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Fubini polynomials. By using generating functions for these numbers and polynomi-
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g-integers. Also, we establish some relationships for g-Hermite-Fubini polynomials
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1. Introduction

The subject of g-calculus started appearing in the nineteenth century due to its
applications in various fields of mathematics, physics and engineering. The definitions
and notations of g-calculus reviewed here are taken from (see [1]):

The g-analogue of the shifted factorial (a),, is given by

n—1

(a;q)o =1, (a’; Q)n = H (1 — qma),n c N.

m=0

The g-analogue of a complex number a and of the factorial function are given by

1— g%
aly= T4 €C—{1haeC,

[ma=IIWM=HhMm“WL=é%?;ﬂ#LnEN

0! =1,¢eC0<g< 1

m=1

The Gauss g-binomial coefficient ( Z ) is given by
q

n ___ [t (@ ot
( k >q - [k]q'[N—k]q' o (q;q)k(q;q)n_kvk—O,L SN

The g-analogue of the function (x +y)7 is given by

n_ - n k(k—1)/2, n—k, Kk
(1:+y)q—z<k> gF R/ 2gn=kyk e N, (1.1)
k=0 q
The g-analogue of exponential function are given by
2 " 1 1
eq(z) = = O<|gl<l;|z|<|1—q|, (1.2)

il (1-a)79)s
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o0 B xn
r) =) ¢"" sz = (—(1 = 9)7;9)o,0 <[ ¢ < ;2 € C. (1.3)

q*

Moreover, the functions e,(z) and E,(x) satisfy the following properties:

Dyeq(x) = eq(2), DgEqy(z) = Eq(qx), (1.4)
where the g-derivative D, f of a function f at a point 0 # z € C is defined as follows:
z)— f(z
D, () = LELZLE) o g1,

qz — z

For any two arbitrary functions f(z) and g(z), the g-derivative operator D, satisfies
the following product and quotient relations:

Dy,:(f(2)9(2)) = f(2)Dq,29(2) + 9(q2) Dy, f (), (1.5)
f(Z) _ g(qZ)Dq,zf(Z) B f(qZ)Dq,zg(z)
Do (g(Z)) B 9(2)9(q2) '

The g-Hermite polynomials are special or limiting case of the orthogonal poly-
nomials as they contain no parameter other than ¢ and appears to be at the bottom
of a hierarchy of the classical polynomials [2]. The ¢g-Hermite polynomials constitute
a l-parameter family of orthogonal polynomials, which for ¢ = 1 reduce to the well
known Hermite polynomials. We recall that the g-Hermite polynomials H,, ,(x) is
defined by means of the following generating function (see [9]):

Fy(z,t) = Fy(t)eq(xt) ZH nq(T) = (1.6)
Fy(t) = Z(—U"q"("-“ﬂpi—]}, 2nly!! = [20],[2n — 2y -+ 2],
2

The g¢-Bernoulli polynomials B,(f,g (z,y) of order «, the ¢-Euler polynomials

E%)(x,y) of order a and the g-Genocchi polynomials G (z,y) of order o are defined
by means of the following generating function (see [1-2, 8-11]):

t « oo tn
— ) e(a)E,(yt) =S B (2, y)——, | t|< 21, 1% = 1, 1.7
(=) catanBatom 3Bl (1.7)
2\ @Byt = EOO:E(“)(m YNt < 1 = 1 (1.8)
eq(t) +1 4 4 oy R ’ ’

2t ¢
— (@) (g, ) —— 1 =1. 1.
(o) @ }jGnqu St (19)

Clearly, we have

B = B(®)(0,0), E) =

n,q

E{), G =G,

Q) _
a = B

Geometric polynomials (also known as Fubini polynomials) are defined as follows

(see [3]):
zé{ Z }k!wk, (1.10)
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where { Z

For # = 1 in (1.10), we get n‘" Fubini number (ordered Bell number or geometric
number) F, [4, 6, 7, 13] is defined by

F,(1)=F, = zn:{ Z }k!. (1.11)

k=0

} is the Stirling number of the second kind (see [5]).

The exponential generating functions of geometric polynomials is given by (see [3]):

1 - tn
m :;Fn(z)ma (1.12)

and related to the geometric series (see [3]):

a\" 1 _ikmk_ 1 F(LE)| <1
Tda 1—m_k70 T ’
Let us give a short list of these polynomials and numbers as follows:
Fo(z) =1, Fy(x) = z, Fy(2) = 2+222, F3(z) = 24+622+623, Fy(z) = 24142243625 +242%,

and

Fy=1F =1,F,=3,F;=13,F, =T75.

