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Article

New Three Different Generators for Constructing
New Three Different Bivariate Copulas

Iman M. Attia

Department of Mathematical Statistics, Faculty of Graduate Studies for Statistical Research, Cairo University,
Egypt; imanattiathesis1972@gmail.com or imanattial972@gmail.com

Abstract: In this paper, the author introduces new methods to construct Archimedean copulas. The
generator of each copula fulfills the sufficient conditions as regards the boundary and being
continuous, decreasing, and convex. Each inverse generator also fulfills the necessary conditions as
regards the boundary conditions, marginal uniformity, and 2-increasing properties. Although these
copulas satisfy these conditions, they have some limitations. They do not cover the entire dependency
spectrum, ranging from perfect negative dependency to perfect positive dependency, passing
through the independence state. Even the third copula has a fixed constant Kendall tau measure and
fixed values for both the joint CDF and PDF copula, but the generator output changes with the
changing value of the dependency parameter. For each copula, the author discusses the derivation,
the properties, whether it has a singular part or not, and the Kendall tau measure for dependency.
The article shows figures for depicting the generator function, joint CDF, and joint PDF for each
copula.

Keywords: Archimedean copula; generator; inverse generator; MBUR; Kendall tau

Introduction

Copula can express the nonlinear dependency between two or more variables, in comparison
with correlation that can capture linear dependency between variables. It is a technique used to
implement the joint distribution of the many variables (two or more). This has many wide
applications in modern era of science like hydrology and geophysics (Valle & Kaplan, 2019) (Liu et al.,
2018) (Salvadorietal,, 2007), transportation research(Ma etal.,, 2017) (Bhat & Eluru, 2009) , medicine
(Kuss et al, 2014) (Lapuyade-Lahorgue et al, 2017) (Gomes et al, 2019) , engineering (Kilgore &
Thompson, 2011), biology (Konigorski et al, 2014) (Dokuzoglu & Purutguoglu, 2017), climate
research (Scholzel & Friederichs, 2008) (Oppenheimer et al.,, 2016), economics (Oh & Patton, 2018)
(Kole etal., 2007) (De Lira Salvatierra & Patton, 2015). Sklar (Abe Sklar, 1973) showed that a copula
exists for any multivariate distribution, such that the joibt distribution equals the copula applied to
the marginal.

Definition 1 (Sklar’s theorem 1): For any bivariate distribution function F with marginal F; and F,
, there exists a copula such that

Fx,y) = C(Fi(x), F,(y)), X,y €ER=RU {~00,}
If F is continuous, then the copula C is unique. Otherwise, it is uniquely determined on the
F,(R) x F,(R) . The converse is also true, for any copula and univariate distribution functions F,
and F, , the function C(Fy(x),F,(y)) is a bivariate distribution function with margins F, and F,

A bivariate distribution function C(u,v) withmarginal u = Fx(x) and v = Fy(y) issaid tobe
generated by an Archimedean copula, if it can be written in the form of equation (1)

Cwv)= o7 (e +o®) (1)

The generator ¢(u) should satisfy the following conditions (sufficient conditions):

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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(1) @(u) is continuous, strictly decreasing and convex function mapping [0,1] onto [0,%) , in
other words, ¢ (u) < 0 ( decreasing) and ¢ (u) > 0 ( convex)

2) @) =<
B) (=0

Definition 2: a bivariate copula is a non-decreasing and a right-continuous bivariate function

mapping

C:[0,1] x [0,1] = [0,1] which satisfies the following conditions
(1) €0,v) =Cu,0)=0, V(u,v) € [0,1]*> (Grounded)
2 Cl,v)=vand Cw1)=u VY(wv)e€[01]*> (uniform marginal)
(3) C(uy,vy) — C(uy,vp) — Cluy, v1) + C(uy, vp) =0, for u; > u, and vy > v,

V (uy,uy ,v1,v,) €[0,1]*  (2-increasing) . This last property is equal to % =
ac(uy) ..
o = c(u,v) the joint PDF of the copula.

So the copula links the marginal distributions through the dependency parameter.
The singular part of the copula is defined by (Genest & Mackay, 1986) in the following Theorem
2: the ratio between the generator and the first derivative of the generator evaluated at zero does not

equal zero.
Theorem: the distribution C(u,v) generated by ¢ has a singular component iff (Z’,(—((:))) 0
in that case, @(u) + @(v) = ¢(0) with probability = — ;’,((?)

