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Abstract

Based on the isomorphic algebraic structures of the 2ID Euclidean field of complex vectors V¢ and the
field of complex numbers C, in terms of identical geometric products of the elements of both fields,
this paper brings the algebraic structure of a 3D field of complex vectors, as well as the corresponding
fundamental integral identities in those vector fields.
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1. Introduction

A geometric (Clifford) algebra is an extension of elementary algebra to work with geometrical ob-
jects such as vectors. It is built out of two fundamental operations: addition and geometric product, [1].
The multiplication of vectors results in objects called multivectors. Compared with any other formalism
for manipulating vectors, Clifford algebra alone supports dividing by vectors. The geometric product
was first mentioned by Grassmann, who founded the so-called external algebra, [2]. After that, Clifford
himself greatly expanded upon Grassmann’s work, to form geometric algebra, named after him Clifford
algebra [1], by unifying both Grassmann’s algebra and Hamilton’s quaternion algebra (H). In the middle
of the 20th century, Hestenes repopularized the term geometric algebra [4,5].

On the other hand, although rarely used explicitly, a geometric representation of complex numbers
is implicitly based on its structure of the Euclidean 2-dimensional vector space. If the binary operation
of the product @z, of two complex numbers @ and z, is considered as the sum of the inner product
woz = (Wz+wz)/2 = 1Re(wz) and outer product w A z = (0z — wz) /2 = jIm(wz), where 1 = (1,i0)
and j = (0,1), and i is an imaginary unit, it can be said that @z is in the form of a geometric product
of two ivectors (two complex numbers), as two geometric objects belonging to the ivector field C (to
the field of complex numbers C). For any complex number z, its absolute value |z| is its Euclidean
norm denoted by g, and the argument arg z of z is the polar angle ¢. Since ordered pairs represent
both complex numbers and vectors, the binary operation of the product of two complex numbers
(two ordered pairs), in the form of the geometric product @z (Wwz = w o z + w A z), will be the basis for
modifying Grassmann’s geometric product of vectors, which is defined as the sum of the inner (scalar)
and outer (vector) products of two vectors. By this modification, the geometric product of two vectors
becomes commutative, similar to the product of complex numbers themselves, which still supports
vector division.

It is an old and interesting problem to obtain a natural extension of complex numbers, especially
to three-dimensional complex numbers. Hamilton interpreted complex numbers, via couple numbers
(ordered pairs of two real numbers), as points in the Euclidean plane [3], and he was looking for a way to
do the same for points in three dimensional space. Points in space are triples of numbers. Hamilton had
known how to add and subtract triples. However, for a long time, he had been stuck on the problem of
multiplication and division. In fact, Frobenius proved, in 1877., that for a division algebra over the real
numbers to be finite dimensional and associative, it cannot be three dimensional. There are only three
such division algebras: R, C and H, which have dimension: 1, 2 and 4, respectively. Segre [15] described
bicomplex numbers, as points in a 4-dimensional space. Unlike Hamiton’s quaternions, which are non
commutative and form a division algebra, bicomplex numbers are commutative and do not form a
division algebra.
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All told, many famous mathematicians have studied how to define multicomplex numbers and
the corresponding function theory. Following this, and on the basis of the redefined geometric product
of two vectors in the Euclidean plane, this paper presents the algebraic structure of the 3D field of
complex vectors, as well as the corresponding integral identities.

The idea, on the basis of which the algebraic structure of the 3D field of complex vectors is defined,
is as follows: At the beginning, a 2D field of complex vectors V¢ is introduced, which corresponds
to the field of complex numbers C, defined as a Cartesian product of one 1D real and one 1D i-real
vector space with a commutative geometric product of elements. Following the same pattern, in the
next section a 3D field of complex vectors is introduced, which corresponds to the Cartesian product
of one 3D real and one 3D i-real vector space with a commutative geometric product of elements,
defined as the sum of the geometric products of the elements in three complex planes. Each of these
complex planes is the Cartesian products of one 1D real and one 1D i-real vector space, which are
vector subspaces of 3D real and 3D i-real vector space, respectively. Clearly, one can take the Cartesian
product of one 2D real and one 2D i-real vector space in the same way. In that case, the geometric
products of the elements in two complex planes are summed up, in order to obtain the commutative
geometric product of the elements in this vector space.

