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Simple Summary

This work proposes a new way of understanding how the space and time that we observe emerge
from a deeper structure. Instead of assuming a single flow of time, the theory is built from two
complementary “temporal domains”: one associated with physical processes and one associated
with mental or informational processes. Each domain has its own pair of time-like directions—an
inner generative time that builds structure from moment to moment and an outer manifest time that
orders events. These two domains are modeled using split-complex numbers that naturally represent
Lorentzian geometry. However, although each domain contains its own Lorentzian flow of time,
observers never see these dual structures directly. Instead, when an observation is made, the manifest
times from the two domains cancel each other, leaving only a single Euclidean (ordinary) space and
a scalar measure of temporal duration. In this way, the familiar three-dimensional space and one-
directional experience of time arise from deeper generative processes that operate in two orthogonal
temporal layers. The theory also introduces gauge fields and topological effects that describe how
these temporal layers interact. These produce quantized phases and curvature patterns, offering new
ways to think about gravity, quantum phases, and possibly the connection between physical and
cognitive processes. The overall result is a unified geometric picture in which space, time, perception,
and physical laws emerge from the same underlying temporal architecture.

Abstract

We formulate a geometric framework in which observable spatial geometry and temporal directionality
emerge from the intersection of two orthogonal Lorentzian temporal domains, identified as objective
(physical) and subjective (informational). Each domain carries a dual-time structure consisting of a gen-
erative temporal coordinate and a manifest temporal coordinate, and is modeled using split-complex
geometry that encodes conjugate Lorentzian temporal orientations. Observation is described as an
intersection process in which the two Lorentzian domains meet at a Euclidean interface: oppositely
oriented manifest temporal components cancel, while generative components combine into an effective
temporal magnitude. This intersection yields a three-dimensional Euclidean spatial geometry accom-
panied by a scalar temporal parameter. The interaction between the domains is formulated using a
bi-fibered temporal bundle equipped with independent temporal gauge connections. The associated
gauge curvatures encode generative desynchronization, geometric phases, and topological sectors.
A discrete temporal interchange symmetry exchanging the two domains is spontaneously broken
by a composite temporal order parameter, resulting in an emergent arrow of time. Variation of the
action yields effective gravitational field equations in which spacetime curvature receives contributions
from the temporal gauge and phase fields. This construction provides a consistent geometric setting
in which Euclidean space arises as an observational intersection of conjugate Lorentzian temporal
structures, while temporal asymmetry, gauge curvature, and topological quantization emerge from the
underlying bi-temporal geometry.
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1. Introduction

Symmetry has long served as a central organizing principle of theoretical physics, shaping both
the conceptual foundations and mathematical formulation of physical law. From classical mechanics
through relativity and gauge theory, symmetry principles have guided the identification of invariances,
conservation laws, and dynamical structures. As emphasized by Heisenberg, the development of
physics reflects not only empirical discovery but a continual refinement of the conceptual frameworks
through which physical reality is understood [1]. A particularly powerful expression of this idea is
spontaneous symmetry breaking (SSB), which shows that while fundamental equations may possess
exact symmetries, the physical states they admit need not [2,3]. SSB underlies phenomena ranging
from condensed-matter systems and the Higgs mechanism to early-universe cosmology, transforming
symmetry from a static classificatory principle into a dynamical generator of structure.

These insights reached a mature geometric formulation in the twentieth century. General relativity
recast gravitation as spacetime curvature with diffeomorphism invariance [4], while the Levi-Civita
and Cartan connections clarified how metric structure and torsion encode transport and inertial
effects [5]. In parallel, the gauge principle—introduced by Weyl and formalized in Yang-Mills the-
ory—identified interactions with curvature on fiber bundles [6,7]. This geometric perspective was
further enriched by the recognition of topological structures in quantum field theory, including instan-
tons, Pontryagin classes, and topologically distinct vacua [8,9]. Geometry and topology thus emerged
as active dynamical ingredients governing quantization, global field structure, and geometric phases.

Against this background, recent work in quantum gravity and foundational physics increasingly
suggests that time itself may be emergent or relational rather than a single primitive parameter
[10,11]. Fiber-bundle formulations of spacetime [12,13] and geometric-phase approaches to evolution
[14,15] motivate the use of internal geometric structures and gauge connections to encode temporal
organization. Within this context, it is natural to ask whether the observed directionality of time and
the Euclidean character of spatial perception may arise from a deeper temporal symmetry and its
spontaneous breaking.

In this work, we propose a dual-domain, dual-time geometric framework in which observable space
and temporal directionality emerge from the interaction of two complementary Lorentzian temporal
structures: an objective domain associated with physical processes and measurement, and a com-
plementary informational domain associated with internal generative organization. Each domain is
endowed with a dual-time structure consisting of an inner generative time, governing the continual
reconstruction of spatial or informational configurations, and an outer manifest time, governing the
sequential ordering of events.

Each domain is modeled using split-complex geometry, whose hyperbolic unit satisfies j2 = +1
and naturally encodes Lorentzian signatures. The objective and informational domains thus form
two conjugate (3D + T)-dimensional Lorentzian sectors with opposite temporal orientation. These
sectors are mutually orthogonal in an extended bi-temporal configuration space and intersect only at
the instant of observation, through a higher-level geometric interface.

Therefore, observation corresponds to a Euclidean projection in which oppositely oriented mani-
fest temporal components cancel, while generative components combine into an effective temporal
magnitude

0=\/R+12 =/ +2. (1)
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This projection yields the effective complex coordinate
Zp =x+1i0, ()

encoding an emergent Euclidean spatial geometry augmented by a scalar temporal amplitude. The
Euclidean character of observed space and the absence of a second temporal orientation thus arise as
consequences of cancellation between deeper conjugate Lorentzian objective and subjective temporal
structures.

The interaction between the two domains is formulated using a bi-fibered temporal bundle
equipped with independent temporal connections and associated curvature. These gauge structures
encode generative desynchronization, geometric phases, and topological sectors, closely paralleling
Yang-Mills theory. A higher temporal symmetry exchanging the two domains is spontaneously broken
through a composite temporal order parameter, producing the observed arrow of time in direct analogy
with established symmetry-breaking mechanisms [16].

Taken together, the dual-domain split-complex framework we propose unifies Lorentzian tempo-
ral geometry, the emergence of Euclidean spatial structure, temporal gauge curvature, and topological
quantization within a single coherent geometric architecture. The development of this framework
proceeds in a systematic and layered manner. In Section 2, we establish the conceptual foundations of
the dual-domain, dual-time construction and clarify the roles of generative and manifest temporal
structure. Section 3 then formulates the underlying geometry of the bi-temporal manifold, introducing
the split-complex metrics, temporal fibers, and gauge connections that encode generative dynamics.
In Section 4, we analyze the symmetry structure of the theory and demonstrate how spontaneous
breaking of a higher temporal interchange symmetry gives rise to an emergent arrow of time. The
dynamical content of the framework is developed in Section 5, where we derive the action principles
and field equations governing the coupled temporal gauge and phase fields. Section 6 explores the
resulting topological structures, including winding sectors, flux quantization, and geometric phases
that survive observational projection. In Section 7, we show how effective physical space arises through
Euclidean projection and cancellation of conjugate temporal components. Finally, Section 8 synthesizes
the results, discusses their physical and conceptual implications, and outlines directions for future
investigation.

2. Conceptual Foundations

The dual-time framework developed in this work is motivated by the long-standing interplay
between symmetry, geometry, and topology in theoretical physics. Modern formulations of physical
law—from general relativity to gauge theory and topological quantum field theory—demonstrate that
geometric structures such as connections, curvature, and fiber bundles play a central role in describing
both dynamics and fundamental interactions. This same perspective guides the formulation of a
temporal geometry in which time itself possesses a richer internal structure.

We adopt a dual temporal description in which physical reality emerges from the interaction
between two complementary temporal directions: an inner generative time T and an outer physical time t.
This construction is partly inspired by relational and emergent-time approaches, while conceptually
grounded in the ontological principles of the Single Monad Model [17-21], which views observable
multiplicity as arising from successive updates of one single underlying metaphysical state.

2.1. The DoT Postulate

The Duality-of-Time (DoT) postulate provides the conceptual origin of the dual temporal structure
developed in this work. Although the original formulation is highly elaborate, its essential content can
be distilled into a single operational postulate relevant to the present geometric and gauge-theoretic
setting:

The DoT Postulate: At every instance of the physical time experienced by an observer, the spatial
dimensions of the universe are being re-generated through a deeper, unobserved sequence of inner
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temporal updates. These inner recurrences constitute a hidden generative time underlying the apparent
continuity of the outer physical time.