Geometric and exponential polynomials are connected by the relation (see [3]):

Fo(z) = /OOo Gn(x)e MdA. (1.13)

The manuscript of this paper as follows: In section 2, we consider generating
functions for g-Hermite-Fubini numbers and polynomials and give some properties of
these numbers and polynomials. In section 3, we derive summation formulas of g-
Hermite-Fubini numbers and polynomials and some relationships between ¢-Bernoulli
polynomials, g-Euler polynomials and g-Genocchi polynomials and Stirling numbers
of the second kind.

2. A g¢-analogue type of Hermite-Fubini numbers and polynomials

In this section, we define g-analogue type of Hermite-Fubini polynomials and
obtain some basic properties which gives us new formula for g F, ,(x;y). Moreover,
we shall consider the sum of products of two g-analogue type of Hermite-Fubini poly-
nomials. The sum of products of various polynomials and numbers with or without
binomial coefficients have been studied by (see [4, 6, 7, 13]):

We introduce g-Hermite-based Fubini polynomials in two variables by means of
the following generating function:

1 > t"
————— —F,(t)e,(xt) = uFnq(r;y)——. (2.1)
L—yleg(t) —1)" 71 ,;) ! [n]4!
Taking z =0,y = 1 in (2.1), we get

HFn,q(O; 1) = HFTL#Z?

where F, 4 are the ¢g-Hermite-based Fubini numbers.

When investigating the connection between g-Hermite polynomials H,, ,(z) and
g-Fubini polynomials F,, ,(y) of importance is the following theorem.
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Theorem 2.1. The following formula for g-Hermite-based Fubini polynomials holds

" i Fog(i9) = mz_j (1) Bt (22
i Fag (i) = ,,:0 (1) #Ewatar (2.3

Proof. Using definition (2.1), we have

Comparing the coefficients of [n] ; yields (2.2).
Utilizing equation (1.6) in the Lh.s. of generating function (2.1), it follows that

tm e N tn
ZHF ,qu ZHan m]q';m Wv

which on applying the Cauchy product rule in the lLh.s. and then comparing the
coefficients of same powers of ¢ in both sides of resultant equation yield assertion
(2.3).

O

Proposition 2.1. The following formula for g-Hermite-based Fubini polynomials
holds true:
Dy req(at) = xeq(wt)

Do (5 Fn,q(%;9)) = (0] Fn1,q(z; y)- (2:4)

Theorem 2.2. For n > 0, the following formula for ¢g-Hermite-based Fubini polyno-
mials holds true:

Hyg(2) = nFng(zy) —yaFag(z+ 1y) +yaFng(z;y). (2.5)
Proof. We begin with the definition (2.1) and write

Fq(t)eq(xt) = qu(t)eq(xt)
__Eeg(at)  yleg =1 o
1 y(eq(t) - 1) 1-— y(eq(t) _ 1)F (t) q( t)

Then using the definition of ¢-Hermite polynomials H,, ,(x) and (2.1), we have

ZHn,q@)[Tj—;, =3 [ Fng(@) — yarFag(@ + 1) + ya Fag(z39)] W
— ¢ =0 q

Finally, comparing the coefficients of L5, we get (2.5).
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Theorem 2.3. For n > 0, the following formula for ¢g-Hermite-based Fubini polyno-
mials holds true:

n

Z( Z ) HFn kq(@191) 1 g q(2252)
q

k=0
_ Y2r Fnq(21 + 225 91) — Y1 Fog(z1 + 225 92) (2.6)
Y2—hn .
Proof. The products of (2.1) can be written as

" th Fy(t)eq(zt) F,(t)eq(xot)
Z ZHF i 37173/1 [n} 'HFk(l'z, yz) [k]q! T 1-— yl(eq(t)lf 1) 1-— y2(6q(t)2* 1)

n=0 k=0
Z (Z ( Z >qHFn—k,q(xl;yl)HFk,q(CCQ;y2)> [71;;!

n=0 \k=0
Y2 Fy(teg((zi+x2)t)  yn Fy(t)eg((z1 + x2)t)
Sy Lewileg®) =) w2 —y1 1 ya(eg(t) — 1)
_ (yzHFn,q(331 +22;y1) — Y18 Fn (21 + 332;3/2)) "
- Y2 =% [n]g!
By equating the coefficients of ﬁ"q, on both sides, we get (2.6). O

Theorem 2.4. For n > 0, the following formula for ¢g-Hermite-based Fubini polyno-
mials holds true:

YuFng(e+1y) = (L+y)nFnq(@y) — Hpg(z). (2.7)
Proof. From (2.1), we have

o0

7;0 [HFn,q(I + 17y) - HF"yQ(x7y)] [n]q' = 1— y(eq(t) _ 1) €

[1 F, (t)eq(q:t)

