ

ξ pj

αξgk pis = − ∑
sϵΩ

ηpj

αgk pis = − ∑
sϵΩ

ρpj

αρgk pis =


0, i f i + j ≥ n,
1
pj Ai+j, i f i + j ≤ n − 1, k = 1,
1
pj Ni+j, i f i + j ≤ n − 1, k = 0.

Lemma 31. For p ≡ 1(mod4), 0 ≤ i ≤ n; 0 ≤ j ≤ n − 1,

∑
sϵΩ

pj

αλgk pis = ∑
sϵΩ

ηpj

αξgk pis = ∑
sϵΩ

µpj

ανgk pis = ∑
sϵΩ

ρpj

αχgk pis = − ∑
sϵΩ

pj

αξgk pis = − ∑
sϵΩ

νpj

αρgk pis

= − ∑
sϵΩ

λpj

αηgk pis = − ∑
sϵΩ

µpj

αχgk pis =


0, i f i + j ≥ n,
1
pj Bi+j, i f i + j ≤ n − 1, k = 1,
1
pj Ji+j, i f i + j ≤ n − 1, k = 0.

Lemma 32. For p ≡ 1(mod4), 0 ≤ i ≤ n; 0 ≤ j ≤ n − 1,

∑
sϵΩ

pj

αµgk pis = ∑
sϵΩ

λpj

ανgk pis = ∑
sϵΩ

ηpj

αρgk pis = ∑
sϵΩ

ξ pj

αχgk pis = − ∑
sϵΩ

pj

αρgk pis = − ∑
sϵΩ

λpj

αχgk pis

= − ∑
sϵΩ

µpj

αηgk pis = − ∑
sϵΩ

νpj

αξgk pis =


0, i f i + j ≥ n,
1
pj Di+j, i f i + j ≤ n − 1, k = 1,
1
pj Li+j, i f i + j ≤ n − 1, k = 0.

Lemma 33. For p ≡ 1(mod4), 0 ≤ i ≤ n; 0 ≤ j ≤ n − 1,

∑
sϵΩ

pj

ανgk pis = ∑
sϵΩ

λpj

αρgk pis = ∑
sϵΩ

µpj

αξgk pis = ∑
sϵΩ

ηpj

αχgk pis = − ∑
sϵΩ

pj

αχgk pis − ∑
sϵΩ

λpj

αµgk pis

= − ∑
sϵΩ

νpj

αηgk pis = − ∑
sϵΩ

ξ pj

αρgk pis =


0, i f i + j ≥ n,
1
pj Ei+j, i f i + j ≤ n − 1, k = 1,
1
pj Mi+j, i f i + j ≤ n − 1, k = 0.

Lemma 34. For p ≡ 3(mod4), 0 ≤ i ≤ n; 0 ≤ j ≤ n − 1,

∑
sϵΩ

pj

αgk pis = − ∑
sϵΩ

µpj

αµgk pis =


0, i f i + j ≥ n,
1
pj Ai+j, i f i + j ≤ n − 1, k = 1,
1
pj Ni+j, i f i + j ≤ n − 1, k = 0.

Lemma 35. For p ≡ 3(mod4), 0 ≤ i ≤ n; 0 ≤ j ≤ n − 1,

∑
sϵΩ

µgk pj

αpis = ∑
sϵΩ

pj

αµgk pis =


0, i f i + j ≥ n,
1
pj Di+j, i f i + j ≤ n − 1, k = 1,
1
pj Li+j, i f i + j ≤ n − 1, k = 0.

Theorem 11. For p ≡ 1(mod8), the expressions for the primitive idempotents corresponding to Ωtgk pi , where
t ∈ A1 are given by:
If Ωpi = −Ωχpi ,

Ppj(x) = 1
16pn [

ϕ(pn−j)
4 {{ ∑

t∈{0,1,4,5}
(−1)t(α2tλpn+j

+ α6tλpn+j
)C2tpn}+

n−1

∑
i=n−j

{ ∑
k=0,1

{(α2λgk pi+j
+ α6λgk pi+j

)

{−C2gk pi +C2µgk pi}− 2C8gk pi + 2C16gk pi +(α2gk pi+j
+ α6gk pi+j

){−C2λgk pi +C2νgk pi}}}+
1
pj

n−j−1

∑
i=0

{Mi+j

{−Cpi + Cηpi}+ Ki+j{−C2pi + C2µpi}+ Pi+j{−C4pi + C4λpi}+ Qi+jC8pi + Ri+jC16pi + Li+j{−Cλpi +

Cξ pi} + Oi+j{−C2λpi + C2νpi} + Ji+j{−Cµpi + Cρpi} + Ni+j{−Cνpi + Cχpi} + Ei+j{−Cgpi + Cηgpi} +
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Ci+j{−C2gpi + C2µgpi} + Gi+j{−C4gpi + C4λgpi} + Hi+jC8gpi + Ii+jC16gpi + Di+j{−Cλgpi + Cξgpi} +

