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Abstract

We prove a what we call a general covariance theorem for entire-function deformations of relativistic
field theories, the result is that if an undeformed theory is covariant or invariant under some symmetry
group, and the deformation is defined by an entire function of a differential operator that intertwines
the symmetry group-action, then the deformed theory remains covariant or invariant with respect
to that same symmetry group. We will establish this result in both abstract and geometric forms
and derive corollaries for Poincaré symmetry, gauge covariance, and continuum diffeomorphism
covariance. In the gauge-fixed sector we as well prove a finite-dimensional BRST theorem with Ward
and Slavnov-Taylor identities for admissible truncations in the theory.
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1. Introductory Remarks

We know that in local relativistic quantum field theory and general relativity we organize the
theory by symmetry principles since symmetries act as fundamental, structural constraints that detrime
the mathematical form of physical laws, enforce conservation laws, and generate forces, for example
in flat spacetime the relevant kinematic symmetry is the Poincaré group, consisting of translations and
Lorentz transformations [1-10]. In Yang-Mills theory we will further impose gauge covariance or gauge
invariance to ensure theoretical consistency, renormalizability, and physical validity of non-Abelian
interactions, and in gravity we impose covariance under spacetime diffeomorphisms [3,11-13,13—
21]. In the usual local framework, these symmetries coexist with strict point-supported locality and,
at the operator level, with exact microcausality and the familiar subtleties surrounding relativistic
localization [1,2,22]. So the purpose of this paper is to prove the symmetry statement that underlies
nonlocal quantum field theory like those used in [23-34]. In ultraviolet-complete nonlocal deformations
we replace a local field or local kinetic operator by an expression involving an entire function of a
covariant second-order differential operator, ®F)(x) where F : C — C is entire, A, > 0 is the
nonlocality scale, and [ is the relevant covariant d’Alembertian or Laplace—Beltrami operator, because
F is entire the deformation contains infinitely many derivatives and is nonlocal in position space [23—
28]. The natural question then is whether this nonlocality breaks the fundamental symmetries of
the undeformed theory, we come to the conclusion and prove that the fundamental symmetries are
uneffected.

The symmetries of the undeformed theory is preserved provided that the operator used to define
the nonlocal deformation is as well covariant with respect to the underlying symmetry. The general
statement is givin in terms of a representation-theoretic description, and it is that if the undeformed
theory carries an action of a group G and a differential operator D used in the deformation intertwines
that action, then the entire functional calculus F(D) will also intertwine with the action. So this means
that any field equation, algebra of observables, or action functional that is deformed by F(D) will
remain G-covariant or G-invariant.
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Throughout this paper we work in natural units 77 = ¢ = 1. Greek indices y, v, p, o that run over
spacetime coordinates 0, 1,2, 3 in Lorentzian signature and over 1, ..., d in Euclidean lattice formulas,
where the intended the meaning will always be made clear from the context.

2. Preliminary Framework

We will first review the undeformed symmetry framework and notation as to not cause any
confusion later in this paper. So, for spacetime, fields, and group actions we will take M be a smooth
oriented spacetime manifold, so in the flat case we take M to be a 3 4- 1 dimensional manifold defined

as:
M=R", 1)

this manifold is equipped with the standard Minkowski metric:
T = diag(1, -1, -1, -1). ()

We should note that if x = (x0,x,x2,x%) € RM¥ and y = (4°,y', 4%, y%) € R, then we see the squared
spacetime interval between two events x and y in special relativity as defined by:

(x =y)* = (x =)' (x - y)", (3)
we call separation is spacelike when (x — y)? < 0. We let E — M where E is the total space and M
is the base space, and this is a complex vector bundle of finite rank. A classical field is a section, this
means that the classical field @ is a section of the vector bundle and we write this as ® € T'(E), so ®
will pick one vector in the fiber above each point x and this is the geometric meaning of a classical
field. When M = R'3 and the field transforms in a finite-dimensional representation S of the Lorentz
group, we write the field as ®,4(x), where the A index will label components in the representation
space. We defined G to be a symmetry group acting on the field space, we know the action is described
by a representation U of the symmetry group where:

