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Abstract 

In order to study how the production network, energy network and carbon trading network interact 

with each other in the process of distributed energy sharing in industrial parks under the carbon 

emissions trading mechanism, this paper constructs a supernetwork model of distributed energy 

sharing in industrial parks by using variational inequality, analyzes the behavioral patterns of each 

participant in the pursuit of their own interests and their impact on the equilibrium state of the 

network, and obtains the conditions for the network to reach an equilibrium state. Then, the 

projection correction algorithm is applied to solve the model in equilibrium, and the optimal 

decisions of product trading volume, distributed energy low carbon level and carbon trading are 

obtained. Finally, through numerical examples, the influence of carbon cap and carbon trading price 

on the network equilibrium decision is analyzed. The results show that the government’s elevation 

of carbon emission cap for enterprises will reduce the enthusiasm for distributed energy sharing in 

industrial parks and expand the polarization of enterprise profits. Higher carbon trading price will 

increase the carbon trading cost of enterprises, which has a negative impact on distributed energy 

sharing in industrial parks. 

Keywords: industrial parks; distributed energy sharing; carbon emissions trading mechanism; 

network equilibrium 

MSC: 91B74; 90B10 

 

1. Introduction 

With carbon neutrality gradually becoming a global consensus, governments and all sectors of 

society are actively taking actions to mitigate the impacts of climate change and promote the green 

transformation of the economy and society. Industrial park is an important carrier of regional 

economic development, and its energy consumption pattern and carbon emission level play a key 

role in realizing the goal of regional carbon neutrality [1]. There are many enterprises in industrial 

parks with large energy demand, and the traditional centralized energy supply method is often 

difficult to meet the diversified and low-carbon energy demand of enterprises [2]. In recent years, 

significant technological breakthroughs have been achieved in new energy equipment such as 

photovoltaic and wind power generation. Enterprises are gradually adopting distributed energy 

instead of traditional energy to reduce carbon emissions. However, distributed energy equipment is 

subject to the enterprise’s own energy consumption requirements and natural conditions, there is still 

a certain amount of time idling in the energy supply as well as energy redundancy, and there is still 

room to improve the utilization efficiency of the energy system [3]. Distributed energy sharing, as an 

innovative energy utilization mode, can integrate and optimize the local distributed energy resources 

of industrial parks through technical means such as microgrids, achieve efficient energy utilization 

and reduce corporate carbon emissions [4]. 
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At the same time, carbon neutrality is gradually becoming a shared global goal, with 

governments around the world formulating corresponding low-carbon policies, including carbon 

subsidies, carbon trading, and carbon taxes [5]. Among these, market-based carbon trading systems 

are widely regarded as an effective method for controlling carbon emissions [6]. The core of this 

mechanism lies in treating carbon emission rights as a scarce resource, allowing enterprises to buy, 

sell and trade in the carbon market, and through economic incentives, encouraging enterprises to 

reduce carbon emissions and promote green and low-carbon development [7]. Under the joint action 

of carbon emissions trading mechanism and distributed energy sharing model, the industrial park 

network composed of core enterprises and supporting enterprises expands from a single production 

network to a super network structure containing production network, energy network and carbon 

trading network. The interdependence and interaction between multiple networks have transformed 

the production decision of enterprises from single-objective decision to complex decision with multi-

objective attributes. In this case, how to realize the equilibrium of production flow, energy flow and 

carbon trading flow is a realistic problem that enterprises need to solve. Based on this, this paper 

establishes a distributed energy sharing supernetwork model for industrial parks under the carbon 

emissions trading mechanism, solves the network equilibrium decision of enterprises, and 

systematically analyzes the influence of carbon limit and carbon trading price on the equilibrium 

strategy of distributed energy sharing network of industrial parks. Specifically, this article aims to 

answer the following questions: 

(1) What are the conditions for reaching network equilibrium for distributed energy sharing in 

industrial parks under carbon emissions trading mechanism? 

(2) Under network equilibrium conditions, what is the most ideal level of low-carbon energy, 

product trading volume, and trading prices for park enterprises? 

(3) What is the impact of carbon emission cap allocated to enterprises by the government on the 

networks equilibrium decision of distributed energy sharing in industrial parks? 

(4) How does the carbon trading price in the carbon trading market affect the network 

equilibrium decision of distributed energy sharing in industrial parks? 

The main contributions of this paper are reflected in the following aspects. First, we expand the 

network equilibrium structure of industrial parks in existing studies into a super network structure 

including energy network, production network and carbon trading network, and construct a network 

equilibrium model of distributed energy sharing in industrial parks under the carbon emissions 

trading mechanism. Secondly, we use variational inequality to characterize the dynamic process of 

simultaneous participation, mutual influence and game between multiple parties in distributed 

energy sharing in industrial parks. From the perspective of industrial park multi-body network, we 

explore the interaction relationship between enterprises under the multi-layer network within the 

park. Then, with the goal of realizing the equilibrium of enterprises’ production flow, energy flow 

and carbon trading flow, we adopt the projection correction algorithm to solve the equilibrium state 

of the supernetwork. Finally, we analyze the influence of carbon emission limit and carbon trading 

price on the network equilibrium decision through numerical examples, which provides a reference 

for the decision-making of the government and enterprises. 

The organizational structure of the rest of this article is as follows. In Section 2, we review and 

synthesize the related literature. In Section 3, we presented the problem description and model 

assumptions. Section 4 analyzes the equilibrium conditions of distributed energy sharing network 

for industrial parks. Section 5 constructs an industry park distributed energy sharing network 

equilibrium model and solves the model. Section 6 provides a numerical example and analyzes the 

solution results of the example. Section 7 draws conclusions. 