This paper is structured in 4 sections. Section 1 discusses the first copula, its derivation,
properties and figures for its PDF and CDF. Section 2 explains the second copula with the same items.
Section 3 explore the third copula in the same manner. Section 4 illustrate the discussion and
conclusion with future work

Section 1: (First Copula)

Let’s say the inverse generator is

Clp@) + () = @70 = 2 = exp (——)

The generator is the:

In®(t) =In {exp <_0t(a)} = _:C

—aln®I(t) =t

1
0@ =(-amo™ ) =(-a 1n(z))é =t , z€(0D)

The generator should fulfill the sufficient conditions:
(1) @(0) = (—aIn0)a = oo
) @) = (~alnl)a =0
®) 9@ =L (a2 (L) = (—aln2 (L) <0

This ensures that the generator is a decreasing function.
" _ (1 1 o/-a)\ /-1 1471
@ ¢"@ = (2-1) (a2 (Z) (D) + (a2 (5) >0

This ensures that the generator is convex for 0 <a <1 .
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for bivariate distribution:

o) = (~alnuw)z
1
o) = (—alnv)a
o) = 9w + () = (~alnwa + (—alnv)a

Cle@ +9®) =exp <_§ [(—a In u)é + (—aln v)é]a)

Clu,v) = C(FX(X): FY(}’))
For a copula to be valid copula it should fulfill the boundary condition, the marginal uniformity
and 2- increasing condition. And this is equivalent for the inverse generator the necessary conditions
to be fulfilled are the following;:

Proposition 1: The boundary conditions and marginal uniformity:
C(0,v) = C(u,0) = 0, boundary condition.

C(1,v) =v and C(u,1) = u , the marginal uniformity.

Proof:

1 1 11%
C(1,v) =exp (—E[(—a In(1) + (— 1nv)a] )

C(1,v) =exp (— é [0 + (—aln v)é] )

—aln v)
— v

C(1,v) = exp <—é[(—a In v)é]a> = exp(

u

C(u,1) =exp (—é[(—a lnu)é]a) = exp (—alnu)

Proposition 2: for copula to be valid it should be 2-increasing, in other words,

9>C(u,v) -
Judv
Proof:
ac((;: 2 = exp (—é [(—0‘ ln(u))é + (—aln v)é]a> X
—1 a-1 1 _
(5) @ [-atn@ + -atnvya] <E (—ain(u)e” (%))
ac((;: 9 exp (—é [(—a ln(u))é + (—aln v)é]a> X
a-1
[(—a lrl(u))é + (—aln v)é] ((—a ln(u))é‘l (é))

0 (0C(u,v) B
%( ou ) -

a—1

exp (— é [(—a ln(u))é + (—aln v)é]a> X (_71) () [(—a ln(u))é + (—aln v)E]

<§ (—a ln(v))é_l (—_a)> X [(—a ln(u))é + (—aln v)é]a_l <(—a ln(u))é‘l <l)> +

v u
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exp (— é [(—a In(w)# + (—a In v)é]“) <(—a In(w))a! (1)> X

u
(@-1) [(_0‘ In()a + (~aln v)é]a_z (é (—aIn(v))7? (?))
1 1 11% 1
= exp <_E [(—a In(uw))a + (—aIn v)E] ) [(—a In(w))«
+ (—aln v)é]m_2 ((—0( ln(V))é_l (é)) X
<(—0( ln(u))é_l (5)) +exp (‘é [(—0( ln(u))é + (—aln v)é]a> ((—a ln(u))é'l (é)) X
(a—1) [(—OL ln(u))é + (—aln v)ér—z <(—a ln(v))é_l (_71)>
1 1 11¢ 1
= exp <_E [(—a In(w))z + (—a In v)a] > [(—a In(w))a

—alnv)a
+ (—alnv)ea -

1
1]“_2 l(az lnvlnu)ﬁ_ll 8

{[(—a ln(u))é + (—aln v)ér —(a — 1)}
=ex —1 [(—a ln(u))é + (—aln v)é]a [(—a ln(u))é

+ (—alnv)« -

1
1]“'2 [(o&2 lnvlnu)E_W y

{[(—a ln(u))é + (—aln v)é]a +1- a}

Although the second derivative is positive at the following intervals: (0,1] so alpha can be
defined on the interval 0 <a < 1.