Fi+j{−C2λgpi + C2νgpi}+ Bi+j{−Cµgpi + Cρgpi}+ Ai+j{−Cνgpi + Cχgpi}}].
If Ωpi = −Ωνpi then Ppj(x) can be obtained by replacing the sign + to − and − to + of the terms when Ctpi

has odd suffix.
If Ωλpi = −Ωρpi ,

Pλpj(x) = 1
16pn [

ϕ(pn−j)
4 {{ ∑

t∈{0,1,4,5}
(−1)t(α2tpn+j

+ α6tpn+j
)C2tpn}+

n−1

∑
i=n−j

{ ∑
k=0,1

{(α2gk pi+j
+ α6gk pi+j

)

{−C2gk pi + C2µgk pi} − 2C8gk pi + 2C16gk pi + (α2λgk pi+j
+ α6λgk pi+j

){−C2λgk pi + C2νgk pi}}}+
1
pj

n−j−1

∑
i=0

{Li+j{−Cpi +Cηpi}+Oi+j{−C2pi +C2µpi}+ Pi+j{C4pi −C4λpi}+Qi+jC8pi +Ri+jC16pi + Mi+j{Cλpi −
Cξ pi} + Ki+j{−C2λpi + C2νpi} + Ni+j{Cµpi − Cρpi} + Ji+j{−Cνpi + Cχpi} + Di+j{−Cgpi + Cηgpi} +

Fi+j{−C2gpi + C2µgpi}+ Gi+j{C4gpi − C4λgpi}+ Hi+jC8gpi + Ii+jC16gpi + Ei+j{Cλgpi − Cξgpi}+ Ci+j

{−C2λgpi + C2νgpi}+ Ai+j{Cµgpi − Cρgpi}+ Bi+j{−Cνgpi + Cχgpi}}}].
If Ωλpi = −Ωµpi , then Pλpj(x) can be obtained by replacing the sign of the terms + to − and − to + when
Ctpi has odd suffix.
If Ωµpi = −Ωξ pi ,

Pµpj (x) = 1
16pn [

ϕ(pn−j)
4 {{ ∑

t∈{0,1,4,5}
(α2tλpn+j

+ α6tλpn+j
)C2tpn}+

n−1

∑
i=n−j

{ ∑
k=0,1

{(α2λgk pi+j
+ α6λgk pi+j

)

{C2gk pi −C2µgk pi }− 2C8gk pi + 2C16gk pi +(α2gk pi+j
+ α6gk pi+j

){C2λgk pi −C2νgk pi }}}+
1
pj

n−j−1

∑
i=0

{Ji+j{−Cpi +Cηpi }+Ki+j{C2pi −C2µpi }+

Pi+j{−C4pi + C4λpi }+ Qi+jC8pi + Ri+jC16pi + Ni+j{Cλpi − Cξ pi }+ Oi+j{C2λpi − C2νpi }+ Mi+j{Cµpi − Cρpi }+ Li+j{−Cνpi + Cχpi }+

Bi+j{−Cgpi + Cηgpi }+ Ci+j{C2gpi − C2µgpi }+ Gi+j{−C4gpi + C4λgpi }+ Hi+jC8gpi + Ii+jC16gpi + Ai+j{Cλgpi − Cξgpi }+ Fi+j{C2λgpi −

C2νgpi }+ Ei+j{Cµgpi − Cρgpi }+ Di+j{−Cνgpi + Cχgpi }}}].
If Ωµpi = −Ωλpi , then Pµpj(x) can be obtained by replacing the sign of the term + to − and − to + when Ctpi

has odd suffix.
If Ωνpi = −Ωηpi ,

P
νpj (x) = 1

16pn [
ϕ(pn−j )

4 {{ ∑
t∈{0,1,4,5}

(α2tpn+j
+ α6tpn+j

)C2tpn }+
n−1

∑
i=n−j

{ ∑
k=0,1

{(α2gk pi+j
+ α6gk pi+j

){C2gk pi −C2µgk pi }− 2C8gk pi + 2C16gk pi +(α2λgk pi+j
+

α6λgk pi+j
){C2λgk pi −C2νgk pi }}}}+

1
pj

n−j−1

∑
i=0

{Ni+j{−Cpi +C
ηpi }+Oi+j{C2pi −C2µpi }+ Pi+j{C4pi −C4λpi }+ Qi+jC8pi + Ri+jC16pi + Ji+j{−C