U:G — Aut(T'(E)), 4)

in this equation Aut(I'(E)) is the invertible linear map on I'(E), so we will then write the transformed
field as:
(Ug®)(x),  g€G, (5)

and this describes the operation where we first apply the symmetry transformation Uy to the field ®
and then we get a new field U;® € I'(E), and then we evaluate that transformed field at that spacetime
point where x € M.

Definition 1 (Covariance of a field equation). We let &[®] = 0 be a field equation where & maps T'(E) to
sections of another bundle E' — M. So & is the operator that defines the equation of motion and &[®] = 0 just
means that the field ® is a solution of our system. Now we call an equation G-covariant if for every g € G,

@ =0 = &[UyP]=0. (6)
IfE = E' and & intertwines the G-action, this condition is equivalent to:
ol =Ugoé. (7)

Definition 2 (Invariance of an action functional). We will take S[®] to be an action functional on the field
space. It is called G-invariant if
S[Ug®] = S[P] 8)

forall g € G and all fields ® in the domain of S.
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In flat spacetime the Poincaré group is the semidirect product:
P =R %0(1,3), 9)

where O(1,3) is taken to be the Lorentz group and R'? acts by translations. For a field transforming in
a finite-dimensional Lorentz representation S, the standard action is [1,35]:

(U(a, A)®)4(x) = S(A) 4" Pp(A™ (x —a)) (10)

in this 2 € R1? is the translation parameter, A € O(1,3) is the Lorentz matrix, and S(A) is the matrix
of the representation acting on the internal tensor or spinor indices of the corresponding field. If ® is a
scalar field then S(A) = 1 and:

(U(a, A)®@)(x) = (A"} (x —a)). (11)

We let P — M be a principal bundle with structure group we will call K, and we let E = P x, V
be an associated vector bundle for a finite-dimensional representation p : K — GL(V), a gauge
transformation is a bundle automorphism covering the identity on M [11,16,17]. In a local trivialization
it acts by a map by:

u:M—K, (12)

on a field ® € T'(E) the gauge action is:
D(x) = p(u(x)) P(x). (13)
A gauge connection A, defines a gauge-covariant derivative:
D, = V.S + A, (14)

when acting on tensor-spinor fields that also carry gauge indices. Here V]ﬁc is the Levi—Civita covariant
derivative associated with our spacetime metric, while A, acts in the gauge representation. If M is a
smooth manifold with metric g, then a diffeomorphism ¢ € Diff(M) acts on tensor fields by pullback.
If T is a tensor field, its pullback can be written as:

¢°T. (15)
A geometric equation such as:
g, @] =0 (16)
is diffeomorphism covariant if [3,36]:
¢lg@l=0 = &lg'g ¢ @] =0 (17)

for all ¢ € Diff(M).

3. Entire-Function Deformations

Now will define the minimal nonlocal deformation precisely before we go over the general
covariance theorem, first we let D be a linear differential operator acting on sections of E — M, this
we write as:

D:T(E) — I'(E). (18)
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The basic example we can use is the covariant Laplace-Beltrami or d’Alembertian operator built from
the gauge- and diffeomorphism-covariant derivative given by:

Og := —¢"'DyD,. (19)

Here ¢/" is the inverse metric tensor, and D), is the total covariant derivative appropriate to the bundle
on which the field lives. In flat spacetime with vanishing background connection of g,, = 1, and
D, = 9, we recover the Minkowski d’Alembertian:

O:=5""0,0,. (20)
We assume F : C — C is entire then F has a globally convergent power series of:

P(")(o)
n!

