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Abstract

We investigate spontaneous U(1) symmetry breaking and the associated phase transitions in rotating
interacting Bose gases. Using a theoretical framework that combines mean-field analysis with
rotational dynamics, we analyze how rigid rotation modifies the condensate structure and critical
behavior. The study identifies the emergence of Goldstone modes and clarifies their role in the low-
energy excitation spectrum. The results provide insight into the interplay between symmetry,
rotation, and many-body interactions, contributing to a deeper theoretical understanding of phase
structures in Bose systems.

Keywords: U(1) symmetry breaking; rotating Bose gas; phase transition

PACS: 05.30.Jp;11.30.Qc;67.85.-d;64.60.-i

I. Introduction

One of the primary goals of modern Heavy Ion Colli- sion (HIC) experiments is to study
matter under extreme conditions and its transitions through various phases. In Quantum
Chromodynamics (QCD), these phases range from the deconfined quark-gluon plasma to the
confined hadron phase, which consists of mesons and baryons. Mesons, as composite particles made
up of a quark and an antiquark, are often regarded as (pseudo-)Goldstone bosons arising from
the spontaneous breaking of chiral symmetry. Key questions related to the phase transition of
matter created in HIC experiments focus in particular on the order of the phase transition and
the location of the critical endpoint [1-5]. Answers to these questions provide valuable insights
into astrophysical and cosmo- logical models of the early universe [6,7]. Both of these properties
are affected by external conditions, such as ex- ternal electromagnetic fields and rotation. Intense
mag- netic fields are believed to be generated in the early stages of noncentral HICs. Depending on
the initial conditions, the strength of the magnetic fields is estimated to be ap- proximately B ~

1018 - 1020 GauB in the early stages after these collisions [8,9]. In recent years, several stud- ies
have explored the QCD phase diagram in the presence of magnetic fields. Novel effects, such as
magnetic and inverse magnetic catalysis are associated with the effect of constant background
magnetic fields on the nature of the chiral phase transition and the location of the critical point
[10-12]. Recently, several studies have investigated the effect of rotation on quark matter created
in HIC experiments. This matter is believed to experience ex- tremely high vorticity, with an

angular velocity reaching up to 1022 Hz [13,14]. Extensive research has focused on how rotation
influences the thermodynamic properties of relativistic fermionic systems [15-20]. One notable
ex- ample is the chiral vortical effect, which is related to the transport properties of the quark
matter produced after HICs and provides insights into the topological aspects of QCD [21]. When
examining the thermodynamic proper- ties of rotating Fermi gases using field theoretical meth-
ods, it is advantageous to assume rigid rotation with a constant angular velocity [22,23]. The
impact of rigid rotation on QCD phase transitions, including chiral and
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confinement/deconfinement, has been studied with and without boundary conditions, e.g., in
[15,24]. In [24], it is shown that at finite temperature the phase diagram of a uniformly rotating
system exhibits, in addition to a confining and a deconfining phase at low and high tem-
peratures, a mixed inhomogeneous phase at intermediate temperatures.

Several studies have also explored both relativistic bosons [25-35] and the linear sigma model
with quarks [36-39] under rigid rotation. In [26], a spin-one gluon gas under rigid rotation is
analyzed, revealing that at tem- peratures below a certain supervortical temperature, the moment
of inertia of a rotating spin-one gluon plasma becomes negative. This phenomenon indicates a
thermo- dynamic instability and is associated with the negative Barnett effect, where the total
angular moment of the system opposes the direction of its angular velocity. For spin-zero bosons
in the presence of imaginary rotation, ninionic statistics arise, modifying the standard Bose-
Einstein distribution with a statistical angle. Under spe- cific conditions, these bosons exhibit
fermionic-like be- havior and display fractal thermodynamics that depend on the angle of
imaginary rotation [27]. A separate study in [28] investigated the thermodynamics of spin-zero com-
plex scalar fields under rigid rotation, revealing that ther- modynamic instabilities emerge at high
temperatures and large coupling constants. These instabilities include neg- ative moment of
inertia and heat capacity. Finally, in [30], the Bose-Einstein (BE) condensation of a free Bose gas
subjected to rigid rotation is investigated in both rel- ativistic and nonrelativistic limits. It is
demonstrated that rotation not only modifies the equation of state of the system but also
impacts the transition temperature for BEC and the fraction of condensates. Specifically, it is
shown that the critical temperature of a rotating Bose gas is lower than that of a nonrotating gas;
however, as the angular velocity increases, the critical temperature of the rotating gas also rises.
Additionally, an analysis of the heat capacity of a nonrelativistic rotating free Bose gas indicates
that rotation alters the nature of the BEC phase transition from continuous to discontinuous.
The present paper aims to extend these findings to an inter- acting Bose gas under rigid rotation.

We begin with the Lagrangian density of a complex Klein-Gordon field ¢ that includes a
self-interaction term /\((p*(p)2
metric including the angular velocity ().In the first part of this paper, we introduce a chem- ical

with a coupling constant A.To introduce rigid rotation we use a

potential p corresponding to the global U(1) sym- metry of the Lagrangian. For later analysis,
we expand the Lagrangian density around a classical configuration I{¢) | =v. Following standard
methods [40,41] and utiliz- ing an appropriate Bessel-Fourier transformation [29,30], we derive the
free propagator of this model. This propa- gator is subsequently employed to compute the thermo-
dynamic potential as a function of p,Q, and the energy dispersion relation ef As it turns out,
the spontaneous breaking of U(1) symmetry occurs for m < u.In this regime, we find two
distinct energy branches; one corre- sponding to a massive phonon and the other to a massless roton.
It is noteworthy that the rotation does not alter ek at low momentum, and the results are
similar to the nonrotating case [42].

In the second part of this paper, we explore the im- pact of rotation on the spontaneous
breaking of U(1) symmetry, focusing specifically on the case of zero chem- ical potential. Our
primary emphasis is on the T and () dependence of the critical temperature of the corre-
sponding phase transition, as well as two masses m1 and m2, which are identified with the masses
of the 0 and m mesons, respectively. We begin by considering the ther- modynamic potential
discussed in the first part of this paper. Apart from a classical part, it consists of a ther- mal and
a vacuum contributions. By employing a novel method for summing over the quantum number
¢ related to rotation, we perform a high-temperature expansion. Combining the classical and
the thermal parts, we de-rive an analytical expression for the critical temperature of U(1) phase

transition Tc, which is found to be pro- portional to Q1/3. Furthermore, we show that the min-

ima of this potential are proportional to (1 - t3), where t = T/Tc is the reduced temperature.

This contrasts with the behavior observed in a nonrotating Bose gas, where the minima are

described by the factor (1 - td) with tg = T/TC(O)‘(Here, sub- and superscripts zero correspond
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to nonrotating Bose gas.) We also demonstrate that when sub- stituting these minima into m1
and m2, they become imaginary in the symmetry-restored phase, analogous to the behavior in a
nonrotating Bose gas. This issue is addressed by adding the thermal masses that arise from one-
loop perturbative contributions to m1 and m2. By following this method, we confirm that the
Goldstone theorem is satisfied in the symmetry-restored phase.

We then compute the vacuum part of the potential by adding the appropriate counterterms
and performing dimensional regularization. Our findings extend the re- sults from [43], where

the vacuum contribution to the effective action for a )\(p4 theory was computed. We add this
potential to the classical and thermal parts of the potential, minimize the resulting expression,
and exam- ine how the minima depend on temperature T for fixed angular velocity Q. We show
that, similar to the behav- ior observed in a noninteracting Bose gas [30], rotation reduces the
critical temperature of the phase transition, which then increases as Q) rises. Additionally, by
plug- ging these minima into the corresponding expressions to m1 and m2 (or equivalently mo
and mm) we investigate the T dependence of 0 and m meson masses for fixed Q. As expected, in
the symmetry-restored phase, we find mg = mm. This equality indicates that at Tc the min- ima
of the corresponding potential vanish, suggesting a second-order phase transition, even in the
presence of rigid rotation.

Finally, we focus on the nonperturbative ring con- tribution to the potential described
above. We present a full derivation of the ring potential in the presence of rotation. Based on the
findings in [43], we expect that the addition of the ring potential will alter the or- der of the
phase transition. Our results indicate that when rotation is absent (Q2 = 0), a discontinuous phase
transition occurs at a specific temperature. In contrast, when rotation is present (2 # 0), the
phase transition remains continuous. Furthermore, we define a o disso- ciation temperature,
denoted by Tdiss, which is charac- terized by mg (Tdiss) = 2mm (Tdiss) and show that Tdiss is
less than the critical temperature.

The organization of this paper is as follows: In Sec. II, we introduce the rigid rotation in the
Lagrangian density of a complex scalar field in the presence of a finite chemi- cal potential. We
derive the corresponding free propaga- tor, determine the full thermodynamic potential of this
model, and explore how rotation affects the spontaneous breaking of global U(1) symmetry. In
Sec. III, we focus on the special case of u = 0 and systematically deter- mine the full
thermodynamic potential, which consists, apart from the classical part, of a thermal and a
vacuum contribution. After examining the effect of rotation on the Goldstone theorem, we add
the nonperturbative ring contribution to this potential, which is explicitly derived for the case
of a rotating complex scalar field. In Sec. IV, the numerically solve the corresponding gap equation
for the full potential with and without the ring potential. We investigate the T dependence of
the corresponding min-ima for fixed . Additionally, we determine the T and Q) dependence of
mg and mr, along with the o dissoci- ation temperatures. Section V concludes the paper with a
compact summary of our findings. In Appendix A, we present the high-temperature expansion
in the presence of a rigid rotation. Notably, we apply a method intro- duced in [30] to sum
over . Appendices B and C contain derivations of formulas (II1.27) and (II1.34), while the
derivation of (II1.44) is detailed in Appendix D.