λpi +

C
ξ pi }+ Ki+j{C2λpi − C2νpi }+ Li+j{−C

µpi + C
ρpi }+ Mi+j{−C

νpi + C
χpi }+ Ai+j{−Cgpi + C

ηgpi }+ Fi+j{C2gpi − C2µgpi }+ Gi+j{C4gpi − C4λgpi }+

Hi+jC8gpi + Ii+jC16gpi + Bi+j{−C
λgpi + C

ξgpi }+ Ci+j{C2λgpi − C2νgpi }+ Di+j{−C
µgpi + C

ρgpi }+ Ei+j{−C
νgpi + C

χgpi }}].
If Ωνpi = −Ωpi , then Pνpj(x) can be obtained by replacing the sign of the term + to − and − to + when Ctpi

has odd suffix.
If Ωηpi = −Ωνpi ,

Pηpj (x) = 1
16pn i+j

[ ϕ(pn−j)
4 {{ ∑

t∈{0,1,4,5}
(−1)t(α2tpn+j

+ α6tpn+j
)C2tpn}+

n−1

∑
i=n−j

{ ∑
k=0,1

{(α2λgk pi+j
+ α6λgk pi+j

)

{−C2gk pi + C2µgk pi} − 2C8gk pi + 2C16gk pi + (α2gk pi+j
+ α6gk pi+j

){−C2λgk pi + C2νgk pi}}}}+
1
pj

n−j−1

∑
i=0

{Mi+j{Cpi

− Cηpi}+ Ki+j{−C2pi + C2µpi}+ Pi+j{−C4pi + C4λpi}+ Qi+jC8pi + Ri+jC16pi + Li+j{Cλpi − Cξ pi}+ Oi+j{−C2λpi + C2νpi}+
Ji+j{Cµpi − Cρpi} + Ni+j{Cνpi − Cχpi} + Ei+j{Cgpi − Cηgpi} + Ci+j{−C2gpi + C2µgpi} + Gi+j{−C4gpi + C4λgpi} + Hi+jC8gpi +

Ii+jC16gpi + Di+j{Cλgpi − Cξgpi}+ Fi+j{−C2λgpi + C2νgpi}+ Bi+j{Cµgpi − Cρgpi}+ Ai+j{Cνgpi − Cχgpi}}].
If Ωηpi = −Ωχpi then Pηpj(x) can be obtained by replacing the sign of the term + to − and − to + when Ctpi

has odd suffix.
If Ωξ pi = −Ωµpi ,

P
ξ pj (x) = 1

16pn [
ϕ(pn−j )

4 {{ ∑
t∈{0,1,4,5}

(−1)t(α2tpn+j
+ α6tpn+j

)C2tpn }+
n−1

∑
i=n−j

{ ∑
k=0,1

{(α2gk pi+j
+ α6gk pi+j

)

{−C2gk pi + C2µgk pi } − 2C8gk pi + 2C16gk pi + (α2λgk pi+j
+ α6λgk pi+j

){−C2λgk pi + C2νgk pi }}}}+
1
pj

n−j−1

∑
i=0

{Li+j{Cpi − C
ηpi }+Oi+j{−C2pi + C2µpi }+

Pi+j{C4pi −C4λpi }+Qi+jC8pi +Ri+jC16pi + Mi+j{−C
λpi +C

ξ pi }+Ki+j{−C2λpi +C2νpi }+ Ni+j{−C
µpi +C

ρpi }+ Ji+j{C
νpi −C

χpi }+Di+j{Cgpi −

C
ηgpi }+ Fi+j{−C2gpi +C2µgpi }+Gi+j{C4gpi −C4λgpi }+ Hi+jC8gpi + Ii+jC16gpi + Ei+j{−C

λgpi +C
ξgpi }+Ci+j{−C2λgpi +C2νgpi }+ Ai+j{−C

µgpi +

C
ρgpi }+ Bi+j{C

νgpi − C
χgpi }}}].

If Ωξ pi = −Ωρpi , then Pξ pj(x) can be obtained by replacing the sign of the term + to − and − to + when Ctpi

has odd suffix.
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If Ωρpi = −Ωλpi ,

Pρpj (x) = 1
16pn [

ϕ(pn−j )
4 {{ ∑

t∈{0,1,4,5}
(α2tλpn+j

+ α6tλpn+j
)C2tpn }+

n−1

∑
i=n−j

{ ∑
k=0,1

{(α2λgk pi+j
+ α6λgk pi+j

)

{C2gk pi − C2µgk pi } − 2C8gk pi + 2C16gk pi + (α2gk pi+j
+ α6gk pi+j

){C2λgk pi − C2νgk pi }}}} +
1
pj

n−j−1

∑
i=0

{Ji+j{Cpi − Cηpi } + Ki+j{C2pi − C2µpi } + Pi+j{−C4pi +

C4λpi }+Qi+jC8pi +Ri+jC16pi + Ni+j{−Cλpi +Cξ pi }+Oi+j{C2λpi −C2νpi }+ Mi+j{−Cµpi +Cρpi }+ Li+j{Cνpi −Cχpi }+ Bi+j{Cgpi −Cηgpi }+Ci+j{C2gpi −