F(z) = i apz",  ap = (21)
n=0

Whenever the operator D is such that the series is well-defined on the chosen invariant domain of
I'o(E) CT(E), we have [37,38]:

F(D):= )Y a,D". (22)
n=0
In the minimal nonlocal construction the deformation is given by:
F(D/A2), (23)

where A, > 0 will have the dimension of mass and then A 1 will have the dimension of length, in this
theory the quantity A; ! is the characteristic nonlocality length of our deformation.

Definition 3 (Admissible regulator). We call an entire function F : C — C admissible if it satisfies these

conditions:
F(0)=1, (24)
F(z) =F(z) VzeC, (25)
F(z) #0 V finitez € C, (26)

and if F decays sufficiently strongly along the negative real axis to render Euclidean loop integrals finite. These
conditions state that in the low energy limit the regulator will produce the local theory, that the requlator will
keep the deformation physically real on the real spectrum, and do not add new finite-plane singularities or extra
propagating states. A simple example for our requlator is an exponential:

F(z) =¢* (27)
when argument is Euclidean z = —p% / A2 < 0, we can write this more generally as:
F(z)=¢*, NEN, (28)

with the branch chosen so that F(—p% / A2) decays on the Euclidean axis.

To state it more formally (24) ensures that the soft or infrared sector is unchanged at zero momen-
tum. (25) will ensure that the reality of the deformation on real sections when the operator has real
spectrum on the relevant axis. And condition (26) ensures for us that no new finite-plane poles are
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introduced by multiplying propagators by F or by its inverse [23-28]. Now given a field ® we define
its minimally deformed version as:
oF) .= F(D/A2)®, (29)

now given some local observable density O(x), we then can write its deformed counterpart is:
0P (x) := F(D/A?)O(x). (30)

By replacing every occurrence of the relevant local building block by its deformed counterpart we
relize a nonlocal QFT. This will hold for action functionals where every occurence of ® is multipled by
F(D/A2).

4. The General Covariance Theorem

We now will explain and prove the that an entire-function nonlocal deformation does not destroy
symmetry of the system, so long as the operator used in said deformation already respects that
underlying symmetry. The proof of abstract commutation is trivial but it gives us the exact conditions
under which nonlocal deformation preserves the symmetry architecture of the original theory, and
because it sharply identifies locality, not covariance as the sector that is deformed. To start we let V be
a complex vector space and G be a group, and have that:

U:G— GL(V) (31)

is a representation of G on V, and let D : V — V be a linear operator. Before we state the general
theorem lets review the definition of the intertwining operator.

Definition 4 (Intertwining operator). We say that D intertwines the G-action if
U,D=DU, V geG. (32)

If Uy is invertible, this is
UgDU, ' = D. (33)

Theorem 1 (General covariance theorem, abstract form). We let V be a complex vector space carrying a
representation U of a group G, D : V. — V is a linear operator satisfying the intertwining relation (32). Recall
that F : C — C is taken to be entire and suppose that the power-series definition

F(D)=Y_ a,D"
n=0

is well-defined on a G-invariant domain Vo C V. Then:

1. F(D) also intertwines the G-action:
UF(D)=F(D)U; V geG. (34)
2. If®¥) := F(D)®, then ®F) transforms covariantly in the same representation:
Uy@P) = F(D) Uy®. (35)
3. IfS|®] is a G-invariant functional on Vy, then the deformed functional

S¢[®] := S[F(D)P] (36)
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is also G-invariant:
S[Ug®] = Sp[P]. (37)
4. If&: Vo — Vyis a G-covariant field equation and the deformed equation is defined by
6¢[P] := E[F(D)?P], (38)

then &F is G-covariant.
The proof is simple, since D intertwines the G-action, repeated application gives is the relationship:
U,D"=D"U;, V neNy (39)
by induction on n. The case n = 0 is trivial because D° = id, but if U D" = D"Uy, then:
U,D"™' = U,D"D = D"U,D = D"DUq = D" U,. (40)