In this interpretation, physical spacetime is not a pre-existing continuum but the collective
appearance of discrete generative events occurring along an intrinsic, unidirectional inner flow of time.
At the fundamental level, the DoT asserts that:

*  Only one metaphysical entity—the Single Monad—exists in any true instant of real time.

¢ Multiplicity, spatial extension, and physical objects arise from its sequential recurrence along the
inner generative time.

¢  The outer physical time t reflects how observers—being themselves states generated within this
sequence—perceive these discrete generative events as a continuous temporal evolution.

Because observers are themselves re-created within this inner sequence, the generative updates
appear instantaneous from their perspective. They witness only the already-formed spatial configura-
tion at each step, not the deeper unfolding through which it is produced. This perceptual limitation
gives rise to what the DoT calls the “imaginary” aspect of physical time: observers perceive continuous
motion and coexistence of spatial points, even though these emerge from sequential generative states
of a single underlying entity.

This generative process yields a view in which:

*  Space appears symmetric, continuous, and extended because it is perceived only after its genera-
tive assembly.

¢ Time appears directional and discrete because observers perceive only the refreshed states of
their own re-creation.

While the DoT arises from a metaphysical context, in this article it is adopted purely as a structural
principle motivating a dual temporal geometry. This perspective echoes ancient insights of Parmenides
and Zeno [22], who argued that motion and multiplicity are not fundamental aspects of reality but arise
from deeper temporal logic. The essential metaphysical principle underlying the DoT is therefore:

No two entities exist simultaneously in a true generative instant of time. Multiplicity and
spatial extension arise only from sequential generative recurrence.

In the present article, we do not require the full metaphysical system, but we adopt the DoT
postulate as a conceptual foundation for distinguishing between an inner generative time and an outer
physical time. This distinction motivates the dual-time fiber-bundle structure developed in the next
subsection and the geometric—gauge framework elaborated in Sections 3—4.

2.2. Dual Split-Complex Temporal Domains

The dual-domain temporal framework developed in this work is grounded in three interrelated
principles, which we take as foundational assumptions:

1.  thatboth physical (objective) and informational (subjective) processes are governed by Lorentzian
geometric structures naturally represented using split-complex algebra;

2. that each domain possesses an internal generative time responsible for the continual construction
of spatial or cognitive configuration, in addition to an external manifest time governing event
ordering; and

3.  that observation corresponds to a Euclidean projection at which the manifest temporal orienta-
tions of the two domains cancel.

We begin with the algebra of split-complex numbers (also known as hyperbolic or Lorentz numbers,
defined by
Z=x+jt, =41,  j#EE, 3)

where ¢ is interpreted as a Lorentzian temporal coordinate and x as a spatial coordinate. The square of
Z yields the hyperbolic norm
N(Z) = x> -3, (4)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202512.2555.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 29 December 2025 d0i:10.20944/preprints202512.2555.v1

5o0f 32

which furnishes the (3 + 1) Lorentzian signature characteristic of relativistic spacetimes. Hyperbolic
rotations generated by j correspond to Lorentz boosts, and the resulting geometry preserves causal
cones and lightlike separations in the usual manner.

In the present framework, both the objective and subjective domains are modeled as independent
split-complex spacetimes:

Zy =xp+jty, ()
Z_=x_+jt_, (6)

where the subscripts (+) and (—) denote the objective and subjective domains, respectively. Each
domain carries its own Lorentzian temporal direction and causal structure, but with opposite temporal
orientation. The objective domain is assigned temporal signature 4T, while the subjective domain
is assigned signature —T, reflecting their complementary roles in physical interaction and internal
generative organization.
Thus each domain possesses its own Lorentzian spacetime geometry, forming a pair of conjugate
split-complex sectors,
Mi~RxT,, M_~R¥xT._. 7)

The two sectors do not interact directly within their split-complex planes; their interaction occurs only
through the Euclidean observational interface introduced in Section 2.5.

2.3. Generative versus Manifest Time Levels

Each domain possesses not one but two temporal coordinates. The first is a generative (inner) time
T4+, responsible for the continual re-creation of spatial structure (objective domain) or informational
structure (subjective domain). The second is a manifest (outer) time ¢+, responsible for the sequential
ordering of events. This dual-time decomposition formalizes the distinction between intrinsic evolution
and observed temporal succession, a distinction that has appeared in various relational and process-
based approaches to time [10,11].

Formally, the coordinates for each domain are

(x+, b4, T4), 8)
with t4 appearing in the split-complex coordinates Z+ and 74 entering through a generative extension,
Ep =24 + ] T+ )

Generative time governs the production of structure, while manifest time governs its ordering and
expression. Because generative dynamics operate at a deeper level than manifest dynamics, observers
within either domain never directly access 7+; they experience only the outcomes of the generative
process as ordered by ...

2.4. Orthogonality of the Two Temporal Domains

The objective and subjective domains form two orthogonal Lorentzian planes within a higher-
dimensional temporal configuration space. Their inner and outer time axes satisfy

<t+, t_> = 0, <T+, 'Z.'_> = 0, (10)

indicating that the temporal directions of the two domains do not mix within the intrinsic geometry
of either sector. This orthogonality ensures that the two domains remain dynamically independent
except at the moment of observation.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Geometrically, the two domains span conjugate hyperbolic planes related by a reflection of
temporal orientation. Their direct sum defines a bi-temporal structure

My = (M4 xRy ) ® (M- xRe), (11)

with each sector carrying its own causal cones, temporal connection, and associated curvature, as
developed in Section 3.

2.5. Euclidean Observation as Complex Projection

A central feature of the dual-domain framework is that observation occurs only when the two
split-complex temporal structures combine into a single Euclidean complex plane. This occurs through
the Euclidean projection

0=\B+2 =2+, (12)

which defines the observable temporal magnitude. Because the manifest times ¢ | and f_ carry opposite
temporal orientation, their contributions cancel under projection, leaving no net Lorentzian temporal
component. What remains is the Euclidean magnitude of the generative-manifest pair.

This projection yields the effective complex coordinate

Zr=x+i0, (13)

corresponding to a purely Euclidean spatial geometry augmented by a scalar temporal amplitude.
The observed Euclidean character of space therefore arises not because the underlying dynamics are
Euclidean, but because observation accesses reality only through this projection, in which conjugate
Lorentzian temporal components cancel.

This cancellation mechanism explains why physical measurements do not reveal a negative
temporal orientation, why time appears unidirectional, and why spatial geometry appears Euclidean
despite being generated by deeper Lorentzian dynamics. As illustrated in Figure 1, the Euclidean inter-
face O reconciles dual temporal directions with the single effective temporal dimension experienced in
observation (see also Figure 2). The geometric and gauge-theoretic structures required to formalize
this bi-temporal manifold are developed in Section 3.

T (inner generative time) ,

\
4

ObServable (Et

Figure 1. Conceptual illustration of the observation map O : (t,t) — V2 + 2. The inner generative time T
and outer physical time ¢ define Lorentzian temporal sectors associated with subjective (3D — T) and objective
(3D + T) domains. Observable events arise at their Euclidean intersection, represented as the effective interface of
measurement and perception.
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Figure 2. Dual-time manifold representation. Interaction between the temporal coordinates generates a Euclidean
projection (dashed circle) representing observable time. Symmetry breaking distinguishes t from 7, producing
temporal orientation.

3. Geometric Structure of the Bi-Temporal Manifold

Having established the conceptual framework of dual split-complex temporal domains in Sec-
tion 2, we now introduce the geometric structures that formalize the interaction between their genera-
tive and manifest times. This requires a bi-fibered temporal bundle, two independent split-complex
metrics, and a pair of temporal gauge connections whose curvatures encode the desynchronization and
topological features of generative flow. Together, these structures form the geometric backbone for the
symmetry-breaking mechanism (Section 4) and for the dynamical equations developed in Section 5.

3.1. Bi-Fibered Temporal Bundle

The objective and subjective domains each possess their own Lorentzian spacetime M and an
associated generative temporal fiber R, . Together, these define a bi-fibered temporal manifold

£= (M4 xRe,) ® (M_xRy), (14)

which generalizes familiar fiber-bundle constructions to the case of dual Lorentzian temporal sectors
[23,24].
Each component of £ is locally a product space,

Mi X RTi = {(xitr ti/ Ti)}r (15)

where i = 1,2, 3 indexes spatial coordinates.

