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Article 

New Three Different Generators for Constructing 
New Three Different Bivariate Copulas 
Iman M. Attia 

Department of Mathematical Statistics, Faculty of Graduate Studies for Statistical Research, Cairo University, 
Egypt; imanattiathesis1972@gmail.com or imanattia1972@gmail.com 

Abstract: In this paper, the author introduces new methods to construct Archimedean copulas. The 
generator of each copula fulfills the sufficient conditions as regards the boundary and being 
continuous, decreasing, and convex. Each inverse generator also fulfills the necessary conditions as 
regards the boundary conditions, marginal uniformity, and 2-increasing properties. Although these 
copulas satisfy these conditions, they have some limitations. They do not cover the entire dependency 
spectrum, ranging from perfect negative dependency to perfect positive dependency, passing 
through the independence state. Even the third copula has a fixed constant Kendall tau measure and 
fixed values for both the joint CDF and PDF copula, but the generator output changes with the 
changing value of the dependency parameter. For each copula, the author discusses the derivation, 
the properties, whether it has a singular part or not, and the Kendall tau measure for dependency. 
The article shows figures for depicting the generator function, joint CDF, and joint PDF for each 
copula. 

Keywords: Archimedean copula; generator; inverse generator; MBUR; Kendall tau 
 

Introduction 

Copula can express the nonlinear dependency between two or more variables, in comparison 
with correlation that can capture linear dependency between variables. It is a technique used to 
implement the joint distribution of the many variables (two or more).  This has many wide 
applications in modern era of science like hydrology and geophysics (Valle & Kaplan, 2019) (Liu et al., 2018) (Salvadori et al., 2007),  transportation research(Ma et al., 2017) (Bhat & Eluru, 2009) , medicine (Kuss et al., 2014) (Lapuyade-Lahorgue et al., 2017) (Gomes et al., 2019) , engineering (Kilgore & Thompson, 2011), biology  (Konigorski et al., 2014) (Dokuzoğlu & Purutçuoğlu, 2017), climate 
research (Schölzel & Friederichs, 2008) (Oppenheimer et al., 2016), economics (Oh & Patton, 2018) (Kole et al., 2007)  (De Lira Salvatierra & Patton, 2015). Sklar (Abe Sklar, 1973) showed that a copula 
exists for any multivariate distribution, such that the joibt distribution equals the copula applied to 
the marginal. 

Definition 1 (Sklar’s theorem 1): For any bivariate distribution function F with marginal 𝐹ଵ and 𝐹ଶ 
, there exists a copula such that  𝐹(𝑥, 𝑦) = 𝐶(𝐹ଵ(𝑥), 𝐹ଶ(𝑦) ), 𝑥, 𝑦 ∈ 𝑅 = 𝑅 ∪ ሼ−∞, ∞ሽ 

If F is continuous, then the copula C is unique. Otherwise, it is uniquely determined on the 𝐹ଵ൫𝑅൯ × 𝐹ଶ൫𝑅൯  . The converse is also true, for any copula and univariate distribution functions 𝐹ଵ 
and 𝐹ଶ , the function 𝐶(𝐹ଵ(𝑥), 𝐹ଶ(𝑦) )  is a bivariate distribution function with margins 𝐹ଵ and 𝐹ଶ 
.  

A bivariate distribution function 𝐶( 𝑢, 𝑣) with marginal 𝑢 = 𝐹௑(𝑥) and  𝑣 = 𝐹௒(𝑦) is said to be 
generated by an Archimedean copula,  if it can be written in the form of equation (1) 𝐶(𝑢, 𝑣) =  𝜑ିଵ൫𝜑(𝑢) + 𝜑(𝑣)൯      (1) 

The generator 𝜑(𝑢) should satisfy the following conditions (sufficient conditions): 
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(1) 𝜑(𝑢) is continuous, strictly decreasing and convex function mapping [0,1] onto [0,∞) , in 
other words ,  𝜑′(𝑢) < 0 ( decreasing) and 𝜑′′(𝑢) > 0 ( convex) 

(2) 𝜑(0) = ∞ 
(3) 𝜑(1) = 0 

Definition 2: a bivariate copula is a non-decreasing and a right-continuous bivariate function 
mapping  𝐶: [0,1] × [0,1] → [0,1] which satisfies the following conditions  

(1) 𝐶(0, 𝑣) = 𝐶(𝑢, 0) = 0, ∀(𝑢, 𝑣) ∈ [0,1]2 ( Grounded) 
(2) 𝐶(1, 𝑣) = 𝑣 and  𝐶(𝑢, 1) = 𝑢  ∀(𝑢, 𝑣) ∈ [0,1]2  ( uniform marginal) 
(3) 𝐶(𝑢1, 𝑣1) − 𝐶(𝑢1, 𝑣2) − 𝐶(𝑢2, 𝑣1) + 𝐶(𝑢2, 𝑣2) ≥ 0, 𝑓𝑜𝑟 𝑢1 > 𝑢2 𝑎𝑛𝑑 𝑣1 > 𝑣2 ∀ (𝑢ଵ, 𝑢ଶ , 𝑣ଵ, 𝑣ଶ) ∈ [0,1]ସ  (2- increasing) . This last property is equal to డ஼(௨,௩)డ௨డ௩ ≥ 0 డ஼(௨,௩)డ௨డ௩ = 𝑐(𝑢, 𝑣) the joint PDF of the copula. 

So the copula links the marginal distributions through the dependency parameter. 
The singular part of the copula is defined by (Genest & Mackay, 1986) in the following Theorem 

2: the ratio between the generator and the first derivative of the generator evaluated at zero does not 
equal zero. 