Now we use the power series F(z) = Y7 4,z", on the domain Vj:

ugP(D)qazug< unD"CI>> (41)
n=0
=Y a,U,D"® (42)
n=0
=Y a,D"U,® (43)
n=0
= F(D)U,®. (44)

This proves (34). The second statement follows immediately:
Uy ®") = U F(D)® = F(D)U,®. (45)

For the action functional we know S is G-invariant so:

Sr[Ug®] = S[F(D)UgP] (46)
= S[U F(D)®] (47)
= S[F(D)®] (48)
= Sp[@), (49)

this proves (37). If & is G-covariant, then:
EULY] = U E[Y] (50)

for ¥ € Vy, where Y is a generic element of the domain of the full vector space on which the group
acts V). Setting ¥ = F(D)® will give us:

& (U, @) = E[F(D)U, @] (51)
= &[UgF(D)®)] (52)
= U,€[F(D)®)] (53)
= U &[], (54)

this shows that &r is G-covariant. This theorem is completely general as it does not require that D
be second order, nor that G be finite-dimensional, snd not that V arise from a field theory. The only
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structural input is that the deformation is defined by some entire functional calculus and that the
operator in that calculus intertwines the group action. The abstract theorem is sufficient for Poincaré
symmetry and internal symmetries on a fixed background, but for diffeomorphism covariance the
operator itself depends on geometric data such as the metric and the connection. To show this
theormem for diffeomorphism covariance we start by letting E; — M denote a natural bundle built
from the metric g, and let:

Dy :T(Eg) — I'(Eg) (55)

be a differential operator depending on g. For a diffeomorphism ¢ € Diff(M), the pullback acts as:
¢" :T(Eg) = T'(Egrg)- (56)
Definition 5 (Natural operator). The family { Dy} is called natural if [36,39]
¢" 0o Dg = Dyrg 0 ¢ V ¢ € Diff(M). (57)

Theorem 2 (General covariance theorem in a geometric form). We let Dy be a natural family of differential
operators such as (57). F be entire and assume that F(Dy) is defined by the convergent power series on a
pullback-invariant domain, then

¢" o F(Dg) = F(Dy+g) © ¢* vV ¢ € Diff(M). (58)

If the undeformed field equation or action is diffeomorphism covariant or invariant, then the corresponding
entire-function-deformed equation or action is also diffeomorphism covariant or invariant.

From (57) we obtain by induction:

¢ oDy = Dgigo@* vV n € Ny. (59)
It then will follow that:
¢"F(Dg) = ¢* (Z anD§> (60)
n=0

n=0
= Z aan,*gq)* (62)

n=0
= F(Dy+¢) 9" (63)

The covariance or invariance of the deformed equation or action then follows exactly as in Theorem 1.

5. Consequences for Continuum Field Theory

We will now apply the general theorem to the cases relevant for the minimal nonlocal construction
to show how our new theoroms can prove symmetries remain unchanged for the deformations we
want to apply. We start with Lorentz covariance and Lorentz invariance as these are important to
maintain to show our theory is consistent with the general theory of relativity and special theory of
relativity [1,35].

Proposition 1 (Lorentz covariance of a deformed field). We take our manifold to be M = R'? with the
Minkowski metric n, and
D = vaayay, (64)

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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and let U(A) be the Lorentz action
(U(A)®) a(x) = S(A) 4" Dp(A™ ). (65)
Then we see
uA)d=0u(A) VA e€O(1,3). (66)
And we find for every entire F,
U(A)F(DO/AZ) = F(O/ADU(A), (67)
and the deformed field as defined by
oF) .= F(O/A2)® (68)
transforms covariantly in the same Lorentz representation:
(A1) a(x) = 5(A)a” @7 (A ). (69)

The proof of this is quite simple since d,, transforms as a Lorentz covector and #"" is Lorentz

invariant:
U(A)9,U(A) ™ = (A1)u0y, (70)
it then follows that:
U(A)OU(A) ™! =" U(A)9,0,U(A) (71)
= " (AP (A1) 10,00 (72)
— 73,0, (73)
=0, (74)
this is because
7 (AT (AT, = g, 75)

And now apply Theorem 1.