C2µgpi }+Gi+j{−C4gpi +C4λgpi }+ Hi+jC8gpi + Ii+jC16gpi + Ai+j{−Cλgpi +Cξgpi }+ Fi+j{C2λgpi −C2νgpi }+Ei+j{−Cµgpi +Cρgpi }+Di+j{Cνgpi −Cχgpi }}}].
If Ωρpi = −Ωξ pi , then Pρpj(x) can be obtained by replacing the sign of the term + to − and − to + when Ctpi

has odd suffix.
If Ωχpi = −Ωpi ,

Pχpj (x) = 1
16pn [

ϕ(pn−j )
4 {{ ∑

t∈{0,1,4,5}
(α2tpn+j

+ α6tpn+j
)C2tpn }+

n−1

∑
i=n−j

{ ∑
k=0,1

{(α2gk pi+j
+ α6gk pi+j

)

C2gk pi − 2C8gk pi + 2C16gk pi + (α2λgk pi+j
+ α6λgk pi+j

)C2λgk pi − (α2gk pi+j
+ α6gk pi+j

)C2µgk pi − (α2λgk pi+j
+ α6λgk pi+j

)C2νgk pi }}} +
1
pj

n−j−1

∑
i=0

{Ni+j{Cpi − Cηpi } +

Oi+j{C2pi − C2µpi } + Pi+j{C4pi − C4λpi } + Qi+jC8pi + Ri+jC16pi + Ji+j{Cλpi − Cξ pi } + Ki+j{C2λpi − C2νpi } + Li+j{Cµpi − Cρpi } + Mi+j{Cνpi − Cχpi } +

Ai+j{Cgpi − Cηgpi }+ Fi+j{C2gpi − C2µgpi }+ Gi+j{C4gpi − C4λgpi }+ Hi+jC8gpi + Ii+jC16gpi + Bi+j{Cλgpi − Cξgpi }+ Ci+j{C2λgpi − C2νgpi }+ Di+j{Cµgpi −

Cρgpi }+ Ei+j{Cνgpi − Cχgpi }}].
If Ωχpi = −Ωηpi , then Pχpj(x) can be obtained by replacing the sign of the term + to − and − to + when Ctpn

has odd suffix.
The expressions for Ptgpj , where t ∈ A1 can be obtained by interchanging αupi+j

, Pi+j, Qi+j, Ri+j, Ki+j, Oi+j,

Li+j, Mi+j, Ni+j, Ji+j by αugpi+j
, Gi+j, Hi+j, Ii+j, Ci+j, Fi+j, Di+j, Ei+j, Ai+j, Bi+j respectively and vice

versa, also change the sign + to − and vice versa of Ctgpi when Ctgpi has odd suffix only,
where Ai+j, Bi+j, Di+j, Ei+j, Ji+j, Li+j, Mi+j, Ni+j can be obtained, using lemma 29 and the following rela-
tions,

1
pj

n−j−1

∑
i=0

{
Mi+jNi+j + Ai+jEi+j + Ji+jLi+j + Bi+jDi+j

pi } = −2pn,

1
pj

n−j−1

∑
i=0

{
M2

i+j + E2
i+j + L2

i+j + D2
i+j + J2

i+j + B2
i+j + N2

i+j + A2
i+j

pi } = 0,

1
pj

n−j−1

∑
i=0

{
Mi+jBi+j + Ni+jDi+j − Li+j Ai+j − Ji+jEi+j

pi } = 0,

1
pj

n−j−1

∑
i=0

{
Mi+jDi+j + Bi+jNi+j − Ei+jLi+j − Ji+j Ai+j

pi } = 0.

Proof. These expressions can be obtained using lemmas 4.3, 11 − 13, 22, 25 − 26 and 30 − 33 with
same procedure like to theorem 5. Also the relations can be derived using Ppj(αpj

) = 1, Ppj(ανpj
) = 0,

Ppj(αλgpj
) = 0 and Ppj(αµgpj

) = 0.

Theorem 12. For p ≡ 3(mod8), the expressions for the primitive idempotents corresponding to Ωgk pi , Ωµgk pi

are given by:

Ppj (x) = 1
16pn [ϕ(pn−j){ ∑

t∈{0,1,4,5}
(α2tgpn+j

+ α6tgpn+j
)C2tpn +

n−1

∑
i=n−j

{(α2gpi+j
+ α6gpi+j

){C2pi −C2µpi}− 2C8pi + 2C16pi +(α2pi+j
+

α6pi+j
){C2gpi −C2µgpi}− 2C8gpi + 2C16gpi}}+

1
pj

n−j−1

∑
i=0

{Ai+jCpi + 2Fi+jC2pi + 2Gi+jC4pi + 4Hi+jC8pi + 4Ii+jC16pi + Di+jCµpi −

2Fi+jC2µpi + Ni+jCgpi + 2Oi+jC2gpi + 2Pi+jC4gpi + 4Qi+jC8gpi + 4Ri+jC16gpi + Li+jCµgpi − 2Oi+jC2µgpi}]