The fiber directions 74 carry the generative dynamics responsible for constructing spatial structure
(objective domain) or informational/cognitive structure (subjective domain). These fibers are not
physical dimensions in the empirical sense; rather, they encode intrinsic evolution that remains hidden
from observation except through the Euclidean projection introduced in Section 2.5.

The total bi-temporal manifold £ is therefore not a simple direct product of two spacetimes, but a
structured pair of split-complex bundles whose interaction is restricted to the Euclidean observational
interface. This construction preserves the orthogonality of the two Lorentzian domains while allowing
their generative structures to jointly produce a unified observable world.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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3.2. Split-Complex Metrics

Each domain is equipped with a split-complex temporal coordinate and therefore carries a natural
Lorentzian metric induced by the hyperbolic norm of the split-complex algebra (see Appendix A). For
the objective domain (+) we define

ds?. = 6;;dx' dx!, — df’ +di2, (16)
while for the subjective domain (—) we introduce the conjugate metric
ds? = &;dx’dx 4+ — d72. (17)

These metrics differ by a reversal of sign in their temporal components, mirroring the opposite
temporal orientation assigned to the two domains,

ty 4T, t_: =T, (18)

and similarly for the generative coordinates T1. The intrinsic metrics ds% should be distinguished
from the effective spacetime metric that emerges only after Euclidean projection (Section 7).
The metrics may be viewed as arising from the split-complex coordinates

By =(xs+jte)+j1s, (19)
whose differential satisfies
24 ||? = dx* —dt3 +dt3 or dx*+dt3 —d13, (20)

depending on the domain. Thus split-complex geometry is not an auxiliary mathematical device, but
directly determines the Lorentzian structure of the bi-temporal manifold.

3.3. Dual Temporal Connections

To encode the transport of generative time along each spacetime domain, we introduce two
independent temporal gauge connections,

AV erm,, Al erme 1)

These connections describe how the generative coordinates 74 vary when transported across their
respective manifolds. Physically, they quantify generative synchronization: a nontrivial connection
indicates that generative processes do not evolve uniformly across spacetime.
The corresponding curvature two-forms are
+ + +

Fi) = 9,A0 — 9,40, (22)
and measure the failure of generative time increments to remain synchronized around infinitesimal
loops,

) e
?gzdri /Z ) dsm, (23)

directly analogous to holonomy in Yang-Mills gauge theory [7,24].

Because the two domains are orthogonal (Section 2.4), their connections live on distinct tangent
bundles and contribute independently to the bi-temporal dynamics. Interaction between them occurs
only at the Euclidean observational interface, where symmetry breaking determines whether their
contributions combine or cancel.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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3.4. Parallel Transport and Temporal Curvature

Generative time 7+ provides the substrate from which spatial or informational configurations

)

activity varies across each domain. A curve oy C M preserves generative synchronization if and only
if

are produced. Parallel transport with respect to the connections A;(f determines how this generative

te _ (043"

dr T dn
where A is any smooth parameter along «. The temporal connections thus control the effective “clock

(24)

rate” of generative evolution along spacetime paths.

The curvature F}(,;t ) measures the obstruction to globally synchronizing 7+, just as electromagnetic
curvature obstructs the global definition of a potential. Nonzero curvature implies that the spatial or
informational structures produced by the generative process carry geometric or topological imprints
of the underlying manifold. As shown in subsequent sections, these curvatures give rise to emergent
spacetime geometry, geometric phases, and topological quantization.

The bi-temporal manifold therefore incorporates two coupled layers of geometry:

1. Lorentzian split-complex structures governing manifest temporal behavior,
2. Generative fiber structures governed by temporal connections and curvature.

Their interplay underlies the temporal interchange symmetry and its spontaneous breaking, which we
analyze in Section 4.

4. Symmetry Structure and Spontaneous Breaking

The bi-temporal manifold introduced in Section 3 admits a natural exchange symmetry that
swaps the objective and subjective domains together with their generative and manifest temporal
coordinates. Although this higher temporal exchange symmetry is a structural feature of the underlying
manifold, it is not manifest in the observed world: empirically we encounter a single effective temporal
direction and an (effectively) Euclidean spatial geometry. In this section we show how this reduction is
realized by spontaneous symmetry breaking (SSB) of the temporal exchange symmetry together with
the cancellation of conjugate manifest temporal components at the Euclidean observational interface
(see Figures 2 and 1).

4.1. Higher Temporal Exchange Symmetry

Prior to symmetry breaking, the dual split-complex domains
(Mo, b, i, ALY, (Mt AY)) (25)
are dynamically equivalent. This equivalence is encoded by the interchange transformation
T: (te, e, ALY = (b, o, AL, (26)

reflecting that both sectors arise from the same split-complex algebra and differ only by temporal
orientation, ty : +7T, t_ : —T. The invariance of the kinematic and geometric structures under
1 defines a bi-temporal duality in the sense of an internal discrete symmetry of the theory. As in
conventional SSB contexts (e.g., condensed matter and particle physics), the observed asymmetry
between sectors must then arise from the system'’s choice of a particular ground state [2,3,25].

4.2. Temporal Phase Fields and Composite Order Parameter

To model spontaneous selection of temporal orientation we introduce temporal phase fields on
each sector,
fr: Mi =R, (27)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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which transform under the temporal gauge symmetries associated to Agli). Their covariant derivatives
encode the generative flow,

+

D6 = 9,05 —guAl, (28)

A gauge-invariant composite temporal invariant is constructed from these gradients:

o= \/givD;g+)9+D£+)9+ + gP_WDP(,_)G_DS_)G_ , (29)

which is manifestly symmetric under the interchange Z. Following the standard Landau-type con-
struction for order parameters, we introduce a symmetry breaking potential with degenerate minima,

V(®) = a(®?*—0%)°,  a>0, (30)

so that the vacuum manifold selects a nonzero (®) = v. The choice of a particular vacuum alignment
breaks Z spontaneously and selects a preferred composite generative alignment between the two
sectors [26,27].

4.3. Spontaneous Breakdown of Temporal Interchange Symmetry

Kinematically the dual-time structure admits an interchange ¢ <+ T, but empirical time exhibits a
preferred direction. We model this by promoting the gauge-invariant scalar

¢(x) = /(Dud) (D), (31)

(or more generally a functional ¢[9] of the phase field) to the role of an order parameter entering a
potential of the form V(¢) = a(¢? — v2)?. Choosing a vacuum with ¢ = v > 0 selects a direction in
the composite temporal space and thereby distinguishes manifest evolution (along t) from generative
progression (along 7). Fluctuations about the vacuum correspond to temporal excitation modes that
interpolate between the two temporal directions, in direct analogy with Goldstone/Higgs phenomena
in field theory [3,25].

4.4. Cancellation of Manifest Time Levels at Observation

Observation occurs at the Euclidean interface introduced in Section 2.5; there the two domains
project to the observable complex coordinate

Ze=x+i0, 0=/ +7 =[R2 +2. (32)

Because the manifest time components carry opposite manifest orientation, their contributions cancel
under projection,
ty+t- =0, (33)

so that the observable temporal magnitude reduces to an effective generative amplitude,
O = |Tu|efr- (34)

Thus observation erases any direct signature of the reversed temporal orientation of the subjective
sector; what survives are magnitude-based generative features (i.e., ®- and topological invariants) that
can imprint on observables even after projection (cf. Sections 6 and 7).

4.5. Emergence of the Arrow of Time

The effective temporal direction experienced in measurements corresponds to the vacuum align-
ment of the composite order parameter (29). In generic dynamical regimes the objective sector’s
generative contribution dominates, so the emergent arrow aligns with the (+) sector; the (—) sector

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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contributes primarily through cancellation at the interface. Summarizing, the arrow of time emerges
from the joint action of:

1.  spontaneous breaking of the interchange symmetry Z,
2. cancellation of conjugate manifest temporal components at the Euclidean interface,
3. selection of a preferred alignment of generative phase fields (order parameter).

This elevates temporal directionality from an input assumption to an emergent geometric con-
sequence of the bi-temporal structure. The dynamics that govern the temporal gauge fields and the
phase fields, and that determine which vacuum is selected dynamically, are developed in Section 5.