Corollary 1 (Lorentz invariance of the deformed action). If
_ 4
5[] _/Rmd x L(D,9P, ... (76)

is Lorentz invariant then
Sp[®] := S[F(O/A?)D] (77)

is Lorentz invariant.

The proof is since this is the action-functional part of Theorem 1 with the group G = O(l, 3) [1,35].
Now we apply the general theorem to Poincaré invariance as it is the important symmetry that
the laws of physics do not depend on your inertial reference frame [1,35].

Proposition 2 (Poincaré covariance). We take U(a, \) be the Poincaré action (10). Then
U(a, A)O =0U(a, A) (78)

for all (a, A) € P. So the entire-function deformation by F(O/A2) preserves Poincaré covariance and
translation invariance.

Translation invariance is immediate because d, commutes with translations, and since Lorentz
invariance was proved above. Since the Poincaré group is generated by translations and Lorentz
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transformations, the claim follows trivially. We should say that in the perturbative vacuum, plane
waves e iP¥ diagonalize the d’alembertian [ [1,35]:

Qe P = —pze*ip'x, (79)
where:
PP = upp. (80)

So, F(0O/A?2) becomes multiplication by F(—p?/A?), which depends only on the Lorentz scalar p?,
this is the momentum-space manifestation of the abstract covariance theorem.

We will now apply the general theorem to Gauge covariance as this is imporant when we construct
QFTs to make sure they remain locality coordinate independent [11,16,17].

Proposition 3 (Gauge covariance of the deformed field). If E — M is an associated bundle of a principal
K-bundle P — M, and we let D), be the gauge-covariant derivative, we then define

Og = —¢"'DyD,. (81)

If a gauge transformation u acts on I'(E) by an invertible map U, and if

U,D, = DU, (82)
or equivalently
U,0, = OgU,, (83)
then we see
UuF(Og/A3) = F(Og/ AZ) Ui (84)
Therefore the field
o) .= F(O,/A?)® (85)

transforms covariantly whenever ® does.
Our hypothesis implies that [, intertwines the gauge action. Now apply Theorem 1.

Corollary 2 (Gauge invariance of deformed composite observables). If O(®) is gauge invariant and the
operator acting on O is built from the gauge-covariant Laplace—Beltrami operator, then

0F) .= F(O,/A2)0 (86)
is gauge invariant in the same way.

Gauge invariance means U, O = O for all gauge transformations u. Proposition 3 then gives
us [11]:
U, 0" = U,F(Og/A2)0 = F(Og/A2)U, O = F(Og/A2)O = OF). (87)

Now we will finally apply the general theorem to diffeomorphism covariance and prove it remains
in nonlocal QFT as this is essential to the general theory of relativity to make sure that the physical
laws of nature do not break under arbitrary, smooth coordinate transformations [3,36].

Proposition 4 (Diffeomorphism covariance). If g is a spacetime metric on M, and we take
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or more generally the bundle-covariant Laplace—Beltrami operator acting on sections of a natural bundle
Eg — M. Then Ug is natural as shown previously:

9" o0, =Opg09* ¥V ¢ Diff(M). (89)

So for every entire F,
@* o F(Og/A2) = F(Ogrg/A2) 0 ¢*. (90)

This means that every diffeomorphism-covariant field equation or action remains diffeomorphism covariant after
the our entire-function deformation.