Theorem: the distribution 𝐶(𝑢, 𝑣)  generated by 𝜑   has a singular component iff ఝ(଴)ఝᇲ(଴) ≠ 0     

in that case, 𝜑(𝑢) + 𝜑(𝑣) = 𝜑(0)    with probability = − ఝ(଴)ఝᇲ(଴) 
This paper is structured in 4 sections. Section 1 discusses the first copula, its derivation, 

properties and figures for its PDF and CDF. Section 2 explains the second copula with the same items. 
Section 3 explore the third copula in the same manner. Section 4 illustrate the discussion and 
conclusion with future work  

Section 1: (First Copula) 

Let’s say the inverse generator is  C൫𝜑(𝑢) + 𝜑(𝑣)൯ = Φିଵ(𝑡) = 𝑧 = 𝑒𝑥𝑝 ൬−𝑡ఈ𝛼 ൰ 

The generator is the: 

ln Φି1(𝑡)  = ln ൜𝑒𝑥𝑝 ൬−𝑡ఈ𝛼 ൰ൠ = −𝑡ఈ𝛼  − 𝛼 ln Φି1(𝑡)  = 𝑡ఈ 𝜑(𝑧) = ቀ− 𝛼 ln Φି1(𝑡)ቁ1ఈ = ൫− 𝛼 ln(z)൯1ఈ =  𝑡   ,   𝑧 ∈ (0,1) 

The generator should fulfill the sufficient conditions: 

(1) 𝜑(0) = (−α ln 0)1ഀ = ∞ 

(2) 𝜑(1) = (−α ln 1)1ഀ = 0 

(3) 𝜑′(𝑧) =  1ఈ  (−𝛼 ln 𝑧)1ഀି1 ቀିఈ௭ ቁ =   (−𝛼 ln 𝑧)1ഀି1 ቀି1௭ ቁ < 0 

This ensures that the generator is a decreasing function. 

(4) 𝜑ᇱᇱ(𝑧) =  ቀଵఈ − 1ቁ (−𝛼 ln 𝑧)భഀିଶ ቀିఈ௭ ቁ ቀିଵ௭ ቁ + (−𝛼 ln 𝑧)భഀିଵ ቀ ଵ௭మቁ > 0  
This ensures that the generator is convex for  0 < 𝛼 ≤ 1 .  
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for bivariate distribution: 𝜑(𝑢) = (−α ln 𝑢)1ఈ 

𝜑(𝑣) = (−α ln 𝑣)1ఈ 

𝜑(𝑤)  = 𝜑(𝑢) + 𝜑(𝑣) = (−α ln 𝑢)1ఈ + (−α ln 𝑣)1ఈ 

𝐶൫𝜑(𝑢) + 𝜑(𝑣)൯   = 𝑒𝑥𝑝 ൬− 1ఈ ൤(−α ln 𝑢)1ഀ + (−α ln 𝑣)1ഀ൨ఈ൰  

C(𝑢, 𝑣) = 𝐶൫𝐹௑(𝑥), 𝐹௒(𝑦)൯ 
For a copula to be valid copula it should fulfill the boundary condition, the marginal uniformity 

and 2- increasing condition. And this is equivalent for the inverse generator the necessary conditions 
to be fulfilled are the following: 

Proposition 1: The boundary conditions and marginal uniformity: C(0, 𝑣) = C(𝑢, 0) = 0 , boundary condition. C(1, 𝑣) = 𝑣   𝑎𝑛𝑑  C(𝑢, 1) = 𝑢 , the marginal uniformity. 

Proof: 𝐶(1, 𝑣)   = 𝑒𝑥𝑝 ቆ− 1𝛼 ൤(−α ln(1))1ఈ + (−α ln 𝑣)1ఈ൨ఈቇ 

𝐶(1, 𝑣)   = 𝑒𝑥𝑝 ቆ− 1𝛼 ൤0 + (−α ln 𝑣)1ఈ൨ఈቇ 

𝐶(1, 𝑣) = 𝑒𝑥𝑝 ቆ− 1𝛼 ൤(−α ln 𝑣)1ఈ൨ఈቇ = 𝑒𝑥𝑝 ൬−α ln 𝑣−𝛼 ൰ = 𝑣 

𝐶(𝑢, 1) = 𝑒𝑥𝑝 ቆ− 1𝛼 ൤(−α ln 𝑢)1ఈ൨ఈቇ = 𝑒𝑥𝑝 ൬−α ln 𝑢−𝛼 ൰ = 𝑢 

Proposition 2:  for copula to be valid it should be 2-increasing,   in other words, ∂2C(𝑢, 𝑣)𝜕𝑢𝜕𝑣 ≥ 0 

Proof: ∂C(𝑢, 𝑣)𝜕𝑢 = 𝑒𝑥𝑝 ቆ− 1𝛼 ൤(−α ln(𝑢))1ఈ + (−α ln 𝑣)1ఈ൨ఈቇ ×  
൬−1𝛼 ൰ (𝛼) ൤(−α ln(𝑢))1ఈ + (−α ln 𝑣)1ఈ൨ఈି1 ൭1𝛼 (−α ln(𝑢))1ఈି1 ቀ−𝛼𝑢 ቁ൱ ∂C(𝑢, 𝑣)𝜕𝑢 = 𝑒𝑥𝑝 ቆ− 1𝛼 ൤(−α ln(𝑢))1ఈ + (−α ln 𝑣)1ఈ൨ఈቇ ×  

൤(−α ln(𝑢))1ఈ + (−α ln 𝑣)1ఈ൨ఈି1 ൭(−α ln(𝑢))1ఈି1 ൬1𝑢൰൱ 𝜕𝜕𝑣 ቆ∂C(𝑢, 𝑣)𝜕𝑢 ቇ = 

𝑒𝑥𝑝 ቆ− 1𝛼 ൤(−α ln(𝑢))1ఈ + (−α ln 𝑣)1ఈ൨ఈቇ × ൬−1𝛼 ൰ (𝛼) ൤(−α ln(𝑢))1ఈ + (−α ln 𝑣)1ఈ൨ఈି1
 

൭1𝛼 (−α ln(𝑣))1ఈି1 ቀ−𝛼𝑣 ቁ൱ × ൤(−α ln(𝑢))1ఈ + (−α ln 𝑣)1ఈ൨ఈି1 ൭(−α ln(𝑢))1ఈି1 ൬1𝑢൰൱ + 
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𝑒𝑥𝑝 ቆ− 1𝛼 ൤(−α ln(𝑢))1ఈ + (−α ln 𝑣)1ఈ൨ఈቇ ൭(−α ln(𝑢))1ఈି1 ൬1𝑢൰൱ × 

(𝛼 − 1) ൤(−α ln(𝑢))1ఈ + (−α ln 𝑣)1ఈ൨ఈି2 ൭1𝛼 (−α ln(𝑣))1ఈି1 ቀ−𝛼𝑣 ቁ൱ 

= 𝑒𝑥𝑝 ቆ− 1𝛼 ൤(−α ln(𝑢))1ఈ + (−α ln 𝑣)1ఈ൨ఈቇ ൤(−α ln(𝑢))1ఈ
+ (−α ln 𝑣)1ఈ൨2ఈି2 ൭(−α ln(𝑣))1ఈି1 ൬1𝑣൰൱ × 