II. Interacting Charged Scalars Under Rigid Rotation

A. The Free Propagator

We start with the Lagrangian density of a charged scalar field ¢

L = gtVoup*dvep - m? 9*¢ - A(@* @)% (IL1)
with the metric
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describing a rigid rotation. Here, m is the rest mass and 0 < A < 1 is the coupling constant,
describing the strength of the interaction. The spacetime coordinate is described by xM = (t,x,y,

z) and 12 = x2 + y2- More- over, Q is the constant angular velocity of a rigid rotation around the
z-axis. The above Lagrangian is invariant un- der global U(1) transformation

P0x) = %), ¢*(x) — 1% (x), (I1.3)

with a a real constant phase. Plugging the metric into (I1.1), we obtain

L = 10 —ip—iQLzyp!2 - IV@IZ —m? 112 - Alq(1411,.4)

where the chemical potential p corresponding to the global U(1) symmetry (II.3) is introduced.
The z- component of the angular momentum, Lz, is defined by Lz = i(ydx — xdy) To investigate
the spontaneous breaking of U(l) symmetry, we rewrite L in terms of

real fields ¢1 and ¢, appearing in ¢ = % (¢1 +ip2) and perform the shift ¢; — ®; + ¢@; with
2
P = ( 8 ) and vV = const. We arrive at

4

£ =34, (IL5) with

i=0
1 A
Lo = §(u2 —m*)? - Z’U4,

L1= (pz - mZ)V(pl - uvop g2 — Av3 @1 +ipQvLze2,

1 - 2
& = 5{(30501)2 +(Bo02)” — (Vp1)> = (V2)? + (1> —m?) (9] + 03) + 2 (w2001 — p100p2) — A (3v%7 + v703) Q

}
(Lo 12 + (Lpp2l- 20 [y @y + 1)L, @11~ 21010 Py - p(pl)LZ(pzl ,

L3 = -Ave1 (91 + @3

A
L= =5 (e +e3)" . (Le)

The classical part of the Lagrangian, L0, defines the clas- sical (zero mode) potential
1 A
Valv) = =% = §(m2 — )t + Z?ﬂ. (1I1.7)

The free propagator arises from the quadratic term L2 in the fluctuating fields ¢1 and ¢2.
To derive the free propagator in the momentum space, we use the Fourier- Bessel transformation

or(z) = g% eilwnTHOHR2) 1k )53 (k),

(I1.8)

with i = 1, 2. The cylindrical symmetry is implemented by introducing the cylinder
coordinate system described by xM = (t, x, y, z) = (t, r cosd, r sind, z), with r the ra- dial
coordinate, ¢ the azimuthal angle, and z the height of the cylinder. The conjugate momenta,
corresponding to these coordinates at finite temperature T, are given by the bosonic Matsubara
frequency wn = 2mnT, dis- crete quantum number £, which is the eigenvalue of Lz, continuous

momentum kz and ki = |ky | = (kg( + k%,)l/z in cylindrical coordinates. The Bessel function J¢

(k1 1) captures the radial dependence in this transformation and t = it. Plugging (I1.8) into L2

and performing an integration over cylindrical coordinates, according to

/XE/OBdT/Owrdr/O%d¢/_(:dz, (I1.9)

we arrive after some manipulations at

[ #=-5 5 @in a0y o) (24 (IL.10)

n,t,k
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with the free propagator
24v—1 . (Lu"n + ’EEQ)Z + w% — ,U,z _QM(LU'TL + EEQ)
B0y (k) = ( 2t (wy + i) (wn + Q)% + w? — 2 ) (IL.11)

2

Here, w§ = K2+ m3,i=1,2, withmj(v) = 3Av2 + m2 and m2(v) = Av~- + mz’ the corresponding

masses to two fields @1 and ¢2.In cylinder coordinate system, we have K2 = k3 +kZ In Sec. III,
we break the global U(1) symmetry by choosing m?2 = —c2 with ¢Z > 0 and show that after
considering the quantum corrections, @2 become a massless Goldstone mode.

A comparison with similar results for a nonrotating charged Bose gas at T and p shows
that while £Q is said to play a role analogous to that of the chemical potential u [23], the manner
in which it is incorporated into the free propagator and the thermodynamic potential differs
significantly (as discussed below).

B. The Thermodynamic Potential

To derive the thermodynamic potential V, corre- sponding to this model, we follow the
standard procedure and define this potential by
V= T InZ, (IL12)
v . (I
with
InZ = —% Indet (8°D, " (k)) . (IL.13) Let us first focus on InZ with Z the partition function

of this model. Plugging Dg'l from (II.11) into (II.13), we arrive first at
1 . .
hZ=—; DN ()7 + (wn +iQ)%]|, (11.14)

e=tn 0k

with €f given by

1/2
fk:l,: = (E;% +u?F A2 E2 + 5M’4) ’ (IL.15)

Ef = K2 + M2, and
1, 5

M? = % (mi+m3), oM*>= 5 (m? —m3) . (I.16) Following standard steps, it is possible to
show that
1 27, ,2 e 2
mz = -3 > {ln (B [wi + (ef, + £92) ])

e=tnlk
+In (32 [w2 + (&5 — EQ)2]) } (IL17)

Performing the Matsubara sum with
+0o0

S In((2rn)? +7?) =p+2In (1—e7), (IL18)

we arrive at

InZ = —

(I.19)
where the summation over k is replaced with the inte- gration over k in the cylinder
coordinate system,

- . = [ kidk dk.
(I1.20)
Here, k1 = |kl |.Using (I1.12), the thermodynamic po- tential V is given by

V = Vvac + VT, (IL.21)
with the vacuum part

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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1 -
=53 [ (v, @2
¢
and the matter (thermal) part

ZZfdk {m e_,;}—EQ))

o (l _ o Ble—en) ) } (IL.23) Adding V with V¢l (v) from (IL.7), to include the zero mode

contribution, we obtain the full thermodynamic
potential Vtot,

1 A 1 ~ _
Viot = Q(m27u2)v2+7v4+52fdk (ef +€1)

gZZ/dk{ln 1—e (fk“fﬂ))

e=+ 040
+1In (1 - e—ﬁ(ei—m)) } (11.24)

C. Spontaneous Breaking of Global U(1) Symmetry

2

Let us consider the classical potential (I.7). Assum- ing m< > HZ, the coefficient of v2 in

this expression is positive and, as it turns out, V¢l possesses one single min- imum at 70 = 0 and the
system is in its symmetric phase.
In this case, mj(v-0) = m3(v-0) = m2 dM2 = 0 and €L is
given by
= Vk*> +m? Fp. (IL25)
Here, m is a mass gap and Aek=e€k - €k =2u.In Figure 1(a), €k is plotted for generic mass
m = 1 MeV and chemical potential u = 0.6 MeV (p <m).

(a)p<m _ . . (b)u>m

Goldstone mode

Figure 1. (color online). The k dependence of the energy dispersion €} from (I1.25) and (IL.26) in the
U(1) symmetric phase (panel a) and the symmetry-broken phase (panel b), characterized by p <m and
p > m, respectively. As demonstrated, in the symmetry-broken phase, there is a massless Goldstone mode.
These findings remain unchanged regardless of any rotation.

2

In the symmetry-broken phase characterized by m~ < HZ, however, extremizing V¢l yields a

maximum at va = 0 and two minima at

2 _ 2
by = ¢/ LT /\m .

The masses mi(v-p) = 3u2-2m?2 and m3(v-p) = u2- We thus have M2 = 2u2 - m?2 and M2 =
u2 - m2 leading to

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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& = \/k:2 + (3pu2 —m?) F \/4u2k2 + (3p2 — m2).
(IL.26)
In Figure 1(b), €f is plotted for generic u = 1.1 MeV and m =1 MeV (u >m). Asitis shown,

whereas €| is quadratic in k = |kl, ek ~ 0 for k ~ 0. This behavior indicates the presence of a
massless Goldstone mode. By expanding ek in the orders of k ~ 0, we obtain
2 2
€, =~ V2(3u? —m?)+ dp”—m k2,
24/2 (3p2 — m2)?
p? —m? :
+ o~ |k| (II 27)

€k 3u2 — m?

According to these results, e and € correspond to phonon and roton modes in the
symmetry-broken phase m < , respectively.

As it is shown in this section, £€) appears in the ther- mal part of the effective potential VT
from (IL23) and does not modify neither m3j(v) nor the energy dispersion ek. Hence, a

comparison with analogous results for nonrotating bosons [42] shows that rigid rotation has no
effect on the behavior of e at k ~ 0.

D. Two Special Cases

In what follows, we consider two special casesA=0,u # 0 and A # O, =0:
Case 1: For the special case of noninteracting rotating Bose gas with A =0 and p # 0, we
have m]1 =m2 =m,

Ef = k2 + m2/ and oM = 0. We thus have

€[ \_op0 = VE® +m? F i, (11.28) and therefore

1 ~
Vtot|)\:0,“#0 = 5(?’!12 — 2+ Z/dk {Ek
¢

+T [ln G eBEk et +1n 1 — e-ﬁ(Ek+ueff))]},

(I1.29)

with peff = u + £Q.This potential is exactly the same potential arising in [30]. Using this
potential, the effect of rotation on the BE condensation of a relativistic free Bose gas is studied.

