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Abstract

Designing hyperelastic porous microstructures under finite strain is challenging because bending,
buckling, contact, and densification interact to produce nonconvex and one-to-many relations between
topology and response. We present HyperDiff, a conditional diffusion framework that reformulates
inverse design as probabilistic sampling rather than deterministic regression. A compact B-spline
encoding of the target force—displacement curve captures the system’s energy-evolution trend, pro-
viding temporal and mechanical context that guides the denoising process toward physically con-
sistent configurations with the desired multi-stage deformation behavior. The workflow integrates
Gaussian random field (GRF)-based topology generation, constitutive calibration, large-deformation
finite-element simulations, and quasi-static compression experiments. Across held-out and inter-
polated targets, the generated microstructures accurately reproduce sequential deformation stages
(bending-buckling—densification) and global responses, with deviations typically below 10%, while
preserving manufacturability and one-to-many design diversity. The current implementation focuses
on two-dimensional unit cells under quasi-static compression, yet the framework is extensible to 3D,
multi-resolution, and multi-physics systems. By combining physics-aware conditioning with gener-
ative sampling, HyperDiff establishes a practical front end for mechanics-based design workflows,
applicable to programmable soft actuators, impact-energy absorbers with tunable plateaus, and rapid
exploration of nonlinear architected materials for soft and deformable systems.

Keywords: hyperelastic microstructures; inverse design; conditional diffusion models; large deforma-
tion; generative modeling

1. Introduction

Mechanical metamaterials are architected solids whose effective properties are governed primarily
by geometry rather than base material composition. These engineered structures enable functional-
ities such as lightweight energy absorption, programmable deformation, multistability, and shape
morphing, with applications in aerospace structures, biomedical devices, soft robotics, and protective
systems [1-7]. Recent work has shown that controlled buckling, snap-through, and phase-transition-
like transformations can be used to realize tunable force—displacement or stress—strain responses on
demand, rather than relying on the intrinsic response of a homogeneous material [8,9]. As a result,
the design of metamaterials is increasingly viewed not only as structural layout design, but as direct
control over nonlinear mechanical behavior for specific functions [10-13].

Although many classes of high-performance metamaterials have been demonstrated, their design
remains challenging. Conventional “forward” workflows typically begin with a candidate topology

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202511.0619.v2
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 24 November 2025 d0i:10.20944/preprints202511.0619.v2

2 of 25

inspired by natural templates such as cellular, porous, or origami-like patterns, and then iterate through
simulation and manual refinement [8,14,15]. This approach has produced notable successes, including
ultralight lattices and multistable snapping systems, but it is time-consuming, problem-specific, and
scales poorly when the goal is to match a prescribed mechanical response under large deformation [5,7].
In modern applications, designers increasingly require materials whose global response is staged or
switchable — for example, an initially compliant regime for impact mitigation, followed by a stiffening
or locking regime for load-bearing [4,6,9]. Achieving such behavior by manual tuning is difficult
because performance, manufacturability, and stability must be balanced simultaneously [10,12,16].

Inverse design aims to address this challenge by reversing the traditional workflow: instead
of starting from geometry and predicting behavior, it starts from the desired mechanical response
and searches for a compatible microstructure [17-19]. This paradigm is particularly attractive for
metamaterials, where the mapping from geometry to response is often nonlinear, history-dependent,
and governed by local instabilities such as buckling and self-contact [20]. With recent advances
in machine learning, inverse design is increasingly seen as a path toward performance-by-design
structures in both structural and functional materials [10-13,21].

Current machine-learning-based inverse design strategies can be broadly grouped into two
categories. The first category is parametric or low-dimensional design. In these approaches, the
metamaterial is represented using a finite set of geometric parameters, and surrogate models or
neural networks are trained to map those parameters to mechanical performance [22-25]. These
models can then be coupled with heuristic or evolutionary optimizers to efficiently explore the
parameter space and produce customized load—displacement curves for specific structure families
[22,26]. Although computationally efficient and interpretable, such methods are constrained by the
assumed parameterization. They typically operate within a predefined family of unit cells (e.g., shells,
graded lattices, or spinodoid structures), and may struggle to capture drastic topological changes or
complex post-buckling behavior [24-26].