൭(−α ln(𝑢))1ఈି1 ൬1𝑢൰൱ + 𝑒𝑥𝑝 ቆ− 1𝛼 ൤(−α ln(𝑢))1ఈ + (−α ln 𝑣)1ఈ൨ఈቇ ൭(−α ln(𝑢))1ఈି1 ൬1𝑢൰൱ × 

(𝛼 − 1) ൤(−α ln(𝑢))1ఈ + (−α ln 𝑣)1ఈ൨ఈି2 ൭(−α ln(𝑣))1ఈି1 ൬−1𝑣 ൰൱ 

= 𝑒𝑥𝑝 ቆ− 1𝛼 ൤(−α ln(𝑢))1ఈ + (−α ln 𝑣)1ఈ൨ఈቇ ൤(−α ln(𝑢))1ఈ
+ (−α ln 𝑣)1ఈ൨ఈି2 ቎(α2 ln 𝑣 ln 𝑢)1ఈି1𝑣𝑢 ቏ × 

ቊ൤(−α ln(𝑢))1ఈ + (−α ln 𝑣)1ఈ൨ఈ − (𝛼 − 1)ቋ 

= 𝑒𝑥𝑝 ቆ− 1𝛼 ൤(−α ln(𝑢))1ఈ + (−α ln 𝑣)1ఈ൨ఈቇ ൤(−α ln(𝑢))1ఈ
+ (−α ln 𝑣)1ఈ൨ఈି2 ቎(α2 ln 𝑣 ln 𝑢)1ఈି1𝑣𝑢 ቏ × 

ቊ൤(−α ln(𝑢))1ఈ + (−α ln 𝑣)1ఈ൨ఈ + 1 − 𝛼ቋ 

Although the second derivative is positive at the following intervals: (0,1] so alpha can be 
defined on the interval 0 < 𝛼 ≤ 1 .  

Proposition 3: this copula is absolutely continuous copula and it has no singular part. 

Proof: to test for singularity:  
ఝ(଴)ఝᇲ(଴) = 0 𝜑(𝑢)𝜑′(𝑢)  =   (−α ln 𝑢)1ఈ

1𝛼 (−α ln 𝑢)1ఈି1 ቀ−𝛼𝑢 ቁ =  −α ln 𝑢−1𝑢  

lim௨→0

𝜑(𝑢)𝜑′(𝑢)  =   (−α ln 𝑢)1ఈ
1𝛼 (−α ln 𝑢)1ఈି1 ቀ−𝛼𝑢 ቁ =  −α ln 𝑢−1𝑢  

Using L’Hopital 

lim௨→0

𝜑(𝑢)𝜑′(𝑢)  = lim௨→0
  (−α ln 𝑢)1ఈ

1𝛼 (−α ln 𝑢)1ఈି1 ቀ−𝛼𝑢 ቁ =  lim௨→0
  𝛼𝑢−1𝑢2

  = lim௨→0
 (−𝛼𝑢) = −𝛼(0) = 0 

As long as this limit is zero at u=0 so it has no singular part and it is absolutely continuous 
copula. 
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Proposition 4: Kendall tau for this copula is 𝜏 = 1 − 𝛼 

Proof: 𝜏 = 4 න 𝜑(𝑢)𝜑′(𝑢)1

0
𝑑𝑢  + 1 

න 𝜑(𝑢)𝜑′(𝑢)1

0
 𝑑𝑢 =  න 𝛼 𝑢 ln(𝑢) 𝑑𝑢 =1

0

−𝛼
4  , 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑜𝑛 𝑏𝑦 𝑝𝑎𝑟𝑡𝑠 

𝜏 = 4 න 𝜑(𝑢)𝜑′(𝑢)1

0
𝑑𝑢  + 1 =  4 ቀ−𝛼

4 ቁ   + 1 = 1 − 𝛼 

If  𝛼 = 1   𝜏 = 0  indicating independence.  
Although the second derivative is positive at the following intervals: (0,1]  considering that tau 

is defined within the interval [−1,1] so alpha can be defined on the interval  0 < 𝛼 ≤ 1 . In this 
interval the Kendall tau can show positive dependency and independency. 

Preposition 5: This copula is product copula at alpha =1, in other word, if alpha=1,  𝐶(𝑢, 𝑣)   = 𝑢𝑣 , 
this is the product copula indicating independency. 

Proof: 𝐶(𝑢, 𝑣)   = 𝑒𝑥𝑝 ቆ− 1𝛼 ൤(−α ln 𝑢)1ఈ + (−α ln 𝑣)1ఈ൨ఈቇ = 𝑒𝑥𝑝(−[− ln 𝑢 − ln 𝑣])  𝑒𝑥𝑝([ ln 𝑢 + ln 𝑣]) = 𝑒𝑥𝑝([ ln 𝑢 𝑣]) = 𝑢𝑣 𝐶(𝑢, 𝑣)   = 𝑢𝑣  
The following figures illustrates the Copula surface with different alpha values  

 
Figure 1. shows the generator function (decreasing and convex) at alpha = 0.6. 
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Figure 2. shows the joint PDF copula (copula density) at alpha=0.1. 

 

Figure 3. shows the joint CDF copula (Copula) at alpha =0.1. 

 
Figure 4. shows the joint pdf copula ( copula density) at alpha=0.6. 
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Figure 5. shows the joint cdf copula ( Copula) at alpha=0.6. 

 
Figure 6. shows the joint pdf copula ( copula density) at alpha =1. 

 

Figure 7. shows joint cdf Copula ( Copula) at alpha=1. 
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The limitation for this copula is that it does not cover the negative dependency between 
variables.  