Case 2: Another important case is characterized by

A # 0and u =0.1In this case, €k are given by

ek+ = \/k2 + m% = wa,
E; = \/kQ + TTL:IE = Wwj. (1130)

Plugging (I1.30) into (IL.24) and choosing pu = 0 and m2 = —c2 with 2 > 0, the total
thermodynamic po- tential is given by
Vtot | A#0,u=0 = Vel + Vvac + VT, (I1.31) with the classical part

v? vt

Vel = - + R (11.32) the vacuum part

1 -
Veac = 3 Z/dk‘ (w1 +ws), (I1.33) and the thermal part
¢

1

Vr =5 > (W +V,). (11.34) where
i=1,2

VE = TZ/dfc In (1 - e-ﬂ(%*ffn) . (IL35)
140

Here, wi,i=1,2 are given in (II.30). Let us notice that in (IL.35), the £ = 0 contribution is
excluded, because the zero mode contribution is already captured by Vcl from (I.32). It is

possible to limit the integration over £

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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in Vi from (I1.35). Having in mind that the arguments of In(1 — e-B(@i T £Q)) are to be
positive, the summation over ¢ in In(1 — eP(wi 'EQ)) is over £ € (—o, —1] and inIn(1 — eP(wi
HZQ)) is over £ € [1, ) [30]. Performing a change { — —{, we thus have
Vi = Tifdjc o (1 _ e*ﬁ(wrl*gﬂ)) — V. (IL36) Hence, the final form of VT from (I1.34)
=1

reads

yeTY S [ (1 ety @)

i=1,2 {=1

ITI. Spontaneous Breaking of Global U(1) Symmetry in a Rigidly
Rotating Bose Gas

A. The Critical Temperature of U(1) Phase Transition; Analytical Result

In this section, we study the effect of rigid rotation on the spontaneous breaking of global

U(1) symmetry in an interacting charged Bose gas. Before starting, we add a new term

~ 1
Zp = ~m} (g1 +v)v, (IIL1)

2
to L from (IL5). This leads to an additional mass term in the classical potential Vcl. We
define a new mass aZ =c2 + mp, which replaces 2 in (I1.32). Minimizing the resulting expression,

the (classical) minimum of V¢l is thus given by
2

2= "‘T (IIL.2)

At this minimum, the masses of mj(v) = 3Av2 — 2 and m3(v) = Av2 — c2 are given by

mj(v0)=3a2 — ¢ m3(vQ) = a2 — c2 (IIL3)

For mQ =0, we have m2 =0 and ¢2 becomes a massless Goldstone mode. The position of this
(classical) mini- mum changes, once the contribution of the thermal part of the thermodynamic
potential, VT, is considered. To show this, we first define Va = Vcl + VT and use the high-
temperature expansion of VT by making use of the results presented in Appendix A. Considering
only the first two terms of (A.13) and plugging the definitions of mj(v) and m3(v) into it, the
high-temperature expansion of Va reads

a?v? 2MNT3((3) vt
7,9 = —r0 |1 - ——— —
Va(v, T, ) 2 a’m2Q) ) + 4
21°¢(5)  T3((3)
20 272Q +ooo (L)

Setting the coefficient of v2 equal to zero, the critical tem- perature of global U(1) phase
transition is determined,

1/3.

_ a?n20\ V/ In [30], the BE transition in a noninteracting Bose gas under

Te= : (IIL.5)
2X((3)

rigid rotation is studied. It is shown that in nonrel- ativistic regime T Q25 and in

ultrarelativistic regime T¢ o Ql/4 In the present case of interacting Bose gas, similar to that
noninteracting cases, the critical temper- ature increases with increasing €.

Introducing the reduced temperature t = T/T¢, with Tc = Tc (Q) from (III.5), and
minimizing Va from (III.4) with respect to v, the new nontrivial minimum is given by

{( a?

A @=1yicy,
V%nin (T,Q) =
0, t>1.
When comparing with a similar result for a nonrotating charged Bose gas [40], it turns out

(I11.6)

that the power of t in (III.6) changes once the gas is subjected to small rotation. In Sec. IV, we
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numerically study the effect of rotation on the spontaneous breaking of global U(1) symmetry.
For this purpose, we employ a phenomenological model that includes o and m mesons, replacing

@1 and @2 fields in the above computation. We set mj(v() = 3Avp — 2=

mg and m3(vQ) = Avh — 2= m# with v( the classical minimum from (IIL.2). Moreover,
we choose m( in (III.1) equal to mn. For mg = 400 MeV, and mmn = 140 MeV, we obtain

2 2
. (ma —3m2

1/2
2 ) = 225 MeV. (1I1.7)

)

Moreover, a = (2 + m3; 1/2 + 265 Mev. We also choose A = 0.5. Using these quantities the

function

AVa =Va (v, T,QQ) — Va (0, T,Q)

a2,02 4

Av
-5 - ) + 1, (IIL.8) is plotted in Figure 2 at t = 0.6, 0.8 in the symmetry-broken

phase and t = 1.2 in the symmetry-restored phase. Att= 1 a phase transition from the symmetry-
broken phase to a symmetry-restored phase occurs. Let us notice, that the effect of rotation consists

of changing the power of tin (II.6) and (IIL.8) from t2 to t3- This is apart from the () dependence
of the critical temperature Tc from (III.5) (see Figure 7).

The result indicates a continuous phase transition from a symmetry-broken phase at t < 1 to
a symmetry- restored phase at t > 1. To scrutinize this conclusion, let us consider the pressure P
arising from Va from (IIL.4).

It is given by P = —Va. Denoting the pressures below and above Tc¢ with P< (v, T,Q) and
ait?’ T3¢(3)  2T°¢(5) N a*

P> (v, TQ), we have P< (vmin, T, Q) = t6, s 0, T,Q) =
AT3¢(3) N 2T5¢(5) at

9.-20) 20 T ax (1I1.9)

— bt oo T o i\

AlVa x 10-3 (GeV4)

v (GeV)

Figure 2. (color online). The v dependence of AVa from (II.8) is plotted at t=10.6,0.8, 1, 1.2. At t<1 the
global U(1) symmetry is broken and AVa possesses nontrivial minima at vinin = a2 1- t3)//\.At t=1

the symmetry is restored and at t 2 1 a single minimum at vmin = 0 appears (see (IIL.6)).

Here, we have added a term —a%/4A to P< and P> in order to guarantee P< (Vipin, 0, Q) =0

and P< = P> at the the transition temperature Tc. At T = T¢, the pressure is given by
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p. (V2 T, Y

min *

Ps (0, T, Q)
aA 8202 810/3ﬂ4/302[3§(5)

= +

Tan T an T 2y (TI1.10)

For m0 = 0 (or a = c), the first two terms cancel, resulting in an increase in pressure as ()
dP. dP-

dT -

increases. Moreover, whereas the entropy (dP/dT) is continuous at T = Tk, =T
Tc

T,

(II1.11)
the heat capacity (d2 P/dT?) is discontinuous

d2 P< | d2 p> | _ 908!’3 [C(B)'IZB

dT2 |T 472 |T T D13 AIB\13Q2/3
‘ ‘ (II1.12)
Hence, according to Ehrenfest classification, this is a sec- ond order phase transition. In

comparison to the non- rotating case [40], although rotation alters the critical temperature, the
order of the phase transition remains unchanged. It is noteworthy that the discontinuity in
the heat capacity decreases with increasing €.

Plugging at this stage, v#nin from (III.6) into mj (v) = 3Av2 — 2 and mA(v) = Av2 — 2 we

arrive at
{
3 a(1—t)—, <1
m, (vmin) = 5 t>1,
s (o] ,
a 2(1—t)—c, <0
my(vmin) = ) t> 1.
—C . (1I1.13)

Hence, as it turns out, at t > 1, after the symmetry is restored, mj and m? become negative.
Contrary to our expectation, for a = c, i.e., in the chiral limit mQ = 0, the Goldstone boson ‘2

acquires a negative mass 23
the one-loop tadpole diagram contributions to masses m1 and m2. We show, in particular, that

in the symmetry-broken phase at t < 1. In what follows, we compute

by con- sidering the thermal mass, the one-loop corrected mass of the Goldstone mode ‘2 vanishes

in chiral limit mQ = 0.

B. One-Loop Corrections to m1 (v) and m2 (v)

To calculate the one-loop corrections to m] and m2,let us consider L4 from (II.4). Three
vertices, corre- sponding to three terms in %) = —2 (% + @%)2, are to be considered in this
computation (see Figure 3),

__4 - _
1
4 1 4
4
- — - "
1
4 2 4
ey
—S¥1¥2 2 5
(II1.14)
@1\ K (]} P2 P2 P2 P2
W 114 \,4
o N2 2 oo * e
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Figure 3. Three vertices arising from L4 from (II.4). Dashed and solid lines correspond to ¢1 and ¢2

fields, respectively.