2. The 2D Field of Complex Vectors V¢

The ordered pairs 1 = (1,i0) and § = (0, i) form the basis of a 2-dimensional realireal vector (2D
i-vector) space V¢, [6,9]. It is obvious that V¢ is the Cartesian product Vg x iVR of a one-dimensional
real vector space and a one-dimensional ireal vector space, and such as it is an additive Abelian
(commutative) group of i-vectors (x,iy) = 1x + jy. On the other hand, it is possible to complete the
i-vector space V¢ with a binary operation of the product of two i-vectors (a,ib) and (c, id), which
corresponds to the matrix product, in such a manner that

a ib c id |
ib a id ¢ |
| ac—bd i(ad+ bc)
| i(ad +bc) ac—bd

(a,ib)(c,id) =

= (ac — bd, i(ad + bc)). 1)

The inverse element (x,iy) ™! = (x, —iy) /(x> +y?) of the space V& = V¢ \{(0,i0)} corresponds to
-1
1y
iy X
and the distributive axiom are satisfied. Thus, the i-vector space V¢ becomes the field of complex

the inverse matrix . Here, both the commutative and associative axioms of multiplication

numbers (i-vectors) C, to which the field of complex vectors V¢ corresponds. The ordered pairs of
both a real and an imaginary vector: e = (1,i0,) and & = (0y,71;), such that the unit vectors 1
(0y = 01) and 1,, (0, = 01,) are orthonormal basis vectors of the real plane V;, form an orthonormal
basis vectors of the field V¢, so that 1 = e and § = &. The complex vectors % = xe + yé, as
elements of V¢, correspond to the complex numbers z € C. If (x,—iy) = xe —yé¢ = %, then
0 = ||%] = I(x,—iy)|| = |/x2+ yz‘ is the norm on the fields V¢ and C. In addition, %% =

(x, —iy)(x,iy) = 0*1 = o0%e and % = 0?% L. It is quite clear that the inverse element % ! allows

division by a vector in V. On the other hand, on the basis of the above-mentioned geometric product
(a,—ib)(c,id) = (ac+ bd,i(ad — bc)), of two complex numbers (i-vectors) (a, —ib) and (c,id), the
corresponding geometric product of two complex vectors %7 = ae — bé and %, = ce + dé in V¢, can
be defined as follows

7 [ 5 1,5 _
%1%y = 5(0/010/02 + 0/010/02) + 5(0/010/02 — %)10/02) = (2)

= (0701 . 0/02)8 + (0/01 X 0/02) X e= (OA’I . 0702)e — ('%1 X 0702) X e,
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where %1 - %y = ||%1]|||%2]| cos 6 and (%1 x %z) X e = ||%1]||| %2 || sin 0&, which is obviously com-
mutative. Here,
1, - - —
E(OA)lo/oz + 0/010/02) = (0/01 . 0/02)8 = o/01 o 0/02 = (ﬂ, Zb) o (C, ld) and (3)
1 . -
5(0/010/02 — 0/010/02) = (0/01 X 0/02) Xe=%1N% = (Ll, lb) A (C, ld) (4)

So, the dot and cross products of two complex vectors % = ae 4 bé and %, = ce + dé in V¢ are
as follows

%1 - %o = ac + bd and %1 X %, = (ad - bC)I‘l, (5)

where n = e x &. Since (a4, —ib)(c,id) = (a,ib) o (c,id) + (a,ib) A (c,id), it follows that
[(a,ib) o (c,id)]* — [(a,ib) A (c,id)]*> = (6)
= (a,~ib)(c,id) (¢, —id) (a,ib) = |(a,ib) *]|(c,id) |*1.

