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1. MOTIVATIONS

In combinatorial mathematics, the Bell numbers B,, for n € {0} UN, where
N denotes the set of all positive integers, count the number of ways a set with n
elements can be partitioned into disjoint and nonempty subsets. These numbers
have been studied by mathematicians since the 19th century, and their roots go
back to medieval Japan, but they are named after Eric Temple Bell, a Scottish-
born mathematician and science fiction writer who lived in the United States for
most of his life and wrote about B,, in the 1930s. The Bell numbers B,, for n > 0
can be generated by

R 5 5,4 135 203, 877
e —1 2 3 4 5 6 7
=Y Ba =1t P o ot S O T (1
‘ Pt 6 '8 30 720 5040 (1)

and the first eight Bell numbers B,, for 0 <n < 7 are

BO:17 B1:17 32:27 B3:57
B, = 15, Bs = 52, Bg = 203, Br = 877

For detailed information on the Bell numbers B,,, please refer to [2, 4l 5] 6] [16], 17, 21]
and plenty of references therein.

As well-known generalizations of the Bell numbers B,, for n > 0, the Bell poly-
nomials By, (z) for n > 0 can be generated by

er(e 1) — nz:%Bn(gg)m =1+at+gae+ Dt? + 6:c(:c2 + 3z + 1)

1 1
Jrﬂz(x?’ + 627 + Tz + 1)t* + @x(z‘* +102° + 2527 + 15z + 1)t° + - --

and the first seven Bell polynomials B, (x) for 0 < n < 6 are
1, z, z(z+1), x(x2 + 3z + 1), x(m3 + 622 4 Tz + 1),
z(2z* +102% + 2522 + 152 + 1),  z(2° + 152" + 652° + 9022 + 31z + 1).

In the paper [19] it was pointed out that there have been studies in [9] [10, 1] on
interesting applications of the Bell polynomials By, (z) in soliton theory, including
links with bilinear and trilinear forms of nonlinear differential equations which
possess soliton solutions. Therefore, applications of the Bell polynomials B, (x) to
integrable nonlinear equations are greatly expected and any amendment on multi-
linear forms of soliton equations, even on exact solutions, would be beneficial to
interested audiences in the research community. For more information about the
Bell polynomials By (z), please refer to [7, 19, 20] and closely related references
therein.
For n > 2, let

n

o0 k
exp,, (t) = exp(exp(exp - - - exp(exp(t)))) = Z Bn(k)t—

In [I], the quantities



http://dx.doi.org/10.20944/preprints201708.0090.v1
https://doi.org/10.1002/mma.6095

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 26 August 2017 d0i:10.20944/preprints201708.0090.v1

GENERALIZATIONS OF BELL NUMBERS AND POLYNOMIALS 3

were called the Bell numbers of order n > 2 and were deeply studied. In [1,
Section 3] and [3| ], the Bell numbers b, (k) of order n were applied to white noise
distribution theory.

The Bell numbers ba(n) of order 2 for n > 0 are just the Bell numbers B,
generated in . By virtue of the software MATHEMATICA, we can obtain

1 1
expy(t) = e +e! Tt + §el+e(2 +e)t? + 661+e (54 6e+e*)t* + -
which implies that the first four Bell numbers b3 (k) of order 3 for 0 < k < 3 are
1, e, e+e), e(5+6e+e?).

Since not all these numbers are integers, we can say that the Bell numbers b, (k) of
order n are not good generalizations of the Bell numbers By = ba(k) for k£ > 0.

In this paper, we will present better and unified generalizations By, . (x.,) for
the Bell numbers B,, and the Bell polynomials B, (), establish explicit formulas
and inversion formulas for these generalizations B,, ,,(@,,) in terms of the Stir-
ling numbers of the first and second kinds s(n,k) and S(n,k) with the help of
the Faa di Bruno formula, properties of the Bell polynomials of the second kind
Bnk(x1, %2, ..., Zn_k+1), and the inversion theorem connected with the Stirling
numbers s(n, k) and S(n, k), construct determinantal and product inequalities for
these generalizations By, ,,(€,) with aid of properties of the completely monotonic
functions, and derive the logarithmic convexity for the sequence of these general-
izations By, n(€m).