Pµpj (x) = 1
16pn [ϕ(pn−j){ ∑

t∈{0,1,4,5}
(−1)t(α2tgpn+j

+ α6tgpn+j
)C2tpn +

n−1

∑
i=n−j

{(α2gpi+j
+ α6gpi+j

){−C2pi + C2µpi} − 2C8pi + 2C16pi +

(α2pi+j
+ α6pi+j

){−C2gpi + C2µgpi} − 2C8gpi + 2C16gpi}}+
1
pj

n−j−1

∑
i=0

{Di+jCpi − 2Fi+jC2pi + 2Gi+jC4pi + 4Hi+jC8pi + 4Ii+jC16pi −

Ai+jCµpi + 2Fi+jC2µpi + Li+jCgpi − 2Oi+jC2gpi + 2Pi+jC4gpi + 4Qi+jC8gpi + 4Ri+jC16gpi − Ni+jCµgpi + 2Oi+jC2µgpi}].
The expressions for Pgpj and Pµgpj can be obtained by replacing Pi+j, Qi+j, Ri+j, Oi+j, Li+j, Ni+j by Gi+j,

Hi+j, Ii+j, Fi+j, Di+j, Ai+j and αupi+j
by αugpi+j

respectively and vice versa, where Ai+j, Di+j, Ni+j, Li+j can
be obtained using lemma 29 and the following relations,

1
pj

n−j−1

∑
i=0

{
A2

i+j + N2
i+j + L2

i+j + D2
i+j

pi } = 0, 1
pj

n−j−1

∑
i=0

{
Ni+j Ai+j + Di+jLi+j

pi } = 0.
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Proof. These expressions can be obtained using lemmas 4.4, 14 − 21, 23 − 24, 27 − 28 and 34 −
35 with same procedure like to theorem 5. Also the relations can be derived using Ppj(αpj

) = 1 and

Ppj(αgpj
) = 0.

8. Dimension and Generating Polynomials
The polynomial ms(x) = ∏

sϵΩs

(x − αs) denote the minimal polynomial for αs and so the generating

polynomial for cyclic code Ms of length 16pn corresponding to the cyclotomic coset Ωs is x16pn−1
ms(x) and

the dimension of Ms is equal to the cardinality of the class Ωs [5].

Theorem 13. (i) The generating polynomial for the codes Mtpn , for t = {0, 1, 2, 4, 5, 8, 10} are (1 + x + x2 +

...+ x(16pn−1), (x8 − 1)(x2 + β6)(x2 + β2)(1+ x16 + ...+ x16(pn−1)), (x+ β2)(x+ β6)(x4 − 1)(x8 + 1)(1+
x16 + ...+ x16(pn−1)), (x2 − 1)(x4 + 1)(x8 + 1)(1+ x16 + ...+ x16(pn−1)), (x8 − 1)(x2 − β6)(x2 − β2)(1+
x16 + ...+ x16(pn−1)), (x8 + 1)(x4 + 1)(x2 + 1)(x− 1)(1+ x16 + ...+ x16(pn−1)), and (x8 + 1)(x4 − 1)(x−
β2)(x − β6)(1 + x16 + ... + x16(pn−1)) respectively, where β is 16th root of unity.
(ii) The generating polynomial for M8pi ⊕ M8gpi , M16pi ⊕ M16gpi and Mpi ⊕ M2pi ⊕ M4pi ⊕ Mλpi ⊕ M2λpi ⊕ M4λpi ⊕

Mµpi ⊕ M2µpi ⊕ Mνpi ⊕ M2νpi ⊕ Mηpi ⊕ Mξ pi ⊕ Mρpi ⊕ Mχpi ⊕ Mgpi ⊕ M2gpi ⊕ M4gpi ⊕ Mλgpi ⊕ M2λgpi ⊕ M4λgpi ⊕ Mµgpi ⊕
M2µgpi ⊕ Mνgpi ⊕ M2νgpi ⊕ Mηgpi ⊕ Mξgpi ⊕ Mρgpi ⊕ Mχgpi are (xpn−i−1

+ 1)(xpn−i − 1)(x2pn−i
+ 1)(x4pn−i

+ 1)(x8pn−i
+ 1)(1 +

x16pn−i
+ ... + x16pn−i(pi−1)), (xpn−i−1 − 1)(xpn−i

+ 1)(x2pn−i
+ 1)(x4pn−i

+ 1)(x8pn−i
+ 1)(1 + x16pn−i

+ ... + x16pn−i(pi−1)) and
(x2pn−i−1

+ 1)(x4pn−i−1
+ 1)(x8pn−i−1

+ 1)(x2pn−i − 1)(1 + x16pn−i
+ ... + x16pn−i(pi−1)) respectively.