2. Literature Review 

The carbon emissions trading mechanism is a key measure for promoting low-carbon, green, 

and sustainable economic development. In recent years, scholars have conducted a large number of 

studies on the impact of carbon emissions trading mechanism on carbon emission reduction [8]. 
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Zhang analyzed Chinese city data from 2004-2015 through robust econometric methods and found 

that the carbon trading policy in pilot areas reduced carbon emissions by about 16.2% [9]. Wang et al. 

utilized panel data from 30 Chinese provinces and municipalities spanning 2008-2018 to assess the 

impact of carbon trading policies on achieving carbon neutrality through a combination of control 

group methods and difference-in-differences analysis [10]. Wu et al. employed the data envelopment 

analysis method to examine the impact of carbon emissions trading schemes on carbon emission 

efficiency in the steel industry. Results indicate that carbon emission efficiency in pilot provinces 

implementing emissions trading has significantly improved by 5% [11]. Wang found that industrial 

clustering and total volume control combined with trading mechanisms have amplified the carbon 

reduction effects of digital trade [12]. In addition, some scholars have researched the production 

decision-making problem of enterprises under the carbon emissions trading mechanism. Yu et al. 

examined the effects of carbon pricing and overconfidence on the decision-making and profits of 

supply chain members, and carbon trading price is found to be effective in guiding emission 

reductions under the rational state of low-cost manufacturers, but fails after the abatement cost 

increases [13]. Fan et al. reveal the association between carbon trading price uncertainty and 

enterprises’ incentives to invest in clean technology, emphasizing the importance of uncertainty in 

carbon policy design [14]. Li et al. analyzed two competing low-carbon supply chains under a carbon 

trading mechanism, finding that carbon quota systems struggle to effectively drive emissions 

reductions—raising carbon trading prices is the key [15]. Wang et al. constructed a two-channel low-

carbon supply chain network equilibrium model incorporating risk-averse retailers. Findings 

indicate that raising carbon trading prices effectively incentivizes firms to increase carbon reduction 

rates and profit from selling carbon allowances [16]. Xu et al. developed a Stackelberg game model 

to analyze market dynamics under three scenarios, exploring the impact of carbon trading 

mechanisms on green innovation production in manufacturing enterprises [17]. 

On this basis, some other scholars have paid attention to the important role of carbon emissions 

trading mechanism in the energy field. In the study of renewable energy investment decision-

making, Chen et al. established a renewable energy investment decision model for utility companies 

under three carbon cap-and-trade mechanisms and analyzed its impact on investment decision-

making [18]. Wei et al. constructed a two-level electricity supply chain game model and compared 

the optimal solutions under the grandfather carbon cap mechanism and the benchmark carbon cap 

mechanism [19]. Yan et al. took the renewable energy industry in China as an example to explore the 

impacts of carbon trading mechanism on the investment decision, carbon emission, consumer surplus 

and social welfare of power companies, and found that the hybrid carbon trading scheme is optimal 

[20]. In terms of energy optimization decision-making research, Meng et al. studied the two-level 

supply chain operation decision-making problem under different carbon trading policies based on 

energy performance contracts [21]. Fu et al. established a dynamic differential game model for 

distributed energy sharing within industrial clusters under a quota trading mechanism, analyzing 

the impact of the quota trading mechanism on distributed energy sharing decisions in industrial 

parks [22]. Wu et al. based on the perspective of energy producer and seller, used a mixed-integer 

programming method with game equilibrium to solve the low-carbon energy trading process in the 

community under the cap-and-trade mechanism [23]. He et al. proposed a multi-objective 

optimization model for long-term planning of regional power systems based on renewable energy 

generation portfolio standards and carbon cap-and-trade mechanisms [24]. In the study of optimal 

energy scheduling, Zhang et al. incorporated the carbon trading mechanism into the optimal 

scheduling model of virtual power plants and proposed a self-concluding variational particle swarm 

optimization algorithm, which effectively improved the utilization rate of renewable energy sources 

[25]. Gao et al. incorporated demand response into a tiered carbon trading mechanism, providing 

economically optimal low-carbon dispatch solutions for integrated energy systems [26]. Huo et al. 

examined the impact of seasonal variations on carbon trading mechanisms, establishing a stepwise 

carbon pricing model and proposing a novel quota allocation method to achieve low-carbon 

economic dispatch [27]. 
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Nowadays, under the dual role of carbon trading mechanism and distributed energy sharing, 

the relationships within industrial parks are becoming more and more complex, and enterprises need 

to make optimal decisions on production, energy and low carbon to reduce risks [28]. The network 

equilibrium model, as a tool to describe the interaction and equilibrium state of each node in the 

network, has been widely used in supply chain research. Liu et al. constructed a closed-loop supply 

chain network equilibrium model based on the dual objectives of profit maximization and carbon 

emission minimization, solving it using an improved projection contraction algorithm [29]. Wan et 

al. considered consumer low-carbon preferences and altruistic behavior among agents across tiers in 

dual-channel hotel supply chains, establishing a network equilibrium model grounded in variational 

inequalities. They employed an improved projection gradient algorithm to determine system 

equilibrium conditions and optimal decisions [30]. Jiang et al. established a supply chain multi supply 

chain under the condition of network equilibrium. The effects of network structure on enterprises’ 

earnings, total trade flows and overall social welfare were investigated [31]. Fargetta et al. examined 

the impact of temporal variations on supply chain network equilibrium and proposed a sustainable 

closed-loop supply chain network equilibrium model based on a time-dependent framework, and 

analyzed the optimal behaviors of each decision maker and the conditions for the equilibrium of the 

closed-loop supply chain network [32]. On this basis, some scholars have extended the single network 

equilibrium to form a multi-network equilibrium model. In the study of equilibrium problems in 

energy and transportation networks, Ni used finite-dimensional variational inequalities to establish 

a network equilibrium model for car rental market competition based on non-cooperative game 

theory, which is able to analyze the network equilibrium of diverse driver types, multi-demand 

zones, and differentiated online car rental platforms [33]. Xie et al. constructed a network equilibrium 

model based on the distribution network and the transportation network in order to capture traffic 

flow, queue, and tariffs’ time-varying characteristics [34]. Chen et al. constructed a network 

equilibrium model to examine the interactions between electric vehicle drivers’ travel plans, 

analyzing how charging and rest behaviors influence fatigue costs [35]. Li et al. proposed a stochastic 

rescue network with finite path capacity and established an equilibrium model for the network based 

on cumulative prospect theory, which reduces the disaster response cost [36]. In the study of the 

equilibrium problem of energy network and carbon trading network, Zhang constructed a network 

equilibrium model based on product trading sub-network and carbon trading sub-network, and 

researched the impact of carbon cap and price on closed-loop supply chain network [37]. 