The second category is non-parametric generative design, in which the microstructure is treated
directly as an image-, voxel-, or implicit-surface field rather than a hand-crafted geometric template
[27-30]. This class of methods leverages deep generative models to learn high-dimensional structure—
property relationships from data. Convolutional neural networks and generative adversarial networks
(GANSs) have been used to synthesize topologies with target stiffness or target bulk modulus, and
to encode the geometry of cellular materials in an implicit representation [27,28,31,32]. Variational
autoencoders (VAEs) take a related approach by embedding complex microstructures into a smooth
latent space, which can then be searched or optimized for target properties [26,33,34].

More recently, diffusion models have emerged as a powerful alternative for generative inverse
design. These models iteratively transform random noise into structured outputs by learning a
reverse denoising process [35-38]. Unlike GANSs, diffusion models are known for their sampling
stability and controllability. They have been applied to reconstruct complex microstructures, generate
energy-absorbing metamaterials tailored to specified loading curves, and model time-dependent
deformation fields in nonlinear metamaterials under load [39—44]. These advances suggest that
generative modeling can move beyond “shape suggestion” and toward direct synthesis of structures
with prescribed mechanical behavior.

However, important challenges remain for the inverse design of hyperelastic metamaterials that
undergo large strain, geometric nonlinearity, and path-dependent softening. Under compression, such
microstructures often exhibit multiple sequential regimes: an initially compliant phase dominated by
bending, followed by buckling and stress softening, and eventually densification accompanied by con-
tact and rapid stiffening [9,20,45,46]. Capturing these regimes is essential for applications such as im-
pact mitigation and reusable energy absorption, yet the mapping from topology to force-displacement
behavior is strongly nonconvex and not easily parameterized [22,24,26]. While recent diffusion-based
studies have demonstrated controllable generation for elastoplastic or energy-absorbing systems
[39,40,44], they differ substantially in how the mechanical response is represented and conditioned.
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Vlassis and Sun [39] use a denoising diffusion probabilistic model (DDPM) guided by embedded fea-
ture vectors extracted from target hyperelastic energy functionals in the Mechanical Modified National
Institute of Standards and Technology (MNIST) dataset to generate microstructures whose effective
responses match prescribed nonlinear energy—stretch curves. Bastek and Kochmann [40] cast the
inverse design of nonlinear mechanical metamaterials as a video denoising diffusion problem, training
on full-field stress and displacement histories of periodic cellular structures made of an elastoplastic
thermoplastic resin under large-strain compression so that a target stress—strain curve yields both a
candidate design and its predicted deformation path. Wang et al. [44] propose DiffMat, a conditional
diffusion framework trained on homogenization-based topology-optimization data to map desired
energy-absorbing stress—strain curves to diverse pixelated unit-cell designs for energy-absorbing
metamaterials. Nevertheless, there is still limited work on learning a direct mapping from a target
nonlinear force-displacement curve to a manufacturable hyperelastic porous topology that remains
physically realistic under large deformation, including buckling and post-buckling contact.

A key difficulty in this field lies in the intrinsic ill-posedness of the inverse mapping between
geometry and mechanical response. For hyperelastic porous microstructures, the mapping from
a target force-displacement curve to geometry is inherently ill-posed for four coupled reasons: (i)
non-uniqueness, where distinct topologies can realize nearly identical curves while similar patterns
may diverge; (ii) nonconvexity and mode switching introduced by buckling, contact, and densification;
(iii) high sensitivity of the response to small geometric perturbations (e.g., manufacturing tolerances);
and (iv) the limited descriptive power of low-dimensional features such as volume fraction. These
challenges motivate the adoption of a probabilistic, condition-guided generative formulation that
can naturally represent one-to-many mappings instead of enforcing a single deterministic inverse.
Representative examples illustrating these phenomena are provided in Section 3.