Proposition 3: this copula is absolutely continuous copula and it has no singular part.

Proof: to test for singularity: (Z),(((;)) =0
1
o) (—alnu)ea _ —alnu
‘w1 Iy r—ay -1
P Gamwa(3F) T
1
o(u) (—alnu)a —alnu
im = =
S0 1 1_,/— -1
u=0¢ (u) L camwyz 1(7(1) -
Using L’Hopital
Inw)z =
lim goy(u) =lim (Calnwe = lim % =1lim (—au) = —a(0) =0
u-0 ¢ (u) u-0 1 1_1 a u—0 __1 u-0
Famot (G

As long as this limit is zero at u=0 so it has no singular part and it is absolutely continuous
copula.
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Proposition 4: Kendall tau for this copulais 1=1—-«

Proof:

(e
1—4_[) <p'(u)du +1

1 1
fo % du = fo auln(u) du =_Ta ,integration by parts
1
T=4fo%du +1=4 () +1=1-a

If a=1 7 =0 indicating independence.

Although the second derivative is positive at the following intervals: (0,1] considering that tau
is defined within the interval [—1,1] so alpha can be defined on the interval 0 <a <1 . In this
interval the Kendall tau can show positive dependency and independency.

Preposition 5: This copula is product copula at alpha =1, in other word, if alpha=1, C(u,v) =uv,
this is the product copula indicating independency.

Proof:
1 1 11%
Clu,v) =exp (_E [(—a Inu)a + (—aln v)E] ) = exp(—[-Inu—1nv])

exp([Inu+Inv]) = exp([Inuv]) = uv
Clu,v) =uv

The following figures illustrates the Copula surface with different alpha values

The curve shows that the generator is a decreasing convex function at alpha=0.6
45
T I I | T T T I

35 \\ 1

values of the generator at each u value

0 0.1 02 0.3 0.4 05 0.6 0.7 08 0.9 1
values of u (unit marginal cdf)

Figure 1. shows the generator function (decreasing and convex) at alpha = 0.6.
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joint pdf of the copula surface for dependence parameter alpha=0.1

Figure 2. shows the joint PDF copula (copula density) at alpha=0.1.

Jjoint CDF of copula surface for dependence parameter alpha=0.1

xxxxx

Figure 3. shows the joint CDF copula (Copula) at alpha =0.1.

joint pdf of the copula surface for dependence parameter alpha=0.6

ues of u

Figure 4. shows the joint pdf copula ( copula density) at alpha=0.6.
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joint CDF of copula surface for dependence parameter alpha=0.6

057,
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0.4 -]
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0.1 |

0.4 05

0.3
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0.2 03

values of u

Figure 5. shows the joint cdf copula ( Copula) at alpha=0.6.

joint pdf of the copula surface for dependence parameter alpha=1

7000
6000 |
5000 |
4000 |
3000 -

2000

0.3 0.4
03
values of v 02

0 o 01 values of u

Figure 6. shows the joint pdf copula ( copula density) at alpha =1.

joint CDF of copula surface for dependence parameter alpha=1

%,
‘&\\\\\\\\\\\g‘:‘*’gizg!llllllll

SONSRetetes

0.4 0.5

0.3
values of v

04
03

0 o 0.1 values of u

Figure 7. shows joint cdf Copula ( Copula) at alpha=1.


https://doi.org/10.20944/preprints202504.1456.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 17 April 2025 d0i:10.20944/preprints202504.1456.v1

8 of 26

The limitation for this copula is that it does not cover the negative dependency between
variables.

Section 2: (Second Copula)

Let’s say the inverse generator is
C((p(u) + (p(v)) = (D_l(t) =z =exp (—t"‘z)
The generator is:
Inz =In {exp (—t“z)} = —t%

—Inz =t
9@ =(In2)*" =t , z€(©01)
The generator should fulfill the sufficient conditions:
1) @O = (-0 ==
@ e =(CMnD* =0
N = =2 (— 29 (1
B) ¢(z)=a*(—Inz)*“ (z)<0
This ensures that the generator is a decreasing function.
@ ¢"@=5(5-1) 22 (2)(F)+ a2 (-2 (5) >0
This ensures that the generator is convexat 0 <a <1
for bivariate distribution:

1
pw) = (= Inw)a’

1
) = (-~ Inv)e’

1 1
pw) = o) + o) = (- Inuw)e® + (= Inv)a?