The Levi-Civita connection is natural under pullback and the contraction with the inverse metric
is also natural, so it is easy to see that [, satisfies the naturality relation (57), then apply Theorem 2.
To make this concrete we will follow with an example that may turn out to be relavent in quantum
gravity, that being for the gravitational field equations. We start with some undeformed gravitational
field equation [3,12,13]:
(gopw (g/ T) =0, 91)

where &, is a natural tensorial expression built from the metric ¢ and a stress tensor T. If we replace
the stress tensor T by:
F

TS = F(Og/ A2) Ty, 92)
this will render our gravitanal theory non local and can remove ingularities of black holes leaving
a de Sitter core as shown in [40,41], and equivalently we can insert the entire-function operator on
the geometric side whenever this is legitimate, then the resulting equation remains diffeomorphism
covariant.

6. The Finite-Dimensional BRST Setting

Now we will apply the general theorem to a finite-dimensional Becchi-Rouet-Stora-Tyutin (BRST)
theorem and the Slavnov-Taylor identities since these are relevant in QFT to quantize non-Abelian
gauge theories while at the same time maintains gauge invariance and ensuring that the theory is
renormalizable and unitary [11,42-46]. Now we formulate a BRST theorem in a finite-dimensional
setting, this theorem applies in particular to finite-mode truncations only when the truncation is chosen
so that the truncated field algebra is preserved by the BRST differential, the truncated BRST differential
remains nilpotent, the Berezin integration-by-parts identity is preserved, and the regulating operator
preserves the truncated complex. Throughout this we use the graded Leibniz rule:

s(XY) = (sX)Y 4 (-1)XIX(sY) (93)

for homogeneous X € O(V), and we use left and right derivatives with the standard Koszul sign
conventions. Repeated indices are summed with the graded sign rule implicit.

Definition 6 (Finite-dimensional BRST). [42,43] We let V = Vi ® Vj be a finite-dimensional supervector
space over the complex C, where Vj is the even part and Vi is the odd part, we then choose homogeneous linear

coordinates
o4, A=1,...,N, (94)

with Grassmann parity
es = @4 € {0,1}. (95)

Now O(V) denotes the supercommutative algebra of polynomial functions on V. An odd derivation

s:O(V) = O(V) (96)
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is called a BRST differential if
1. s has odd parity,
2. §2=0,
3. on generators it is given by
4= Q@) (97)

for polynomial functions Q% € O(V).

Definition 7 (Berezin measure and integration-by-parts). [44—46] du(®) is the translation-invariant
Berezin measure on V. We thenn say that the BRST differential s is divergence-free with respect to dy if

/de(ap) sX(@)=0 ¥V XeO(V). (98)

If s = QA(®) aL/odA, this is equivalent to the vanishing of the Berezin divergence of the odd polynomial
vector field Q.

Lemma 1 (Berezin integration by parts). Recall that V is a finite-dimensional supervector space with
translation-invariant Berezin measure dy, and let

Q= QH@)% (99)
be an odd polynomial vector field. Then the following are equivalent:
1.
/de(cp) OX(®)=0 V XeO(V), (100)

2. the Berezin divergence of Q with respect to dy vanishes.

W choose affine coordinates on V compatible with the decomposition into even and odd directions,
so that dy is the usual translation-invariant Berezin density. In these coordinates the Lie derivative of
dy along Q is given by:

Lo(dp) = (div,Q) dpu. (101)

For every polynomial X € O(V):
Lo(Xdu) = Q(X) dp + (=) QXX Lo (dp). (102)

Since |Q| = 1, integration over a translation-invariant Berezin density annihilates total derivatives so
we find:

/V QX = — /V dy (div, Q) X. (103)

So, [, du QX = 0 for all X iff div,Q = 0.