In summary, the existing literature has conducted extensive research on the equilibrium problem 

in supply chain networks, laying a solid foundation. However, previous studies have mostly focused 

on a single production network and a multi-network structure with two layers of network 

superimposed, without considering the factors of product, energy and carbon trading at the same 

time, and few literatures have analyzed the impact of carbon emissions trading mechanism on the 

equilibrium decision of distributed energy sharing network in industrial parks. And in the actual 

production and operation process of distributed energy sharing in industrial parks, there are often 

interactions between the energy network and the production network as well as the carbon trading 

network, which need to be explored as a decision-making method for complex network equilibrium. 

Therefore, this paper introduces the network equilibrium theory into the study of industrial park 

distributed energy sharing research, and describes the industrial park network as a supernetwork 

structure composed of production network, energy network, and carbon trading network from the 

perspective of heterogeneous members within the industrial park. The network equilibrium model 

is constructed based on the theory of variational inequality, and the conditions for the decision 

makers of each party and the network system to reach the equilibrium state are obtained. Finally, the 

model is solved by the projection correction algorithm to explore the influence of the carbon 

emissions trading mechanism on energy sharing and optimal profit decision-making, so as to provide 

support for the decision-making of industrial park producers. 

3. Problem Description and Model Assumptions 
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3.1. Description of the Problem 

The distributed energy sharing network of industrial park constructed in this paper is a three-

level supernetwork structure consisting of I supporting enterprises, J core enterprises and K demand 

markets in the industrial park, including product network, energy network and carbon trading 

network, as shown in Error! Reference source not found. In the product network, the supporting 

enterprises provide production materials and semi-finished products for the core enterprises, which 

sell the products to the end market through production and processing. Under the carbon emissions 

trading mechanism, the government allocates a free initial carbon quota to each enterprise. When the 

actual carbon emissions of the enterprise are greater than the carbon quota, the enterprise can buy 

carbon quota in the carbon trading market, and vice versa, the enterprise can sell the carbon quota. 

In order to reduce carbon trading costs, enterprises adopt distributed low-carbon energy sources and 

cooperate with upstream and downstream enterprises in distributed energy sharing through the 

energy sharing service platform to reduce carbon emissions. Enterprises also consider the decisions 

of competitors and upstream and downstream enterprises when making decisions, and the decision 

makers at each level compete with each other to achieve Nash equilibrium. 

 

Figure 1. Schematic diagram of distributed energy sharing supernetwork for industrial parks. 

3.2. Model Assumptions 

Assumption 1: Referring to Xiao et al. on the setting of supply chain network equilibrium 

problem [38], it is assumed that the types of products traded between core and supporting enterprises 

in the industrial park are the same and interchangeable. The products are produced on demand and 

supply and demand equilibrium is considered. Assume that the supply of products from supporting 

enterprises to core enterprises is ijq , the price of products is ij  the production cost is
( )i if Q

 and the 

transaction cost is ijc ; the supply of products from core enterprises to the demand market is jkq , the 

price of products is jk
the production cost is

)( jj Qf  and the transaction cost is jkc ; 

Assumption 2: Enterprises invest in distributed low-carbon energy individually and share 

energy only with upstream and downstream cooperative enterprises to reduce carbon emissions and 

improve product competitiveness. Assuming that the distributed low-carbon energy level of the 

supporting enterprises is ie , the cost is
( )i ih e

, and the impact coefficient of the low-carbon energy 

level on the emission reduction per unit of product is i ; the distributed low-carbon energy level of 
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the core enterprises is je , the cost is
( )j jh e

, and the impact coefficient of the low-carbon energy level 

on the emission reduction per unit of product is j
. 

Assumption 3: Referring to the assumption of Chen et al. on carbon emissions trading 

mechanism [18], the government allocates carbon cap to enterprises based on their initial carbon 

emissions. If initial emissions exceed the cap, enterprises must purchase additional carbon allowances 

from the carbon trading market. Carbon trading prices are influenced by factors such as supply and 

demand dynamics, macroeconomic conditions, and climate change, making them exogenous 

variables. Assuming that the initial carbon emission of supporting enterprises is iG , the carbon limit 

is icap ; the initial carbon emission of core enterprises is jG , the carbon limit is jcap
, and the carbon 

trading price is ep . Core enterprises serve as the leaders within the industrial park, possessing 

sufficient capital to invest in distributed energy systems and enhance energy decarbonization. They 

can trade unused emission allowances to supporting enterprises. The carbon trading center can 

regulate carbon trading volumes to ensure balanced carbon transaction flows. 

Assumption 4: Each cost and production function in the model is a continuously differentiable 

convex function [39]. 

The parameters used in the model and their specific meanings are shown in Error! Reference 

source not found.. 

Table 1. Notation and definitions. 