Cle@) +9@) =exp (‘ [(— Inu)ﬁ + (- Inv)ﬁ] >

Clu,v) = C(Fx(0), Fy ()
For a copula to be a valid copula it should fulfill the boundary condition, the marginal
uniformity and 2- increasing condition. And this is equivalent for necessary conditions of the inverse
generator to be fulfilled which are the following;:

Proposition 6: The boundary conditions and marginal uniformity:
C(0,v) = C(u,0) = 0, boundary condition.
C(1,v) =v and C(u,1) = u , the marginal uniformity.

Proof:

2

[ 1 11%
C(L,v) =exp| —|(-=InDa? + (- lnv)?]

2

) e
C(1,v) =exp|— O+(—lnv)?]
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C(1,v) = exp <— -(— Inv)a? > =exp(—[-Inv]) =v

1]

C(u,1) = exp (— -(— Inu)ea > =exp(—[—Inu]) =u

2
0-C(u, v) >
oudv

OCSZ, v) = exp (— [(— 1r1u)é +(=In U)%] ) X

1 1% 1 1,
(—a?) |(—= Inuw)a? + (= Inv)a? — (= In(w))e? (
a

0C(u,v) _
ou

exp (_ [(— In u)é + (= 1In V)é] > [(_ lnu)é

1@ 1,1
+(=In v)az] ((— In(w))a (E))

d (0C(u,v) _
6_v< ou )_

1

in other words

D)

a? a?-1
exp (— [(— lnu)% +(=1In U)?] ) x (—a?) [(— lnu)% +(=1In v)%]

1 _ 1 1721 1
(é (“In(w))a! (%)) x [(— Inw)a? + (= In v)ﬁ] ((— In(w)a (%)) +
exp (— [(— In u)% +(=1In v)é] ) <(— ln(u))é_l (%)) X

a?-2
(a? —1) [(— W + (= In v)%] (% (= In(w))e"! (;))

1

= exp <— [(— lnu)% + (- Inv)%] ) X

1 a’-1
(—lnwa? + (—1n U)?]


https://doi.org/10.20944/preprints202504.1456.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 17 April 2025

d0i:10.20944/preprints202504.1456.v1

1 /1
(emmw%

(_[

(a? -1 [(— lnu)é

1 1
(—Inu)e? + (— Inv)a?

1
+ (= Inv)a?

]“

)) X [(— lnu)% + (—Inv)

] )Q—mwnéqf
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L
22

a?-1 1
] (ewm#(
)

2 1 -
(;emmw%

1)>+

u

u

v

)

= exp (— [(— In u)é +(—In v)é] > [(— lnu)é

7 12222

+ (= Inv)e?

(In (v) ln(u))é_

(In (@) In@)a"
uv

[

1 1
(— Inw)e? + (= Inv)a?

1

(e

| B

= exp (— [(— In u)é +(—In v)é-

1 1
(—=lnuw)e? + (— Inv)e?

1 a’-2

+ (— Inv)a?

H[ ]>

az 1
> [(— Inu)a?

[(In (v) ()=
uv

1"‘2
a?

(—In u)é + (—Inv)

|

The second derivative is positive at (0,1]

|

- (Be-]

Preposition 8 : this copula is absolutely continuous copula and it has no singular part.

Proof: to test for singularity: (Z),(((Z))) =0
1
o) (- Inu)a? _o’(=Inw)
P 1 Loap-1y 1
o2 (e () u
1
lim o) - (— Inu)a? 3 o?(=Inu)
—>0lu_—>01 1 1_—>0 -1
u (p( ) u 2( lnu)az 1(_) u -
Using L’Hopital
2 _1
a —
lim (py(u) ( L ) = —a’u=—a?(0) =
2 W)
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As long as this limit is zero at u=0 so the copula has no singular part and it is absolutely
continuous copula.

Preposition 9: Kendall tau for this copulais t=1—2a?

Proof:
1
=4 f Mdu +1
0 ¢ W
1 p(u 1 —a2
j <p,( ) du = j (—w) a?du = —
A 0 2
1 _2
r=4f AC) R (—a> +1=1-2a2
0 ¢ (W 2
If aisapproaching 0 t =1 indicating positive dependency.
If a=1 so 7 =-1 indicating negative dependency.