Proof. (i) The minimal polynomial for αtpn
, for t = {0, 1, 2, 4, 5, 8, 10} are (x − 1),

(x − αpn
)(x − αpnq)(x − αpnq2

)(x − αpnq3
) = (x − β)(x − βq)(x − βq2

)(x − βq3
) = (x − β)(x − β3)(x +

β)(x + β3) = (x2 − β2)(x2 − β6), (x − β2)(x − β6), (x2 + 1), (x2 + β2)(x2 + β6), (x + 1) and (x +

β2)(x+ β6) respectively. The corresponding generating polynomials are (1+ x+ x2 + ...+ x(16pn − 1)),
(x8 − 1)(x2 + β6)(x2 + β2)(1 + x16 + ... + x16(pn−1)), (x + β2)(x + β6)(x4 − 1)(x8 + 1)(1 + x16 + ... +
x16(pn−1)), (x2 − 1)(x4 + 1)(x8 + 1)(1+ x16 + ...+ x16(pn−1)), (x8 − 1)(x2 − β6)(x2 − β2)(1+ x16 + ...+
x16(pn−1)), (x8 + 1)(x4 + 1)(x2 + 1)(x − 1)(1 + x16 + ... + x16(pn−1)) and (x8 + 1)(x4 − 1)(x − β2)(x −
β6)(1 + x16 + ... + x16(pn−1)).

(ii) The product of minimal polynomial satisfied by α8pi
and α8gpi

is ( xpn−i
+1

xpn−i−1
+1

). Therefore, the

generating polynomial for M8pi ⊕ M8gpi is (xpn−i−1
+ 1)(xpn−i − 1)(x2pn−i

+ 1)(x4pn−i
+ 1)(x8pn−i

+

1)(1 + x16pn−i
+ ... + x16pn−i(pi−1)). The product of minimal polynomial satisfied by α16pi

and α16gpi
is

( xpn−i−1
xpn−i−1−1

).

Therefore, the generating polynomial for M16pi ⊕ M16gpi is (xpn−i−1 − 1)(xpn−i
+ 1)(x2pn−i

+ 1)(x4pn−i
+

1)(x8pn−i
+ 1)(1 + x16pn−i

+ ... + x16pn−i(pi−1)). Also the product of minimal polynomial satisfied by

αpi
, α2pi

, α4pi
, ...αρgpi

, αχgpi
is (x2pn−i

+1)(x4pn−i
+1)(x8pn−i

+1)

(x2pn−i−1
+1)(x4pn−i−1

+1)(x8pn−i−1
+1)

. Therefore, the generating polynomial

for Mpi ⊕ M2pi ⊕ M4pi ⊕ Mλpi ⊕ M2λpi ⊕ M4λpi ⊕ Mµpi ⊕ M2µpi ⊕ Mνpi ⊕ M2νpi ⊕ Mηpi ⊕ Mξ pi ⊕
Mρpi ⊕ Mχpi ⊕ Mgpi ⊕ M2gpi ⊕ M4gpi ⊕ Mλgpi ⊕ M2λgpi ⊕ M4λgpi ⊕ Mµgpi ⊕ M2µgpi ⊕ Mνgpi ⊕ M2νgpi ⊕
Mηgpi ⊕ Mξgpi ⊕ Mρgpi ⊕ Mχgpi is (x2pn−i−1

+ 1)(x4pn−i−1
+ 1)(x8pn−i−1

+ 1)(x2pn−i − 1)(1 + x16pn−i
+

... + x16pn−i(pi−1)).

9. Minimum Distance
If l is a cyclic code of length m generated by g(x) and its minimum distance is d, then the code l̄

of length mk generated by g(x)(1 + xm + x2m + ... + x(k−1)m) is a repetition code of l repeated k times
and its minimum distance is dk [3]. Here, we find the minimum distance of the minimal cyclic code
Ms of length 16pn, generated by the primitive idempotent Ps.

Theorem 14. Each of the codes Mtpn , (i) for t = 0, 2, 8, 10, are of minimum distance 16pn

(ii) for t = 1, 4, 5, are of minimum distance 8pn
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(iii) For 0 ≤ i ≤ n − 1, the minimum distance of the cyclic codes Magk pi for a = 8, 16, are greater than or equal
32pi and for a ∈ A − {8, 16} are greater than or equal to 16pi.

Proof. (i) Since the generating polynomial for the code M0 is (1 + x + x2 + ... + x16pn−1) which is
itself a polynomial of length 16pn, hence its minimum distance is 16pn.
The generating polynomial for the code M2pn is (x + β2)(x + β6)(x4 − 1)(x8 + 1)(1 + x16 + ... +
x16(pn−1)). If we take a cyclic code of length 16 generated by the polynomial (x + β2)(x + β6)(x4 −
1)(x8 + 1) then the minimum distance of this code is 16. Since the cyclic code of length 16pn with
generating polynomial (x + β2)(x + β6)(x4 − 1)(x8 + 1)(1 + x16 + ... + x16(pn−1)) is a repetition of the
cyclic code of length 16 with generating polynomial (x + β2)(x + β6)(x4 − 1)(x8 + 1) repeated pn

times, therefore its minimum distance is 16pn.
Similarly, the minimum distance of each of the cyclic codes Mtpn , where t = 8, 10, can be obtained.
(ii) The generating polynomial for the cyclic code Mpn is (x8 − 1)(x2 + β6)(x2 + β2)(1 + x16 + ... +
x16(pn−1)), which is a repetition code of the cyclic code of length 8 with generating polynomial
(x8 − 1)(x2 + β6)(x2 + β2), repeated pn times. Therefore its minimum distance is 8pn. Similarly, the
minimum distance of each of the cyclic codes Mtpn , where t = 4, 5, can be obtained.