To address this gap, we propose HyperDiff, a conditional diffusion-based inverse design frame-
work for hyperelastic porous microstructures with nonlinear mechanical responses, as outlined in
Figure 1. The core idea is to treat the desired global response, here expressed as a force-displacement
curve, as a conditioning signal for a denoising diffusion probabilistic model (DDPM) [35,36]. The
diffusion model is implemented using a U-Net backbone with residual connections and attention-
based conditioning [28,37,39,47,48], which enables it to generate candidate microstructure topologies
directly in image form. To supply meaningful training data, we construct an integrated pipeline that
(i) procedurally generates porous microstructures, (ii) calibrates a hyperelastic constitutive model
for the base material using tensile experiments, (iii) simulates large-deformation compression via
finite element analysis to obtain full force—displacement curves, and (iv) encodes those curves in a
compact form suitable for conditional generation [10,16,45,46,49]. The resulting framework links data
generation, inverse design, forward simulation, and experimental validation.

In summary, this work demonstrates that conditional diffusion modeling can be used to gen-
erate diverse and physically consistent microstructures that reproduce prescribed nonlinear force—
displacement behavior, including regimes dominated by bending, buckling, softening, and densifi-
cation. By focusing on hyperelastic, large-strain responses (a setting where topology, instability, and
contact play central roles), this study aims to contribute to the practical integration of generative Al
tools into the design workflow of nonlinear architected materials [9,12,13,21,44].

The remainder of this article is organized as follows. Section 2 presents the theoretical basis of
denoising diffusion probabilistic models and details the proposed HyperDiff framework. Section 3
describes the dataset generation pipeline, including GRF-based topology synthesis, material charac-
terization, and finite element (FE) simulation of force-displacement responses. Section 4 explains
the model training strategy, including conditioning, data normalization, and key hyperparameters.
Section 5 reports numerical results on both test and interpolated targets to assess performance and
generalization. Section 6 presents experimental verification via quasi-static compression tests and
compares measurements with simulations. Finally, Section 8§ summarizes the main findings, discusses
limitations, and outlines future directions.
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Figure 1. Overall technical roadmap of the proposed HyperDiff framework for the inverse design of hyperelastic
porous microstructures. The workflow integrates data generation, conditional diffusion modeling, and multi-
physics validation. (a) Diverse microstructure topologies are generated using Gaussian random fields (GRF) and
analyzed via finite element simulations under quasi-static compression to obtain nonlinear force—displacement
curves, forming a large structure-response dataset. (b) The desired target mechanical curve is encoded as a
compact conditional vector that guides the diffusion model during denoising. (c) Starting from random noise, the
model progressively reconstructs candidate microstructures consistent with the specified mechanical behavior.
(d) The framework yields multiple physically admissible and topologically diverse solutions that reproduce the
target nonlinear response, enabling one-to-many, data-driven inverse design of hyperelastic metamaterials.

2. Methodology

This section details the theoretical framework of HyperDiff. Section 2.1 outlines the principles of
the denoising diffusion probabilistic model (DDPM), while Section 2.2 describes the custom neural
network architecture developed for this research.

2.1. Generative Diffusion Model Theory

DDPMs comprise two processes: a forward process that incrementally adds noise to the data,
and a reverse process that learns to denoise. The reverse process starts with pure Gaussian noise
and iteratively refines it into a coherent data sample over a sequence of steps. At each step, a neural
network acts as a denoiser, predicting and removing a small amount of noise to gradually recover the
underlying data structure. Therefore, the reverse process can be understood as a sequence of denoising
operations that collectively reconstruct data from pure noise.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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2.1.1. Forward Process

The purpose of the forward process is to systematically and controllably corrupt an initial data
sample x (e.g., a clear microstructure image) into pure, unstructured noise. This is achieved through
a fixed Markov chain, where each state x; depends only on the preceding state x;_1, analogous to a
time-stepping scheme in a physical simulation. This gradual corruption process can be conceptually
related to stochastic relaxation in physical systems, where disorder increases step by step in the forward
direction and order is progressively restored during the reverse diffusion. This process unfolds over T
discrete time steps, generating a sequence of increasingly noisy latent variables x1, ..., xt.