5. Field Equations and Actions

The bi-temporal manifold carries two independent temporal gauge connections and two gen-
erative phase fields, each associated with one of the conjugate split-complex Lorentzian domains.
Their dynamics are governed by an action functional that is invariant under the temporal interchange
symmetry introduced in Section 4, prior to its spontaneous breaking. In this section we construct
the action, derive the corresponding field equations, and show how an effective spacetime geometry
emerges after Euclidean projection.

5.1. Dual Temporal Gauge and Phase Fields

Each domain carries its own temporal connection A;,i) and temporal phase field 6. The covariant

derivatives are defined by
D;(f)Gi = 0,0+ — QiA;(f), (35)

where ¢+ are the temporal gauge couplings in the (+) and (—) sectors. The corresponding curvature
tensors are
Fi) = 9,A0 — 9,45, (36)

Prior to symmetry breaking, the fields A,(f) and A,(f) live on the tangent bundles of M and
M _ respectively and are dynamically independent, except through invariants entering the composite
symmetry-breaking potential.

5.2. Action Functional of the Bi-Temporal System
The action is constructed to satisfy the following requirements:

*  gauge invariance in each temporal domain,

* invariance under temporal interchange symmetry prior to breaking,
. inclusion of curvature and phase-kinetic terms,

¢ dynamical coupling between generative and manifest time,

¢ compatibility with Euclidean projection at observation.

We propose the bi-temporal action

Al (=
Hv 71:']/(“/ )F}”‘

1 A
2Rt By = )

S:/d4x\/?g

f + + Jid _ _

- 5D, i, — 7gﬁ”D,S Jo_p{ e (37)
0+ O e ()

— V(@) + R + e RS |,

where:

. R is the Ricci scalar of the effective spacetime metric Suvs
e A4 control temporal curvature stiffness,
*  f. set generative phase kinetic scales,
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e V(®) is the symmetry-breaking potential,
e 0. are topological f-terms analogous to Pontryagin densities.
The composite order parameter
P = \/g D{M6, +¢'Die_D{ e (38)

is invariant under temporal interchange symmetry and governs spontaneous symmetry breaking and
temporal orientation.

5.3. Field Equations for the Temporal Gauge Fields
()

Variation of S with respect to A;, "’ yields Maxwell-like equations:

A VRl = f29:84'D D{0.. (39)
Generative temporal gradients therefore act as sources for temporal curvature,

oY — 52 (40)

providing the geometric meaning of generative desynchronization.

5.4. Field Equations for the Temporal Phase Fields

Variation with respect to 6+ gives

i A% 8<I>

These equations describe how generative phases evolve under temporal curvature, metric structure,
and symmetry-breaking dynamics.

5.5. Effective Spacetime Geometry and Emergent Einstein Equation

Variation with respect to the effective metric g, yields

1 & =) (= «
EGHV = A4 (F(JF)EE—H‘D _ }18#1/1: B F( )) +A (Fp(tp)RE o _ }Igyvp B F( ))

() Fup () Fup
+ 13 (D0, D{0 — 1gugtf DL 0Dy 0. ) (42)
+ 2 (D 0-D{ 7o~ 1gug¥D{To-Dy 0. ) - g v (@),

Thus effective spacetime curvature emerges from temporal gauge curvature, generative phase
dynamics, and symmetry-breaking energy. After Euclidean projection, the contributions of 1 and ¢_
cancel, leaving an emergent Euclidean spatial geometry with a scalar temporal amplitude.

5.6. Interpretation
The dynamical system exhibits three central principles:

1.  Generative curvature drives emergent geometry. Spacetime curvature arises from temporal
gauge dynamics.

2. Phase alignment selects temporal orientation. Symmetry breaking of V(®) determines the
arrow of time.

3.  Euclidean projection yields observable space. Only Euclidean geometry survives observational
access.
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These results complete the dynamical foundation of the bi-temporal framework. In the next
section we examine the associated topological structures, including quantized winding sectors and
Berry-like geometric phases.

6. Topological Structures

Topology enters the bi-temporal framework in three closely related ways:

(i) through winding structure of the generative-time fibers,

(ii) through quantization of temporal flux in each gauge sector, and

(iif) through geometric (Berry-like) phases associated with closed loops in the outer spacetime.

These topological features are generated by the temporal gauge fields Aéi) and survive the Euclidean
projection that produces observable geometry; hence they provide robust signatures of the deeper
bi-temporal structure (cf. Sections 3, 4, and 5) [24,28].

6.1. Winding Numbers in the Generative-Time Fibers

The generative coordinates 7+ are internal fiber directions over M. When generative evolution
is periodic (or effectively compactified), these fibers acquire nontrivial winding characterized by
integers. A closed generative loop satisfies

Ti()\—l—l) = T:E<A>+niTTi/ nt+ €7, (43)
where T, is the fundamental generative period. The associated homotopy group is
nl(RTi /TT:E) g Z, (44)

so each n+ labels a distinct generative topology (see also Figure 4). Different winding sectors cor-
respond to topologically protected generative histories that cannot be deformed into one another
continuously [24].

Because the two domains carry independent generative fibers, the full topological label is a pair,

(ny,n_) €Z®Z, (45)

which remains meaningful after Euclidean projection: winding is a global topological datum indepen-
dent of local sign cancellations of manifest time.

6.2. Quantization of Temporal Curvature Flux

Temporal curvatures F,Svi) =9y Al(,i) - aVA,(f) admit quantized flux sectors when integrated over

compact two-surfaces X in the effective spacetime. Single-valuedness (mod 27r) of the phase fields 6+
around closed loops implies

74 Do, dxt = 2mmy,  mi €7, (46)
o V

and by Stokes’ theorem
9 [ Fi s = 2mms. 47)
z

Thus each sector supports quantized “temporal flux”, 1 = 2= [ F (+), and the pair (@, ®_) forms
a two-dimensional topological lattice that constrains global gauge configurations [24,29].

6.3. Geometric (Berry-like) Phases from Temporal Holonomy

Closed curves C C M produce geometric phases via the temporal connections:

B ), (+)
y+(C) = qs }{C AP = g, /Z o F ASHY, (48)
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where X(C) is any surface bounded by C. These phases are directly analogous to Berry phases in
quantum mechanics, but originate here from the holonomy of generative-time gauge fields rather than
from adiabatic parameter evolution [28,30]. Because v+ (C) depends only on the integrated curvature
(flux), it is preserved by the Euclidean projection and therefore provides an observationally robust
imprint of inner-time topology (see Figure 3).

temporal curvature field Fy,

Figure 3. Berry-like phase y¢ = q; §, Aydx! as an observable arising from the temporal connection. The integrated
curvature Fy,;, over a surface bounding C determines the geometric phase.

6.4. Pontryagin-type Densities and Topological Charges

The action admits temporal analogues of Pontryagin densities,
+) o(+
Ps = e F RS, (49)

whose integrals over compact four-manifolds yield integer topological charges (when appropriately
normalized):

— / gpr D EE) ¢ 7, (50)

These charges classify global gauge sectors and are invariant under continuous deformations of the
fields; consequently, (Q+, Q—) survive both the interchange symmetry and Euclidean cancellation of
manifest time [24,31].

6.5. Persistence of Topology Under Euclidean Projection

Although manifest temporal components cancel at the Euclidean interface (¢t + t_ = 0), topo-
logical invariants such as (14, P+, v+, Q+) depend on winding, holonomy, and integrated curvature
rather than on the sign of time orientation and therefore do not cancel. Consequently, the observable
world can carry imprints of the deeper bi-temporal topology, for example via:

e  quantized interference effects controlled by v,
e discrete generative modes labeled by (n4,n_),
e dual flux sectors modifying effective couplings,
* Pontryagin-type contributions to vacuum structure and sector selection.

Transitions between generative cycles correspond to changes of homotopy class in the inner-time
manifold and can manifest as discrete events in the outer domain. Thus causal relations and large-scale
temporal structure in the effective spacetime inherit nontrivial constraints from the topology of the
generative fibers (see Figures 5 and 4).
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phase winding in T

Figure 4. Topological quantization of inner-time evolution: closed loops in the generative coordinate T form
winding sectors labeled by an integer n, each corresponding to a discrete contribution to an action or phase.

Open Outer-Time Trajectory

U \\/ \\/ \_/ ¥ t (outer time)

Closed Inner-Time Loops

Figure 5. Topological structure of dual-time evolution: closed loops in the inner-time coordinate T represent
generative cycles, while open trajectories in the outer time t represent the observable progression of physical
processes. The interplay of these structures supports discrete temporal sectors.