They lead to two different tadpole contributions to (QIT (“1 (x)’1 (y)) Q) and (QIT (‘2
(x)"2 (y))1Q) that correct m1 and m2 perturbatively. They are denoted by ITjj with the first index,
i=1;2, corresponds to whether ‘1 or ‘2 are in the external legs, and the second indexj = 1;2 to
whether the internal loop is built from ‘1 or ‘2 (see Figure 4, where Iljj are plotted). Hence,
according to this notation, the one-loop perturbative corrections to mj and m5 arise from

mi(v) —» mi(v) + 1111 + I112;

m3(v) — m3(v) + [121 + 122, (II1.15)

At this stage, we introduce

IL(T,Qm) = T Z Z /deg(u ,w;)

n=—oo f=—oc
(IIL.16)
with free boson propagator
Dy (wn,wi) = PRETTIY (I1.17)

arising from (I1.11) with = 0. Here, !3 = k3 +k% +m3 and i = 1;2. Using this notation, it
turns out that

I111=23I11;1112=112;

I122 = 3112 ; T121 = T11. (II1.18)

Hence, the perturbative corrections of masses are given by

m3(v) — mi(v) + 3111 +I2;

m3(v) — m3(v) + 3I12 + 111, (II1.19) To evaluate I1j from (I11.16), we follow the same steps

as presented in [30]. The Matsubara summation is eval- uated with

1
Z Dy (wn,wi) = ﬁ[nb (wi +682) +np (w; — £8) + 1],

(111.20)

where np (!) = 1= (ePw - 1) is the BE distribution func- tion. In what follows, we insert
(III.20) into (II1.16) and focus only on the matter (T and () dependent) part of Ili,

et — Z 3 /d;} M (11i1.21) Having in mind that in nb (!i + 'Q), we must

e==+ (0

have eP(wi Q) _ 1 > 0, it is possible to limit the summation over *. We thus obtain

IImet — ide ”b(wz;r EQ). (1I1.22) Let us notice that in the term including nb (!i - 'Q)

i

an additional shift * — -" is performed. To carry out the summation over * and eventually the
integration over k1 and kz, we use

. _pd —B(witen)
my (i +092) = T (1 —e ) . (IIL.23)

and arrive first at

Hma.t_ TZ-/

(IT1.24)

Using, at this stage, (A.2), we then obtain
1 d e Bwide—B

et — TZZ/dr’c o T ;

(=1 j=1

. e Bwij—pBtQg
= ZZ/dk Z

£=1 j3=1

use of (A.4). Assuming Q <1 and using (A.5), [1§at reads

(1 s

. (IIL.25) The summation over * can be performed by making
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Iy = 311, Iy =114

Figure 4. The tadpole diagrams contributing to the one-loop corrections of mj and m>. Dashed and
solid lines correspond to @1 and @2 fields, respectively.

Following the method presented in Appendix B, we fi- nally arrive at

3
et = )&5755(23) +---. (II.27) The first term in (II.27) is analogous to the thermal mass ATZ2
™
/3 in a nonrotating interacting Bose gas [40] and the ellipsis includes higher order corrections of
[Tyat in Pmi.

At high temperature, it is enough to consider only the first term in (IIL.27), which is
independent of mj. We thus have
AT3(3)
272Q

mj(v) - mi(v) +4I1pat = mj(v) + a2t
m3(v) = m3(v) + 41153 = m3(v) + a2t3
(II1.29)

with t = T/Tc and Tc from (IIL.5).

et — Jrnat — , (II1.28) and therefore

C. Goldstone Theorem

Let us consider again the result presented in (II1.13). Adding the contribution of thermal mass
(IIL.28) to
m{(Vinin) and m3(vinin) according to (II1.29), we obtain

. , . 213
2¢2(1 — %) + 3m} (1 — ?) . t<,

?“'.f{'”min} =
A3 = 1) + mit3, t>1,
2
2 My, t<1,
13 (Vmin ) (13 — 1) 4+ m243, t>1

(I11.30)

24 mg is used. Assuming m( =0, m2 van- ishes at t < 1. This indicates that the

where a2 = ¢
Goldstone theorem is valid when the thermal mass corrections to mj and m3 are taken into
account. Moreover, we observe that mj(vmin) = m%(vmin) in the symmetry-restored phase at t
> 1. In Figure 5, the t dependence of mj (vmin) and m3(vmin) from (II.30) is plotted. These masses
are identified with m% and m%, respectively. We use ¢ = 0.225 GeV from (IIL.7) and m(Q = 0.140
GeV, as de- scribed in Sec. III B and observe that in the symmetry- broken phase, att<1, mo
decreases with increasing temperature, while mn remains constant. As expected, at symmetry-
restored phase at t>1, mg and mm are equal and increase with increasing temperature. It is

noteworthy that the effect of rotation, apart from affect- ing the value of the critical temperature

Tc from (IIL.5), consists of changing the power of t in (II1.30) from t2 to t3 (see [40]).

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202509.2134.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 25 September 2025 d0i:10.20944/preprints202509.2134.v1

13 of 32

GeV 2
o
o

005

00 0.5 1.0 15

Figure 5. (color online). The t dependence of mj and m? from (II1.30) at vinin from (IIL.6) is plotted.
These masses are iden- tified with 0 and m meson masses. In the symmetry-broken phase, at t < 1, mo
decreases with increasing temperature, while mm remains constant. At symmetry-restored phase att >

1, mo and mm are equal and increase with increasing t.

D. Vacuum Potential

In what follows, we compute the contribution of the vacuum part of the thermodynamic
potential, Vvac from (I.33) to Vtot. Let us first consider the summation over £ € (-s,+) in this
expression. This sum is divergent and need an appropriate regularization. To perform the
summation over £, we use

(o o] o0 5
o . —<x
L=l > e
{=—o0 )
> 2 1
= li 142 ) 141
31( *2) e ) + lim o

=1 + divergent term. (II1.31)
Neglecting the divergent term, we obtain

Viac = %/dl} (wy + ws). (II1.32)

The above regularization guarantees that rotation does not alter Vvac. To perform the
integration over k1 and kz, let us consider the integral

I(m) = %E -/dfs: (k:2 n m2)1/2’ (1IL.33) with € = 3-d. Here, d is the dimension of spacetime

and @& denotes an appropriate energy scale. Later, we show that /i can be eliminated from the
computation. Utilizing
'k 1
d(m,d,n) = f
) = | G & 4 )"
1 T(n—d/2) 1
(4'”‘)5’:/2 P(n) (mg)’flfd/Q,

(111.34)

to perform a d dimensional regularization, we obtain for ®(m,3 - €,-1/2), (In Appendix C,
we derive (II1.24) in cylinder coordinate system).
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mt (2 3 m?
Im)=—— (242 _~p -1 . (IIL
(m) = =G (e faToEom 4@2) (HL35)
The vacuum part of the thermodynamic potential (II1.32) is thus given by
Vvac = I(m1) + [(m2)
~ (mi+my) (2 3 m$ m?2
- 6472 € + 2 1F N 6472 In 4r 2
4 2
my m3
. IIL
toan? N a2 (LL.36)
In what follows, we regularize this potential by following
the method presented in [43]. To do this, we first define Vb = V¢l + Vvac + VCT, (1I1.37)

with V] from (IL.32) with ¢ replaced with a? = ¢2 + m and Vyac from (II1.36). The

counterterm potential is given by
Av? Byt . . .
Ver = - Tt C. (111.38) The coefficients A and B are determined by utilizing two

prescriptions
Wo| _o OV
o | . ov?

= ?H_?{-i'!'ﬂl’]‘ (III39)

.
L7 U

Here, v§) from (II1.2) is the classical minimum and mj(v0) from (IIL.3). Let us note that the
first prescription guar- antees that the position of the classical minimum does not change by
considering the vacuum part of the poten- tial. The term C in (III.38) includes all terms which
are independent of v. Using (II1.39), we arrive at

A = _m_% 3N Ahye BmiA _ D)

2 82 472 82 272
2 2 2 2 2
e A In mE) n 3¢ In 2c —|—_3m0 7

1672 4drp? 1672 47 i?

mgA 5 *yp | 5N A2 ( mé )

2a? 82 Ar%e 1672 A2
)2 92 2
A (2 3me (I11.40)
1672 412

Plugging A and B from (II1.40) into VCT from (III.38) and choosing
4 4 2 4 2 2
c- < < 4 m9 R 2c +_3m0
1672 6472 47 i? 6472 4mp?
3¢t c4'yE
Gir? 3272 (IL.41)
the counterterm potential from (II1.38) is determined. These counterterms eliminate the
divergent terms in the vacuum potential, as expected. The total potential Vb from (III.37) is

+

thus given by

a?v?  awt o mde?  3cP? Bm3Av?
Vy = — +— -

2 4 4 82 1672
15220t m2t
642 8a?
+mt111n m%z—i—m%lnm—g.
6472 2¢2 4+ 3mj 6472 mg
(II1.42)

As mentioned earlier, the energy scale i does not appear in the final expression of Vb.
Additionally, a nonzero m( is necessary to specifically regularize the last term in Vb from (III.42).

E. Ring Potential

We finally consider the nonperturbative ring poten- tial Vring. As mentioned in the
previous paragraphs, the Lagrangian is written in terms of @1 and @2, three type of vertices

appear in the A(¢*¢) model (see Figure 3). We thus have four different types of ring diagrams:
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- Type A: A ring with N insertions of I12 and N propagators D{(wng1) propagators, V
?ing,

- Type B: A ring with N insertions of IT1 and N propagators D¢(wng2) propagators, V§
ing,

- Type C: A ring with r insertions of I12 and s insertions of I11 with N propagators D¢
(wng2), Viring.

Here, r >1 and r +s=N.

- Type D: A ring with r insertions of I11 and s insertions of I12 with N propagators D¢
(wnw1), V]rjlng.

Similar to the previous case, r 21 and r + s = N.

Here, ITi (T,£2, mj) and D¢ (wn,wi) i=1,2 are defined in (II.16) and (IIl.17), respectively. In
Figure 6, these different types of ring potentials are demonstrated. The full contribution of the
ring potential is given by

vl'illi: = Z vl.‘; ng-

| :{A‘ an D}
(I11.43)

Figure 6. Ring diagrams of Type A, B, C, and D contributing to the nonperturbative ring potential Vring.
Dashed and solid lines correspond to @1 and @2, respectively. They are given by the expressions from
(111.44).