To be product copula indicating independency, the alpha parameter should be square root of 2
at which the copula is invalid. So this copula cannot represent independency.
The following figures illustrates the Copula surface with different alpha values

The curve shows that the generator is a decreasing convex function at alpha=1
4
T I T T T I T

351 -

25— —

values of the generator at each u value
[ ~
T
i
1

05 —

| | | | | | | | |
o
0 01 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
wvalues of u ( unit marginal cdf)

Figure 8. shows the generator function (decreasing and convex) at alpha =1.

joint CDF of copula surface for dependence parameter alpha=0.1

(777

03
values of v

0.4
0.3

values of u

02
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Figure 9. shows the joint CDF copula (copula) at alpha=0.1.

joint pdf of the copula surface for dependence parameter alpha=0.1

0.4
0.3

values of v

0.4
0.2 0.3

0.1
0 o 0.1 values of u

Figure 10. shows the joint PDF copula (copula density) at alpha =0.1.

joint CDF of copula surface for dependence parameter alpha=0.4
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llllll[[';;l":::::::‘ . N
KGOS

0.4
0.3

04
values of v

0.2 0.3

0 o values of u

Figure 11. shows the joint CDF copula (copula) at alpha =0.4.
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joint pdf of the copula surface for dependence parameter alpha=0.4

0.3 04

0.3
values of v
0 a values of u

Figure 12. shows the joint PDF copula (copula density) at alpha =0.4.

joint CDF of copula surface for dep e parameter alpl 6

09
0.8 |
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05 |
0.4 |
0.3 |
02 -]
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04
03 0.4

0.3
values of v
0.1 values of u

Figure 13. shows the joint CDF copula (copula) at alpha =0.6.

joint pdf of the copula surface for dependence parameter alpha=0.6
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Figure 14. shows the joint PDF copula (copula density) at alpha =0.6.

Joint CDF of copula surface for dependence parameter alpha=0.888

0.4

04

03 0.4

0.3
values of v 02 0.1 0.2
01 values of u

Figure 15. shows the joint CDF copula (copula) at alpha =0.888.

joint pdf of the copula surface for dependence parameter alpha=0.888

0.4
0.3 0.4

0.3
values of v .
0.1 values of u

Figure 16. shows the joint PDF copula (copula density) at alpha =0.888.
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joint CDF of copula surface for dependence parameter alpha=0.988

0.4

03 a5 0.4
values of v 02 0.1 0.2 )
: 0 0.1 values of u

Figure 17. shows the joint CDF copula (copula) at alpha =0.988.

joint pdf of the copula surface for dependence parameter alpha=0.988
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Figure 18. shows the joint PDF copula (copula density) at alpha =0.988.
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joint CDF of copula surface for dependence parameter alpha=1
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Figure 19. shows the joint CDF copula (copula) at alpha =1.

joint pdf of the copula surface for dependence parameter alpha=1

1< 0 00, : = = e e R R
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Figure 20. shows the joint PDF copula (copula density) at alpha =1.

The limitation of this copula it does not cover independency.

Section 3: (Third Copula)

This copula depends on the frailty method for generating the copula. Assuming two individuals
have survival time distributed as exponential T; and T, .They have exponential baseline hazard
function with A; = 4, =1 . The survival function is shown in equation (2) and the hazard function
in equation ()

S(t)=Prob(T >t)=1—F(t) .......(2)
olnS(t) F(t)
O T O)
The Cox proportional hazard model uses the hazard function as shown in equation (3)
h(t,Z) = efZ b(t) .........(3)

where the Z are the explanatory variables in survival analysis and b(t) is the baseline hazard function.
And B is the vector of regression coefficients. It is proportional because all information is contained
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in the multiplicative factor y = e®% | this is called the frailty model when some explanatory
variables (Z) and hence the factor 7y are unobserved. And the factor y is called the frailty
parameter. Integrating and exponentiating the negative hazard

A = ePotbiithiZs = obo ehiZithoZz = ) eP1Z1tF2Z2 for 2 explanatory variables for example

£ 9lnS(t t ¢
S(tly) = exp —J- _n_() dt = exp —f h(t) |dt = exp —f Aldt
0 at 0 0
t t t
exp <—f eﬁ0+ﬁ121+ﬁzzz) dt = exp (—f eBUV> dt = exp <—yf eﬁ()) dt
0 0 0

e(-viyefoar) _ [e(_ fy %o dt)]y = [e=™]" where efo = 2y assume Ay =1

[B(t)]* where B(t)is the baseline hazard , to sum up
[e7t]" = [e7m0]" = e = 5(ely)