The topological sector analysis given here prepares the ground for a study of topologically
protected modes and their possible phenomenology; we address those issues in Section 9.

7. Emergence of Physical Space

The bi-temporal, split-complex structure developed in the preceding sections describes a universe
composed of two independent Lorentzian temporal domains, each evolving through generative and
manifest time coordinates. Yet the world accessible to physical observation is neither bi-temporal nor
split-complex. Instead, observers perceive a three-dimensional Euclidean spatial geometry accom-
panied by a single scalar temporal amplitude. In this section we show how this reduced geometry
arises from the interaction of the two dual-time domains through the Euclidean projection mechanism
introduced in Section 2.

7.1. Cancellation of Conjugate Manifest Times

The objective and subjective domains carry manifest temporal coordinates

ty 4T, t— =T, (51)
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with opposite Lorentzian orientation. Prior to observation these coordinates enter symmetrically in
the action, gauge structure, and composite order parameter. At the Euclidean observational interface,
however, the manifest times combine as

tobs =t +-1£—. (52)
Because the two components carry opposite temporal orientation, their contributions cancel identically,
tops = 0. (53)

This cancellation is a direct consequence of the interchange symmetry discussed in Section 4. It
guarantees that no Lorentzian temporal axis is directly accessible to observation, despite the deeper
generative role of both domains. What survives is only a Euclidean temporal magnitude,

O=/tA+13, (54)

which functions as a scalar ordering parameter rather than a directional time coordinate. Thus the
observable world is temporally scalar rather than Lorentzian.

7.2. Generative Time and Spatial Reconstruction

While the manifest temporal components cancel, the generative times 7+ do not. Instead, they
enter quadratically through the Euclidean projection,

o:\/t’i+r§:\/t’£+rﬁ, (55)

so that the observable temporal parameter depends only on magnitude, not on temporal orientation.

Generative time governs the continuous reconstruction of spatial (objective) or informational
(subjective) configurations. When contributions from both domains are combined at observation, the
effective spatial line element takes the form

de* = 5;;dx‘dx/, (56)
which is purely Euclidean. Hyperbolic components associated with Lorentzian time do not contribute
because:

1.  manifest temporal components cancel,

2. generative times survive only through their Euclidean magnitude,
3.  split-complex hyperbolic structure is null at the observational interface.

Hence Euclidean spatial geometry emerges not as a fundamental property of either domain, but as a
consequence of their interaction under observation.

7.3. Effective Euclidean Complex Coordinate

The observable geometry can be encoded in the effective complex coordinate
Zp=x+i0, (57)

where x denotes spatial position (after projection) and O is the scalar temporal amplitude derived from
the dual Lorentzian structure. Compared to the split-complex coordinates

Zy =x4+jts, (58)

the Euclidean coordinate differs in two essential respects:

e the hyperbolic unit j is replaced by the imaginary unit i,
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e the temporal axis collapses from a Lorentzian direction to a scalar magnitude.

This transition from split-complex to ordinary complex geometry encapsulates the emergence of
observable Euclidean space from deeper Lorentzian generative dynamics.

7.4. Emergent Locality and Causality

Locality and causal ordering in the observed universe arise from the Euclidean geometry together
with the scalar temporal amplitude O. Because O is built from magnitudes rather than orientations, it
naturally defines an ordering;:

01 <Oy = eventl precedes event 2. (59)

This ordering is consistent with the generative dynamics in both domains, even though their manifest
temporal orientations are opposite. Observable causality therefore emerges from:

1.  cancellation of conjugate manifest temporal directions,
2. preservation of generative temporal magnitude,
3. projection of the bi-temporal structure into a single relational parameter.

Fluctuations and correlations in the temporal gauge and phase fields distort the effective spacetime
grid, producing nontrivial curvature in the emergent geometry, as illustrated schematically in Figure 6.

7"?1&4,

effective curvature flow 7 T N -~ ¥ Vi

)rT’Yx(/

xH
Figure 6. Illustration of emergent curvature: fluctuations and correlations in the temporal gauge and phase fields
distort the effective spacetime grid, producing a nontrivial Ricci tensor as expressed in Eq. (??).
7.5. Spatial Observables as Euclidean Cross-Sections

Observable space corresponds to a cross-section of the bi-temporal manifold,

Sobs = {(x-‘rrx—) | ty +t = 0}/ (60)

equipped with the effective metric
Sobs = Ojj- (61)

Both temporal domains contribute to S, but only through fields and curvatures that survive projec-

tion. Temporal curvature, winding numbers, Berry-like phases, and topological charges persist because

they depend on generative phase, flux, and topology rather than on manifest temporal orientation.
Consequently, the observed Euclidean three-space can be understood as a stable interface where:

e temporal orientations cancel,

*  generative magnitudes combine,

*  spatial coordinates align,

*  topological structures embed as invariants.

This completes the geometric pathway from dual split-complex Lorentzian domains to the emergent
Euclidean geometry of physical space.
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8. Discussion

The bi-temporal, split-complex framework developed above provides a concrete geometric mech-
anism by which an observable Euclidean spatial world and a single effective temporal amplitude can
emerge from a deeper dual Lorentzian structure. Each domain is governed by split-complex Lorentzian
metrics and independent generative dynamics, yet the observable arena accessible to measurement
exhibits neither manifest dual temporal axes nor overt hyperbolic geometry. In this section we examine
implications, relations to existing ideas, possible phenomenology, and limitations.

8.1. Bi-Temporal Foundations of Observable Space

The central geometric mechanism is cancellation of conjugate manifest temporal components at
the observational interface (Sections 2 and 3). Concretely,

tops = t+ +1- =0,

so that the scalar Euclidean temporal amplitude O = \/ 2 +12 = \/ t2 4 72 remains as the physically
accessible temporal quantity. Consequently, spatial geometry appears Euclidean to observers not
because the fundamental substrate is Euclidean, but because observation projects the two conjugate
Lorentzian sectors into a single Euclidean complex plane (cf. Figures 1 and 2).

This geometric viewpoint clarifies two empirical facts simultaneously:

e why we do not detect a reversed temporal orientation in ordinary measurements, and
e  why observed spatial relations conform to Euclidean intuition at the level of direct measurement
even when underlying generative processes are Lorentzian.

8.2. Relation to Relativistic and Emergent Gravity Pictures

The framework is compatible with relativistic phenomenology while offering a reinterpretation of
its origin. The effective metric g, appearing in Section ?? is not identical to the intrinsic split-complex
domain metrics ds3 ; rather it is a coarse-grained, dynamical quantity that inherits contributions from
temporal phase gradients and temporal curvatures. Accordingly:

*  relativistic invariances (local Lorentz-like behavior) can appear as residual symmetries of the
split-complex algebra after projection,

*  causal structure in the emergent geometry is determined by the alignment of generative flows
and the vacuum alignment of the composite order parameter,

e familiar relativistic effects (time dilation, simultaneity relativity) are emergent properties of the
effective geometry, not primitive postulates.

This view is related in spirit to other emergent-gravity proposals (see, e.g., [10,32]) though it differs
quantitatively because the present mechanism invokes a bi-temporal gauge structure and a Euclidean
observational projection.

8.3. Quantum Phases, Topology, and Phenomenology

Because the temporal gauge connections A ;i) carry curvature and holonomy, generative dynamics

imprint Berry-like phases, flux quantization, and Pontryagin-type charges on the observable sector
(Section 6). This leads to several phenomenological suggestions:

1.  interference phenomena may carry signatures of dual temporal holonomy 7+, in principle
observable as phase shifts that cannot be attributed to conventional electromagnetic or geometric
phases alone;

2. transitions between winding sectors (n,n_) could appear as discrete events or spectral lines in
systems sensitive to underlying temporal flux quantization;

3. contributions from Pontryagin-like invariants may affect vacuum energy and stability in ways
that could be constrained by cosmological observables.
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These are speculative but concrete pathways toward empirical access. A detailed phenomenological
study is deferred to Section 9, but the logic is clear: topology and holonomy survive Euclidean
projection and therefore provide the most robust observational handles on bi-temporal structure.

8.4. Informational and Cognitive Interpretation (Cautionary)

We have modelled the second domain as “informational” (or subjective) to capture internal
generative organization without committing to a particular theory of cognition. The formal role of the
(T_,t_) sector is that of an internal generative substrate that interacts with the objective sector only
at the observational interface. This architecture is compatible with, but does not imply, any specific
neurobiological or phenomenological theory of mind. We therefore recommend treating cognitive
interpretation as a hypothesis supported only by further modelling and empirical constraints, rather
than as a consequence of the formalism itself.