(iii) Since the product of generating polynomials of the cyclic codes M8pi and M8gpi is (xpn−i−1
+

1)(xpn−i − 1)(x2pn−i
+ 1)(x4pn−i

+ 1)(x8pn−i
+ 1)(1+ x16pn−i

+ ...+ x16pn−i(pi−1)). Therefore, if we take a
cyclic code C of length 16pn−i generated by the polynomial (xpn−i−1

+ 1)(xpn−i − 1)(x2pn−i
+ 1)(x4pn−i

+

1)(x8pn−i
+ 1) then the minimum distance of this code is 32.Since the cyclic code C1 of length 16pn

generated by the polynomial (xpn−i−1
+ 1)(xpn−i − 1)(x2pn−i

+ 1)(x4pn−i
+ 1)(x8pn−i

+ 1)(1 + x16pn−i
+

... + x16pn−i(pi−1)) is a repitition of the code C repeated pn times. Hence its minimum distance is 32pi.
The codes corresponding to M8pi and M8gpi are the sub codes of the above code, so their minimum
distance is greater than or equal to 32pi.
Similarly, the minimum distance of the cyclic code M16pi and M16gpi of length 16pn are also greater
than or equal to 32pi.
The product of generating polynomial for the cyclic codes Mapi , Magpi , a ∈ A − {8, 16} is (x2pn−i−1

+

1)(x4pn−i−1
+ 1)(x8pn−i−1

+ 1)(x2pn−i
+ 1)(1 + x16pn−i

+ ... + x16pn−i(pi−1)). Therefore if we take a code
C of length 16pn−i generated by the polynomial (x2pn−i−1

+ 1)(x4pn−i−1
+ 1)(x8pn−i−1

+ 1)(x2pn−i
+ 1),

then the minimum distance of this code is 16. Since the cyclic code of length 16pn generated by the
polynomial (x2pn−i−1

+ 1)(x4pn−i−1
+ 1)(x8pn−i−1

+ 1)(x2pn−i
+ 1)(1 + x16pn−i

+ ... + x16pn−i(pi−1)) is a
repitition of the code C repeated pi times. Hence its minimum distance is 16pi.
Since the codes corresponding to the cyclic codes Mapi , Magpi , a ∈ A − {8, 16} are the sub codes of the
above code, so this minimum distance is greater than or equal to 16pi.

10. Example
Example 10.1. Cyclic codes of length 48.

Take p = 3, n = 1,16pn = 48, q = 67. Then the q-cyclotomic cosets are
Ω0 = {0}, Ω1 = {1, 19, 25, 43}, Ω2 = {2, 38}, Ω3 = {3, 9, 27, 33}, Ω4 = {4, 28}, Ω5 = {5, 23, 29, 47},
Ω6 = {6, 18}, Ω7 = {7, 13, 31, 37}, Ω8 = {8}, Ω10 = {10, 46}, Ω11 = {11, 17, 35, 41}, Ω12 = {12, 36},
Ω14 = {14, 26}, Ω15 = {15, 21, 39, 45}, Ω16 = {16}, Ω20 = {20, 44}, Ω22 = {22, 34}, Ω24 = {24},
Ω30 = {30, 42}, Ω32 = {32}, Ω40 = {40}.
Minimal polynomials for αt, where t ∈ C = {0, ..., 8, 10, 11, 12, 14, 15, 16, 20, 22, 24, 30, 32, 40} are x − 1,
x4 − 3x2 − 29, x2 − 3x − 29, x4 − 20x2 − 1, x2 − 30, x4 − 23x2 + 30, x2 − 20x − 1, x4 + 3x2 − 29, x − 30,
x2 − 23x + 30, x4 + 23x2 + 30, x2 + 1, x2 + 3x − 29, x4 + 20x2 − 1, x − 29, x2 + 29, x2 + 23x + 30, x + 1,
x2 + 20x − 1, x + 30 and x + 29 respectively.
The minimal codes Mt, where t ∈ C of length 48 are as follows:
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Code Dim. Min. Distance
Bound