Section 2: (Second Copula) 

Let’s say the inverse generator is  

C൫𝜑(𝑢) + 𝜑(𝑣)൯ = Φି1(𝑡) = 𝑧 = 𝑒𝑥𝑝 ቀ−𝑡ఈ2ቁ 

The generator is: 

ln 𝑧 = ln ቄ𝑒𝑥𝑝 ቀ−𝑡ఈ2ቁቅ = −𝑡ఈ2 − ln 𝑧 = 𝑡ఈ2 𝜑(𝑧) = (− ln 𝑧)ఈష2 = 𝑡   ,   𝑧 ∈ (0,1) 
The generator should fulfill the sufficient conditions: 

(1) 𝜑(0) = (− ln 0)ఈష2 = ∞ 
(2) 𝜑(1) = (− ln 1)ఈష2 = 0 
(3) 𝜑′(𝑧) =  𝛼ି2 (− ln 𝑧)ఈష2ି1 ቀି1௭ ቁ  < 0 

This ensures that the generator is a decreasing function. 
(4) 𝜑ᇱᇱ(𝑧) =  ଵఈమ ቀ ଵఈమ − 1ቁ (− ln 𝑧)ఈషమିଶ ቀିଵ௭ ቁ ቀିଵ௭ ቁ + 𝛼ିଶ (− ln 𝑧)ఈషమିଵ ቀ ଵ௭మቁ > 0  

This ensures that the generator is convex at  0 < 𝛼 ≤ 1 
for bivariate distribution: 𝜑(𝑢) = (− ln 𝑢) 1ఈ2 

𝜑(𝑣) = (− ln 𝑣) 1ఈ2 

𝜑(𝑤)  = 𝜑(𝑢) + 𝜑(𝑣) = (− ln 𝑢) 1ఈ2 + (− ln 𝑣) 1ఈ2 

𝐶൫𝜑(𝑢) + 𝜑(𝑣)൯   = 𝑒𝑥𝑝 ൭− ൤(− ln 𝑢) 1ഀ2 + (− ln 𝑣) 1ഀ2൨ఈ2൱  

C(𝑢, 𝑣) = 𝐶൫𝐹௑(𝑥), 𝐹௒(𝑦)൯ 
For a copula to be a valid copula it should fulfill the boundary condition, the marginal 

uniformity and 2- increasing condition. And this is equivalent for necessary conditions of the inverse 
generator to be fulfilled which are the following: 

Proposition 6: The boundary conditions and marginal uniformity: C(0, 𝑣) = C(𝑢, 0) = 0 , boundary condition. C(1, 𝑣) = 𝑣   𝑎𝑛𝑑  C(𝑢, 1) = 𝑢 , the marginal uniformity. 

Proof: 

𝐶(1, 𝑣)   = 𝑒𝑥𝑝 ቌ− ቈ(− ln 1) 1ఈ2 + (− ln 𝑣) 1ఈ2቉ఈ2ቍ 

𝐶(1, 𝑣)   = 𝑒𝑥𝑝 ቌ− ቈ0 + (− ln 𝑣) 1ఈ2቉ఈ2ቍ 
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𝐶(1, 𝑣) = 𝑒𝑥𝑝 ቌ− ቈ(− ln 𝑣) 1ఈ2቉ఈ2ቍ = 𝑒𝑥𝑝(−[− ln 𝑣]) = 𝑣 

𝐶(𝑢, 1) = 𝑒𝑥𝑝 ቌ− ቈ(− ln 𝑢) 1ఈ2቉ఈ2ቍ = 𝑒𝑥𝑝(−[− ln 𝑢]) = 𝑢 

Proposition 7:  for copula to be valid it should be 2-increasing,   in other words ∂2C(𝑢, 𝑣)𝜕𝑢𝜕𝑣 ≥ 0 

Proof: ∂C(𝑢, 𝑣)𝜕𝑢 = 𝑒𝑥𝑝 ቌ− ቈ(− ln 𝑢) 1ఈ2 + (− ln 𝑣) 1ఈ2቉ఈ2ቍ ×  
(−𝛼2) ቈ(− ln 𝑢) 1ఈ2 + (− ln 𝑣) 1ఈ2቉ఈ2ି1 ൭ 1𝛼2 (− ln(𝑢)) 1ఈ2ି1 ൬−1𝑢 ൰൱ 

∂C(𝑢, 𝑣)𝜕𝑢 =  
𝑒𝑥𝑝 ቌ− ቈ(− ln 𝑢) 1ఈ2 + (− ln 𝑣) 1ఈ2቉ఈ2ቍ ቈ(− ln 𝑢) 1ఈ2

+ (− ln 𝑣) 1ఈ2቉ఈ2ି1 ൭(− ln(𝑢)) 1ఈ2ି1 ൬1𝑢൰൱ 

𝜕𝜕𝑣 ቆ∂C(𝑢, 𝑣)𝜕𝑢 ቇ = 

𝑒𝑥𝑝 ቌ− ቈ(− ln 𝑢) 1ఈ2 + (− ln 𝑣) 1ఈ2቉ఈ2ቍ × (−𝛼2) ቈ(− ln 𝑢) 1ఈ2 + (− ln 𝑣) 1ఈ2቉ఈ2ି1

 

൭ 1𝛼2 (−ln(𝑣)) 1ఈ2ି1 ൬−1𝑣 ൰൱ × ቈ(− ln 𝑢) 1ఈ2 + (− ln 𝑣) 1ఈ2቉ఈ2ି1 ൭(− ln(𝑢)) 1ఈ2ି1 ൬1𝑢൰൱ + 

𝑒𝑥𝑝 ቌ− ቈ(− ln 𝑢) 1ఈ2 + (− ln 𝑣) 1ఈ2቉ఈ2ቍ ൭(− ln(𝑢)) 1ఈ2ି1 ൬1𝑢൰൱ × 

(𝛼2 − 1) ቈ(− ln 𝑢) 1ఈ2 + (− ln 𝑣) 1ఈ2቉ఈ2ି2   ൭ 1𝛼2 (− ln(𝑣)) 1ఈ2ି1 ൬−1𝑣 ൰൱ 

=  𝑒𝑥𝑝 ቌ− ቈ(− ln 𝑢) 1ఈ2 + (− ln 𝑣) 1ఈ2቉ఈ2ቍ ×  ቈ(− ln 𝑢) 1ఈ2 + (− ln 𝑣) 1ఈ2቉ఈ2ି1
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൭(−ln(𝑣)) 1ఈ2ି1 ൬1𝑣൰൱ × ቈ(− ln 𝑢) 1ఈ2 + (− ln 𝑣) 1ఈ2቉ఈ2ି1 ൭(− ln(𝑢)) 1ఈ2ି1 ൬1𝑢൰൱ + 