8.5. Topological Robustness and Observable Imprints

Topological invariants introduced in Section 6—winding numbers, flux quanta, holonomies,
and Pontryagin charges—are insensitive to the sign of manifest time and so persist under Euclidean
projection. Therefore they constitute stable, theory-internal labels that can in principle influence
observable phenomena (interference, selection rules, vacuum sectors). This robustness makes topology
the primary route by which the hidden bi-temporal substrate might be experimentally constrained.

8.6. Limitations, Open Questions, and Future Directions
Several important caveats and open problems remain:

e Derivation of parameters: the coupling constants (A+, f+,q+ ), the potential parameters (&, v),
and the scales of generative periods T, are introduced phenomenologically. Deriving or con-
straining them from microscopic principles or observations is a priority.

e  Backreaction and consistency: when the temporal gauge sectors contribute appreciably to the
effective stress tensor, backreaction on the bi-temporal geometry must be analyzed to ensure
internal consistency.

*  Quantum regime: canonical quantization or path-integral formulation of the coupled gauge—phase
system, especially in the presence of topological terms, must be developed to assess quantum
stability, anomalies, and possible low-energy effects.

*  Operational probes: explicit, realistic experimental setups or astrophysical/cosmological observ-
ables that could bound the proposed signatures need to be identified (interferometry, precision
spectroscopy, or cosmological correlators are natural starting points).

8.7. Concluding Remarks

The bi-temporal split-complex construction elevates the arrow of time and the Euclidean character
of observed space to emergent outcomes of a richer geometric and topological structure. It unifies
symmetry-breaking, gauge holonomy, and topological quantization into a single framework that is
explicit enough to allow dynamical calculations (Sections ??-6) and concrete enough to suggest obser-
vational tests. We view this framework as a platform: the immediate next steps are a detailed study of
quantization and anomaly structure, a focused phenomenological analysis of possible observables,
and conservative exploration of cognitive interpretations only once empirical signatures are identified.

9. Phenomenological Outlook

Although the bi-temporal framework is formulated at a fundamental geometric level, it admits
several potential phenomenological consequences that, in principle, could be constrained by experi-
ment or observation. The key point is that while manifest temporal components cancel at the Euclidean
observational interface, topological and holonomy-based quantities survive (Section 6), making them the
most promising carriers of observable signatures.
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Interference and geometric-phase effects.

Because each temporal sector supports Berry-like geometric phases v+ arising from temporal
holonomy, interference experiments sensitive to phase accumulation may exhibit deviations from
standard expectations. Such deviations would not depend on local Lorentzian temporal orientation
but on global curvature and flux of the temporal gauge fields. Precision interferometry, atomic clocks,
or systems exhibiting topological phase sensitivity provide natural test beds for bounding these effects.

Discrete spectra and winding sectors.

Quantization of temporal curvature flux and winding numbers (14, 7_) implies the existence
of discrete generative sectors. Transitions between such sectors could manifest as discrete spectral
features, selection rules, or stability plateaus in systems sensitive to temporal phase dynamics. While
highly model-dependent, this suggests that certain unexplained spectral discretizations or coherence
thresholds might admit a geometric interpretation within the bi-temporal framework.

Cosmological and gravitational implications.

At large scales, contributions of temporal gauge curvature and generative phase kinetics to the
effective stress—energy tensor (Section ??) may influence cosmological evolution. In particular, vacuum
contributions associated with Pontryagin-like invariants or symmetry-breaking energy scales could
affect early-universe dynamics, cosmic birefringence, or large-scale coherence. Existing cosmological
observations therefore place indirect constraints on the allowed parameter ranges of the bi-temporal
sector.

Null tests and consistency bounds.

Equally important are null results. The absence of observed violations of Lorentz symmetry,
causality, or locality in current experiments strongly constrains any coupling between the bi-temporal
structure and low-energy physics. In this sense, the framework is compatible with existing data
provided that generative effects enter only through suppressed, topological, or phase-based channels.

Taken together, these considerations suggest that the bi-temporal framework is not immediately
falsifiable by a single experiment, but it is constrainable. Its most robust empirical handles lie in
topological phases, interference phenomena, and global cosmological observables rather than in local
kinematic effects. A detailed phenomenological analysis, including explicit estimates for realistic
systems, is left for future work.

10. Conclusion

In this work we have developed a bi-temporal geometric framework in which physical space
and observable temporal ordering emerge from the interaction of two orthogonal, split-complex
Lorentzian domains. Each domain carries a dual-time structure consisting of a generative temporal
coordinate, responsible for the continual reconstruction of spatial or informational configurations, and
a manifest temporal coordinate, responsible for sequential ordering. By assigning opposite Lorentzian
orientations (+T, —T) to the objective and subjective domains, we obtained a pair of conjugate split-
complex spacetimes that remain independent at the generative level yet become unified at the moment
of observation.

A central result of the framework is that the familiar Euclidean geometry of observable space does
not arise as a primitive property of the underlying manifold. Instead, it emerges through a specific
cancellation mechanism in which the manifest temporal components of the two domains annihilate at
the observational interface,

tops = t+ +1- =0,

leaving only a scalar temporal magnitude,

O=/t3 +13.
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This projection maps the dual split-complex structure into an ordinary complex plane, converting
deeper Lorentzian generative dynamics into the Euclidean spatial geometry encountered in physical
measurement. Temporal directionality likewise emerges as a consequence of spontaneous breaking
of the interchange symmetry between the two domains, encoded in the composite temporal order
parameter ©.

Introducing independent temporal gauge connections A](f) and phase fields 6. allowed the
theory to be formulated in a gauge-covariant manner. Their associated curvatures generate geometric
and topological phenomena, including Berry-like phases, flux quantization, and Pontryagin-type
invariants. Crucially, these quantities survive the Euclidean projection and therefore provide potential
observational handles on the deeper bi-temporal structure. The Einstein-like equations derived from
the action further show that the curvature of observed spacetime can be interpreted as emerging from
generative temporal dynamics rather than being imposed as a fundamental background.

Beyond its geometric and dynamical content, the bi-temporal framework offers a unified per-
spective on physical and informational processes. The subjective domain—absent from conventional
spacetime models—is incorporated as a conjugate Lorentzian sector whose generative and manifest
times interact with the objective domain only through the Euclidean observational interface. While no
specific theory of cognition is implied, the formal structure naturally accommodates internal generative
organization alongside physical dynamics within a single geometric architecture.

Several directions for future research follow naturally:

1. Relativistic and cosmological dynamics. The influence of bi-temporal curvature and symmetry
breaking on cosmological evolution, gravitational waves, and causal structure warrants detailed
investigation, particularly regarding possible early-universe imprints.

2. Quantum phases and interference. Temporal holonomy and flux quantization suggest experi-
mental searches in precision interferometry and systems exhibiting topological order.

3. Mathematical development. The geometry of split-complex fiber bundles with dual gauge
connections presents a rich mathematical structure, especially in relation to moduli spaces and
topological classification.

4.  Phenomenological constraints. Explicit models connecting the bi-temporal sector to observ-
able quantities are needed to assess empirical viability and establish bounds on the theory’s
parameters.

5. Unification perspectives. By integrating geometry, gauge theory, and topology within a single
temporal architecture, the framework may offer new tools for bridging classical and quantum
descriptions of spacetime.

In summary, the bi-temporal split-complex formulation provides a coherent and geometrically
natural account of how Euclidean space, temporal directionality, gauge structure, and topological
quantization can emerge from a deeper temporal substrate. By treating observation as an intrinsic
geometric process rather than an external assumption, the framework suggests a broader view of
physical law in which spacetime structure, dynamical evolution, and informational organization arise
from the same underlying generative dynamics.

Appendix A Split-Complex Algebra and Geometry

The bi-temporal framework introduced in this paper relies fundamentally on the algebra of split-
complex numbers, also known as hyperbolic, Lorentz, or duplex numbers. This appendix summarizes
the essential algebraic and geometric properties of the split-complex system used throughout the
manuscript.