Generating Polynomial

M8a 1 48
47

∑
t=0

{38a(t+1)xt}(mod67), where a = 0, 3

M8b 1 32 ≤ d ≤ 48
47

∑
t=0

{38b(t+1)xt}(mod67), where b = 1, 2, 4, 5

M1 4 16 ≤ d ≤ 48 37 + 47x2 + 38x4 + 66x8 + 44x10 + 37x12 + 29x16 + 64x18 +

66x20 + 30x24 + 20x26 + 29x28 + x32 + 23x34 + 30x36 +

38x40 + 3x42 + x44

M2 2 16 ≤ d ≤ 48 37 + 47x + 38x2 + 66x4 + 44x5 + 37x6 + 29x8 + 64x9 +

66x10 + 30x12 + 20x13 + 29x14 + x16 + 23x17 + 30x18 +

38x20 + 3x21 + x22 + 37x24 + 47x25 + 38x26 + 66x28 + 44x29 +

37x30 + 29x32 + 64x33 + 66x34 + 30x36 + 20x37 + 29x38 +

x40 + 23x41 + 30x42 + 38x44 + 3x45 + x46

M3 4 24 1+ 47x2 + 66x4 + 66x8 + 20x10 + x12 + x16 + 47x18 + 66x20 +

66x24 + 20x26 + x28 + x32 + 47x34 + 66x36 + 66x40 + 20x42 +

x44

M4 2 16 ≤ d ≤ 48
23

∑
t=0

{66t+1x2t}(mod67)

M5 4 16 ≤ d ≤ 48 29 + 20x2 + 30x4 + 66x8 + 64x10 + 29x12 + 37x16 + 44x18 +

66x20 + 38x24 + 47x26 + 37x28 + x32 + 3x34 + 38x36 + 30x40 +

23x42 + x44

M6 2 48 1 + 47x + 66x2 + 66x4 + 20x5 + x6 + x8 + 47x9 + 66x10 +

66x12 + 20x13 + x14 + x16 + 47x17 + 66x18 + 66x20 + 20x21 +

x22 + x24 + 47x25 + 66x26 + 66x28 + 20x29 + x30 + x32 +

47x33 + 66x34 + 66x36 + 20x37 + x38 + x40 + 47x41 + 66x42 +

66x44 + 20x45 + x46

M7 4 16 ≤ d ≤ 48 37 + 20x2 + 38x4 + 66x8 + 23x10 + 37x12 + 29x16 + 3x18 +

66x20 + 30x24 + 47x26 + 29x28 + x32 + 44x34 + 30x36 +

38x40 + 64x42 + x44
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Code Dim. Min. Distance
Bound

Generating Polynomial

M10 2 16 ≤ d ≤ 48 29 + 20x + 30x2 + 66x4 + 64x5 + 29x6 + 37x8 + 44x9 +

66x10 + 38x12 + 47x13 + 37x14 + x16 + 3x17 + 38x18 + 30x20 +

23x21 + x22 + 29x24 + 20x25 + 30x26 + 66x28 + 64x29 +

29x30 + 37x32 + 44x33 + 66x34 + 38x36 + 47x37 + 37x38 +

x40 + 3x41 + 38x42 + 30x44 + 23x45 + x46

M11 4 16 ≤ d ≤ 48 29 + 47x2 + 30x4 + 66x8 + 3x10 + 29x12 + 37x16 + 23x18 +

66x20 + 38x24 + 20x26 + 37x28 + x32 + 64x34 + 38x36 +

30x40 + 44x42 + x44

M12 2 24
23

∑
t=0

{66t+1x2t}(mod67)

M14 2 16 ≤ d ≤ 48 37+ 20x+ 38x2 + 66x4 + 23x5 + 37x6 + 29x8 + 3x9 + 66x10 +

30x12 + 47x13 + 29x14 + x16 + 44x17 + 30x18 + 38x20 +

64x21 + x22 + 37x24 + 20x25 + 38x26 + 66x28 + 23x29 +

37x30 + 29x32 + 3x33 + 66x34 + 30x36 + 47x37 + 29x38 + x40 +

44x41 + 30x42 + 38x44 + 64x45 + x46

M15 4 24 1+ 20x2 + 66x4 + 66x8 + 47x10 + x12 + x16 + 20x18 + 66x20 +

66x24 + 47x26 + x28 + x32 + 20x34 + 66x36 + 66x40 + 47x42 +

x44

M20 2 16 ≤ d ≤ 48
23

∑
t=0

{30t+1x2t}(mod67)

M22 2 16 ≤ d ≤ 48 29+ 47x+ 30x2 + 66x4 + 3x5 + 29x6 + 37x8 + 23x9 + 66x10 +

38x12 + 20x13 + 37x14 + x16 + 64x17 + 38x18 + 30x20 +

44x21 + x22 + 29x24 + 47x25 + 30x26 + 66x28 + 3x29 + 29x30 +

37x32 + 23x33 + 66x34 + 38x36 + 20x37 + 37x38 + x40 +

64x41 + 38x42 + 30x44 + 44x45 + x46

M30 2 48 1 + 20x + 66x2 + 66x4 + 47x5 + x6 + x8 + 20x9 + 66x10 +

66x12 + 47x13 + x14 + x16 + 20x17 + 66x18 + 66x20 + 47x21 +

x22 + x24 + 20x25 + 66x26 + 66x28 + 47x29 + x30 + x32 +

20x33 + 66x34 + 66x36 + 47x37 + x38 + x40 + 20x41 + 66x42 +

66x44 + 47x45 + x46
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