2. GENERALIZATIONS OF THE BELL NUMBERS AND POLYNOMIALS

F—— (ew"’l(et_l)fl)
xo e -1
z1| e _1

fG 1,20, T, ) =€ (2.1)
= exp(z1[exp(z2lexp( - @1 [exp(zm[exp(t) — 1]) — 1]) — 1]) — 1])

%) m
- § Bm,n(xl»x%"'7xm71axm)ﬁ~
n=0 ’

For m € N, let

In other words, the generating function f(¢;21,2,...,Tm—1,%m) of the quantities
B (z1,%2,. .., Tm—1, %) for n > 0 is a self-composite function of the function
g(t) = et — 1 in the manner

f(tv L1, L2y 3 Tm—1, .’L‘m) = eXp($1g<$2(' o mmflg(xmg(t)))»

= g(x19(@2(- - Tm-19(zmg(t))))) + 1. (2:2)

It is easy to see that By ,(z) = B, (z) for n > 0,

fO;z1,29,. .., Tm—1,2m) =1, meEN, (2.3)
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and, by virtue of the software MATHEMATICA,
B2,O(xay) = 17 B2,1(xay) =2y, 32,2($7y) :xy(1+y+:cy),
By s(z,y) = a;y(l + 3y + vy + 3zy + 3zy® + x2y2), Bso(z,y,2) =1, (2.4)
B3 1(w,y,2) = vyz, Bsa(w,y,2) =2yz(l+2+yz + zy2).
The equality (2.3) means that By, o(z1,22,...,Zm—1,Zm) =1 for all m € N.

For conveniently referring to the quantities By, (%1, Z2, . . ., Zm—_1, Tm) for n > 0,
we need a name for them. We would like to recommend a name for them: the Bell
polynomials of m variables x1,xs,...,ZTm—1,ZTm. For the sake of simplicity and
uniqueness, in what follows, we call them the Bell-Qi polynomials.

Let x,, = (z1,22,...,2Zm). Occasionally for shortness in symbols, we use the

notation By, () for By, n (21,2, .., Tm—1,Tm)-
m

—
When 1 = 29 = -+ =z, = 1, we call By, n(1,1,...,1) for n > 0 the Bell-Qi
numbers or the Bell numbers of m multiples and denote them by B, .
It is not difficult to see that we can take t and xy for 1 < k < m in By, n(m)
on the complex plane C.

3. EXPLICIT FORMULAS FOR THE BELL—QI NUMBERS AND POLYNOMIALS

Roughly judging from concrete expressions in 7 the Bell-Qi polynomial
B (z1,%2,. .., Tm—1,%m) for m € N and n > 0 should be a polynomial of m
variables z1, %o, ..., Tm_1, T, with degree m x n and positive integer coefficients.
This guess will be verified by the following theorem.

Theorem 3.1. For m € N and n > 0, the Bell-Qi polynomials By, »(x,,) can be
computed explicitly by

m Lg—1 m

Bm,n(xla L2y eo oy Tm—1, .’Em> = H Z H S(qul,gq) H xll;qu+17 (31)
q=1

q=14,=0q=1

where g = n and S(n, k) for n >k > 0, which can be generated by
(e —1)F & ™

represent the Stirling numbers of the second kind. Consequently, the Bell-Qi num-
bers By, n, can be computed explicitly by

m fg—1 m

Bow =[] Y T 5Wa-1.40)- (3.2)

q=110,=0q=1

Proof. In combinatorial analysis, the Bell polynomials of the second kind B,, ; are

defined by
—k+1
n! " Z; 4
Bn7k($1ax27~-~7$n—k+l): Z W H 0
Zl,.“,éne{O}UN Hi:l i =1 .
i ili=n
ie1 b=k

for n >k >0, see [4, p. 134, Theorem A], and satisfy identities

B, i (abz1, ab’z,, . . ., ab"’kﬂxn_;ﬂ_l) = a*V" By g (x1, 29, T pr1)  (3.3)
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and
Bnr(l,1,...,1) = S(n, k), (3.4)
see [4, p. 135], where a and b are any complex numbers. The Faa di Bruno formula

for computing higher order derivatives of composite functions can be described in
terms of the Bell polynomials of the second kind B,, by