Following standard field theoretical method, it is possi- ble to determine the combinatorial
factors leading to the standard form of the ring potential [40]. In Appendix D, we outline the
derivation of V{"ing,l = A, ---,D. They

are given by

T C = 1
A N
Vlmg - 9 Z [dk Z N( H2D1) 3
nt " N=2
T ~ 1 N
VEng =3 Z/dk N( I, D),

(N —r)(r — 1)
N

T

MBEMS
)=

Ving = —%Z[d

n,t

2
M}
-
1

—_— =

* [(=IIp" (— Hl) —I'p

vag:——zfdkzz“v T

N=2r=1
x [ (—Iy)" —HQ)N " D{']. (Il1.44) Here, the notation Di = D{ (wn,wi) is used. To evaluate

v ing and Vring we introduce a simplifying notation

Vi = ——Z /dk Z (—IL,D;)™N . (I1L45)

Here, (i,j) = (2, 1) and (1,]) = (1,2) correspond to Vf'ing and VIBing, respectively. Plugging
Dj from (II1.17) into (IIl.45) and focusing on n = 0 as well as £ # 0 contri- butions in the

summation over n and £, we arrive first at
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Yl Ti/dfc i w(lﬁ)*h’ (1)~
ring N 7 £ )

(II1.46)

with u] = kﬁ_ +kz +mj — 222 Plugging then

(u- / dt tN -1 —mt —(k2 k2t z292

(I11.47)

into (II1.46), the integration over k1 and kz can be car- ried out by making used of (A.9). To
limit the summation over £ from below, we use the fact that the summand is even in £.To perform

the integration over k1 and kz, we use the Mellin transformation of (u%) —N,

( ?)_N = ﬁ ]()OO dt tN—Le—mite— (KL kD)t eezﬂzt,
(111.48)
and (A. 9) to arrive first at

(i.d) DIy N-5/2,—m2t
Vi) = 871-3/2 Z N fo dtt e Mt I(Q),
(111.49)
where

o0
I(Q) = Z el (II1.50) To evaluate the summation over £, we expand e£2 02 ¢ in a Taylor
=1
expansion and obtain

I(Q) :Z (Q;t)rg(—Qr), (II.51) with >,2,¢* = ((~2r) and ((z) the Riemann (-
r=0 '

function. Since for r € N, we have {(—2r) =0, the only nonvanishing contribution to the summation
over r arises from r = 0. We thus use ((0) = —3 to arrive at

I(Q) = —1’ (II1.52)

Pluggmg thls result into (I11.49), using

[ ezt = (md) G 7).

(II1.53)
and performing the summation over N, we arrive at
Gi) _ T I AL I,
Vi = Y™ (2 (mj +11;)" " — 2m; — 3m; Hz) .
(IIL.54)
We arrive eventually at

1 2
Veing = Vit VEing = Vs " (IIL55)

To evaluate V& ing and Vrlng we introduce

© N N
Gi) _ _T ; DYV = n)l(r—1)!
Vi = -5 [y > 7
n,f N=2r=1
<IN "Dy,
(I11.56)

Here, (i,j) = (2, 1) corresponds to V¥ing and (i,j) = (1, 2) to V1]'31ng. Plugging Di from (II.17)

into (III.56) and focusing on n = 0 and £ # 0 contributions in the summa- tion over n and ¢,

we obtain
o0 oo N N
(i) 7 (DY (N =r)l(r = 1)!
Vi =Ty [aky > ¥
=1 N=2r=1
I TN 7 (u?) ™", (IIL57)

where u% is defined below (III.46). Following, at this stage, the same steps as described in
previous paragraph, we arrive first at
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o 3 > N — 1\
i) _ ML (- 1) —r)l(r—1)!
Vring - 167?3/2 Z (N)

=2r=1
xI'(N — 3/2)H{H§\I'r(m1)'N'(III.58)
To perform the summation over N and r, we use the relation

ZZf(Nr) ZfNN)—I—Z Z F(N,7).

N=2r=1 r=1N=r+1
(111.59)
We thus obtain

Vel = v + v Q) (1m0

with

v = miT = (-1)N T(N —3/2)¥ (m2)~~
= 2 &N (V)

i — mT (=D (N —=m)I(r —1)!

v = 167r3/2§N§+1 N T(V)

xT(N — 3/2)ITFT15 " (m3) "N (1IL.61)

For V), the summation over N can be carried out and yields
. T 3/2 .
(i) — = 2 . —9m3 — 3m,; I,

v = 51 (2 (m7 +1I,) 2m 3m11'I,) )

(II1.62)

As concerns V (1)), we perform the summation over N and arrive at

I
<P ((1,2,r1/2);(r+ 1,r+2);mz) ,

i

(II1.63)
where pFq (a;b;z) is the generalized hypergeometric function having the following series

expansion

plq (a;b;2) = ];] w * . (I11.64) Here, a = (a1, -+, ap), b = (b1, -, bq) are vectors
with p and q components. Moreover, (ai)k = I'(ai + k)/I'(ai)is the Pochhammer symbol. For our
purposes, it is suffi- cient to focus on the contribution at r = 1 in (II1.63).

VD) ) = % (2 (m? + Hj)3/2 —2md — Smiﬂj) g—;

(I11.65)

Having in mind that the one-loop contribution to the self- energy ITi, which is determined

in Sec. III B is of order O(A), the contributions corresponding to r = 2 are of order O(/\2) and
can be neglected at this stage. We thus have

Ving = Valinys' = V@ + V@D | 21 + 0A2), VBing = Vs = v + v | g +

O(A2),
(I11.66)
The final result for Vring is given by plugging Viing,I = A, -+, D from (II.55) and (IIL.65)

into (IIL.43),

Vring % 2 (mf + H2)3/2 —2m3 — 3m1H2)
+(2(m2 +11,)"? — 2m3 — 3ma11,

+ EQ (m3 + H2)3/2 —2m3 — SmQHQg

+ (2 (mf + H1)3/2 —2m3 — Smll_ll)

+ (2 (m% + H1)3/2 —2m3 — szﬂl) E?
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+ (2 (m3 + H2)3/2 —2m3 — 3mlH2) IHI:}

+0O(N?%). (IT1.67)
Focusing only on the first perturbative correction to Ili and using IT§at i = 1,2 from (III.28),

the above results is simplified as
2

T 3/2
Vring = & ; (2 (m? + I1™2%) /2 _ 2m3 — Bmil_[m‘“) ,

(I11.68)

3
where [t = ppat — pgat — AT_S0)

27r2Q)
F. Summary of Analytical Results in Sec. III

In this section, we summarize the main findings. Ac- cording to these results, the total
thermodynamic po- tential of a rigidly rotating Bose gas, Vtot, including the classical potential

Vdl from (I11.32) with 2 replaced with a2/ the vacuum potential (II.33), the thermal part (I1.34),

and the ring potential (II1.43) is given by
Vtot =Vl + Vvac + VT + Vring, (I11.69) with

a’v? A

V(‘J = - 2 + 4 1

miv? 3t v? SmiAv?  15A%w?t miA?
Vvae ® =TT Y "o Y Tigp2 T T6dn? T 8a?
v 2T°0(5) | ATPv2g(3) _ ¢°T3¢(3)

- _

mQ0 mQ0 2m2Q
Vi ...l > (2 (m2 mat)3/2 3 mat
rng ~ S]'f i + rl - 2mi - 3m|n .

i1

(1.70)

Here, a2 = c2 + mp mi(v) = 3Av2 - 2 and m3(v) =Av2 - ¢ and TIMat = AT3 ((3)/2n2
Q.We notice that the logarithmic terms appearing in Vyac from (IIL.42) are skipped in (II1.70).

In the next section, we study the effect of rotation on the formation of condensate and the
critical temperature of the global U(1) phase transition. To this purpose, we compare our results
with the results arising from the full thermodynamic potential of a nonrotating Bose gas. According
to [40], it is given by (Subscripts (0) correspond to Q = 0.)

Vi@ = Vel + Vyac + VI + Vr(ion)g, (IIL.71) where V¢l and Vvyac are given in (IIL70), while

V}U) and Vr(ion)g read
B _7r2T4 . AT?0? c2T?

(0) _
Vi = = 13 , (TII1.72)
and
r ( )
(n Lz
Vri-“g ~ _4-;,-1— 2 {ml + I-ID )EIE - 2m| - Sminn y

(111.73)

with the one-loop self-energy correction IIfat = AT2 /3 [40] and mj,i=1,2 given as above.
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IV. Numerical Results

In this section, we explore the effect of rotation on different quantities related to the
spontaneous breaking

of global U(1) symmetry. To this purpose, we consider different parts of Vtot from (II1.69).

In Sec. Il A, we derived the minimum of the potential

Va including V¢l and VT. We arrived at vinin (T,Q) from

(II.6). Replacing VT with v from (III.72) for a nonrotating Bose gas and following the
same steps leading from (I11.4) to (III.6), we arrive at the critical temperature

‘ 1/2
TO = (1‘2)
C }\ ’

(Iv.1)
and the T dependent minima
b2
; e (Y A (IV.2)
Vain (T) = A T " :
([]’ th = 1,

with the reduced temperature t( = T/TC(O) and TC(O) from (IV.1). In Figure 7, v3nin is plotted
for Q=0 [see (IV.2)] and Q # 0 [see (II.6)] as function of the corresponding reduced temperature
t0 and t. The difference between these two plots arises mainly from different exponents of the
corresponding reduced temperatures t0 and t in (IV.2) and (II.6). The reason of this difference

lies in dif- ferent results for the high-temperature expansion of Vi for Q=0 [see (IIL.72)] and
VT for Q # 0 [see (IIL.70)].