At each time index t, the preceding sample is perturbed by a small Gaussian increment. The core
of this operation is described by the conditional probability:

g(xe | x¢—1) = N("t? V1—=PBrxi_1, IStI>; (1)

where f; is a small, positive constant defined by a variance schedule, with0 < 81 < p < --- < Br < 1.
This schedule controls the magnitude of noise added at each step. The term /1 — B; acts as a scaling
factor that slightly shrinks the previous state x;_1, while the variance ;I defines the newly added
noise.

A key property of this formulation, which makes it computationally tractable, is that we can
sample x; at any arbitrary time step t directly from the initial data xo, without having to iterate through
all intermediate steps. This closed-form solution is obtained by defining a; = 1 — By and & = [1._; as,
which yields:

XtZ\/ETtXO-F\/l—ECtet, StNN(O,I). (2)

This equation can be understood as a weighted sum. The terms & and V1—a; represent the
scaling factors for the original signal (xp) and the noise (¢;), respectively. As t increases, &; decreases
towards zero, causing the contribution from the original data to diminish while the contribution from
the noise grows.

This process ensures that as t approaches the final time step T, the cumulative product &t becomes
nearly zero. Consequently, the state x loses all information about the original sample xg and converges
to an isotropic Gaussian distribution, xg ~ N (0, I). This provides a well-defined starting point of pure
noise from which the reverse process can begin reconstruction.

2.1.2. Reverse Process

The generative mechanism of the model is driven by the reverse process. Its goal is to reverse the
noising procedure by starting with pure Gaussian noise xr ~ A (0,1) and iteratively denoising it, step
by step, to recover a sample from the original data distribution g(x). This is modeled as a learned
Markov chain parameterized by a neural network 6:

po(xe—1 | x¢) = N<Xt71; po(xi,t), 03 (x1,t) I>, 3)

where the neural network learns both the mean y, and the scalar variance (792. However, Ho et al. [35]
found that fixing the variance to a set of predefined constants and only learning the mean resulted
in more stable training and higher-quality samples. Following this standard practice, we set 07 (x, t)
to a non-learned hyperparameter o7 (typically 67 = ¢ or o7 = f¢)." The network’s task is therefore
reduced to learning only the mean p,.

The primary challenge is that the true reverse conditional probability q(x;_1 | x¢) is intractable.
Calculating it would require marginalizing over the entire (unknown) data distribution, which is
computationally infeasible. However, a crucial insight is that if we also condition this probability on

1 The two standard choices for this fixed variance are ;, which is the variance from the corresponding forward noising step,

and f3¢, which is the variance of the ideal posterior g(x;_1 | x¢, Xo) shown in Equation (4). The model is robust to either choice.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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the initial data sample x, the posterior becomes tractable and follows a Gaussian (normal) probability
distribution:

q(xt—l | Xt, XO) = N(xt—l; ﬁ(xtl XO)/ Bfl)/ (4)

where the mean ji and variance Bt are known functions of the forward process variables («;, &;). While
X is unknown during inference, this tractable posterior is invaluable during training, as it provides a
target for the neural network.

To make this insight practical for training, we use a reparameterization trick. Recall from the forward
process (Equation (2)) that any noisy sample x; can be expressed in terms of the initial sample xg and
the noise &; that was added. By rearranging that equation, we can express xg as:

1

X0:7_<Xt—\/1—56t8t). (5)
V&t

Substituting this expression for x( into the equation for the tractable posterior mean ji (Equation (4))

allows us to express that mean as a function of the observable state x; and the noise &;:

o t) = = (n- = a) ©

This reformulation reveals a critical simplification: learning the complex posterior mean p, is
equivalent to learning the noise vector ¢; that was added at step ¢. Predicting this noise is a more direct
and stable objective for a neural network.