Notations Definitions 

i  supporting enterprises, 1,2,i I=   

j  core enterprises, Jj ,2,1=  

k  Demand market, Kk ,2,1=  

ijq
 Supply of products from supporting enterprises i  to core 

enterprises j ; 

jkq  
The supply of products from the core enterprise j  to the demand 

market k ; 

ij  
Supporting enterprises i  Prices charged to core enterprises j  for 

their products; 

jk  
Product prices charged by the core enterprise j  to the demand 

market k ; 

ijc  
The product transaction costs of the supporting enterprise i  are a 

function of ijq ; 

ijĉ  
Product transaction costs when the core enterprise j  trades with 

the supporting enterprise i  as a function of ijq ; 

jkc  
The transaction costs of the product when the core enterprise j  

trades with the demand market k  as a function of jkq ; 

jkĉ  
The transaction cost of a product in the demand market k  is a 

function of jkq ; 

ie  
Distributed energy low carbon levels for supporting enterprises i

; 

je  Distributed energy low carbon levels for core enterprises j ; 

i  
Coefficient of impact of energy low carbon level of supporting 

companies i on the emission reduction per unit of product; 

j  
Coefficient of impact of energy low carbon level of core 

enterprises j on emission reductions per unit of product; 

iG  Initial carbon emissions from supporting companies i ; 

jG  Initial carbon emissions from core enterprises j ; 
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icap  Carbon cap for supporting companies i ; 

jcap  Carbon cap for core enterprises j ; 

ep  Carbon trading prices; 

  Transaction costs per unit of carbon emissions; 

4. Analysis of Equilibrium Conditions of Distributed Energy Sharing Network 

in Industrial Park 

4.1. Optimal Decision Behavior and Equilibrium Conditions for Supporting Enterprises 

In a competitive environment, the production cost of supporting enterprises in an industrial 

park is not only related to their own output, but also related to the output of their peer supporting 

enterprises. The production cost function of the supporting enterprises is )( ii Qf , where iQ is a vector 

with dimensional of 
ij

, the transaction cost between the supporting enterprise i and the core 

enterprise j is
)( ijij qc

.We assume that both the production cost and transaction cost functions about

ijq exhibit the properties of convexity and continuous differentiability, and that the revenue ijijq

can be obtained by supplying products to the core enterprise. The low-carbon energy level of the 

supporting enterprise is ie , and the initial carbon emission per unit of product is iG . By sharing 

distributed energy with the core enterprise, the carbon emission per unit of product can be reduced 

by iie
, and the difference between the actual carbon emission and the carbon cap needs to be 

purchased at the price of ep  in the carbon market. The supporting enterprise i  makes decisions on

ijq  and ie , and the objective function of profit maximization for the supporting enterprise is: 

1 1

max [ ( )] ( ) ( ) [( ) ]
J J

ij ij ij ij i i i i i i i ij i e

j j

q c q f Q h e G e q cap p 
= =

− − − − − − 
 (1) 

1

. .( ) 0
J

i i i ij i

j

s t G e q cap
=

− − 
 (2) 

, , 0, 0ij iji j q   
 

The constraints indicate that the actual carbon emissions of the supporting enterprises are higher 

than the government carbon limit. The non-cooperative Nash game is played between the supporting 

enterprises, and since the production cost function and the transaction cost function are convex 

functions with respect to the trading volume of the products, the objective of profit maximization 

with respect to all the supporting enterprises can be described in the form of the following variational 

inequality： 

i.e., for solving the problem of
iij

iiij Req 21),,( +

+

  
, so that it is satisfied: 

0])[()()](
)(

[)(

)]()(
)()(

[)(

11 1

1 1

−−−+−−−



−+

−−−+



+




+−−





== =






= =





i

J

j

ijiii

I

i

J

j

iiijiieiji

i

ii

ii

iiiieiii

I

i

J

j ij

ii

ij

ijij

ijijij

capqeGqpq
e

eh
ee

eGpeG
q

Qf

q

qc
qq





 (3) 

where


ij  is the equilibrium price reached between the supporting enterprises and the core 

enterprises, and i  is the Lagrange multiplier corresponding to constraint (2). 

4.2. Optimal Decision Behavior and Equilibrium Conditions for Core enterprises 

The core enterprise j purchases raw materials or semi-finished products ijq from the supporting 

enterprise i to produce the product jkq and sells it to the demand market k . The transaction cost 
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between the core enterprise and the supporting enterprises is
)(ˆ

ijij qc
, and the production cost 

function of the core enterprise is
)( jj Qf , where jQ is a vector with dimensional of jk . The 

transaction cost when the core enterprise sells its products to the demand market is
)( jkjk qc

, 

assuming that the production cost and transaction cost functions are continuously differentiable 

convex functions about jkq , and that the revenue jkjkq
can be obtained by selling products to the 

demand market. The low carbon energy level of the core enterprises is je , the initial carbon 

emissions per unit of product produced are jG , the government allocates carbon cap jcap
to each 

core enterprise, and the core enterprises can reduce carbon emissions per unit of product by jje
 

through distributed energy sharing with supporting enterprises. Due to the dominant position of 

core enterprises in the process of distributed energy sharing in industrial parks, they can obtain a 

higher level of low carbon energy and carbon emission cap. Assuming that the actual carbon 

emissions of core enterprises under distributed energy sharing are always lower than the carbon cap 

allocated by the government, the difference between the actual carbon emissions and the carbon cap 

can be sold at the price of ep in the carbon market to benefit from the carbon trading. The core 

enterprise jmakes decisions on jkq and je , and the objective function of profit maximization for the 

core enterprise is: 

1 1

1

ˆmax [ ( )] ( ) [ ( )] ( )

[( ) ]

K I

jk jk jk jk j j ij ij ij ij j j

k i

K

j j j jk j e

K

q c q f Q q c q h e

G e q cap p

 



= =

=

− − − + −

− − −

 


 (4) 

1

. .( ) 0
K

j j j jk j

K

s t G e q cap
=

− − 
 (5) 

1 1

I K

ij jk

i K

q q
= =

= 
 

, , 0, 0, 0, 0ij ij jk jki j q q     
 

The first constraint indicates that the actual carbon emission of the core enterprises is smaller 

than government-allocated carbon cap; the second constraint indicates the logistic equilibrium 

condition of the core enterprises and the supporting enterprises, where denotes the conversion rate 

of raw materials of the core enterprises. Since the production cost function, transaction cost function 

are all convex functions about the volume of product transactions, the objective of profit 

maximization about all core enterprises can be described as the following form of variational 

inequality： 

i.e., for solving
jjkjk

jjjjkij Reqq 311),,,,( ++

+

  
, so that it is satisfied: 

1 1

1 1 1 1

1

( ) ( )
( ) [ ( ) ( ) ]

ˆ ( ) ( )
( ) [ ] ( ) [ )]

( )[( )

J K
jk jk j j

jk jk jk j j j e j j j j j

j k jk jk

I J J K
ij ij j j

ij ij ij j j j j jk e j j jk

i j j kij j

j j j j j jk

K

c q f Q
q q G e p G e

q q

c q h e
q q e e q p q

q e

G e q

    
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  



 

= =



 

= = = =



=

 
− − + + + − + − +

 

 
+ − + − + − − −

 

+ − −



 

1 1

] ( ) ( ) 0
K J K

j j j ij jk

j k

cap q q  

= =

− + − −  
 (6) 

where


jk
is the equilibrium price reached between the core enterprise and the demand market, 

and j
and j are the Lagrange multipliers corresponding to constraints (5). 