G
oo o
BoN

o
N

0.00}- . '

00 05 10 15 20
b [

Figure 7. (color online). The t0 [t] dependence of vinin (T) and vinin (T,Q) for nonrotating (Q = 0) and
rotating (QQ # 0) Bose gas [see (IIL.6) and (IV.2)]. For Q =0 and Q # 0, the reduced temperature tQ or t

is defined by t0 = T/TC(O) and t = T/T¢, respectively.
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Let us consider Vtot — Vring = Vcl + Vvac + VT from (II1.69). By minimizing this potential

with respect to v,and solving the resulting gap equation,

d
a (th - Vring) I =0, (IVS)

Ymin
it is possible to determine numerically the T dependence the minima, denoted by v-min (T,Q),
for fixed Q.To this purpose, we use the quantities a = 0.265 GeV, c = 0.225 GeV, and A = 0.5 given

in (II.7). In Figure 8, the T/ TC(O) dependence of “min is demonstrated for 3Q2 =0.1,0.2,0.3

o
=
olelelel

[
cooo

[ ]
L ]
LR
1]
[ ]
[]
[]
[ ]

0.0k . l . .
00 02 04 06 08 10 12

/T

Figure 8. (color online). The T/TC(O) dependence of ¥min is plot- ted for pQ = 0,0.1,0.2,0.3. For Q # 0
and Q = 0, v-min (T) arises by solving the gap equation (IV.3) and (IV.4), respec- tively. The temperature
T is rescaled with Tc(9) = 0.681 GeV, the Q independent critical temperature of a nonrotating Bose gas. It
turns out that Tc < Tc(?) and for BQ # 0, Tcincreases by increasing Q.

(dashed, dotted, and dotted-dashed curves). The results are then compared with the
corresponding minima for a nonrotating Bose gas (red solid curve). The latter is determined by

minimizing the combination Vt(%t) — Vr(ign)g, according to

d %
) )
dv (Vt ot _y = 0,

(IV.4)

with V{9 from (IIL71). In both cases, Tc(?) = 0.681 GeV

is the critical temperature of the spontaneous U(1) sym- metry breaking in a nonrotating Bose

gas. (The critical temperature is the temperature at which the condensate “min vanishes.)

These results indicate that rotation lowers the critical temperature of the phase transition.
However, as shown in Figure 8, Tc increases with increasing €).It is also im- portant to note that
this same trend is observed in a noninteracting Bose gas under rigid rotation [30].
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To answer the question whether the transition is con- tinuous or discontinuous, we have to
explore the shape of the potential, the value of its first and second order derivatives at
temperatures below and above the critical temperature, Tc. Using the numerical values for the
set of free parameters a,c, and A as mentioned above, the transitions turns out to be continuous
not only for Q = 0 but also for Q # 0.

To explore the effect of the ring potential on the tem- perature dependence of the condensate
v-min, we solved numerically the gap equation

dv
St =0, (IV.5)
dv r‘min
and
i0)
Hror . =0, (1V.6)

dv o

min
for a rotating and a nonrotating Bose gas, respectively. The corresponding results are
demonstrated in Figure 9. Because of the specific form of the ring potentials Vring and Vr(ign) g

from (II1.70) and (II1.73), including in particular (m? + [1mat)3/2  there is a certain value of v
below which the potential is undefined (imaginary). Let us denote this value by 7. In both
rotating and non- rotating cases v« = 0.319 GeV. As it is shown in Figure 9, the minima decrease
with increasing temperature and converge towards ©x.Let us denote the temperature at which v

min = v with Tx for Q@ # 0 and T+(? for Q = 0. For Q = 0, T+(? = 0300 GeV, and as it is
shown in Figure 9, the transition to v is discontinuous (red circles). For Q # 0, however, Tx <

T and increases with increasing [3Q), similar to the results presented in Figure 8. Moreover, in
contrast to the case of Q = 0, the transition to v+ for all values of Q) # 0 is continuous.

. L 4 = -

>, L 5oz
S B R B Q=03
o 0.36 *‘:“. ., ® fo=n
= ¢ A .
E 0-3‘4'_ . 1 .. -
> . A

0_32!. 0000&*‘ﬁhl{:um—Hllllllllllhya

00 02 04 06 08 10 12 14
T/T."

Figure 9. (color online). The T/TC(O) dependence of ¥min is plot- ted for Q2 = 0,0.1,0.2,0.3. For Q # 0
and Q = 0, v-min (T) arises by solving the gap equation (IV.5) and (IV.6), respec- tively. Here, vx=0.319

GeV and T«(9) = 0.300 GeV. It turns out that Tx < T+(?) and for BQ # 0, Tx increases by increasing Q.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202509.2134.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 25 September 2025 d0i:10.20944/preprints202509.2134.v1

22 of 32

In Figure 10, the phase diagram Tc-Q is plotted for two cases: The blue solid curve
demonstrates Tc from (III.5) arising from Vcl + VT.Red dots denote the QO depen- dence of Tc
arising from the potential Vtot - Vring. A comparison between these data reveals the effect of
Vvac in increasing Tc. Apart from the QO dependence of Tc,the (O dependence of T« is demonstrated
in Figure 10. It arises by adding the ring contribution to V¢l + VT + Vvac, as described above.
According to the results demonstrated in Figure 10, considering Vring decreases Tc. But, simi- lar
to Tc, Tx also increases with increasing Q.It should be emphasized that the transition shown in
Figure 8 is a crossover, since vx # 0.

0.4f

—
w

HEH
* T, ]

LA 22 S L LS LR L2

01 [ ] T:: o

. — T. (analytic)

0.0L . . , . d
000 002 004 006 0.08 0.10

Q (GeV)

Figure 10. (color online). The Q) dependence of the transition temperatures is plotted. The blue solid line
is the transition temperature Tc Q173 from (IIL.5). It arises from V¢l + VT, as described in Sec. III A.
Red dots correspond to the critical temperatures T¢, arising from Vtot — Vring. Green diamonds denote

Tx, arising from Vtot.

In Sec. III B, the masses m?,i = 1,2 including the one-loop correction are determined [see
(II1.29)]. Identi- fying mj with m% and m? with m2, we arrive at

m2(v) = 3Av? -¢? + a’t?,
m2(v) = Av? -c? + a?t®, (IV.7)

Using the data for ©%,ip arising from the solution of the gap equation (IV.3) and (IV.5),

and evaluating m%(vz)and m%[(vz) from (IV.7) at o} for a fixed BQ, thet = T/T¢ dependence
of mg and m3 is determined. In Figure 11(a), the dependence of m§(vinin) and MA(vfnin)with
vmin arising from (IV.3) on the reduced tempera- ture t = T/Tc is plotted for fixed pQ = 0.1.
Here, the contribution of the ring potential is not taken into ac- count. Hence, a continuous
phase transition occurs with the critical temperature Tc ~ 0.399 GeV for Q) = 0.1 GeV. In contrast,
in Figure 11(b), m§ and m? are determined by plugging the data of ?min arising from (IV.5),
with Vtot including the ring potential. Hence, the difference between the plots demonstrated in
Figs. 11(a) and 11(b) arises from the contribution of the nonperturbative ring potential. As we
have mentioned above, when the ring potential is taken into account, the data demonstrated
in Figure 9 do not describe a true transition, since v is not zero. The reduced temperature in
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Figure 11(b) is thus defined by tx = T/T«, where, according to the data pre- sented in Figure 10
Tx ~ 0.278 GeV for Q=0.1.

(a) Q = 0.1 GeV from Vit-Viin ( bQ =0.1GeVfrom Vi
--|-- T T T L Ld 0.30_ 1 " L] " L] . ..
0.15} N 1 025 * m§ R
o o™ 020' A nfl .“ j
L E 4.00440440440040040. -
2 010 == 2 > 0.15 s
© — m} © 010 At
0.05f 0.05 ot
naaxnnnnnli““
0.00 bt 0.00 —— — —
00 02 04 06 08 10 12 00 02 04 06 08 10 12 14
t T

Figure 11. (color online). (Panel a) The t = T/Tc dependence of mz(v-min) and m3(v-min) from (IV.7)
is plotted for QO = 0.1 GeV. The data of “min arise by solving the gap equation (IV.3) corresponding
to Vtot — Vring. The critical temperature Tc for Q = 0.1 GeV is Tc ~ 0.399 GeV. As expected from the
case of nonrotating Bose gas, in the symmetry-restored phase at t > 1, m& = m% (Panel b) The t* dependence
of mg(v-*) and m#(v-*) from (IV.7) is plotted for QO = 0.1 GeV. The data of Tmin arise by solving the
gap equation (IV.5), corresponding to Vtot which includes the nonperturbative ring potential.
According to Figure 10, for QO = 0.1 GeV, we have T* ~ 0.278 GeV. At t > 1, mg — m3g = 2A0%,
with @* =~ 0.319 GeV from Figure 9 and A = 0.5.

Let us compare the results demonstrated in Figure 11(a) with that in Figure 5. In both cases,
before the phase transition at t < 1, m decreases with increasing t. Moreover, whereas in Figure 5,
m7 remains constant, it slightly decreases once the Vvac contribution is taken into account.

After the transition, at t > 1, m3 becomes equal to m#% and they both increase with increasing
t. It is straight- forward to verify this statement using equation (IV.7). Given that, in this case,
the minima of the potential att>1 are zero, it follows that both masses are equal, specifically
m3(0) = m%(0), once we substitute #min = 0 into (IV.7).

This behavior is expected from the case of Q=0 and in the framework of fermionic
Nambu-Jona-Lasinio (NJL) model: =~ As noted in [45], in the symmetry-broken phase, m% > m
%. As the transition temperature is approached, mé decreases, and at a certain dissociation
temperature Tdiss, the masses mg and mn become de-generate. This temperature is characterized
by mo (Tdiss) = 2mmt (Tdiss). (IV.8)

As it is described in [45], 0 mesons dissociates into two pions because of the appearance of
an s-channel pole in the scattering amplitude 7+ m — 7+ m.In this process a o meson is coupled
to two pions via a quark triangle. In the symmetry-restored phase, at t >1, mo becomes equal to
mrt. They both increase with increasing T [45,46].