Definition 8 (Entire-function deformation commuting with BRST). Welet D : V. — V be an even linear
operator and recall

[e9)
z) =Y a2
n=0

is an entire function, and we then define

oo

R:=F(D/A%) =Y a,(D/A?)" (104)
n=0
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Now since V is finite-dimensional, the series converges absolutely for all operator norms. We let R* : O(V) —
O(V) denote the pullback
(R*X)(®) := X(RP). (105)

We now say that the deformation commutes with BRST if
soR*=R*os  onO(V). (106)

Lemma 2 (Commutation of the entire functional calculus with BRST). We assume that the even linear
operator D commutes with the BRST differential on generators in the sense that

s((DP)4) =DAps@® Vv A4, (107)
then the entire-function operator
R =F(D/A?) (108)
will also commute with BRST:
s((R®)4) = R4p s®B, (109)
and then we see
soR*=R*os on O(V). (110)
By induction on 1 we see:
s((D"®)4) = (D) 4ps®® V¥V n>0. (111)
Then:
s((R®)4) = s( anA;Z"(Dncb)A) = Y 4, A;P(D") g s®P = RAp 5P (112)
n=0 n=0

Now we let X € O(V), and by the graded chain rule find:

oRX

s(R*X) = s(X(RD)) = W(Rq))s((Rq))A)' (113)
Using the first part:
s((R®)4) = R4p s®P. (114)
And on the other hand:
. L[ ORX 4 oRX A B
R*(sX) =R (W(CD) s® ) = Sga (R®) R 5P, (115)

So s(R*X) = R*(sX).

Definition 9 (BRST-invariant action and the deformed action). We call an even polynomial S € O(V)
BRST invariant if
sS=0. (116)

Given such an action we define the entire-function deformation by

Sp:= R*S = S(R®). (117)
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Theorem 3 (BRST invariance of the deformed action). Assume the hypotheses of Lemma 2, and then if
S € O(V) is BRST invariant, then the deformed action

Sp(®) = S(RD) (118)
is also BRST invariant:
sSp = 0. (119)
By Lemma 2,
sSp = s(R*S) = R*(sS), (120)

since sS = 0, it follows that sSp = 0.

Definition 10 (Source-dependent generating functional). We let J4 be external sources of parity € 4, and
define K 4 to be external sources of parity € o + 1 modulo 2, then we define

Yy k(@) = [P + Ky 5D (121)

The deformed generating functional is then

/ dp(®) exp(—Sp(®) + Tk (P)), (122)
its connected generating functional is given by
WE[], K] := log Z¢[], K]. (123)

Theorem 4 (Ward identity). [47,48] If we assume:
1. s2=0,

2. sis divergence-free with respect to dy,

3. Sgis BRST invariant.

Then . L
0-Zr o~Wr
Ja K4 =0, Ja K =0. (124)
By divergence-freeness and Lemma 1 we see that:
0= / dp(®) s(exp(—Sp(®) + X ¢ (@))), (125)
since sSr = 0 and s? = 0 it then follows that:
sEpk = Jas®? + Kps?@h = [ 4507 (126)
So:
0= /de(cp) Jas®? exp(—Sp(®) + X (@), (127)
But we notice that:
a Z
9 2k /dy (@) 504 exp(—Sp(®) + Xk (P)), (128)
so: .
0"Zr
Ja=7— 9K, =0, (129)

and since Zr = ¢"F, the corresponding identity for W follows naturally.
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Definition 11 (Effective action). We will let
olw
A F
==, 130)
¢ T (
we then assume that on an open set of source space the Hessian matrix
ok olw,
( E ) (131)
dJp 9] A,B

is invertible. Then the Legendre transform exists locally in that region, and the effective action is defined by
Trlg, K] == Jap™ = We[J, K], (132)
where | = J (¢, K) is determined implicitly by the relation above.

Theorem 5 (Slavnov-Taylor identity). [45,46,48] Under the hypotheses of Theorem 4 and the local Legendre-
transform hypothesis above, the effective action will satisfy

oRTp o' Tr
By the defining properties of the Legendre transform we find:
R L L
airAp: L T 9 We (134)
o 0K 4 0Ky
Therefore we see that: L L
_ O"Wp\ _ . "W
Theorem 4 then gives:
o WE
Ja Ks 0, (136)

and hence S(IT'r) = 0.