Appendix A.1 Definition and Basic Properties

A split-complex number is an ordered pair (x, t) with algebraic representation

7 =x+jt, (A62)
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where j is a hyperbolic unit satisfying
P=+1, j#+L (A63)
This contrasts with the ordinary complex unit i, which satisfies i = —1.
Addition and multiplication follow:
(x1+jt) + (2 +jt2) = (x1+x2) +j(t1 + 1), (A64)
(x1+jt1) (x2 + jt2) = (3122 + tata) + j(xatz + x2t1). (A65)
The split-complex conjugate is defined by
Z=x—jt (A66)
Appendix A.2 Norm and Lorentzian Signature
Unlike ordinary complex numbers, the split-complex norm is indefinite:
N(Z) =277 = x* — 1%, (A67)

This norm has a Minkowski-like signature (4, —) and endows the space of split-complex numbers
with a natural Lorentzian geometry.
Thus, the split-complex plane
D = {x+jt}
is isomorphic to 1+1 Lorentzian spacetime, with:

*  xinterpreted as a spatial coordinate,
* tinterpreted as a Lorentzian temporal coordinate.

The “lightlike” elements satisfy N(Z) = 0, giving the null lines x = =£t.

Appendix A.3 Hyperbolic Rotations (Lorentz Boosts)

Multiplication by e/ generates hyperbolic rotations:

el? = cosh ¢ + j sinh ¢, (A68)
giving the transformation
Z — 7 =e?7Z. (A69)
Explicitly,
x' = xcosh¢ + tsinh ¢, (A70)
t' = xsinh ¢ + t cosh ¢. (A71)

These are precisely Lorentz boosts in 1+1 dimensions.
Thus, the linear symmetry group of the split-complex plane is isomorphic to SO(1,1).

Appendix A.4 Split-Complex Coordinates and Metrics

For each temporal domain M4 we introduced the split-complex coordinate
Zy =x4+jty. (A72)

Its differential satisfies
dZ4 dZy = dx3 —di3, (A73)
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yielding the natural metric
ds = dx% — dt} + d13, (A74)
with the additional generative coordinate 7+ included as a fiber direction of positive norm.
The subjective domain is assigned the conjugate signature
ds® = dx® +dt* —d72, (A75)
reflecting its reversal of temporal orientation.
Appendix A.5 Tensor Products and Bi-Temporal Geometry
The full bi-temporal manifold employs two split-complex planes:
]D_A,_ = {.X'+ -‘r-jt+}, D_ = {x_ +jt_}. (A76)
Their direct sum
Dy =D, &D_ (A77)

is equipped with a metric of signature (3,1) @ (3,1), corresponding to the objective and subjective
domains, respectively. Orthogonality of the two Lorentzian sectors ensures that their contributions
remain distinct until projected into the Euclidean observational interface.

Appendix A.6 Split-Complex vs. Ordinary Complex Structure

The Euclidean observational coordinate
Zg = x+1i0 (A78)

arises from a projection that replaces the hyperbolic unit j with the imaginary unit 7 after cancellation
of the manifest temporal components. Thus:

e  Split-complex algebra governs the deeper generative structure of spacetime.
®  The ordinary complex algebra governs the observable Euclidean structure.

This transition is a geometric manifestation of the cancellation
tops = t+ +1- =0,

and the preservation of generative magnitude

0=/} +13.

Appendix A.7 Relevance to Temporal Geometry and Gauge Structure
The split-complex algebra is essential for representing:

*  Lorentzian signatures in each domain,
e hyperbolic rotations as intrinsic temporal transformations,
¢ the natural coupling between generative and manifest time levels,

(+)

*  the dual gauge structure expressed through temporal connections A,

e the symmetry-breaking mechanism exchanging the two domains,
e the Euclidean emergence resulting from temporal cancellation.

Thus, the split-complex foundation is not an auxiliary mathematical choice but the geometric
backbone of the entire bi-temporal theory.
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Appendix B Gauge Invariants and Topological Quantities
The bi-temporal framework possesses a rich collection of gauge-invariant and topological struc-

() ()

tures arising from the temporal connections A; "’ and their curvatures Fy,,”. These invariants remain
well-defined even after the Euclidean projection of the observable world, as they depend on flux,
holonomy, and winding rather than on the Lorentzian orientation of the temporal axes. This appendix
summarizes the principal invariants used throughout the manuscript.

Appendix B.1 Temporal Gauge Transformations

Each domain carries an independent U(1)-like temporal gauge symmetry:
br — 0:txe, A — A4 qliayxi, (A79)

under which the covariant derivative and curvature transform as:
Do, — DMo.,  FL) — Fi). (A80)

Thus, both D,(f)ei and Fﬁf ) are gauge-invariant.

Appendix B.2 Fundamental Quadratic Invariants

The simplest gauge-invariant scalars for each domain are:

[ — p®) R (A81)
() = ¢'DMo, Do, (A82)

Interpretation.

o Il(i) measures the strength of temporal curvature.

. Iz(i) measures the generative temporal flow in each domain.

These invariants appear both in the action functional and in the energy-momentum tensor,
playing roles analogous to electromagnetic and scalar kinetic invariants.

Appendix B.3 Cross-Domain Composite Invariants

Cross-domain invariants are constructed to preserve the temporal interchange symmetry:

P = \/g o, D6, +¢"'Die_D{ e . (A83)

This composite field ® acts as the symmetry-breaking order parameter and encodes the combined
generative activity of both domains.
Higher-order invariants include:

I =Fy ;" (A84)
L =¢"DPe. Do, (A85)

which couple the two temporal sectors and appear in generalized interaction terms.

Appendix B.4 Temporal Flux Quantization

Integrating the curvature two-form over a closed 2-surface X yields the temporal flux:

_ / ) dshv. (A86)
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Single-valuedness of the temporal phase fields around closed loops implies quantization:
P (X) =2mmy, my € Z. (A87)
Thus each domain admits its own set of quantized flux sectors:
(P4, P_) € (2nZ) ® (21Z)
which survive Euclidean projection and affect observable interference phenomena.

Appendix B.5 Holonomy and Berry-like Geometric Phases

For a closed 100p Cin Mj:, the temporal holonomy is:
T+ ( ) q+ U . ( )

Using Stokes’ theorem:
C) = / F, ( )dSV v, A89
Y+ ( ) Qi (C) nv ( )

Interpretation.

e 94(C) is a Berry-like phase associated with generative time.

()

e It determines interference patterns in fields sensitive to A;; .
*  These phases persist under Euclidean projection since they depend on flux, not on the orientation
of manifest time.

Appendix B.6 Winding Numbers and Generative Cycles

Inner-time dynamics may contain closed generative cycles:
Te(A+1) =1 (A) +neTe,

with integer winding numbers
ny € 7.

These correspond to elements of the fundamental group
m(Re, /Te,) 2 Z.
Thus, the generative sectors possess two independent homotopy integers
(ny,n_) € ZoZ.

These topological invariants classify generative histories and are unaffected by the manifest-time
cancellation at the observational interface.

Appendix B.7 Pontryagin-like Topological Densities

Each curvature defines a Pontryagin-type pseudoscalar:

1

Py = 1" FED. (A90)
The corresponding topological charges are:
1
Qi = g [ EIES € L. (A91)
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These invariants classify nontrivial sectors of the temporal gauge fields, analogous to instantons
or Chern-Simons configurations.
They remain invariant under:

*  gauge transformations,
*  smooth deformations of the fields,
*  Euclidean observational projection.

Appendix B.8 Summary of Invariants

The complete set of independent gauge and topological invariants in the bi-temporal framework

includes:
Il(i), IZ(i) (temporal curvature and generative flow), (A92)
O, I3, Iy (cross-domain composite invariants), (A93)
PL(X) =2mmy (flux quantization), (A94)
ni (winding numbers of generative cycles), (A95)
7+(C) (Berry-like geometric phases), (A96)
Q+ (Pontryagin-type topological charges). (A97)

These invariants form the backbone of the dual temporal gauge structure and encode all global
information that persists through the Euclidean emergence of observable space.

Appendix C Extended Derivations

In this appendix we present the detailed derivations of the field equations obtained from the
action functional introduced in Section E, and clarify the underlying symmetry structure. We adopt
the convention that indices are raised and lowered using the effective metric g;, unless otherwise
specified.