4.3. Optimal Decision Behavior and Equilibrium Conditions in Demand Markets 

Demand in the market K is a function of the price of the product )( kkk pdd = . Since consumer 

markets are competitive, market demand kd  is related not only to the price of the product in the 

demand market, but also to the price of the product in other demand markets. Consumers incur 
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transaction costs when purchasing the core enterprise’s product 
)(ˆˆ

jkjkjk
qcc =

, assuming that the 

demand function and the transaction cost function are continuously differentiable convex functions. 

Under the assumption of perfect competition and the spatial price equilibrium condition, a 

transaction occurs only when the price accepted in the demand market kp  is equal to the sum of the 

core enterprise’s pricing for the market and the transaction costs, and the equilibrium condition for 

the demand market is: 





=

=
+

0,

0,
)(ˆ

jkk

jkk

jkjkjk qp

qp
qc

 (7) 









=

=





=

=

n

j
kjk

n

j
kjk

kk

q

q

pd

1

1

0,

0,

)(




 (8) 

Then the objective function of the demand market in equilibrium can be described in the form 

of the following variational inequality: 

i.e., for solving
kjk

kjk
Rpq 11),( +

+

 
, so that it is satisfied: 

0)]([)(])(ˆ[)(
1 11 1

−−+−+− 
= =



= =


J

j

K

k
kkjkkk

J

j

K

k
kjkjkjkjkjk

pdqpppqcqq 
 (9) 

4.4. Optimal Decision Behavior and Equilibrium Conditions for Carbon Trading Centers 

According to the assumption, in the carbon trading network of industrial parks, core enterprises 

are the supply side of carbon trading and supporting enterprises are the demand side. Core 

enterprises and supporting enterprises carry out carbon emissions trading in the carbon trading 

center. The carbon trading center collects transaction fees from both parties in accordance with a 

certain transaction rate  and generates a certain transaction cost 
t

j

t

i cc ,
, assuming that the benefit 

function and cost function of the carbon trading center are continuously differentiable convex 

functions, the optimal objective function of the carbon trading center is: 

1 1 1 1

1 1 1 1

max [( ) ] [( ) ]

[( ) ] [( ) ]

I J I J
t

i i i ij i i i i i ij i

i j i j

J K J K
t

j j j jk j j j j j jk j

j k j k

G e q cap c G e q cap

G e q cap c G e q cap

  

  

= = = =

= = = =

− − − − −

+ − − − − −

   

   
 (10) 

1 1 1 1

. . [( ) ] [( ) ]
I J J K

i i i ij i j j j jk j

i j j k

s t G e q cap G e q cap 
= = = =

− − = − −   
 (11) 

, , 0, 0ij jki j q q  
 

The constraints indicate the equilibrium between the supply and demand of carbon trading 

flows of core and supporting enterprises, at which time the optimal equilibrium decisions of both 

parties can be described in the form of the following variational inequality: 

i.e., for solving
jkijji

jijkij Reeqq 1111),,,,( +++

+

  
, so that it is satisfied: 

1 1 1 1

1 1 1 1

1 1 1

( )
( )[ ( ) ( )]

( )
( )[ ( ) ( )]

( )
( )[ ( )]

(

tI J I J
i ij

ij ij i i i i i i

i j i jij

tJ K J K
j jk

jk jk j j j j j j

j k j kjk

tJ I J
i i

i i i ij ij i

j i ji

j

c q
q q G e G e

q

c q
q q G e G e

q

c e
e e q q

e

e e

   

   

   





= = = =





= = = =




= = =


− − − + − −




+ − − − + + −




+ − + − −



+ −

 

 

 

1 1 1

1 1 1 1

( )
)[ ( )]

( ){ [( ) ] [( ) ]} 0

tK J K
j j

j j jk jk j

k j kj

I J J K

i i i ij i j j j jk j

i j j k

c e
q q

e

G e q cap G e q cap

   

   





= = =



= = = =


+ + −



+ − − − − − − 

 

   
 (12) 

where


ji ee ,
 is the optimal equilibrium distributed energy low-carbon level of core and 

supporting enterprises, and   is the Lagrange multiplier corresponding to constraint (11). 
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5. Construction and Solution of the Network Equilibrium Model 

The whole industry park distributed energy sharing super network can be in equilibrium only 

when the product output


jkij qq ,
, the transaction price



jkij  ,
 and the distributed energy low 

carbon level


ji ee ,
 among the participants of each layer in the industry park distributed energy 

sharing network satisfy the sum of the above four variational inequalities. Then the decision of the 

equilibrium of the distributed energy sharing network of industrial parks can be equated to the 

solution of the following variational inequality: 

i.e., to solve
kjkijji

kjjijijkij Rpeeqq 11132),,,,,,,,( ++++

+

  
, so that it is satisfied: 

1 1

1 1 1

( ) ( )
( ) [ ( ) ( )]

( )
( ) [ ( )] ( )[( ) ]

( ) (
( ) [

I J
ij ij i i

ij ij ij i i i e i i i i

i j ij ij

I J J
i i

i i i ij e i i ij i i i i i ij i

i j ji

jk jk j

jk jk jk

jk

c q f Q
q q G e p G e

q q

h e
e e q p q G e q cap

e

c q f Q
q q

q

   