@ foh(x Z FE (h(2)Bui (W (), B (), ..., A" "FD (), (3.5)

see [4, p. 139, Theorem C]. Therefore, making use of (3.5, (3.3), and in
sequence and considering the composite relation (2.2)) inductively yield

8nf(t;l'1,...,$m) _ zn: aelf(uﬁxlw'-vxmfl)

t t
o 90, Bn.e, (mme N )

£1=0

n 1 Y4
82f U, L1y ey y—2
:Z Z ( ’5‘22’u S )Bgl’gz(xm_leul,...,mm_leul)mf}le[ltb’(n,fl)
01=0£,=0 2

n Zz .
_ Z Z 0 ’LL2, Tlyeo- 7xm72)1’£§71642u15(€1, fg)xﬁeeltS(n,ﬂl)

02y
£1=0£5=0 2

m 2

O'm=1 f(Upy—1; 1)
S5 3P SEN S Bt S A

£1=002=0  £mm_2=04Lm_1=0 -1

Xa?gm’zeem*w’”*g‘S(fm,g, Uz) - a2 e S(ly, )bt S (n, 0y)

’V‘rl 1 d[,m U

o Z Z Z Z Z dz Zm,l,ém(l‘wu’"_l,...,xle“m—l)

£1=045=0 b—2=04p,_1=04,,
Lon—1 Loy Uy — Lin—2 Ly 2Upy—
X Ty e m—1tm 25(6m727£m,1)$3 e m—2im SS(ﬁm,&ém,Q)

sl e S0y, )zl e S (n, b))

n £ bm—3  bm—2 Llm—1
=N 3 3 Y N emmagretn S (G, )

£1=0/£2=0 ln—2=04p,_1=04,,=0
=1 Ly 1 Upry— bin—2 L _oUpm—
Xxy" e U m=2 Gl o by 1)y e 23 Sl 3 My _2)
calr e 80y 0y)ah et S (n, b))

q_

= H Z Um exp <Z équq1> H S(gq,1,£q> H x§m7q+17
¢=0 q=1 q=1 g=1

q=
where ug = ug(t) =t and
Ug = ug(Ug—1) = Tm—g+1(e™ ' = 1), 1<g<m.
When t — 0, it follows that uqg — 0 for all 0 < ¢ < m. As a result, by the definition

in (2.1]), we have

0" f(txq, ..,
Bm,n(xlvx%-'wxmfl»xm):tlg% ( ot m>
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m Lg—1 m

= H Z H S(ly_1,4,) H whm=atr,

q=1£,=0q=1
The formula (3.1)) is thus proved.

The formula (3.2) follows from taking z; = 23 = -+ = 2, = 1 in (3.1). The
proof of Theorem [3.1] is complete. O
Remark 3.1. When letting m = 1,2,3 in (3.1), we can recover and find explicit
formulas

By (z) = Bin(z) = S(n, (3.6)
k=0
Bon(z,y) =Y Z n,01)S (41, la) 2y, (3.7)
£1=042=0
and

n 1 2
Ban(,y,2) =Y > > S(n,(1)S(ly,£2)S(Ly, l)x"y"2 2" (3.8)
£,=0 £=0 £3=0
for n > 0. The formula was also recovered in [I8, Theorem 3.1]. The formu-
las and coincide with those special values in (2.4). This convinces us
that Theorem 3.1 and its proof in this paper are correct.

Theorem 3.2. For m € N and n > 0, the Bell-Qi polynomials By, n(2.,) satisfy

m Lg—1
H[ qu_l Z s(g-1,4q)

¢=1L%a  ¢,=0

B, () =1, (3.9

where by = n and s(n, k) for n >k > 0, which can be generated by
[In(1 + z)]* = z"
— - Zs(n,k)m, x| <1,
! — !

stand for the Stirling numbers of the first kind. Consequently, the Bell-Qi numbers
By n satisfy the identity

B, = 1. (3.10)

m [€q—1
H[z -

q=11£,=0

Proof. The formula (3.1) can be rearranged as

Bon () anzl leSfl,zg

£1=0 £2=0

7n 2 7n 1

Zsmg,ml leSm17 fm. (3.11)