𝑒𝑥𝑝 ቌ− ቈ(− ln 𝑢) 1ఈ2 + (− ln 𝑣) 1ఈ2቉ఈ2ቍ ൭(− ln(𝑢)) 1ఈ2ି1 ൬1𝑢൰൱ × 

(𝛼2 − 1) ቈ(− ln 𝑢) 1ఈ2 + (− ln 𝑣) 1ఈ2቉ఈ2ି2   ൭ 1𝛼2 (− ln(𝑣)) 1ఈ2ି1 ൬−1𝑣 ൰൱ =  
=  𝑒𝑥𝑝 ቌ− ቈ(− ln 𝑢) 1ఈ2 + (− ln 𝑣) 1ఈ2቉ఈ2ቍ ቈ(− ln 𝑢) 1ఈ2

+ (− ln 𝑣) 1ఈ2቉2ఈ2ି2 ቎(ln (𝑣) ln(𝑢)) 1ఈ2ି1𝑢𝑣 ቏ 

+  (𝛼2 − 1) ൬−1𝛼2 ൰ ቎(ln (𝑣) ln(𝑢)) 1ఈ2ି1𝑢𝑣 ቏ 𝑒𝑥𝑝 ቌ− ቈ(− ln 𝑢) 1ఈ2 + (− ln 𝑣) 1ఈ2቉ఈ2ቍ × 

ቈ(− ln 𝑢) 1ఈ2 + (− ln 𝑣) 1ఈ2቉ఈ2ି2  
=  𝑒𝑥𝑝 ቌ− ቈ(− ln 𝑢) 1ఈ2 + (− ln 𝑣) 1ఈ2቉ఈ2ቍ ቈ(− ln 𝑢) 1ఈ2

+ (− ln 𝑣) 1ఈ2቉ఈ2ି2 ቎(ln (𝑣) ln(𝑢)) 1ఈ2ି1𝑢𝑣 ቏ 

× ቐቈ(− ln 𝑢) 1ఈ2 + (− ln 𝑣) 1ఈ2቉ఈ2   −  ൬ 1𝛼2൰ (𝛼2 − 1)ቑ 

The second derivative is positive at (0,1]  

Preposition 8 : this copula is absolutely continuous copula and it has no singular part. 

Proof: to test for singularity:  
ఝ(଴)ఝᇲ(଴) = 0 𝜑(𝑢)𝜑′(𝑢)  =   (− ln 𝑢) 1ఈ2

1𝛼2 (− ln 𝑢) 1ఈ2ି1 ቀ−1𝑢 ቁ =  α2(−ln 𝑢) −1𝑢  

lim௨→0

𝜑(𝑢)𝜑′(𝑢)  = lim௨→0
 (− ln 𝑢) 1ఈ2

1𝛼2 (− ln 𝑢) 1ఈ2ି1 ቀ−1𝑢 ቁ = lim௨→0
 α2(−ln 𝑢) −1𝑢  

Using L’Hopital 

lim௨→0

𝜑(𝑢)𝜑′(𝑢)  =   α2 ቀ−1𝑢 ቁ
1𝑢2

=  −𝛼2𝑢 = −𝛼2(0) = 0 
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As long as this limit is zero at u=0 so the copula has no singular part and it is absolutely 
continuous copula. 

Preposition 9: Kendall tau for this copula is 𝜏 = 1 − 2 𝛼ଶ 

Proof: 𝜏 = 4 න 𝜑(𝑢)𝜑′(𝑢)1

0
𝑑𝑢  + 1 

න 𝜑(𝑢)𝜑′(𝑢)1

0
 𝑑𝑢 =  න (−𝑢)  𝛼2 𝑑𝑢 = 1

0

−𝛼2

2   
𝜏 = 4 න 𝜑(𝑢)𝜑′(𝑢)1

0
𝑑𝑢  + 1 =  4 ቆ−𝛼2

2 ቇ  + 1 = 1 − 2 𝛼2 

If  𝛼 𝑖𝑠 𝑎𝑝𝑝𝑟𝑜𝑎𝑐ℎ𝑖𝑛𝑔 0   𝜏 = 1  indicating positive dependency.   
If  𝛼 = 1  𝑠𝑜  𝜏 = −1  indicating negative dependency. 
To be product copula indicating independency, the alpha parameter should be square root of 2 

at which the copula is invalid. So this copula cannot represent independency.  
The following figures illustrates the Copula surface with different alpha values  

 

Figure 8. shows the generator function (decreasing and convex) at alpha = 1. 
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Figure 9. shows the joint CDF copula (copula) at alpha=0.1. 

 

Figure 10. shows the joint PDF copula (copula density) at alpha =0.1. 

 
Figure 11. shows the joint CDF copula (copula) at alpha =0.4. 
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Figure 12. shows the joint PDF copula (copula density) at alpha =0.4. 

 

Figure 13. shows the joint CDF copula (copula) at alpha =0.6. 
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Figure 14. shows the joint PDF copula (copula density) at alpha =0.6. 

 

Figure 15. shows the joint CDF copula (copula) at alpha =0.888. 

 
Figure 16. shows the joint PDF copula (copula density) at alpha =0.888. 
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Figure 17. shows the joint CDF copula (copula) at alpha =0.988. 

 

Figure 18. shows the joint PDF copula (copula density) at alpha =0.988. 
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Figure 19. shows the joint CDF copula (copula) at alpha =1. 

 

Figure 20. shows the joint PDF copula (copula density) at alpha =1. 

The limitation of this copula it does not cover independency. 

Section 3: (Third Copula) 

This copula depends on the frailty method for generating the copula. Assuming two individuals 
have survival time distributed as exponential 𝑇ଵ and 𝑇ଶ .They have exponential baseline hazard 
function with  𝜆ଵ = 𝜆ଶ = 1 . The survival function is shown in equation (2) and the hazard function 
in equation () 𝑆(𝑡) = 𝑃𝑟𝑜𝑏(𝑇 > 𝑡) = 1 − 𝐹(𝑡) … … … . (2) ℎ(𝑡) = − 𝜕 ln 𝑆(𝑡)𝜕 𝑡 =  𝐹(𝑡)𝑆(𝑡) 

The Cox proportional hazard model uses the hazard function as shown in equation (3) ℎ(𝑡, 𝑍) = 𝑒ఉ௓ 𝑏(𝑡) … … … . . (3) 
where the Z are the explanatory variables in survival analysis and b(t) is the baseline hazard function. 
And B is the vector of regression coefficients. It is proportional because all information is contained 
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in the multiplicative factor  𝛾 =  𝑒஻௓  , this is called the frailty model when some explanatory 
variables (Z) and hence the factor  𝛾  are unobserved. And the factor 𝛾  is called the frailty 
parameter. Integrating and exponentiating the negative hazard 𝜆 = 𝑒ఉ0ାఉ1௓1ାఉ2௓2 =   𝑒ఉ0   𝑒ఉ1௓1ାఉ2௓2 =  𝜆0𝑒ఉ1௓1ାఉ2௓2 for 2 explanatory variables for example 𝑆(𝑡|𝛾) = 𝑒𝑥𝑝 ቆ− න − 𝜕 ln 𝑆(𝑡)𝜕 𝑡௧