In Table 1, the o dissociation temperatures are listed for =0, 0.1, 0.2, 0.3 GeV. The data in
the second (third) column correspond to Tdiss (TJjss) for the case when #min is the solution of
(IV.3) [(IV.5)] for QO # 0 and (IV.4) [(IV.6)] for QO = 0. Comparing Tdiss and Tjjss with Tc
and Tx shows that Tdiss < Tc¢ and similarly Tjjgg < T*.The property Tdiss # Tc is because we
are working with mm # 0. Let us notice that, as aforementioned, the o dissociation temperature
is originally introduced in a fermionic NJL model [45]. In this model, nonvanishing mn
indicates a nonvanishing quark bare mass mg, and choosing m( # 0 implies a crossover
transition charac- terized by Tdiss # Tec. It seems that in the bosonic model studied in the present
work, a nonvanishing pion mass leads similarly to Tdiss # Tc.
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Table 1. 0.2, 0.3 GeV is compared with the critical temperature Tc and crossover temperature T*. In the
second column, the data arise from the solution of the gap equation (IV.3) and (IV.4). In the third
column, the data arise from the solution of the gap equation (IV.5) and (IV.6). In both cases the dissociation

temperature is lower than the transition temperatures.

Q in GeV Tdiss [Tcl in GeV Tdiss [T*] in GeV
0 0.584 [0.681] 0.220 [0.300]
0.1 0.322 [0.399] 0.210 [0.278]
02 0.418 [0.502] 0.271 [0.358]
03 0.480 [0.576] 0316 [0.416]

The behavior demonstrated in Figure 11(a) changes once the contribution of the ring potential
is taken into account. As it is shown in Figure 11(b), in the symmetry- broken phase at tx <1,
mg decreases slightly with T, while mn increases with T. Moreover, in contrast to the case in
which Vring is not taken into account, mg and mr are not equal at t > 1. This observation highlights
the ef- fect of nonperturbative ring contributions on the relation between mg and mm, mainly in
the symmetry-restored phase. This behavior is directly related to the fact that the effect illustrated
in Figure 9 is a crossover once the ring contribution is considered: Plugging u- into (IV.7), the
masses of 0 and 7 mesons are given by

m3(u-+)= 3Au-; - c2 + a2t
m(u-+)= Au-; - c2 +aZt3- (IV.9)

Their difference is thus given by mé(u—,()—m%t(u—*)= 2Au-? and remains constant in t. This fact

can be observed in Figure 11(b) at t« > 1.

V. Summary and Conclusions

In this paper, we extended the study of the effects of rigid rotation on BE condensation of a
free Bose gas in [30], to a self-interacting charged Bose gas under rigid rotation. In the first part,

we considered the Lagrangian density of a complex scalar field %7 with mass m, in the presence
of chemical potential p and angular velocity Q.The interaction was introduced through a A(%*

47) term. This Lagrangian is invariant under global U(1) transfor- mation. To investigate the
spontaneous breaking of this symmetry, we chose a fixed minimum with a real com- ponent u,
and evaluated the original Lagrangian around this minimum to derive a classical potential.
Then, we applied an appropriate Bessel-Fourier transformation to determine the free propagator
of this model, expressed in terms of two masses m1 and m2, corresponding to the two components
of the complex field %7. These masses depend explicitly on u,A, and m, and played a crucial role
when the spontaneous breaking of U(1) symmetry was consid- ered in a realistic model that
includes ¢ and m mesons. Using the free boson propagator of this model, we derived the
thermodynamic potential of self-interacting Bose gas at finite temperature T. This potential
consists of a vac- uum and a thermal part. Along with the classical poten- tial, this forms the
total thermodynamic potential of this model Vtot from (II.24). This potential is expressed in
terms of the energy dispersion relation €f from (IL15), and explicitly depends on 1Q. A novel
result presented here is that, although 1Q appears to resemble a chemical potential in combination
with €% in Vtot, the chemical potential p affects €% in a nontrivial manner. The effec-tive chemical
potential peff = p + 1Q appears solely in a noninteracting Bose gas under rotation (see the special
case 1 in Sec. IID and compare the thermodynamic po- tential with that appearing in [30]).

For Au # 0, we explored two cases u > m and p < m. The former corresponds to the phase
where U(1) symme- try is broken, while the latter describes the symmetry- restored phase. By
expanding the two branches of the energy dispersion relation around k ~ 0 in the symmetry-

broken phase, we identified €k and €k as phonon and roton, with the latter representing a massless
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Goldstone mode. Upon comparison with analogous results for a nonrotating and self-interacting
Bose gas, we found that rigid rotation does not alter the behavior of € at k ~ 0. This is mainly

because rotation appears in terms of 1Q within Vtot, rather than directly affecting €%,

In the second part of this paper, we examined the effect of rigid rotation on the
spontaneous breaking of U(1) symmetry in an interacting Bose gas at u = 0 (see Sec. III). In this

case, where m2 < 0, we replaced m2 with —c2 where ¢2 > 0. By introducing an additional term

to the original Lagrangian, we defined a new mass, a2 = 2+ m@. We demonstrated that the

minimum of the classical potential is nonzero, indicating a sponta- neous breaking of U(1)
symmetry. We then addressed the question about the position of this minimum, specif- ically its
dependence on T and (), after accounting for the thermal part of the effective potential combined
with the classical potential. To investigate this, we performed a high-temperature expansion of
the thermal part of the potential, utilizing a method originally introduced in [30]. This approach
enabled us to sum over the angular mo- mentum quantum numbers £ for small values of pCQ,
al- lowing us to derive both the critical temperature of the phase transition Tc and the

dependencies of the mini- mum of the potential on T and (. At this stage, we have T¢ « A-173,

which is in contrast to the TC(O) o« A 1/2for a nonrotating Bose gas. In addition, T¢ « Q1/3 Let
us remind that the critical temperature of a BEC transi- tion for a noninteracting Bose gas in
nonrelativistic and ultrarelativistic limits are Tc o Q2/5 and T¢ o Q1/4, re- spectively [30]. This
demonstrates the effect of rotation in changing the critical exponents of different quantities in the

symmetry-broken phase.
We defined a reduced temperature t = T/Tc,and showed that in the symmetry-broken phase,

the minimum men- tioned above depends on (1—t3), while for a nonrotating Bose gas this

dependence is (1 - t), where tg =T/ TC(O)'In the symmetry-restored phase, this minimum vanishes.
This indicates a continuous phase transition in both non- rotating and rotating Bose gases. Plugging
these minima into mj(v) and m3(v), it turned out that at t > 1, i.e., in the symmetry-restored
phase m] and m2 are imaginary. Since, according to our arguments in Sec. III, m2 is the mass of
a Goldstone mode, we expect that in the chiral limit, i.e., when mQ = 0, it vanishes in the
symmetry- broken phase at t < 1. However, as it is shown in (II.13), m3 < 0 in this phase.

To resolve this issue, we followed the method used in [40] and added the thermal part of
one-loop self-energy diagram to the above results. In contrast to the case of nonrotating bosons,

where the thermal mass square is proportional to AT for rotating bosons it is proportional to

AT3 /Q. To arrive at this result, a summation over £ was necessary. This was performed by
utilizing a method originally introduced in [30]. Adding this perturbative contribution to m?,i =
1,2 att <1 and t > 1, we showed that the Goldstone theorem is satisfied in the chiral limit [see
Sec. IIL C].

In Secs. IIID and III E, we added the vacuum and nonperturbative ring potentials to the
classical and ther- mal potentials. The main novelty of these sections lies in the final results for
these two parts of the total potential, specifically the method we employed to sum over £. Ac-
cording to this method the vacuum part of the potential for a rigidly rotating Bose gas is the
same as that for a nonrotating gas. We followed the method described in [43] to dimensionally
regularize the vacuum potential. As concerns the ring potential, we present a novel method to
compute this nonperturbative contribution to the ther- modynamic potential. In particular,
we summed over £ by performing a (-function regularization. In Sec. III F, we presented a
summary of these results.

In Sec. IV, we used the total thermodynamic poten- tial presented in Sec. III to study the
effect of rotation on the spontaneous U(1) symmetry breaking of a realistic model including o and
7t mesons. Fixing free parameters mg, mm, and A, and identifying m] and m2 with the me- son
masses mg and mr, we obtained numerical values for ¢ and a (see Sec. III A). First, we determined
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the T de- pendence of the minima of the total thermodynamic po- tential, excluding the ring
contribution. According to the results presented in Figure 8, rotation decreases the critical
temperature of the U(1) phase transition. Additionally, it is shown that Tc increases with
increasing Q.In [30], it is shown that the critical temperature of the BEC in a noninteracting
Bose gas under rotation behaves in the same manner. This phenomenon indicates that rotation
enhances the condensation. Recently, a similar result was observed in [47], where it is demonstrated
that the inter- play between rotation and magnetic fields significantly increases the critical
temperature of the superconducting phase transition.

To explore the effect of nonperturbative ring poten- tial, we numerically solved the gap
equation correspond- ing to the total thermodynamic potential and determined its minima ¥min.
Because of the specific form of the ring potential, there was a certain 7% through which all the
curves v-min (T,Q)f) independent of the chosen ()f con- verge (see Figure 9). Moreover, the
transition for QQ = 0 turned out to be discontinuous, while it is continuous for all Q # 0. Asitis
demonstrated in Figure (10), T+ increases with increasing Q.