Lm—1=0

In [22 p. 171, Theorem 12.1], it is stated that, if ba and ay are a collection of
constants independent of n, then

= Z S(n,a)bs if and only if b, = Z s(n, k)a.
= k=0
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Applying this inversion theorem to (3.11]) consecutively leads to

n 'm zm—l
> S(n, o)z Z U2 lin)25" > S(ln—1, b))
£5=0 _1=0 £ =0
1 n
= T Z s(n, el mel(mm)7
1 n 1 )2
> sl = D 5(6a, ) B, ()
m=1 g,—0 ™ £,=0
n nz 1
:Z nf?) ZSm27m1 m12:S7’nla xlv
£5=0 Lym—1=0
and, inductively,
n 1 em—l 1 é3 1 é
D s bn) = D0 D sl o) Z (£2,01) By 1, (@ 1m)
Lin—1 T3 ln—2 Tm—1 £5=0 Tm , _

=y Z S(n, bm)xy
£m=0

which can be further rewritten as

n 2 12
n s(n,€1) 8(51,62) S(fg,eg,)
=3 2 > [ > A

im0 T2 gm0 T3 gm0 V4
Zm72 em—l
5(£m73a£m72) S(€m727ém71)
= Y e D sl ) B (@)
m—1 L —1=0 m Lm=0
and the identity (3.9).

The identity (3.10]) follows from taking 1 = zo = -+ = x,,, = 1 in (3.9). The
proof of Theorem [3.2]is complete. O

Remark 3.2. When letting m = 1,2,3 in (3.9), we can recover and derive

Zs (n,k)Bg(x) = 2", (3.12)
k=0

&
03)Bs g, (z,y) = 2" (3.13)

n
>
£1=0

and

L s(n,0) s 5(,ls) & .
PR SECH S AN P 3
£=0 £,=0 £3=0
for n > 0. The identity (3.12) was also obtained in [18, Theorem 3.1]. The iden-
tites (3.13)) for n = 0,1, 2,3 and (3.14]) for n = 0, 1, 2 can be easily verified by special
values in (2.4).


http://dx.doi.org/10.20944/preprints201708.0090.v1
https://doi.org/10.1002/mma.6095

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 26 August 2017 d0i:10.20944/preprints201708.0090.v1

8 F. QI, D.-W. NIU, D. LIM, AND B.-N. GUO

4. INEQUALITIES FOR THE BELL—QI POLYNOMIALS

It is seemingly true that there have been more identities than inequalities in
combinatorial mathematics. Now we start out to construct some determinantal
and product inequalities for the Bell-Qi numbers B,;, ,, and the Bell-Qi polynomials
By n(x,). Consequently, we can derive that the sequences of the Bell-Qi numbers
By, and the Bell-Qi polynomials B, ,(x.,) are logarithmically convex.

Theorem 4.1. Let ¢ > 1 be a positive integer, let |e;;|, denote a determinant of
order q with elements e;;, and let xj, > 0 for 1 <k <m.

(1) If a; for 1 < i < q are non-negative integers, then

|(_1)ai+aj Bm,ai-‘raj (wm)|q >0 (4.1)
and
| Bin,ai+a, (@), = 0. (4.2)
(2) Ifa = (a1,a2,...,aq) and b= (b1,ba,...,b,) are non-increasing g-tuples of

non-negative integers such that Zle a; > Zle b for 1 <k <gq—1 and
23:1 a; = Z;’:l b;, then

HBm,ai () > HBm,bi (®m)- (4.3)

Proof. Recall from [14, Chapter XIII] and [26] Chapter IV] that a function f is said
to be absolutely monotonic on an interval I if it has derivatives of all orders and
fE=D(t) >0 for t € I and k € N. Recall from [14, Chapter XIII], [23, Chapter 1],
and [26, Chapter IV] that an infinitely differentiable function f is said to be com-
pletely monotonic on an interval T if it satisfies (—1)* f*)(z) > 0 on I for all k > 0.
Theorem 2b in [26, p. 145] reads that, if fi(z) is absolutely monotonic and fa(x)
is completely monotonic on their defined intervals, then their composite function
f1(f2(x)) is completely monotonic on its defined interval. Therefore, since e’ and
et are respectively absolutely and completely monotonic on [0, 00), by induction,
it is not difficult to reveal that, when z1,xo,..., 2z, > 0, the generating function
f(=t;2z1,...,xy) is completely monotonic with respect to t € [0,00). Moreover,
by (2.1), it is obvious that