Therefore, instead of training the network to predict p, directly, we train a network &g(x;, f) to
predict the noise component &; from the noisy sample x; at time step ¢. The learning objective reduces
to minimizing the mean squared error between the ground-truth noise and the predicted noise, a
widely adopted and effective loss:

Laimpte(6) = Erxoe, [l — 20 (xt,1)|], )

where E; , ¢, denotes the expectation over the distribution of data, time steps, and noise, which in
practice is approximated by randomly sampling these components at each step of training. Accord-
ingly, all experiments reported below optimize the L2 (mean-squared) loss in Equation (7), and the
hyperparameter summary reflects the same objective.

2.1.3. Conditional Generation with Classifier-Free Guidance

To guide the generation process with auxiliary information y, such as force-displacement data,
we employ the classifier-free guidance (CFG) strategy [36]. This technique allows a single model to learn
both conditional and unconditional generation pathways, enabling robust control over the output at
inference time.

The core idea is to modify the training process. With a fixed probability (e.g., 10-20% of the time),
the conditioning vector y is replaced with a learned null token, @. This forces the network to learn to
predict the noise both with and without conditioning information. The training objective is therefore
to predict the noise &; from the noisy state x;, conditioned on either the true label y or the null token @:

Lera(0) = Brxyey | e — 00ty DI, (8)

where y is randomly replaced by @ for a subset of the training batch.

The true power of CFG is realized during inference. At each denoising step t, the model makes
two predictions for the noise: one conditional, &y(x;,y, t), and one unconditional, &g (x¢, @, t). These
are combined to form a guided prediction &;:

8t(xt,y,t) = eg(xt,D,t) + w(eg(xe,y,t) — €9(xt, D, 1)), )

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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where w is the guidance scale, a hyperparameter that controls the strength of the conditioning. When
w = 0, generation is purely unconditional. When w > 1, the model is pushed to generate samples
that more strongly adhere to the condition y. This guided noise estimate & is then used in the reverse
process equations (e.g., Equation (6)) to compute the mean of the denoised sample x;_1.

2.2. HyperDiff Architecture

To achieve the inverse design objectives of the HyperDiff framework, the neural network must
predict the noise term ¢; at each reverse diffusion step, conditioned on the target force—displacement
curve y. This requires the model to extract features across multiple spatial scales while coupling
local geometric patterns with global mechanical constraints. A U-Net backbone, with its symmetric
encoder—-decoder structure and skip connections, provides a suitable foundation for this purpose.

The proposed architecture builds upon the conventional diffusion-model U-Net [35,50] and
introduces two key modules that enhance its representational and physical consistency: residual blocks
and spatial transformers. As illustrated in Figure 2, panel (a) depicts the overall denoising process with
a multi-scale U-Net backbone, which progressively refines the noisy microstructure representation
x7t — xo. The encoder extracts hierarchical features from fine to coarse scales, while the decoder
reconstructs the topology by combining deep semantic and shallow geometric information through
skip connections.

Panel (b) shows the residual block structure. Each residual block acts as a local adaptive filter
that stabilizes gradient flow and captures deformation-sensitive features. The diffusion time-step
embedding is injected into the block using FiLM-style modulation, allowing the network to dynamically
adjust its denoising behavior according to the current diffusion state.

Panel (c) presents the spatial transformer module, which captures long-range correlations and inte-
grates the conditioning mechanical information. Through self-attention, the model learns global spatial
dependencies within the feature map, while cross-attention propagates the target force-displacement
condition y across the entire field, ensuring that every spatial region adheres to the prescribed macro-
scopic mechanical behavior.