3. The 3D Field of Complex Vectors

Let 1y, 1, and 1, be orthonormal basis vectors of a 3D space of real vectors V3. Then, three pairs of
ordered pairs: e; = (1,i0,) and & = (0,i1,), e = (1,,i0;,) and & = (0,,i1;), & = (1,,i0,) and
&3 = (0, i1y), form orthonormal bases of three 2D fields of complex vectors %,, which are component
fields of a 3D field of complex vectors with elements

% = x e + £,8% = %, e”, (7)

where %, = (xe 4 £&), are complex vectors in the component fields, and here, as in the following
text, the index « (v = 1,2, 3), repeated as subscript and superscript in the products, represents the
summation over the range of the index &, according to the Einstein summation convention.
The commutative geometric product of two 3D complex vectors a and b is defined as the sum of
the geometric products of the component vectors a, = (ae — &), and b, = (be + beé),, as follows
ab), e* b Ab), e*
aib:aob—l—a/\b:<a2>"‘e :<ao —|—2a Ja® and (8)
V3 V3
_ ab) e* (ba) e* (b b Aa),e"
ab—aobtbna— 2>« _ ¢ 2>a _ (boatbAa),e’ 9)
V3 V3 V3
Clearly,aob = (ab + ba)/2and a A b = (ab — ba) /2. In addition, the vector

1
al=_—agle, (10)

where a; ! = (a/||a]|*)s and ||a|Z = (a2 + 42) , such that

-1 o %
1 (a”'a),e eye
a a= = , 11
BB )
is the inverse vector of the 3D complex vector a, which allows division by the vector in the 3D field of
complex vectors. On the other hand, if (ab — ab) is denoted by the bracket [a, b], it follows that

AAD = (aAD),e" _ ((axb)xe),e” _ [a, D], &%
(aob),e* ((a-b)e)e® (ab+ab),e"

aob = 7= R B (13)

and (12)
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3.1. Differential forms in V¢

To represent a complex vector % € V¢ in polar form, one introduces a vector analogue cés of the
shorthand notation cis for the algebraic operator cos - 4 isin -, as follows

cés- =ecos-+ ésin-. (14)

Let %o = césp = exp(&¢), where exp(&-) is the exponential form of the operator cés -, be a radial
unit complex vector in V¢. Therefore, log % = Inge + @&, where % = 0% and 2¢pé = 2log %o =
log(%q/ %), is a complex vector logarithmic function, and Log % = Inge + (¢ +27n)é, n € N. If
%, = %eé and %y = _%oll = sécp = &%, then the ordered pair of unit vectors (%y, °7oo) is the
inverse orthonormal basis with respect to the orthonormal basis (%, %, ) of the field of complex
vectors V. For an arbitrary vector a € V, the vector a% is the rotated vector a, in the positive
mathematical direction, by the angle ¢, and the vector a%g, by the angle 77/2 + ¢. The geometric
products of the vector a with the inverse basis vectors % and % rotate a by the angles —¢ and
1t/2 — @, respectively, in the positive mathematical direction.

If d = drd, + dg@d, is a differential operator, then d% = dr%y + dp% . Hence, d% | = &d% =
dr%g, — de% and d% = éd% = &(dr%g — dp%) = dr%q + dp%. Since 2¢cos pe = % + % and
20sin p& = % — %, the vector operators of partial derivatives are introduced, as a vector analogue of
the Virtinger operators [16],

A

1.4 % = 1 %
0o, = 09,00, + 0o, ¢dy = E(O/ooag — ?084,) and 0g, = 09, = E(o/o()ag 4+ 2oL

dp), (15)

where 9o, ¢ = cos? pdy, tan@ = [(% + %)/ (20))*[(—2%)/ (% + %)?]é = —%q/(20) and 209,0 =
09,0%/0 = %. It is important to emphasize that when geometric products and geometric quotients are
differentiated, the same rules apply as when ordinary products and quotients are differentiated, so
that d(% /%) = (%d% — %d%)/%?. Let’s prove this,

% 1 1 %2 1
d— = (d=)%* + —=d%? = —2(—do — — %d%) = 16
7= 1) %+ 5 (o= 2 %d%) (16)
%2 _ - 1 1 - - 1 - %d% — %d%
= —2 0(‘) o0 00 00 - 700 00 :—2 = 00 00 o0 00 —_700 00 = "
[2Q4(/d/+/d/) Qz/d/] [2%2(/d/+/d/) %2/d/] 72

Definition 1. The geometric product d%0q, is an operator of a 1D differential form.