@\»—‘ td\»—'

o0
Z (11 g (25y) = Ho,q(7)]
Comparing the coefficients of [Tb! on both sides, we obtain (2.7). O

Remark 2.1. On setting z = 0 and x = —1 in Theorem 2.4, we find

YrFnq(Liy) = (L+y)aFnq(y) — (—1)”‘1”("_1)/2[5:1]]1!!!’ (2.8)

and

VaAPY
Yt Fag(0:9) = (L4 9) 5 Fog(—Li) — (—1)ngnn-172 [Pl

3. Main results

In this section,, we prove the following result involving g-Hermite-Fubini polyno-
mials g F, ¢(z;y) by using series rearrangement techniques and considered its special
case. Also we obtain some relationships for g-Hermite Fubini polynomials related to
g-Bernoulli polynomials, g-Euler polynomials and ¢-Genocchi polynomials and Stir-
ling numbers of the second kind in Theorems 4.1, 4.2, 4.3, 4.4, 4.5.
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Theorem 3.1. The following formula for g-Hermite-based Fubini polynomials holds

true:
[k I
nFisnawn) = 3 () () wen B . 6)
n,p=0 q p q
Proof. Replacing t by t + w in (2.1) and then using the formula [12,p.52(2)]:
Zf Z fn+m—'— (3.2)
n,m=0

in the resultant equation, we find the following generating function for the Hermite-
Fubini polynomials g F,(z,y; 2):

1 o0 E
1-— y(eq(t + u) — 1)Fq<t + ’U) = eq(_-’E(t + u)) kgz:o HFk+l,q(‘T§ y)wm (33)

Replacing x by w in the above equation and equating the resultant equation to
the above equation, we find

0 tk l 0 k l

U v u
eq((w —x)(t +u)) Z HFkJrl,q(x;y)?ﬁ = Z HFk+l,q(w§y)?ﬁ~ (3.4)
o L P P [Klq! [Ug!
On expanding exponential function (3.4) gives
2 (w =) (t +u))N gt > thou!
Z V], Z HFkt1,4(z3y) *T Z HEFky1,4(w;y) [k]q!m7 (3.5)
N=0 k,1=0 k=

which on using formula (3.2) in the first summation on the left hand side becomes

> (w — x) PP & th ! > th !
T BFey1,4(T3y) 77 = BFep(wy) oy
2 T, e g = 2 afeen) g
(3.6)
Now replacing ¢ by ¢ — n, [ by | — p and using the lemma ([12, p.100(1)]):
oo 0o o~ k
SN A k) =) Aln,k—n), (3.7)
k=0n=0 k=0n=0
in the Lh.s. of (3.6), we find
[e') k,l
~ (w—x)"tP tk ul
B P —p(2;Y)
2 2 Tl e e
> 9 !
= HFq+z(W,y;Z)aﬁ- (3.8)

q,l=0
Finally, on equating the coefficients of the like powers of ¢ and u in the above
equation, we get the assertion (3.1) of Theorem 3.1.
O

Remark 3.1. Taking I = 0 in assertion (3.1) of Theorem 3.1, we deduce the following
consequence of Theorem 3.1.
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Corollary 3.1. The following summation formula for Hermite-Fubini polynomials
wFn(z,y; 2) holds true:

k
nFigwn) = Y (%) (=) b non) (39)
n=0 q
Remark 3.2. Replacing w by w + « in (3.9), we obtain
k
aFy(z+wy) = Y ( fb >wnHFkn,q(fL';y)~ (3.10)
n=0

Theorem 3.2. The following formula for ¢g-Hermite-based Fubini polynomials holds
true:

HFngw+1y)=> ( " ) B q(z3y). (3.11)

r
r=0

Proof. Using the generating function (2.1), we have

ZHan;z:—i—ly ZHFyqu[]

n=0

1
B <1_y(eq(t)_1)> (eq(t) = 1) Fy(t)eq(at)

:ZHFn,q(-T,y)[;]n|Z - ZHF ,qu [ ]
n=0 ¢ r=0

o0 n n
—zz(r ) W) ZHFMM o
q
Finally, equating the coefficients of the like powers of ¢t on both sides, we get (3.11). O

Theorem 3.3. Each of the following relationships holds true:

HFn,q(x;y)
& a1 s - HFariosqly)  (312)
Z ( )q LZ_O< k )quk.q(x) Bs 4(z) Wa

where B,, 4(x) is ¢-Bernoulli polynomials.


https://doi.org/10.20944/preprints201904.0309.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 28 April 2019 d0i:10.20944/preprints201904.0309.v1