By jointly employing residual blocks for localized learning and spatial transformers for global
constraint propagation, HyperDiff achieves a balanced local-global coupling mechanism. This design
ensures that the generated microstructures are both topologically coherent and mechanically consistent
with the desired target responses.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Figure 2. Network overview and core modules of HyperDiff. (a) Denoising diffusion with a U-Net backbone. Starting
from pure Gaussian noise x7, the model iteratively predicts pg(x;—1 | x¢) and reconstructs a clear microstructure
x9. The lower row shows the multi-scale U-Net with encoder—decoder symmetry and skip connections (red).
Channel sizes and spatial resolutions are indicated as [channels, height, width|. Green blocks denote residual
blocks; orange blocks denote spatial transformers; blue markers indicate 2x2 max pooling / up sampling; 1x1
convolutions perform channel projection. (b) Residual block (green region). Each block uses GroupNorm and SiLU
activations with two convolutions, and injects the diffusion time-step via FiLM-style feature-wise modulation
(time embedding — scale/shift). A residual shortcut preserves stable gradients and enables dynamic, time-aware
local denoising. (c) Spatial transformer (orange region). Features are normalized, reshaped, and linearly projected,
followed by self-attention and multi-head attention. The target force-displacement curve is encoded as a condition
vector and fused as keys/values, enabling cross-attention guidance that propagates global mechanical constraints
over the spatial field. A feed-forward network and output projection (1x1 conv) complete the block, with residual
connections for stability.

3. Dataset Generation

A comprehensive dataset mapping microstructural topologies to their nonlinear mechanical
responses is essential for training the HyperDiff model. This section details the three-stage pipeline
developed to generate this dataset: (1) procedural generation of diverse microstructure topologies
using a Gaussian random field (GRF) method, (2) experimental characterization of the hyperelastic

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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material properties, and (3) large-scale finite element simulation to compute the force—displacement
response for each topology.

3.1. Microstructure Topology Generation

To build a physically grounded dataset of porous microstructures with diverse geometric and
mechanical characteristics, a two-dimensional Gaussian random field (GRF) sampling approach is
employed, as illustrated in Figure 3(a). A continuous GRF is first generated over a square domain
and then thresholded to obtain a binary solid—void distribution. To ensure structural integrity and
manufacturability, connectivity and coverage thresholds are applied, and a four-side symmetric
topology is reconstructed by mirroring the binary pattern. Contour detection, sampling, and smoothing
operations are subsequently performed to remove irregularities and obtain well-defined smooth
boundaries suitable for finite element analysis. This process produces geometrically diverse yet
physically consistent unit cells that serve as the input domain of the HyperDiff framework. The
corresponding material calibration and finite element simulation procedures, shown in Figure 3(b,c),
provide the ground-truth mechanical responses used to supervise the conditional diffusion model.

The GRF is generated in the frequency domain to control its spatial characteristics via a prescribed
power spectrum. First, a complex-valued field z(k) is constructed from independent standard normal
variables z; and z, for each wave vector k:

z(k) = z1(k) +iza (k). (10)
A power spectrum filter is then applied to shape the field’s correlations:
F(k) = z(k) ([k|* + €)™/, (1)

where the parameter « controls the spatial correlation of the field, and e is a small constant to prevent
singularities. The real-space representation f(x) is obtained via the inverse Fourier transform:

f(x) = FF(x)]. (12)

To ensure f(x) remains strictly real before thresholding, we enforce Hermitian symmetry by construct-
ing F(—k) = F(k) (with consistent random phases) prior to the inverse FFT, so the recovered field is
physically meaningful for subsequent binarization.