Proposition 5 (Mode-truncated BRST subcomplex). We let 2 be a graded vector space with BRST differen-
tial s and even linear operator D, we then let

Py U — Uy (137)

be a finite-rank projection onto some finite-dimensional graded subspace Uy and then assume:
1. PyD = DPy,
2. the polynomial algebra O(Yy) is preserved by s,
3. s2=00n O(Vy),
4. the restricted Berezin measure on Uy is divergence-free for the restricted BRST differential.
Then (UVn, O(VN),s) is a finite-dimensional BRST complex preserved by D, and the preceding finite-
dimensional BRST theorems apply to
Ry = F(Dla, /A%). (138)

By assumption we see O(y) is stable under s, and s> = 0 on that algebra. Since PyD = DPy,
the operator D preserves Uy, and then it follows so does every polynomial in D, and therefore so does
Ry = F(Dly, /A2). The divergence-free hypothesis gives the Berezin integration-by-parts identity on
Y. So all hypotheses of the preceding finite-dimensional results hold on our finite graded subspace
Un.
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Corollary 3 (The background-covariant regulators preserve BRST and ST identities on admissible
truncations). If we suppose the gauge-fixed field multiplet,

® = (Ay,ccby,y,...) (139)

is organized into a finite-dimensional truncation Uy satisfying Proposition 5, and suppose the regulating
operator D is the background-covariant Laplace—Beltrami operator acting componentwise on that truncated
complex, with

[s,D] =0 (140)

on generators. Then we see that for every entire function F, the requlator
Ry = F(Dly, /A7) (141)

preserves BRST invariance of the truncated gauge-fixed action, the exact Ward identity for W, the exact
Slavnov-Taylor identity for I'r [45,46].

The proof follows simply, apply Proposition 5, Lemma 2, Theorem 3, Theorem 4, and Theorem 5.

The result is given for for finite-dimensional BRST systems. They apply to finite-mode truncations
only when the truncation data satisfy the hypotheses of Proposition 5, but to upgrade the statement to a
nonperturbative continuum interacting gauge theory, we then must construct the continuum measure
or an equivalent renormalized BRST/BV framework and prove that the limiting theory preserves
the above stated hypotheses. Without that additional construction, we do not claim a fully rigorous
continuum Slavnov-Taylor theorem.

7. Final Remarks

We have seen that that the minimal entire-function deformation preserves the covariance princi-
ples of our undeformed physical theory whenever the regulating operator intertwines the relevant
symmetry action, or is natural in the geometric sense as shown above. What changes is not the symme-
try sector but the locality sector, this is because the deformation is implemented by an entire function
of a differential operator, the resulting fields and observables are no longer strictly point-supported in
position space but they are instead quasi-local [23,49,50]. The deformed field is represented by con-
volution against a nontrivial kernel whose width is set by the nonlocality length ¢, = A} 1123,49,50].
The interpretation is that the minimal entire-function construction replaces strict ultraviolet locality by
quasi-locality while leaving the symmetry architecture of the underlying theory intact.

A full analysis of the quantitative locality properties lies beyond the scope of this paper, the
detailed derivation of asymptotic microcausality bounds for smeared regulated observables, and
the corresponding recovery of strict microcausality in the local limit A, — oo, has been developed
elsewhere [22,30-33]. For the purposes of the present theorem, it is enough to emphasize that the
covariance statements proved here are fully compatible with quasi-local rather than strictly local
ultraviolet behavior.

Discretization requires conceptual care if it were to be discussed in nonlocal QFT, the contin-
uum covariance theorem proved here does not imply that a fixed lattice carries the full continuum
diffeomorphism group as an exact symmetry, the appropriate discussion of fixed-lattice obstructions,
equivariant blocking, perfect actions, and continuum recovery under refinement is complementary
work that is yet to be done. The point relevant here is only that the continuum covariance result
is a statement about the continuum theory itself and should not be conflated with exact symmetry
realization some fixed discretization.
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