0
ቇ 𝑑𝑡 = 𝑒𝑥𝑝 ቆ− න ℎ(𝑡)௧

0
ቇ 𝑑𝑡 = 𝑒𝑥𝑝 ቆ− න 𝜆௧

0
ቇ 𝑑𝑡 

𝑒𝑥𝑝 ቆ− න 𝑒ఉ0ାఉ1௓1ାఉ2௓2
௧

0
ቇ 𝑑𝑡 =  𝑒𝑥𝑝 ቆ− න 𝑒ఉ0ఊ௧

0
ቇ 𝑑𝑡 =  𝑒𝑥𝑝 ቆ−𝛾 න 𝑒ఉ0

௧
0

ቇ 𝑑𝑡 

𝑒ቀିఊ ׬ ௘ഁ0  ௗ௧೟
0 ቁ = ൤𝑒ቀି ׬ ఒ0 ௗ௧೟

0 ቁ൨ఊ = ൣ𝑒ି௧ఒ0൧ఊ   𝑤ℎ𝑒𝑟𝑒  𝑒ఉ0 =  𝜆0 𝑎𝑠𝑠𝑢𝑚𝑒 𝜆0 = 1  [𝐵(𝑡)]ఊ    𝑤ℎ𝑒𝑟𝑒 𝐵(𝑡)𝑖𝑠 𝑡ℎ𝑒 𝑏𝑎𝑠𝑒𝑙𝑖𝑛𝑒 ℎ𝑎𝑧𝑎𝑟𝑑 , to sum up  ൣ𝑒ି௧ఒ0൧ఊ =  ൣ𝑒ିௌ0(೟)൧ఊ =  𝑒ି௧ఊ = 𝑆(𝑡|𝛾)  
The marginal distribution for a single life time T is obtained by taking expectation over the 

potential values of 𝛾 that is  𝐸(𝑒ି௧ఊ) , assuming the 𝑓(𝛾) is the PDF of the frailty variable so 𝐸(𝑒ି௧ఊ) =  න 𝑒ି௧ఊ 𝑓(𝛾)𝑑𝛾 ஶ
଴  

Let y be a random variable distributed as Median Based Unit Rayleigh (BMUR)in equation (4) 
previously introduced by Iman Attia (Iman M. Attia, 2024), transform this variable to be defined on 
the interval from zero to infinity as shown below: 

6𝛼2  ቈ1 − 𝑦 1ఈ2቉ 𝑦ቀ 2ఈ2ି1ቁ ,    0 < 𝑦 < 1 ,   𝛼 > 0 

Let  𝑤 = − ln(𝑦) 1ഀ3      →    𝑤 = ିln ௬ఈ3    → −𝑤𝛼3 = ln 𝑦 → 𝑦 =  𝑒ିఈ3௪   𝑑𝑦 = 𝑒ିఈ3௪(−𝛼3) 𝑑𝑤 න 6𝛼2  ൥1 − ቀ𝑒ିఈ3 ௪ ቁ 1ఈ2൩ ቀ𝑒ିఈ3௪  ቁቀ 2ఈ2ቁ∞

0
ቀ𝑒ିఈ3௪  ቁି1 (𝛼3)𝑒ିఈ3௪ 𝑑𝑤 

  න 6𝛼 ቈ1 − 𝑒ିఈ3 ௪ఈ2   ቉ 𝑒ି2ఈ3 ௪ఈ2   ∞

0
 𝑑𝑤 𝑓ௐ(𝑤) =   6𝛼 [1 − 𝑒ି௪ఈ  ]𝑒ି2ఈ௪   

Now this w is the frailty variable 𝛾 which is distributed as unbounded MBUR defined on the 
interval  (0, ∞).  𝐸(𝑒ି௧ఊ) =  න 𝑒ି௧ఊ 𝑓(𝛾)𝑑𝛾 ∞

0
 

= න (𝑒ି௧ఊ)  6𝛼 [1 − 𝑒ିఊఈ  ]𝑒ି2ఈఊ  ∞

0
 𝑑𝛾 = 6𝛼 න 𝑒ିఊ(௧ା2ఈ)  ∞

0
 𝑑𝛾 − 6𝛼 න 𝑒ିఊ(௧ା3ఈ)  ∞

0
 𝑑𝛾   

= 6𝛼  ቈ 𝑒ିఊ(௧ା2ఈ)−(𝑡 + 2𝛼)቉ቤ
0

∞ − 6𝛼 ቈ 𝑒ିఊ(௧ା3ఈ)−(𝑡 + 3𝛼)቉ቤ
0

∞  = 6𝛼 ൤൬ 1𝑡 + 2𝛼൰ − ൬ 1𝑡 + 3𝛼൰൨ =  
𝐸(𝑒ି௧ఊ) = 𝐸(𝑆(𝑡|𝛾)) = 6𝛼2(𝑡 + 2𝛼)(𝑡 + 3𝛼) =  6𝛼2𝑡2 + 5𝛼𝑡 + 6𝛼2  

We can think of this expectation as a function of the frailty variable, it is averaging the probability 
to survive beyond specific time given that frailty. It is the expectation of a function of the frailty not 
the variable frailty itself so this function which is the baseline survival function should be multiplied 
by the PDF of the frailty variable. This way the frailty variable is integrated out.  So this expectation 
is considered as the joint CDF of the two random variables T1 and T2. How to get this time?  By 
inverting this expectation. Let us call this expectation u then solving second degree polynomial to get 
its root. 
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ቆ𝑢 =  6𝛼2𝑡2 + 5𝛼𝑡 + 6𝛼2ቇ     →   ቆ6𝛼2𝑢 =  𝑡2 + 5𝛼𝑡 + 6𝛼2ቇ     →  ቆ𝑡2 + 5𝛼𝑡 + 6𝛼2 − 6𝛼2𝑢 = 0ቇ 