     





 

= =


 

= = =



 

 
− − + + + − − −

 


+ − − − − + − − −



 
+ − − + +





 

1 1

1 1 1 1

1 1 1

)
( ) ( ) ]

ˆ ( ) ( )
( ) [ ] ( ) [ )]

( )[( ) ] ( ) ( )

J K
j

j j j e j j j j j

j k jk

I J J K
ij ij j j

ij ij ij j j j j jk e j j jk

i j j kij j

K J K

j j j j j jk j j j ij jk

K j k

G e p G e
q

c q h e
q q e e q p q

q e

G e q cap q q

   

    

     

= =



 

= = = =

 

= = =

+ − + − +


 
+ − + − + − − −

 

+ − − − + − −



 

 

1 1 1 1

1 1 1 1

1 1

ˆ( ) [ ( ) ] ( ) [ ( )]

( )
( )[ ( ) ( )]

( )
( )[ ( ) ( )

J K J K

jk jk jk jk jk k k k jk k k

j k j k

tI J I J
i ij

ij ij i i i i i i

i j i jij

tJ K
j jk

jk jk j j j j j j

j k kjk

q q c q p p p q d p

c q
q q G e G e

q

c q
q q G e G e

q



   

   

 

= = = =





= = = =





= =

+ − + − + − −


+ − − − + − −




+ − − − + + −



 

 


1 1

1 1 1

1 1 1

1 1 1 1

]

( )
( )[ ( )]

( )
( )[ ( )]

( ){ [( ) ] [( ) ]} 0

J K

j

tJ I J
i i

i i i ij ij i

j i ji

tK J K
j j

j j j jk jk j

k j kj

I J J K

i i i ij i j j j jk j

i j j k

c e
e e q q

e

c e
e e q q

e

G e q cap G e q cap

   

   

   

= =




= = =





= = =



= = = =


+ − + − −




+ − + + −



+ − − − − − − 



 

 

   
 (13) 

},,,0,0,0,0,0,0,0),,,,,,({.. kjieepqqeepqqts
jikjkijjkijjikjkijjkij

 
 

Referring to the study of Liu et al. [29], we use the projection correction algorithm to solve the 

equilibrium model of the distributed energy sharing network of industrial parks under the carbon 

emissions trading mechanism. The solution process can be described using the following form of 

standard variational inequality: 

i.e., solving S , such that: 

−  SSSSF ,0]),([  (14) 

Among them: 

}{,),,,,,,,,( 11132 kjkijji

kjjijijkij
RSSpeeqqS ++++

+

  
 

1 2 3 4 5 6 7 8 9( ) ( , , , , , , , , )Tij jk i j i j j kF S F F F F F F F F F
, 

Each component in
( )F S

 represents the function derived from the part following the 

multiplication sign in equation (13), and the symbol  represents the inner product of the N-

dimensional Euclidean space. 
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The specific algorithm for the projection correction solution is as follows: 

Step 1: Initialization. Assume that the iteration step satisfies L/10  , and the number 

of iterations: 1=t . L is the Lipschitz constant. Set the initial value 0S  and the tolerance 0

. 

Step 2: Iterative calculation. Solve the following variational inequality problem for
tS : 

−−+ −− SSSSSFS tTttt ,0},])({[ 11  (15) 

Step 3: Correct the calculation. Solve the following variational inequality problem for
tS : 

−−+ − SSSSSFS tTttt ,0},])({[ 1  (16) 

Step4: Convergence check. If
− −1max tt SS

, terminate the loop, otherwise, make 1+= tt  

and return to step 2 to continue the iteration. 

6. Numerical Example Analysis 

6.1. Numerical Examples 

In order to analyze in detail the influence of carbon emission limit and carbon trading price on 

the equilibrium strategy of distributed energy sharing network of industrial parks under the carbon 

emissions trading mechanism, this paper obtains some cost parameters of distributed energy sharing 

of industrial parks as well as the national carbon emission right trading data by investigating the 

distributed energy sharing platform of Suzhou industrial park and the Shanghai Environmental and 

Energy Exchange. Combined with the relevant provisions of China’s carbon trading policy, and with 

reference to Yang et al.’s numerical simulation study on supply chain network equilibrium under the 

carbon emissions trading mechanism [40], we reasonably set up the relevant cost functions and 

parameters, and carry out numerical example analysis. It explores the equilibrium decision-making 

of distributed energy sharing network members of industrial parks under different circumstances, 

and provides reference for the distributed energy sharing decision-making of industrial parks under 

the carbon emissions trading mechanism. 

In this paper, a distributed energy sharing supernetwork model of an industrial park consisting 

of two supporting enterprises, two core enterprises, two demand markets and one carbon trading 

center is constructed with the following parameter settings as well as cost function and demand 

function: 

Parameter settings: 
5=

e
p , 2.0= , 1= , 300=

i
G ,

500=
j

G
, 200=

i
cap ,

400=
j

cap
, 2.0=

i
 ,

3.0=
j


. 

The production cost function for core and supporting enterprises is: 

111211

2

1111
1.03.0)( qqqqQf

i
++= , 111211

2

1122
1.03.0)( qqqqQf

i
++= ; 

)(2.1)(
221221
qqQf

j
+=

, 2 2 12 22( ) 1.2( )jf Q q q= +
; 

The transaction cost function is: 

ijijij
qqc 5.25.0

2
+=

,
2

3.0
jkjk
qc =

; ijijij
qqc 2.05.0ˆ

2
+=

,
5.01.0ˆ

2
+=

jkjk
qc

; 

The distributed energy cost function is: 
2

05.0)(
iii
eeh = ,

2
05.0)(

jjj
eeh =

; 

The market demand function is: 

kkkk
d

21
5.25.11000)(  −−=

.; 

The carbon trading center cost function is: 
2

1

])[(01.0
i

J

j
ijiii

t

i
capqeGc −−= 

=


,

2

1

])[(01.0
j

K

k
jkjjj

t

j
capqeGc −−= 

=


; 

6.2. Analysis of Numerical Results 
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The model is solved using the projection correction algorithm, which is programmed using 

matlab with an iterative step size of 0.01. The program converges the equilibrium results after 255 

iterations to a point through which the vector information of the optimal solution can be derived. 