8

Proof. By using definition (2.1), we have

1 t eg(t) —
= F,(t)t t
(Srm=n) s =1 Rl
1 o0 S s t's o0 tn
= ;Z Z( k ) Bs—k,q(l’)> (5] ,ZHFn,q(y) [n],!
s=0 \k=0 q 9" n=0
1 t — tr
tz Sa‘]( )[ ] | ZHF”LQ(:U)[ ] |
s=0 - =0 q*
1 (o) n n S s t”
= ZZ [Z( S > Z( k ) Bs—k,q(x) HFn—s,q(y)ﬁ
n=0 Ls=0 k=0 q n]q!
- ;Z [Z( S > Bs,q(-r) Hans,q<y) [n]q'
n=0 Ls=0 q
By using Cauchy product and comparing the coefficients of L, we arrive at the
[n]q!
required result (3.12). O
Theorem 3.4. Each of the following relationships holds true:
HFn,q(:E;y)
" /n (s F,_ (3.13)
(1) X (1) Beralor+ Bogle)| g,
s=0 4 Lk=0 q q
where E, ,(z) is the g-Euler polynomials.
Proof. By using definition (2.1), we have
1
———— | F,(t)e,(zt
(=rmm=p) At
t)+1
(et s T R
L—z(eq(t) =1) ) eq(t) +1 2]
1 | n ) " = t"
=— En_k q(z) + > E,.(x)—
7 S (B (5) Bt g St
o0 t,n
X ZHFn a(y) [n],!
n=0 q
1 o0 n n S s n n
= WZ lZ( s ) ( k ) Es,k,q(x)—f—z ( s ) Es(xQPaQ)‘|
9 n=0 Ls=0 4 k=0 q s=0 p:q
t’n
X HFn—s,q(y)[ I,
Comparing the coefficients of -4, we arrive at the desired result (3.13). (]
[n]q!

Theorem 3.5. Each of the following relationships holds true:
HFn,q (:L’; y)

(),

where G, 4(x) is the g-Genocchi polynomials.

HFn+1—s,q(y) (314)
[2]g[n + 1]

> ( i )q Gatog(2) + Gug(®)

k=0
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Proof. By using definition (2.1), we have
1
(=) Fteten
_ 1 2]gt  eq(t) +1
~ (1) Fr0enalat) o UL ey 01
1L I (n ) " tn
=T 7 Grn—t,q(2) + Gn,q(7) T
77 (5 (2 (1), 6ne0) g o
X Z ok, g\ T3 Y [ ]
n=0
1 o0 n n S s n n
AEE ) ) o0
n=0 Ls=0 9 k=0 q s=0 q
tn
X HFn+1—3 q( )[TL+ 1]
Comparing the coefficients of [Th!’ then we have the asserted result (3.14). O

Theorem 3.6. For n > 0, the following formula for ¢-Hermite-Fubini polynomials

holds true:
HEFnq(®y) =Z< ? ) n—t,q(® Zy k1S (1, k). (3.15)
=0 q

Proof. From (2.1), we have
F g()eq(t)

F, 4 (z;

ZH otz ]q! —ylegH) = 1)

t)eq(xt) Zyk = F,(t)e,(xt) Z 152,4(1, k
k=0 k= =k

t
:;)HM nqlzy ZkSQ,qlk O

Replacing n by n — [ in above equation, we get

e - oo n l n
ZHFn,q(m;y)L] = Z Z ( 7 > Hn*l,q(x)zykk!slq(l)k) ! N
n=0 [n)q! n=0 q [n]q!

1=0 k=0

Comparing the coefficients of #:, in both sides, we get (3.15).

O
Theorem 3.7. For n > 0, the following formula for g-Hermite-Fubini polynomials
holds true:
n l
HEy (x+ry) = Z ( 7 ) Hy_4(x) Z yPEISo (L4, k4 7). (3.16)
1=0 q k=0

Proof. Replacing x by x + r in (2.1), we have

o ot Fy(eg(z )t
2 nFnale triy) gy = 752

n=0

oo

= F,(t)eq(zt)eq(rt) Zyk(eq(t) — D)k = F,(t)e,(xt)eq(rt iyk Zk Sa.4(1, k

k=0 k=0 =k lq!

tl
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tl

e’} %) 1
tn
= Hygl@) o SouP S KSo (144 1) ik
n=0 0 a

= (]! =0 k=
Replacing n by n — [ in above equation, we get

oo n © n !
3 HFn,q($+T;y)L, =3 (Z < ? ) Hy1q(z) Y yF kIS o1+ 7,k + r)) [i]q!.

n=0 [n]q. n=0 \1=0 k=0

Comparing the coefficients of L in both sides, we get (3.16).

[n]q!

O
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