𝑡 = −5𝛼 + ට25𝛼2 − 4(1)(6𝛼2) ቀ1 − 1𝑢ቁ
2  𝑡 = −5𝛼 + ට25𝛼2 − 24𝛼2 ቀ1 − 1𝑢ቁ

2  

𝑡 = −5𝛼 + ඨ𝛼2   ቆ25 − 24 ቀ1 − 1𝑢ቁቇ
2 = −5𝛼 + 𝛼ඨ  ቆ25 − 24 ቀ1 − 1𝑢ቁቇ

2  

𝑡 =  𝛼 ቆ−5 + ට  ቀ25 − 24 + 24𝑢 ቁቇ
2 =   𝛼 ቆ−5 + ට  ቀ1 + 24𝑢 ቁቇ

2  

This (t) is the generator and (u) is the inverse generator. So the time (t) is a function of (u) 
The generator should fulfill the sufficient conditions: 

(1) 𝜑(0) = ఈቆି5ାට  ቀ1ା24
0 ቁቇ

2
= ∞ 

(2) 𝜑(1) = ఈቆି5ାට  ቀ1ା24
1 ቁቇ

2
= 0 

(3) 𝜑′(𝑢) =  ఈ
4

  ቀ1 + 24௨ ቁି0.5  ቀି24௨2 ቁ = −6𝛼  ቀ1 + 24௨ ቁି0.5  ቀ 1௨2ቁ  < 0 

This ensures that the generator is a decreasing function. 

(4) 𝜑ᇱᇱ(𝑢) =  ଵଶఈ௨య   ቀ1 + ଶସ௨ ቁି଴.ହ + ଺ఈଶ  ቀ1 + ଶସ௨ ቁିଵ.ହ  ቀିଶସ௨మ ቁ ቀ ଵ௨మቁ > 0  = 12𝛼𝑢ଷ   ൬1 + 24𝑢 ൰ି଴.ହ − 72𝛼𝑢ସ  ൬1 + 24𝑢 ൰ିଵ.ହ  > 0  𝑓𝑜𝑟  𝛼 > 0 

This ensures that the generator is convex at  0 < 𝛼 ≤ 1 
for bivariate distribution: 

𝜑(𝑢) =  𝛼 ቆ−5 + ට  ቀ1 + 24𝑢 ቁቇ
2 , 𝑡ℎ𝑖𝑠 𝑖𝑠 𝑡ℎ𝑒 𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑜𝑟  

𝜑(𝑣) =  𝛼 ቆ−5 + ට  ቀ1 + 24𝑣 ቁቇ
2  

𝜑(𝑤)  = 𝜑(𝑢) + 𝜑(𝑣) = 𝛼 ቆ−5 + ට  ቀ1 + 24𝑢 ቁቇ
2 + 𝛼 ቆ−5 + ට  ቀ1 + 24𝑣 ቁቇ

2  

𝜑(𝑤) =   𝛼
2  ቐ−10 + ඨ  ൬1 + 24𝑢 ൰ + ඨ  ൬1 + 24𝑣 ൰ቑ  

𝐶൫𝜑(𝑢) + 𝜑(𝑣)൯   = 6 𝛼2( [𝜑(𝑤)]2 + 5 𝛼 [𝜑(𝑤)]  + 6 𝛼2)ି1  

C(𝑢, 𝑣) = 𝐶൫𝐹௑(𝑥), 𝐹௒(𝑦)൯ 
For a copula to be a valid copula it should fulfill the boundary condition, the marginal 

uniformity and 2- increasing conditions. And this is equivalent for necessary conditions of the inverse 
generator to be fulfilled which are the following: 

Proposition 10: The boundary conditions and marginal uniformity: C(0, 𝑣) = C(𝑢, 0) = 0 , boundary condition. C(1, 𝑣) = 𝑣   𝑎𝑛𝑑  C(𝑢, 1) = 𝑢 , the marginal uniformity. 
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Proof: when u=1 so : 

𝜑(𝑤) =   𝛼
2  ቐ−10 + ඨ  ൬1 + 24

1 ൰ + ඨ  ൬1 + 24𝑣 ൰ቑ = =   𝛼
2  ቐ−5 + ඨ  ൬1 + 24𝑣 ൰ቑ 

𝐶(1, 𝑣)   = 6 𝛼2(𝜑(𝑤) + 2𝛼)(𝜑(𝑤) + 3𝛼) 

𝐶(1, 𝑣)   = 6 𝛼2ቆ 𝛼2  ቊ−5 + ට  ቀ1 + 24𝑣 ቁቋ + 2𝛼ቇ ቆ 𝛼2  ቊ−5 + ට  ቀ1 + 24𝑣 ቁቋ + 3𝛼ቇ 

𝐶(1, 𝑣)   = 6 𝛼2ቆ 𝛼2  ቊ−5 + ට  ቀ1 + 24𝑣 ቁቋ + 4𝛼
2 ቇ ቆ 𝛼2  ቊ−5 + ට  ቀ1 + 24𝑣 ቁቋ + 6𝛼

2 ቇ 

𝐶(1, 𝑣)   = 6 𝛼2൭ 𝛼2  ቆቊ−5 + ට  ቀ1 + 24𝑣 ቁቋ + 4ቇ൱ ൭ 𝛼2  ቆቊ−5 + ට  ቀ1 + 24𝑣 ቁቋ + 6ቇ൱ 

𝐶(1, 𝑣)   = 6 𝛼2ቆ 𝛼2  ቈ−1 + ට  ቀ1 + 24𝑣 ቁ቉ቇ ቆ 𝛼2  ቈ1 + ට  ቀ1 + 24𝑣 ቁ቉ቇ 

𝐶(1, 𝑣)   = 6 𝛼2൬𝛼2

4 ൰  ቈ−1 + ට  ቀ1 + 24𝑣 ቁ   − ට  ቀ1 + 24𝑣 ቁ + ቀ1 + 24𝑣 ቁ቉ 

𝐶(1, 𝑣)   = 24   ቂ  ቀ24𝑣 ቁቃ = 𝑣  
The same is true for v , if v=1 so  𝐶(𝑢, 1)   = 24   ቂ  ቀ24𝑢 ቁቃ = 𝑢  

Proposition 11: for copula to be valid it should be 2-increasing   in other words 