The symmetric and antisymmetric parts of the geometric product d%0o, are as follows

d%0, + d%0q, = 2d% o 0g, = e(dgd, + d¢d,) and (17)
d%3dy, — d%0g, = —2d% A g, = &(0dpd, — zdgaq;). (18)

Therefore,
2%d %0y, = %0 (ddy + ddy) + %o (0dpdy — nga(,,) = %od + % d, (19)

where d = %od and d, = % d are the radial and transverse components of d%0s,, respectively.
Accordingly, since 2¢pé = log(%/%), it follows that

dg = %odg = %0 (Do, 9d% + g, 9d%) = — %o, dlog(g) and (20)

2
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- -1 0/0 -
dQ = o/o()dQ = 0/00 (3%Qdo/o + 6%Qdo/o) = '%)()d(o/oo/o)2 = 3d10g(0/00/0), (21)
which leads to the following vector differential identity
% - % % s o _
Yo dodep = Zdlog(%%)dlog(§) = 4—&(%61% + %d%) (%d% — %d%) = (22)
= (3% + d%) (3% — d%) = > [(d%)? — (d%)?]
402 402 '
Consequently,
o/o . - % - -
3%d%Ad%)zizuw%ﬁ—md%fyz%me@ (23)

since d% = %d% = d%. The vector identity just derived can be obtained explicitly via the Jacobian
determinant of the bijective mapping V¢ — V(, defined by the system of vector equations 2In ge =
log(%%) and 2¢& = log(% /%), as follows

207'e 0

J— 9rlog(%%) 94 log(%%) _ :éé (24)
0 2@ 0

| 9ylog(%/%) 9plog(%/%)

In this case, 4% dodp = %Jdodg = %dlog(%%)dlog(% /%), which leads to (22). The complex
vector dS = (d% A d%)/2 = ododg%y %y = dSé, corresponding to the i-vector ododgj, is the
Lebesgue vector measure of the infinitesimal surface in the field V.

Definition 2. Let 5%& g, = 0,09, Then, the geometric product d 853/0 5, 18 an operator of a 2D differential form.

3.2. Fundamental Theorem of Integral Calculus in the Field V¢

Let 7y be a closed smooth Jordan curve, bounding an arbitrary simply connected region G in V¢,
and %., be a point on 1, surrounded by a circle ¢(%., ¢) with center at %., and arbitrarily small radius
g, which intersects the curve 7 at the points %.,, and %.,. Similarly, an arbitrary point % inside
G is surrounded by circle ¢(%g, €), which is connected to the circle c¢(%., ) by two parallel straight
line segments l;s and li , at a distance J; < € from each other. The region S, inside which are the
points %.,, and %.,,, and which is bounded by the segments l}s and li as well as the arc segments
on the boundaries dc(%., €) and dc(%, €) of the circles c(%., €) and ¢(%g, €), whose endpoints are
the intersection points of the boundaries dc(%., €) and dc(%g, €) with the segments l}s and li ,is the

so-called residue region. If G;* = G U S, the contour integration operators are as follows
O O ©) O O
A%00, = / d%0q, and A% 0o, = / A%0o, —/ Ad%0o,, (25)
v aGH v aGH ac(%o€)

where 9G; = 7/ is the boundary of G;. Based on the additive property of definite integrals, in the
limit, as e — 0T,

O O O O
Ut/ d%0,, = lim / d%0e, = lim ( d%0o, +/ d%0e,) = (26)
y+ =0t Jqf e—0t 9G;, S
O (yofyZ%fyl O O
== Up/ d%0o,+ lim A% 0o, = Z)t/ d%0e,+ lim Ad%0o,,
¥ e=0" Je(%. ) ¥ e=0% /e (%, )

where vp and vt denote the principal and total integral values [9]-[14], respectively, and G5, = G\int.S
(int.S is the interior of S).

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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On the one hand, as a vector analogue of the so-called areolar derivative of complex analysis,
defined by Pompeiu [8], the vector differential operator 53/0% is the gradient (the plane derivative) of O,