Finally, we determined the T dependence of the masses mg and mm mesons for a fixed value
of 0. To achieve this, we utilized (IV.7) along with ?min, which is derived from Figs. 8and 9. The
plot shown in Figure 11(a), based on the total potential excluding the ring contribu- tion, is
representative of the T dependence of mo and mr (see e.g., [46]). However, when we include the
ring contribution, the shape of the plots changes, especially at T > T« The reason is that considering
the ring potential changes the order of the phase transition from a second order transition to
continuous (for Q # 0) or discontinu- ous (for Q = 0) a crossover. In this context, we numer-
ically determined the o dissociation temperature Tdiss, which may serve as an indicator for
type of the transi- tion into the symmetry-restored phase. We showed that Tdiss < Tc and Tjjigg
< Tx, as expected from a crossover transition [46].

It would be intriguing to extend the above findings, in particular those from Sec. III, to the
case of nonvanish- ing chemical potential. In [48], the kaon condensation in a certain color-flavor
locked phase (CFL) of quark mat- ter is studied at nonzero temperature. This is a state of matter
which is believed to exist in quark matter at large densities and low temperatures. Large
densities at which the color superconducting CFL phase is built are expected to exist in the
interior of neutron stars. One of the main characteristic of these compact stars, apart from densities,
is their large angular velocities. It is not clear how a rigid rotation, like that used in the present
paper, may affect the formation of pseudo-Goldstone bosons and the critical temperature of the
BE condensation in this nontrivial environment. We postpone the study of this problem to our
future publication.
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Appendix A: High-Temperature Expansion of Thermodynamic Potential

In this appendix, we present the high-temperature ex- pansion of following potential

Vp = TZ /dk: In Mfﬂ)), (A1)

. I o
with @2 = k3 +k+m?/ " dk defined in (I1.20), and Q > 0, The resulting expressions are then

used to evaluate VT from (I1.37). To begin, we use

oo
I

ln(l—r):—z—_, for x < 1, (A.2)
=1/
and rewrite (A.1) by choosing x = e-P(w+Q) 5

le B9 fd,; o Biv (A3)
7j=1 =1

J
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The summation over £ can be carried out by making use of the method first introduced in
[30]. For Bj€Q > 0, the summation over £ yields

: 1
—BeQj _

D e = ;- (A4)

=1

In a slowly rotating Bose gas with fQ « 1, we use
L — s l, for z > 0, (A.5)
l1—e* T
to write
Vi = _ii 1 /dfé e i (A.6)
B9 = 72

Following the method presented in [28,30], we perform the integration over k by replacing

e'[?’jw with
] 1 c+ioco
e Bwi _ %fc_wo dz T(Z)(ﬁj)fz(wz)izﬂ’
(A7)
and (w2)rZ/2 with
(w2)7z/2 _ F(zl/Q) [)m dt $7/21e=w"t, (A8)

Plugging (A.7) and (A.8) into (A.6), and using
/kldkldk‘z e*(kﬁ.Jrki)t _ +—3/2

(A.9) and the Legendre formula

(2m)? 83/2°
I(z) = 2:—1/21" (%) r (Z_;‘l) L (A10)We arrive first at
ctiso -z
Vr = %%/&im dz ¢(2 + 2) (57771)
T (z—;— 1) r (z ;3) ’ (A.11)
Here, _Oolj*(zﬂ) = ((2 + z) with ((z) the Riemann (-
j=

function, and

o0 . . Fo .
/ gt 4-5/2+2/2g-m% _ o 3-ap (z . 3) . (A12) are used. Finally, the Mellin-Barnes integral
0

over z in (A.11) yields
Ve = CT((5) N T*m?¢(3) Tm'  TTm!
T TR0 4720 3840 256729
Tm*%  Tmy  3Tm? In ( mB )
3272Q) 16720 64720 2

Tm? mB\\> (A.13)
‘m—m(ln(7>) T

where v1 is the coefficient of (s — 1) in the Laurent ex- pansion of {(s) about the point s =

+

1,
1
¢(s) = pon o (s—=Dm+0O((s—1)*). (A.14) In Sec. (III), the first two terms of the

high-temperature expansion of VT from (A.13) are used to study the spon- taneous breaking of

global U(1) symmetry in A(¢* ¢) model.

Appendix B: Derivation of (II1.27)
In Sec. (II), we arrived at ITat from (II1.26),
p iy /o
et = =N 29 (B.1) with
3 Z 5 B

o= Bwii
I, Efdk: e B2

W
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and w? = k3 + k% + m? In this appendix, we derive the final result (IIL.27) for the one-loop

self-energy I1j"at To evaluate the k-integration in (B.2), we use (A.7) to arrive first at

1 o fetee Nz oy —(a+1)/2
Lj=5— dk/ﬁ_m d=T'(z) (B4) " (w]) :
(B.3)
Replacing (w32)~(2*1)/2 in (B.3) with

1 i 2
(w’?)—(z+1)/2 _ - / dt t(z+l]/2—le—w‘t’
L(557) Jo

(B.4)
and performing the k-integration by making use of (A.9), Ijj is given by

mZ 1 cFioo z z—2 Bmii\ ~
I =—"L— dz1T' (=TI .
Yo16w2 2w Jo o : (2) ( 2 ) ( 2 )

(B.5)
Here, the Legendre formula (A.10) and

/oo it t(z_z)/z—le—mft _ (mg)—z/2+l r (2:2) ’
0 2

(B.6)
are utilized. Plugging at this stage (B.6) into (B.1) and
using 3 j~U+2) = (1 + 2), we obtain
i=1
AT'm?

mat __ ]

= T6r20
1ot z 2 =2\ (Bmi\ °

— 1 2\r (i)

i @ ¢(1+2)(3) ( 5 )(2 )

L ATE((3)
27120
At high temperatures, the first term in (B.7) is the most dominant thermal mass correction to

(B.7)

m3, as is described in Sec. III B.

Appendix C: Derivation of (IIL.34) in cylinder coordinate system

dk
(kT + k2 +m?)
in cylindrical coordinate system by an appropriate d- dimensional regularization. To this

In this appendix, we evaluate the integrals of the form ®(m,d,n) = / 7 (C.1)

T . dp.
purpose, we replace dk with %, where d = 3 —e. Here, € is an infinitesimal regulator. In

cylindrical coordinate the volume element in momentum space ddk reads ddk = dk kf}_'ded-
d—1

1 dkz, where the d-dimensional solid angle dQd-1 is given by dQg-1 = - (C2)

I
d—1
I (%)
Using, at this stage, the Schwinger parametrization
ki+k‘3+m2)
b

1 o0
= dt 171t
(k% + k2 + m2) I'(n) fo
(C.3)
we can write (C.1) as

2‘;‘r[d*1)/2 oo d 2 ~+o0
®(m,d,n) = (21T)dF(d_1)F('n)fU ke k4 f_ dk,
2 [}

xf dt 4n etk HRIAm?) (C.4)
0

To perform the integration over kz and k1, we use fol- lowing Gaussian integrals:

/+mdk e—tki _ (2)1/2
z t b

-0

< ) (d-1)/2 _
/ dk) ki 2e7tFL = ! r(d 1). (C.5)
0 2 2
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By substituting these results into (C.4), we arrive at (I11.34),

1 T'(n—d/f2)
(4m)4/2 T(n)

®(m,d,n) = (mz)_ner/2 . (C.6)

Appendix D: Derivation of (II1.44)

In this appendix, we outline the derivation of (II.44).
In particular, we focus on the combinatorial factors. Let us start with V%ing. According to

its definition, there are N insertions of 112 and N propagators D1 (Here, the notation Di=D¢g(wn,
wi) is used.) (see Figure 6). Having in mind that for a vertex of type 3 in Figure 3, each factor 2
x 2 belongs to a I2 insertion in a ring with D1 propagator, we obtain

A N (V-1 (=)™ The ring potential of type A is thus given
Type A: (2 X 2) SN — N (D.1) g P YP g
by
1mg Z/dkz HQDI N (D 2)
Similarly, the combinatorial factor of Vrlng from Figure 6,
including N insertions of I11 and N propagators D1 is given by (D.1) with I12 replaced
with IT1

N _ _ N
Type B: (-% x2) (NQN[D! 5 & 5\1[) . (D.3)

Here, similar to the previous case, for a vertex of type 3 in Figure 3, each factor 3 x2 belongs

to a I11 insertion in aring with D2 propagator. For the ring potential of type B, we thus obtain
N o0
llng 5 Z/ dk Z H1D2 (D4)
N=2

As concerns the ring potential of type C, which is de- fined by r insertions of I12 and s

insertions of I11 with N propagators D2. Here, r 2 1 and r + s = N. For the

corresponding combinatorial factor, we arrive first at Type C :

(—2 x 31 x 2>,~ (—g x Q)N_T W =n)r =1t _;)j!é!’"_ 1!

gy (¥ NSO )

Here, the factor 3! x 2 is the corresponding combinatorial factor to I12 inserted in a ring with

D2 propagator. For the ring of type C, we get

< N N\ —
1"1::1‘]1‘1 = —gZ/d_f{ Z Z (N TE:FE; 1)!

N=2r=1

r N=r N
%[ (~IL)" (~1)V " DY, (D.6)
Similar arguments for V1]'31ng with rinsertions of I11, s insertions of I12 and N propagators

D1 lead first to
Type D :
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(—2 x 31 x Q)T (—% x Q)Nr —(N_’;]!\;!T —1)!

— (~IL)" (M) " W (D.7)
and then to
_ *—Z/deZ(N_T)'r_l)

x [(—10)" (—11 Z)N "DY]. (D.8)
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