The marginal distribution for a single life time T is obtained by taking expectation over the
potential values of y thatis E(e”") , assuming the f(y) is the PDF of the frailty variable so

[ee)

B = [ e finay
0
Let y be a random variable distributed as Median Based Unit Rayleigh (BMUR)in equation (4)

previously introduced by Iman Attia (Iman M. Attia, 2024), transform this variable to be defined on
the interval from zero to infinity as shown below:

6 A1 (2-
z[l—yaz]y(az 1), 0<y<l1, a>0

1
Let w=-In()d - w="=Y 5 _wad=Iny >y=ce

ad
dy = e~®"(—a?) dw

[ i (e )—l (e Y (e ) e
0

—(X3W

il _a3_w _20c3w
f ba [l—e a? ]e a2 dw
0

fww) = 6a[1—e™® Je=>®
Now this w is the frailty variable y which is distributed as unbounded MBUR defined on the
interval (0, ).

oo

E(et) = f et f(y)dy

0

e—y(t+2a) dy—6af e—y(t+3a) d]/

= f (e™™) 6a[l—e 7% ]e?¥ dy = 6af
0 0

0

oo oo

. ba [(t +12a) B (t +13a)] N

6a? 6a?

(t+2a)(t + 3a) T t2+5at + 6a?
We can think of this expectation as a function of the frailty variable, it is averaging the probability
to survive beyond specific time given that frailty. It is the expectation of a function of the frailty not

=ba

e -y (t+2a) ]

e—y(t+3a)
—(t+2a) ]

R ey

E(e™™) = E(S(tly)) =

the variable frailty itself so this function which is the baseline survival function should be multiplied
by the PDF of the frailty variable. This way the frailty variable is integrated out. So this expectation
is considered as the joint CDF of the two random variables T1 and T2. How to get this time? By
inverting this expectation. Let us call this expectation u then solving second degree polynomial to get
its root.
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6a? 6a? 5 5 5 5 6a?
u=s >—————| - |—=t"+5at+6a - | t"+bhat +6a°——=0
t2 + 5at + 6a? u u
—5a+ \/25(12 —4(1)(6a2) (1 - %) —5a+ \/25(12 — 242 (1 - %)
t= t=
2 2
, 1 1
—5a+ |a 25—24(1—5) —Sa+a 25—24(1—5)
a (—5 + (25 —24+ %)) a (—5 + (1 + %))
t= 2 - 2

This (t) is the generator and (u) is the inverse generator. So the time (t) is a function of (u)
The generator should fulfill the sufficient conditions:

a(—5+ (1+%4)> _

2

a(—5+ (1+21—4)> o

@ o) =——3
® =% (1427 (F)=-6a (1+3)7 () <0

u u?

1) O =

This ensures that the generator is a decreasing function.

@ =2 (142 (1 (@) >0

12a 24\7%%  72¢ 24N\ 715
=—<1+—> ——<1+—> >0 for a>0
us u u* u

This ensures that the generator is convexat 0 <a <1
for bivariate distribution:

(540D

p(u) = > ,this is the generator
o+ (1+2)
o) = >
a(_5+ (u%)) a<_5+ (1+%))
p(w) =9 +oW) = +

2 2

pw) = 3 —10+J (1+3) +J (“%)}

Clp) + o) =6a*([pM +5alpw)] +6a’)!

Clu,v) = C(Fx(0), Fy ()
For a copula to be a valid copula it should fulfill the boundary condition, the marginal
uniformity and 2- increasing conditions. And this is equivalent for necessary conditions of the inverse
generator to be fulfilled which are the following;:

Proposition 10: The boundary conditions and marginal uniformity:
C(0,v) = C(u,0) = 0, boundary condition.
C(1,v) =v and C(u,1) = u , the marginal uniformity.
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Proof: when u=1so:

- 3l [0 [0 sl [0 )

6 a?