%G (27)

lim 1/Od°/5 =02
G—%g 28y [, T %%
where 25, = f,;) % A d%, so that limg_,o, _ f,? Ad%0o, = 2dS5§/ %

of the result of the Kelvin-Stokes theorem (Green’s theorem) [6],

% - On the other hand, on the basis

O O
lim d%09, = lim [(d% o grad) — (d% A grad)] = (28)

e—0t 3G;, e—0t 3Gy,

= % lirg+ Yodrdg(%odivgrad+ %g x curlgrad) = vp/(d% A c_l%)3%/o/
e—

G
Here,
. 4 & 1
divgrad = ?( %00, - %0g,) = ?[gag(gag) + 82)2] and (29)
G Yoo X %P1 2
curlgrad = ?( %0q, X %0g,) = ———5—— (95 —5p) = 0, (30)
so that
32,4, = 0,00, = %o /"0 (%D, - %dg,) + /°Z2/°° X (%dq, X %dq,) = (31)
= oo [%0[00,(00,) + 02,] 4+ % ( (92, —92,)] = o7L0(% divgrad+ %q x curlgrad)
4@2 0 0 0 @2 1 \Y%¢ @0 4 0 0 .
Consequently,
O
vt‘/+ Ad%0e, = vt/(d% d%)fﬁ/,,/, (32)
v G
where vt [ (d% A d%)ﬁ%/ g =0p f(d"70 Ad%)D5, g +lim, o+ fa(g d%0s,. The vector integral operator
Gt
lim d/o6% = 2718 Res0o, % / do/o5%*/ A%0e, + 2718Res00, o, (33)
e=0" Jas I+ I- 7
where
d/oa% = lim d /05%, / d/oa% = lim d/oa%, (34)
e—0t e—0t
27TéR655% %y = lim d/ozi% = sta,/o/ %y and (35)
e=0" Jac(%..€) o
)
ZNéResa% %g — lim d%E§% = sta,/,y %G 1 (36)

=0t aC(O/oG E)

is the vector residue operator in G. Obviously, the operator Resdq, is a synonym for dsa)/ 9

By choosing two points, one on the contour y and the other inside the region G, the generality of
the previously obtained results is not lost, so that the fundamental theorem of integral calculus in V¢
can be formulated in what follows. Previously, let !¢, be a vector differential form d%0d, e, obtained by
applying d%0o, to an arbitrary uniform scalar or vector field e in V¢, [7].

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Theorem 1. Let 7y be a closed smooth Jordan curve, bounding an arbitrary simply connected region G in V.
For an arbitrary uniform scalar or vector field e in V¢, which is reqular almost everywhere on G and whose
vector differential form Lo, is totally integrable on <y, there holds

O
vt/+ lo, = 27mré Z Reso,e(%;) = Uf/!s, (37)
%

%, €G e
le = 2
where S sta%%o.

Integral formula in the theorem formulated above is a slightly generalized vector analogue of
the Cauchy-Pompeiu integral formula, [17]. The sum of Resdy,e, on the compact set of points G\E,
at which the field e is regular (Resdo, e is identically zero on the set G\E), is vp [!s. So, vt [ lg =

G Gt
vp [ls +2mé Yo cE ResDo,e(%;), where E C G is the singular set with Lebesgue measure zero of the
G

field e. The sum on the right-hand side of the last integral equality can be in the indeterminate form of
the difference of two infinities, which is equal to the finite integral value on the left-hand side.

3.3. Inegral Calculas Formulas in the 3D Field of Complex Vectors

Let G, be simply connected regions bounded by closed smooth Jordan curves ;, such that they
are projections of a smooth surface S onto the component fields of the 3D field of complex vectors.
Then, the 3D differential forms are as follows

_ (Fd%) (%0%0)"
g, =Fd% = < >“2( 0%0) and
V3
. o, FdS), (%0 %0)"
ly — 20, Fd8 = —2 0% i;"[é 0%o)”, (38)

where F = Fy(%0%0)* = (F%q + F| %, ),(%0%0)" is an arbitrary uniform vector field in the 3D
field of complex vectors, 4% = d% (%o %o)" and 2dS, = (d% A d%) . According to Theorem 1., if the
vector field F is regular almost everywhere on S, and the vector differential forms o, = Fd% and !g,
are totally integrable on 95, there holds

o
(ot / Fod)a(o%o)* = ~2(or / (B2 A F)d8)a (%o %)* and (39)
as 2
o
(ot / F A dr)a (%0 %0)" = 2(0t / (Br 0 F)d8)a (%0 %0)", (40)
as+ 2
so that
/OT t/o Bl 1[t/o<Fd/>](7 oo )* (41)
ot o =0 % = —|v % %% =
as+ % as+ \z/g ’y+ 14 0 0
= i[m& /<E§o/ Fd3>]a(°700%0)”‘ = ZUt/ 09, FdS = vt/ I, and
V3 ’ st s+
G+
Ty ; q% — ) A% )] (%0 %0 )" 42
t 0] — t F 00 —_- === t F 00 00 00 =
v/as+ % v/as+ %[U /7+< Ma(%0%0) (42)
2 e o A
= —%[Ut /<5%Fds>]a(/oo /00)“ = —2ut /S+ 5%FdS = ot /5+ ls.