0" f(—t;x,. ..,
Bm,’n(xlvaa cee ,xm,1,$m) = (_1)n }E)I(I) f( 871Lt )

For simplicity, in what follows, we use f(%t, @,,) for f(+t;x1,...,2Zm).
In [13] and [14, p. 367], it was proved that if f(¢) is completely monotonic on
[0,00), then
|f(ai+aj)(t)|q >0 (4.4)
and
[(—1ertes plectan (g > 0. (45)
Applying f(t) to the generating function f(—t,x,,) in (4.4) and (4.5) and taking
the limit ¢ — 07 give

tim |[£(—t, )]} | =

t—0+

|(71)ai+aj Bm7ai+a_j (wm) |q > 0

and
lim
t—0t

(1) [f(—t, )] )

. = |Bm,ai+aj (xm)|q > 0
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The determinantal inequalities (4.1]) and ) follow.
In [14, p. 367, Theorem 2|, it was stated that if f(t) is a completely monotonic
function on [0, 00), then

q

[Tl=1)f > [T s @) (4.6)
i=1 i=1

Applying f(t) to the generating function f(—t,x,,) in and taking the limit

t — 0% result in

q

tim TT [0 (f(—t 2] = ﬁBmal (@)

t—0t
=1 1

. .
= tlllél+ 1;[[ —tTm)) ] zl;IIBm’bl
The product inequality follows. The proof of Theorem [4.1{is complete. O
Corollary 4.1. Letxy, >0 for 1< k<m. If£>0 and q >k > 0, then

[Bim.g+e (mm)]k (B, e (mm)]qik > [Buke(xm)]?.

Proof. This follows from taking

k —k
—_
a=(q+4...,q+0,¢,....,0) and b= (k+L,k+L,....k+ L)
in the inequality (4.3). The proof of Corollary [4.1]is complete. O

Corollary 4.2. Let x, > 0 for 1 <k < m. Then the sequence { B, n(€m)}n>0 is
logarithmically conver.

Proof. In [14, p. 369] and [I5, p. 429, Remark], it was obtained that if f(¢) is a
completely monotonic function such that f*)(¢) # 0 for & > 0, then the sequence

[~ @], k1 (47)

is convex. Applying this conclusion to the generating function f(—t,x,,) figures
out that the sequence

[~ (f(~t,2n) ] = By 1 (@), t—0F

for k > 1 is convex. Equivalently, the sequence { B, n(Zm)}n>0 is logarithmically
convex.
Alternatively, letting

£>1, n=2, ag=4+2, ay=¥¢ and by =by=/+1
in the inequality (4.3) leads to
Bm,f(wm)Bm,HQ(wm) > Bgz,ZJrl(iL'm)

which means that the sequence {By, n(€m)}n>1 is logarithmically convex. The
proof of Corollary [£.2]is complete. O

Theorem 4.2. Let xp >0 for 1 <k <m. Forq>0 and n € N, we have

n 1/(n+1) n—1 1/n
H Bm,q+24(wm)] H B gt2041(®m) (4.8)
£=0 £=0
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Proof. If f(t) is a completely monotonic function on (0, 00), then, by the convexity
of the sequence (4.7) and Nanson’s inequality listed in [I2] p. 205, 3.2.27],

n 11/(n+1) o, 1/n
[H(_l)q+2l+1 f(q+2l+1) (t) > H(_l)q+2€f(q+2€) (t)]
=0 J Le=1
for ¢ > 0. Replacing f(t) by f(—t,@,,) in the above inequality results in
n 11/(n+1) M 1/n
[T (Gt @n)) 2 > H<1>q+“<f<t,:cm>>£q+2“]
(=0 i Le=1
for ¢ > 0. Letting ¢ — 0T in the above inequality leads to (4.8). The proof of
Theorem [4.2]is complete. O
Theorem 4.3. Let z;, > 0 for 1 <k <m. If£>0,n>k >q, 2k > n, and
2q > n, then
Bm,k«%(wm)Bm,nkarZ(wm) > Bm,q+€(wm)Bm,n7q+l<wm)~ (49)