Error! Reference source not found. shows the equilibrium results. 

Table 2. Results of optimal equilibrium decision-making by parties. 

Projects 
Equilibrium 

Results 
Projects 

Equilibrium 

Results 
Projects 

Equilibrium 

Results 
*

11ijq  
15228.005979 

*

11jkq  
5546.224101 *

1ie  0.949996 

*

12ijq  
15227.968469 

*

12jkq  
5546.224101 *

2ie  0.949996 

*

21ijq  15228.005273 
*

21jkq  
10387.321697 

*

1je  
0.950050 

*

22ijq  
15227.968469 

*

22jkq  
10387.321697 

*

2je  
0.950050 

*

1kp  103.224338 *

2kp  103.224338   

Supporting 

enterprise 

profit 

-1157576495 

Core 

enterprise 

profit 

396702840.6 Total profit -760873654.7 

From the equilibrium results, the low-carbon level of distributed energy of core enterprises is 

slightly higher than that of supporting enterprises, and the profits of core enterprises are higher than 

that of supporting enterprises, which indicates that under the carbon emissions trading mechanism, 

core enterprises are able to sell their carbon emission rights through the distributed energy sharing 

of industrial parks, and thus obtain higher profits. 

6.3. Impact of Carbon Emission Cap on Network Equilibrium 

The following analysis examines how changes in carbon cap for core enterprises and supporting 

enterprises affect various variables and the profits of all parties involved. In the case of fixing other 

parameters unchanged, changing the carbon cap of supporting enterprises (200,250,300,350), the 

equilibrium results of each variable are obtained, as shown in Error! Reference source not found.. 

Table 3. Sensitivity analysis of carbon emission cap for supporting enterprises. 

capi  200 250 300 350 
*

11ijq  13869.39326 15228.00598 16043.08685 17944.64144 

*

12ijq  13869.37169 15227.96847 16043.03839 17944.56324 

*

21ijq  
13869.39326 15228.00598 16043.08685 17944.64144 

*

22ijq  
13869.37169 15227.96847 16043.03839 17944.56324 

*

11jkq  
4903.90086 5546.22410 5931.76476 6831.55940 

*

12jkq  
4903.90086 5546.22410 5931.76476 6831.55940 

*

21jkq  
9386.81358 10387.32171 10987.66767 12388.39909 

*

22jkq  9386.81358 10387.32171 10987.66767 12388.39909 

*

1ie

 
0.949996 0.949996 0.949996 0.949996 

*

2ie

 
0.949996 0.949996 0.949996 0.949996 

*

1je

 

0.950032 0.950026 0.950023 0.950014 

*

2je

 

0.950032 0.950026 0.950023 0.950014 

Supporting 

enterprises profit 
103.182007 103.2243383 103.7438552 105.1657968 
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Core enterprise 

profit 
103.182007 103.2243383 103.7438552 105.1657968 

Total system profit -967568997.4 -1157576495 -1279718981 -1588434631 

As can be seen from Error! Reference source not found., when the carbon emission cap allocated 

by the government to the core enterprises rises, the volume of products traded and the market price 

rise, but the low-carbon level of distributed energy of the core enterprises decreases, the profits of the 

core enterprises increase, the profits of the supporting enterprises decrease, and the total profits of 

the system also decrease. This suggests that the government’s raising of the carbon cap for core 

enterprises will similarly reduce the profits of supporting enterprises. This is due to the fact that as 

the government relaxes the carbon emission limits on core enterprises, the carbon cap available for 

sale in carbon trading by core enterprises also increase, thus reducing the incentive for distributed 

energy sharing by core enterprises. Through the equilibrium constraints of carbon trading, core 

enterprises will gain higher profits through carbon trading, while supporting enterprises will have 

lower profits due to increased carbon trading costs. It can be seen that if the government relaxes the 

carbon emission constraints on core enterprises too much, it will exacerbate the polarization of the 

profits of core and supporting enterprises and negatively affect the total profits of the system. 

Figures 2, 3, and 4 respectively examine the impact of corporate carbon cap on the profits of core 

enterprises, supporting enterprises, and the overall system. 

 

Figure 2. Impact of carbon emission cap on core enterprise profits. 
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Figure 3. Impact of carbon emission cap on supporting enterprise profits. 

 

Figure 4. Impact of carbon emission cap on total system profit. 

Figure 2 shows that as both core and supporting enterprises’ carbon cap increase, the core 

enterprise’s profits also rise. This indicates that raising either the core enterprise’s or supporting 

enterprises’ carbon cap positively impacts the core enterprise’s profits. This occurs because the core 

enterprise holds a more advantageous position in carbon trading, enabling it to generate greater 

returns by adjusting its carbon cap sales strategy. 

Figure 3 reveals that supporting enterprises’ profits exhibit a continuous downward trend as 

their own carbon cap increases. Furthermore, when the core enterprise’s carbon cap rises, supporting 

enterprises’ profits decrease further. This signifies that supporting enterprises face dual profit 

pressures within the carbon emissions trading mechanism. 

The results in Figure 4 indicate that the system’s total profit declines as both core and supporting 

enterprises’ carbon cap increase. This further validates the conclusions from Tables 2 and 3, 

confirming that excessively lenient carbon emission cap policies hinder the overall economic 

efficiency of distributed energy sharing networks within industrial parks. In summary, when 

formulating carbon emission cap policies, governments must strike a balance between promoting 
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industrial development and safeguarding the overall system efficiency. This approach prevents 

excessive adjustments to individual enterprises’ carbon cap from negatively impacting the balanced 

development of the entire network. 