G+
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Furthermore, since
<(E§%F - 5%F)dé> (Fo0%0)* = —{(curlF x Fog%q)dS)y - (Fog%q)* = (43)
4
= (%0%q x curlF)* -dS, = (curlF)* - (dS x %o%o)« = curlF - dS and
(%0%0)* X ((O:F + 0;F)dS1)y = (%0%0)* x ((divF%o%q X dS) x %o%q)a = (44)

= (divF%%o)" x dS,,
where (divF), = ([9o(¢F) +9yF.]/0),, (llcurlE|), = ([09(eF.) —d4F]/@), and 2(0sF), =

(divF%q%q + curlF x %%),, and in addition dS = dS, x (%g%)®, the vector identities (41)
and (42) leads to the complex generalized Stokes integral identity

O
ot / B d% — 2ot / (35, \F) -dS, (45)
aS+ S+

where F-d% = (Fodr), - (%0%o)", as well as to the complex vector integral identity

O

vt/ Fxd% = th/ (0g, o F)* x dS,, (46)
s+ St

where F x d% = (%0%0)* X (FAd%),. Thus, the complex vector integral identities (45) and (46)

are explicit consequences of the fundamental theorem of integral calculus in the 3D field of complex

vectors, which follows.

Theorem 2. Let y be a closed smooth spatial curve in the 3D field of complex vectors, bounding an arbitrary
simply connected spatial surface S. For an arbitrary uniform complex vector field ¥, which is reqular almost
everywhere on S and whose 3D differential form Yo, is totally integrable on vy, there holds

O
Ut/ Y% = 2mé 2 RESF(O/OI') = Ui’/ Ys. (47)
oSt St

%;€S

On the other hand, it is quite possible to formulate the theorem, as follows, using a procedure
similar to that used to formulate Theorem 1., based on the result of Green’s theorem, but now on the
basis of Gauss-Ostrogradsky’s theorem.

Theorem 3. Let S be a closed smooth surface in the 3D field of complex vectors, bounding an arbitrary simply
connected region V. For an arbitrary uniform complex vector field F = Fe + E@, which is reqular almost
everywhere on V and whose 3D differential form s = FdS is totally integrable on S, there holds

O
vt/ Ts =2mé ) ResF(%;) = vt/ ydv, (48)
v

v %iGV

where !y = 200,FdV.

Obviously, the integral formula (48) is an explicit consequence of the following integral identities

O O
ot / Fo (8% - dS) = ot / (FdS)pe® — (49)
aV aV
o ) .
= vt/ (FodS+FAdS).e* = 27)1‘/ (0g, o Fe 4 04, N F&),e"*dV and
A% 1%
o o
ot / (F x ) (8% - dS) = —ot / (FdS)pe® = (50)
Vv Vv
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O
= —vt/ (FodS +FAdS)e* = th/ (0, o Fé + 0g, A Fe),e*dV,
v v

wheren, = (e x &),,dS, = ((e xdS) x &), and dS, = (dS — dS),. Therefore, if 2(dg, o F), - e* = divF
and e* x 2(dg, A F), = curlF, then

)
vt/ F-dS=vt [ divFdV and (51)
v+ v+
O
ot dS x F = vt/ curlFdV. (52)
v+ v+

4. Conclusions

If one compares the integral identities in the fundamental theorems, formulated above, it can
be concluded that they are basically the same integral identities, with the corresponding differential
forms, so that they can be represented by one integral identity, as follows

O
vt/ 1= vt/ dl, (53)
a0 Q

where () is the corresponding compact set of points in a NI field of complex vectors (N € {2,3}) with
boundary o) and

1=
=g i, [, o
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