Appendix C.1 Variation with Respect to the Temporal Gauge Fields

Recall the bi-temporal action

_ [ (H)puv A= p(=) puv
5= /d x\/—8 e S A Sl 7
2
—figTDﬁ,*)mDﬁ*)e f* gD\ 6_D{ o (A98)

2

—V(¢)+%sﬂ“ﬂ"5§j B + o R RS |

We first vary S with respect to Al(f). The (+4)-sector curvature is

Fi) = 9,400 —3,45", (A99)
and its variation obeys
SEG) = v, 640 — w541, (A100)

since the Levi-Civita connection is torsion-free and metric-compatible.
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Curvature term.
The variation of the kinetic term for F,S,Jf ) is
A
08 = =4 /d4x V=8 o(EiEL)
A " (A101)
— + 4 uv +
= _T/d x\/—g F(Jr)&FW .
Substituting (5FIEV+) and integrating by parts gives
5S, :—A+/d4x,/ g Y v,sALY
) (A102)
4 v
AL /d x /=3 (VuEl )oalh,
where a boundary term has been discarded.
Phase-kinetic term.
The (+)-sector kinetic term for 0 is
£ + +
=k /d4x V/—g¢“DPo, DM, . (A103)
The variation with respect to A;(f) arises from
sDiPe, = —q 645", (A104)
Hence,
5Sp, = —f+/d4x,/ g i'DiYo, (500 e, )
(A105)
= fiq+ / dtx /=g 8Dy o, sALY.
0-term.
The topological term varies as
0S5, = 6—+ /d4x -9 SWP‘TF,S;F)JFAI)
T2 (A106)

=0, /d4x V-8 sVVP‘TF}(J)VpéAl(;r).

An integration by parts shows that this contribution is a total derivative in the absence of spacetime
boundaries or when 8. is constant, so it does not modify the local equations of motion.

Result.

(+)

Combining the above variations and demanding §5/6A,;,"" = 0 yields

AVUEE = fraig Do, (A107)

which is the field equation quoted in Section E. An analogous derivation holds for the (—) sector with
the replacements (+) < (—).

Appendix C.2 Variation with Respect to the Temporal Phase Fields

We now vary the action with respect to 6. Only the kinetic term and the potential V()
contribute.
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Kinetic term.
The variation of Sy, with respect to 6 is
5Sp, = —f2 / d*x /=g g"' Do, 6D\ o, (A108)
with
6D Mo, = a,46.., (A109)
since the A1(,+) variation is handled separately. Integrating by parts yields
5Sp, = f2 / dx /=g V, (81D Ve, )se.. (A110)
Potential term.
The potential depends on ®, which in turn depends on 6. Thus
oV 8<I>
__ [
35Sy = /d VS Sh a0 (A111)
Result.
Setting 65 /604 = 0 gives
2 m (+) vV 0o _
£, (g pie.) Y (A112)

The corresponding equation for _ is obtained by (+) < (—).

Appendix C.3 Variation with Respect to the Metric

Finally, we vary the action with respect to the effective metric g;,. The Einstein-Hilbert term
yields the standard result

S = % / d*x /=g Gudg™, (A113)

where G, is the Einstein tensor.

Curvature terms.

The curvature contributions from the gauge fields are
— =g w ( JpHv
- /d x /=g (AFW R AR R, (A114)
Their variation with respect to g"V gives the stress—energy contributions
( ) ) p+)e ) pap
)‘+< wo Fv 48uv F(+)>

(A115)
+ A (Fﬁg)ﬂ()p——gw Ey) [‘ﬁ)

Phase-kinetic terms.

The phase contributions read

:——/d4x«/ £2¢"DPo, Do, + 26" D0 D6, (A116)
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Varying with respect to ¢ gives the stress—energy tensors
0 1
T;Sv) =f1 <D;(4+)9+D1(/+)9+ - ZgyvgiﬁD§4+)6+D/(g+)6+>
1 (A117)
+ 2 (D;)e_ Do — Eg,wg"i“D,Ef)e_ Dé)9_> .
Potential term.
The potential contributes
1
ssv = [ (V@)dg™ S ), (A118)
so that the corresponding stress—energy contribution is simply
v
T\ = g V(®). (A119)
Result.
Collecting all pieces and setting 6S/0g"" = 0 yields
1
5Gw = T4 + T + T, (A120)
which is the modified Einstein equation quoted in Section E.
Appendix C.4 Symmetry Algebra: Gauge and Interchange Symmetries
The full symmetry algebra of the bi-temporal theory consists of:
1.  Gauge symmetries U(1); x U(1)- acting independently in each domain:
1
6r —0s+xs, AN AN 4 o (A121)
These symmetries leave Fﬁ ) and D;,i)ei invariant.
2. Temporal interchange symmetry 7 exchanging the two domains:
T: (te,r, AN, 00) e (1,1, AL 60). (A122)
This symmetry acts as an involution,
7% =1id, (A123)
and leaves the composite order parameter ® and the potential V(®) invariant.
Before symmetry breaking, the total symmetry group is
G=u) xu) <z, (A124)

where the semidirect product encodes the fact that Z exchanges the two U(1) factors. Spontaneous
symmetry breaking selects a preferred vacuum expectation value for ®, reducing the symmetry and
generating the observed arrow of time.

This completes the derivation of the field equations and the characterization of the symmetry
structure for the bi-temporal split-complex framework.
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Appendix D Summary of Notation

This appendix summarizes the principal symbols and conventions used throughout the
manuscript. Symbols are grouped according to their roles in the bi-temporal split-complex framework.

Coordinates and Temporal Variables

Symbol Meaning

Xl Spatial coordinates in the objective (+) or subjective (—) domain, i = 1,2,3.

ts Manifest temporal coordinates with opposite Lorentzian orientations (+T, —T).
T4 Generative (inner) temporal coordinates in each domain.

Zy =xy +jty  Split-complex coordinate for each domain, j2 = +1.
&4+ = Z4+ +jt+  Extended split-complex coordinate including generative time.

O Euclidean temporal magnitude: O = \/#4 + 3.
Zg =x+1i0 Effective Euclidean complex coordinate after observation.
Manifolds and Domains

Symbol Meaning
My Objective split-complex Lorentzian domain (3D + T) with orientation +T.
M_ Subjective split-complex Lorentzian domain (3D + T) with orientation —T.
R, Generative-time fibers associated with each domain.
£ Bi-fibered temporal manifold: (M x R¢, ) @ (M- x Re).
Sobs Euclidean observational interface where {1 +t_ = 0.

Split-Complex Geometry

Symbol Meaning

j Hyperbolic unit, j* = +1.

N(Z) = x> — > Split-complex norm with Lorentzian signature.

ds3. Metrics of the objective and subjective domains.

o Inverse metrics on M.

Suv Effective emergent spacetime metric after projection.
el? Hyperbolic rotation (Lorentz boost) of rapidity ¢.

Temporal Gauge Fields and Curvatures

Symbol Meaning

Al(f) Temporal gauge connections in each domain.
F}(,;t ) Temporal curvature tensors: P}Ef ) — ayASﬂ — BVA,Si).
g+ Gauge couplings for (+) and (—) temporal sectors.
Vi Levi-Civita covariant derivative associated with g, .
Phase Fields and Symmetry Breaking

Symbol Meaning

0+ Temporal phase fields in each domain.

Dﬁi)Gi Covariant derivatives: 0,0+ — ing,i_) .

1O Composite order parameter controlling symmetry breaking.

V(®) Symmetry-breaking potential with degenerate minima.

T Temporal interchange symmetry exchanging (+) and (—) domains.
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Topological Invariants
Symbol Meaning
(. Winding numbers of generative cycles 7.
®.(X) Quantized temporal flux through a surface X.
7+(C)  Berry-like geometric phase along a closed curve C.
Py Pontryagin density: sVVP”PP(“j,E)PFS;E )/a.
Q+ Topological charges associated with P.
Iy Scalar invariants formed from curvatures and phase gradients.
Action and Dynamical Quantities
Symbol Meaning
S Total action of the bi-temporal system.
R Ricci scalar of the effective geometry.
Guv Einstein tensor associated with gy, .
K Gravitational coupling constant.
At Coefficients of temporal curvature terms.
f+ Strength of generative phase kinetics.
0. Coefficients of topological 0-terms.
Projection and Observational Quantities
Symbol Meaning
tops = f+ + - Observed manifest time (vanishes at the Euclidean interface).
@) Observable scalar temporal magnitude after projection.
Sobs Euclidean spatial slice accessible to measurement.
ZE Euclidean complex coordinate representing observed space-time events.

Constants and Conventions

Symbol Meaning

dij Euclidean spatial metric on R3.

ghvee Totally antisymmetric Levi-Civita tensor density.
+T, —T  Temporal orientations of the Lorentzian domains.
c=h=1 Natural units adopted unless otherwise specified.

This notation summary provides a comprehensive reference for all mathematical structures
appearing in the dual split-complex temporal framework.
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