6.4. Impact of Carbon Trading Prices on Network Equilibrium 

Carbon trading price is an exogenous variable formed under the market-based trading of carbon 

trading centers. In the following, we analyze the impact of the price change of carbon trading on the 

trading volume of products, energy low-carbon level, and profit of each core and supporting 

enterprise in the industrial park. In the case of fixing other parameters unchanged, changing the 

carbon trading price (2.5,5,7.5,10), the equilibrium results of each variable are obtained, as shown in 

Error! Reference source not found.. 

Table 5. Sensitivity analysis of carbon trading prices. 

ep  2.5 5 7.5 10 
*

11ijq  15243.92779 15228.00598 15212.08417 15196.16235 

*

12ijq  15243.89038 15227.96847 15212.04656 15196.12465 

*

21ijq  
15243.92779 15228.00598 15212.08417 15196.16235 

*

22ijq  
15243.89038 15227.96847 15212.04656 15196.12465 

*

11jkq  
5550.31682 5546.22410 5542.13137 5538.03865 

*

12jkq  
5550.31682 5546.22410 5542.13137 5538.03865 

*

21jkq  
10397.32959 10387.3217 10377.3138 10367.3059 

*

22jkq  10397.32959 10387.3217 10377.3138 10367.3059 

*

1ie

 
0.950021 0.949996 0.949971 0.949946 

*

2ie

 
0.950021 0.949996 0.949971 0.949946 

*

1je

 

0.950051 0.950026 0.950001 0.949976 

*

2je

 

0.950051 0.950026 0.950001 0.949976 

Supporting 

enterprises profit 
103.226692 103.224338 103.221984 103.219630 

Core enterprise 

profit 
103.226692 103.224338 103.221984 103.219630 

Total system 

profit 
-1114502493 -1157576495 -1200557362 -1243445093 

As can be seen from Error! Reference source not found., as the carbon trading price rises, the 

product trading volume and product price, the distributed energy low-carbon level of core and 

supporting enterprises, the profits of both parties, and the total profit of the system all show different 

degrees of decline. This shows that a higher carbon trading price will increase the carbon trading cost 

of enterprises, reduce the enthusiasm of enterprise production, and have a negative impact on the 

distributed energy sharing of industrial parks, which in turn affects the profits of enterprises and the 

total profits of the system. It can be seen that too high a carbon trading price is not conducive to the 

development of distributed energy sharing in industrial parks, and is also not conducive to the 

normal operation of the production network of industrial parks. The government should regulate the 

carbon trading market according to the actual situation, and guide the carbon trading price in a 

reasonable range through the formulation of policies and measures, so as to activate the carbon 

trading market and at the same time ensure the normal operation and profit level of enterprises. 

7. Conclusions 
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This paper constructs an equilibrium model for distributed energy sharing networks in 

industrial parks by employing the variational inequality method. The model is based on the 

hypernetwork structure formed by production networks, energy networks, and carbon trading 

networks comprising core enterprises and supporting enterprises within the industrial park. The 

product trading volume and distributed energy low-carbon level decision-making when the core 

enterprises and supporting enterprises of the park act as the supplier and buyer of carbon trading 

respectively are explored, and the conditions for the decision-makers of each party and the network 

system to reach an equilibrium state are further obtained. The model is solved by using variational 

inequality and projection correction algorithm, and the effects of the changes of the main parameters 

in the model on the network equilibrium are analyzed through numerical examples. The main 

conclusions are as follows: 

(1) Although the government’s raising of carbon emission cap for supporting enterprises will raise 

the trading volume and market price of products, as well as the profits of core enterprises, it will 

reduce the low-carbon level of distributed energy among supporting enterprises, decrease the 

profits of supporting enterprises, and lower the overall system profit. This suggests that the 

government’s elevation of carbon emission cap for supporting enterprises will reduce the 

enthusiasm of supporting enterprises for distributed energy sharing, affect the low-carbon level 

of distributed energy of supporting enterprises, increase the actual carbon emissions per unit of 

product, force supporting enterprises to buy more carbon emission cap from the core 

enterprises, widen the polarization of enterprises’ profits, and negatively affect the supporting 

enterprises’ profits and the system’s total profits. 

(2) The government’s raising of the carbon emission cap for core enterprises will raise the trading 

volume and market price of products, as well as the profits of core enterprises, but it will likewise 

lower the low-carbon level of distributed energy of core enterprises, the supporting enterprises’ 

profits, and the system’s total profits. This suggests that the government’s elevation of carbon 

emission cap for core enterprises will lead to an increasing number of carbon cap available for 

sale in carbon trading by core enterprises, thereby reducing the incentive for core enterprises’ 

distributed energy sharing. Through the equilibrium constraint of carbon trading, core 

enterprises will gain higher profits through carbon trading, while supporting enterprises will 

have lower profits due to increased carbon trading costs, which in turn widens the polarization 

of enterprises’ profits and negatively affects total system profits. 

(3) The increase of carbon trading price will lead to different degrees of decline in product trading 

volume and product price, distributed energy low-carbon level of core enterprises and 

supporting enterprises, profits of both parties and total system profits. This indicates that a 

higher carbon trading price will increase the carbon trading cost of enterprises, reduce the 

enthusiasm of enterprise production, and have a negative impact on the distributed energy 

sharing of industrial parks, which in turn affects the profits of enterprises as well as the total 

profits of the system. 

Based on the above findings, the following management implications can be summarized: firstly, 

the government should strengthen the carbon emission control on high-emission supporting 

enterprises, which not only improves the low-carbon level of their distributed energy, but also helps 

to improve the profitability of the whole system; secondly, the government should strengthen the 

carbon emission constraints on the core enterprises, so as to prevent the polarization of profit 

distribution between the core and supporting enterprises from negatively affecting the system’s total 

profit; Finally, too high a carbon trading price is not conducive to distributed energy sharing in 

industrial parks, and the government should guide the carbon trading price to be in a reasonable 

range. Finally, too high carbon trading price is not conducive to distributed energy sharing in 

industrial parks, and the government should guide the carbon trading price in a reasonable range. 
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