€AY =G + 20 + 30
cv) = 6’

(7{—5+ (1+2—)}+2a><%{—5+ (1+%)}+3a>
c,v) = 6’

(%{—5+ (1+%)}+47“>(%{—5+ (1+%)}+62—“>
Clv) = 6’

(%({—5+ (1+%)}+4)><% {—5+ (1+%)}+6>)
CLv) = ba

(%[—1 + (1+§)D(%[1 + / (1+%)D
CLv) =— 6

9 e @+ -] @+2) +(1+2)

24

c(1,v) =

[ 3]

The same is true for v, if v=1 so
Clu 1) = =u

Proposition 11: for copula to be valid it should be 2-increasing  in other words

2
0°C(u, v) -
Judv

an: v) = —6a? [((P(W))2 +5ap(w) + 60{2]_2 [2{(p(w)} (%) G) (1 + %)_05 <_u_224)] +

s« (O (43 G

T3 e (43 + (143 oo+ o+ o]

d (0C(w,v)\
6_17( ou ) B
@) ol (1 + %)_05 (1 + %)_0.5 [(fﬂ(w))2 +5ap(w) + 6“2]_2 X

u?v?
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. 542
{az [((p(W))Z +5ap(w) + 6a2]_1 [_5 n (1 + %)05 N (1 N %)05] B 1}

Proposition 12: this copula is absolutely continuous copula and it has no singular part.

Proof: to test for singularity:

@) _
@'(0) 0

o) = %(—5 + (1 + %)0.5>

0.5
o) %<_5+(“%) )

(—5+(1 +=2

PO @B

0.5
oo <_5+.(1+%§) )
lim — =lim G
o T T2
= lim - + lim

O E

-10
= lim

T

= 24_‘1‘?5 YN
G+w) GF)

o, Y

G)+%

(1+%)

)

0.5

RIOICEE=- |

+ lim —5—=

lim — + 11_r)n
e G

~ —=10(u + 24)%5u?
lim

—12

u(24 4+ u)
m —

u—0 —24 u%s u-0 =12

u(24

~10(u + 24)%5y 10
im + lim

+u)=

u-0 24 u-0 —12
As long as this limit is zero at u=0 so the copula has no singular part and it is absolutely

continuous copula.

0+0=0

Proposition 13 : Kendall tau for this copulais 7 =1 — 2 a?

Proof:

o (Tew)
T—4f0(p,(u)du +1

u1.5

u(24 +u)

L o(u) (M 10Cu +24)%°
fo @' du = jo < 24

—12

—wfl( +24)05u15 g +_1f124 +u? du =
—240u u u 12 ] ur+u u =

) au -
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— 10 0.5286) - (12 + 1) — ~0.19917

T 24 12 3/ 7

1
=4 f OW 1y 412 4(-019917) +1= 020332
KA
The following figures show the generator and the CDF and PDF of this third copula
The curve shows that the generator is a decreasing convex function at alpha=0.1
B T T T T T T T

wvalues of u ( unit marginal cdf)

Figure 21. shows the generator function (decreasing and convex) at alpha = 0.1.

joint CDF of copula surface for dependence parameter alpha=0.1
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Figure 22. shows the joint CDF copula (copula density) at alpha =0.1.
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joint pdf of the copula surface for dependence parameter alpha=0.1
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Figure 23. shows the joint PDF copula (copula density) at alpha =0.1.

joint CDF of copula surface for dependence parameter alpha=0.6
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Figure 23. shows the joint CDF copula (copula) at alpha =0.6.
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joint pdf of the copula surface for dependence parameter alpha=0.6
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Figure 24. shows the joint PDF copula (copula density) at alpha =0.6.

joint CDF of copula surface for dependence parameter alpha=1
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Figure 25. shows the joint CDF copula (copula) at alpha =1.
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joint pdf of the copula surface for dependence parameter alpha=1
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Figure 26. shows the joint PDF copula (copula density) at alpha =1.

joint CDF of copula surface for dependence parameter alpha=10
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Figure 27. shows the joint CDF copula (copula) at alpha =10.

joint pdf of the copula surface for dependence parameter alpha=10
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Figure 28. shows the joint PDF copula (copula density) at alpha =1.
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To sum up for this copula, the generator and inverse generator fulfill the conditions. The copula
density fulfills the criteria but the values of the joint CDF and DPF are the same for all values of the
dependency parameter. Kendal tau is fixed at 0.32 and it does not depend on the dependency
parameter.

Section 4: Conclusions and Future Work

Although the generator and inverse generator fulfilled the criteria as well as the copula density
but for each copula discussed previously, there were limitations. These limitation may be solved by
mixture of copulas or better re-parameterization of these copula once again.
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