∂2C(𝑢, 𝑣)𝜕𝑢𝜕𝑣 ≥ 0 𝜕𝐶(𝑢, 𝑣)𝜕𝑢 = −6𝛼2 ቂ൫𝜑(𝑤)൯2 + 5𝛼𝜑(𝑤) + 6𝛼2ቃି2 ቈ2ሼ𝜑(𝑤)ሽ ቀ𝛼
2ቁ ൬1

2൰ ൬1 + 24𝑢 ൰ି0.5 ൬−24𝑢2 ൰቉ + 

5 𝛼 ቀ𝛼
2ቁ ൬1

2൰ ൬1 + 24𝑢 ൰ି0.5 ൬−24𝑢2 ൰ 

=  36𝛼4𝑢2 ൬1 + 24𝑢 ൰ି0.5 ቊ−5 + ൬1 + 24𝑢 ൰0.5 + ൬1 + 24𝑢 ൰0.5ቋ ቂ൫𝜑(𝑤)൯2 + 5𝛼𝜑(𝑤) + 6𝛼2ቃି2
 𝜕𝜕𝑣 ቆ𝜕𝐶(𝑢, 𝑣)𝜕𝑢 ቇ =  (432) 𝛼4𝑢2𝑣2  ൬1 + 24𝑢 ൰ି0.5 ൬1 + 24𝑣 ൰ି0.5 ቂ൫𝜑(𝑤)൯2 + 5𝛼𝜑(𝑤) + 6𝛼2ቃି2 × 
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൝𝛼2 ቂ൫𝜑(𝑤)൯2 + 5𝛼𝜑(𝑤) + 6𝛼2ቃି1 ቈ−5 + ൬1 + 24𝑢 ൰0.5 + ൬1 + 24𝑢 ൰0.5቉2 − 1ൡ 

Proposition 12: this copula is absolutely continuous copula and it has no singular part. 

Proof: to test for singularity:  
ఝ(଴)ఝᇲ(଴) = 0 

𝜑(𝑢) =  𝛼
2 ቆ−5 + ൬1 + 24𝑢 ൰0.5ቇ 

𝜑(𝑢)𝜑′(𝑢)  =   𝛼
2 ቆ−5 + ቀ1 + 24𝑢 ቁ0.5ቇ

ቀ𝛼
2ቁ ቀ1

2ቁ ቀ1 + 24𝑢 ቁି0.5 ቀ−24𝑢2 ቁ =  ቆ−5 + ቀ1 + 24𝑢 ቁ0.5ቇ
ቀ1
2ቁ ቀ1 + 24𝑢 ቁି0.5 ቀ−24𝑢2 ቁ 

lim௨→0

𝜑(𝑢)𝜑′(𝑢)  = lim௨→0
 ቆ−5 + ቀ1 + 24𝑢 ቁ0.5ቇ
ቀ1
2ቁ ቀ1 + 24𝑢 ቁି0.5 ቀ−24𝑢2 ቁ 

= lim௨→0
 −5ቀ1

2ቁ ቀ1 + 24𝑢 ቁି0.5 ቀ−24𝑢2 ቁ + lim௨→0
  ቀ1 + 24𝑢 ቁ0.5

ቀ1
2ቁ ቀ1 + 24𝑢 ቁି0.5 ቀ−24𝑢2 ቁ  

= lim௨→0
 −10ቀ1 + 24𝑢 ቁି0.5 ቀ−24𝑢2 ቁ + lim௨→0

  ቀ1 + 24𝑢 ቁቀ−12𝑢2 ቁ  

= lim௨→0
 −10ቀ𝑢𝑢 + 24𝑢 ቁି0.5 ቀ−24𝑢2 ቁ + lim௨→0

  ቀ1 + 24𝑢 ቁቀ−12𝑢2 ቁ  

lim௨→0
 −10ቀ 𝑢𝑢 + 24ቁ0.5 ቀ−24𝑢2 ቁ + lim௨→0

  ቀ24 + 𝑢𝑢 ቁ 𝑢2−12  

lim௨→0
 −10(𝑢 + 24)0.5𝑢2−24 𝑢0.5 + lim௨→0

  𝑢(24 + 𝑢)−12  

lim௨→0
 10(𝑢 + 24)0.5𝑢1.5

24 +  lim௨→0
  𝑢(24 + 𝑢)−12 = 0 + 0 = 0 

As long as this limit is zero at u=0 so the copula has no singular part and it is absolutely 
continuous copula. 

Proposition 13 : Kendall tau for this copula is 𝜏 = 1 − 2 𝛼ଶ 

Proof: 𝜏 = 4 න 𝜑(𝑢)𝜑′(𝑢)1

0
𝑑𝑢  + 1 

න 𝜑(𝑢)𝜑′(𝑢)1

0
 𝑑𝑢 =  න ቆ 10(𝑢 + 24)0.5𝑢1.5

24 +    𝑢(24 + 𝑢)−12 ቇ  𝑑𝑢 = 1

0
  

= 10
24 න (𝑢 + 24)0.5𝑢1.5 𝑑𝑢 + −1

12 න   24𝑢 + 𝑢2
1

0
 𝑑𝑢 = 1

0
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= 10
24

(0.8286) − 1
12 ൬12 + 1

3൰ = −0.19917 

𝜏 = 4 න 𝜑(𝑢)𝜑′(𝑢)1

0
𝑑𝑢  + 1 =  4 (−0.19917)   + 1 = 0.20332 

The following figures show the generator and the CDF and PDF of this third copula  

 

Figure 21. shows the generator function (decreasing and convex) at alpha = 0.1. 

 

Figure 22. shows the joint CDF copula (copula density) at alpha =0.1. 
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Figure 23. shows the joint PDF copula (copula density) at alpha =0.1. 

 

Figure 23. shows the joint CDF copula (copula) at alpha =0.6. 
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Figure 24. shows the joint PDF copula (copula density) at alpha =0.6. 

 

Figure 25. shows the joint CDF copula (copula) at alpha =1. 
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Figure 26. shows the joint PDF copula (copula density) at alpha =1. 

 
Figure 27. shows the joint CDF copula (copula) at alpha =10. 

 

Figure 28. shows the joint PDF copula (copula density) at alpha =1. 
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To sum up for this copula, the generator and inverse generator fulfill the conditions. The copula 
density fulfills the criteria but the values of the joint CDF and DPF are the same for all values of the 
dependency parameter. Kendal tau is fixed at 0.32 and it does not depend on the dependency 
parameter.  

Section 4: Conclusions and Future Work 

Although the generator and inverse generator fulfilled the criteria as well as the copula density 
but for each copula discussed previously, there were limitations.  These limitation may be solved by 
mixture of copulas or better  re-parameterization of   these copula once again.   
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