Proof. In [24, p. 397, Theorem D], it was recovered that if f(¢) is a completely
monotonic function on (0,00) and if n >k > q, k >n —k, and ¢ > n — ¢, then

()" P ) = (1) F D) 0 (@)
Replacing f(t) by the function (—1)*[f(—t, mm)]ﬁ‘” in the above inequality leads to

(=" [f (=t )|\ (=t )"
> ()" [f(—t, @) { O [ (1))

Further taking ¢ — 0% finds the inequality . The proof of Theorem is
complete. 0

Theorem 4.4. Let xp, >0 for 1 <k <m. For{>0 and g,n € N, let
Om.t.qn = Bmtt2q4n (‘Bm)[Bm,Z(mm)]z = B t+q+n(Tm) B, t4+q(Tm) B (Tm)
— Bm,€+n(wm)Bm,€+2q (mm)Bm,f (mm) + Bm,€+n(wm>[Bm,l+q($m)]27
Hm,t,qn = Bm,tr2qin (‘Bm)[Bm Z(mm)]z — 2B t+q+n (mm)Bm,l+q(mm)Bm,Z(mm)
+ B, e+ (@) [ B, (€m)],
L t,gn = Bm l+2q+n( Tn)[Bm Z(mm)] —2Bm t4n (wm)Bm,€+2q(a’m)Bm,€($M)
+ B4 (@) [ B, (€m)]*.

Then
gm,ﬁ,q,n Z 07 Hm,@,q,n Z 07

<
Hm,&qm, = gml,q;n when q § n, (410)
Iml,q,n 2 gm,l,q,n 2 0 whenn Z q.

Proof. In [25, Theorem 1 and Remark 2], it was obtained that if f(t) is completely
monotonic on (O o0) and

Gan(t) = (=1)"{f29(8) f2(t) — f<“+q><>f<q><t)f<>
—f O FCO@) f(t) + FO ) [F90]),
Hyn(t) = (1) {f" 2D (t) f2(t) — f(”+")( VD@ L)+ FD ) [F D),
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Lyn(t) = (=)™ { S0 (0 £2(0) = 2f P (O FCD 01 () + PO [F0 0]}
for n,q € N, then
Ggn(t) >0, Hg,(t) >0,
Hgn(t) S Ggn(t) when ¢S n, (4.11)
Iy n(t) > Ggn(t) >0 whenn > g.

Replacing f(t) by (—1)/[f(=t,2m)li" in Gyn(t), Hyn(t), and I, () and simplify-
ing produce

Gan(®) = (D) {[f(~t, ) 2 [[F(—t,2,0)))
~[f(- t,wmﬂ“*q*"[ F=tzn) i TV (—t, )]
— [t ) (2 )1 R f(—t, )]
+ (=t )l [ ()0
Hyn(t) = (=1 {[f(~t, )i 2 [[f(—t, 20 0)

—2[f(~t, ) STV ()T ()
+ (=t [, wm>]<“q>]2},
Iom(t) = (=) {[f(~t, )]y 2 ([ (~
—2[f(- t:cmn(“ (- t,mmni‘”‘”[ F—t, )l
+ () [ ()l
Further taking ¢ — 0T reveals

lim G, () = , lim H,,(t) =H , lim I,,(t) =71 .
t_lf(I){r gn(t) = Gm,e.qn t_1>I(I)1+ g,n(t) m,l,q,n t_1>1(r)1+ an(t) m,l,q,n

(4)]

Substituting these quantities into (4.11]) and simplifying bring about inequalities
in (4.10). The proof of Theorem [4.4]is complete. O

Remark 4.1. When taking 1 = 22 = -+ = x,, = 1, all results in this section
become those for the Bell-Qi numbers B,, ,, for n > 0.

Remark 4.2. When taking m = 1 and z; = 1,x respectively, all results in this
section become those corresponding ones in the papers [17, 18].
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