After normalization and Gaussian smoothing, the field is binarized using a threshold ¢ to define

the material phase x(x):
1, if f(x) >t,

0, otherwise.

x(x) = (13)
Finally, to form a fully symmetric structure, the base microstructure quadrant x(x,y) is mirrored
across both axes:
X(x’y) X(er_y) (14)
X(N=xy) x(N=xN-y)

where (x, y) denotes the spatial coordinates and N is the grid size. This GRF-based method efficiently

Xfull (x/ ]/) =

generates a diverse set of porous microstructures with rich, multiscale features suitable for training a
robust generative model.
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Figure 3. Dataset construction and physical simulation framework for HyperDiff. (a) Microstructure generation
based on a 2D Gaussian random field (GRF). A continuous GRF is thresholded to produce binary topologies, followed
by connectivity filtering, symmetry reconstruction, and contour smoothing from rough to smooth edges. This
process yields physically consistent and geometrically diverse unit cells. (b) Material calibration using uniaxial
tensile tests. The TPU specimen geometry and testing setup are shown, together with the engineering, true, and
fitted stress—strain curves. A second-order Ogden model accurately captures the nonlinear hyperelastic behavior.
(c) Finite element simulations and force-displacement responses. Different generated microstructures are compressed
under displacement control. The von Mises stress contours and corresponding force-displacement curves reveal
characteristic deformation stages of elastic response, buckling, and densification. These results form a physically
grounded dataset for training the conditional diffusion model.

3.2. Material Characterization and Hyperelastic Model Calibration

To characterize the nonlinear mechanical behavior of the base material used in the generated
microstructures, uniaxial tensile tests were conducted on thermoplastic polyurethane (TPU) specimens
in accordance with the GB/T 228.1-2021 standard. The experimental setup, specimen geometry, and
resulting stress—strain curves are shown in Figure 3(b). The tests were performed using a TFW-100S
universal testing machine at a constant displacement rate of 50 mm /min, corresponding to a nominal
strain rate of 4.17 x 1073 s, which satisfies the quasi-static loading condition. Both engineering
and true stress—strain curves were recorded, and the data were fitted using a second-order Ogden
hyperelastic model to capture the material’s large-deformation behavior. The fitted curve shows
excellent agreement with the experimental data, confirming that the Ogden model can accurately
describe the nonlinear, strain-hardening response of TPU. The calibrated parameters were subsequently
applied to all finite element simulations in Figure 3(c), ensuring consistency between the experimental
characterization and numerical modeling stages of the dataset.
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Assuming material incompressibility, the engineering data were converted to true stress (c;) and
logarithmic strain (e;):

F
0y = Ai() (eeng +1), (15)
& = ln(seng +1), (16)

where F is the applied load, Ay is the initial cross-sectional area, and eeng is the engineering strain. To
enable finite element simulations, the true stress—strain data were fitted using the Ogden hyperelastic
model [49], which provided the best fit. Its strain energy density function is expressed as:

u= FAY A+ A5 - 3) +

N
-

3
~h

o~ 1 1)% 17
:15(]e1_ ) ’ ( )

1

1 i

where A; = J71/3); are the deviatoric principal stretches, and y;, a;, and D; are material parameters.
The Ogden model is particularly suitable for capturing the nonlinear stiffening behavior of hyperelastic
materials. The fitted parameters obtained from Abaqus are listed in Table 1. When a reported parameter
satisfies a; ~ 0 (as for the first term in Table 1), the implementation evaluates the a; — 0 limit, which is
equivalent to inserting a neo-Hookean term with modulus 2y; and avoids the apparent singularity in
the 21;/a? prefactor.

Table 1. Fitted Ogden model parameters for the TPU material.

Parameter Ogden model
11 12.7464
aq 0.0000
D, 0.0000
) 0.0108
o 12.3711
D, 0.0000

3.3. Finite Element Simulation and Force-Displacement Responses

To evaluate the mechanical responses of the generated microstructures and establish the ground-
truth data for model training, finite element simulations were performed on each unit cell using the
calibrated hyperelastic parameters obtained from Figure 3(b). In metamaterial design, full assemblies
typically require 5-10 repeating unit cells to achieve homogenization, which considerably increases
computational cost. To balance efficiency and fidelity, the simulations in this study focused on
individual unit cells, which sufficiently capture the intrinsic nonlinear mechanisms relevant to the
inverse-design task.

As illustrated in Figure 3(c), each microstructure was placed between two rigid plates and sub-
jected to uniaxial compression under quasi-static loading conditions, and the corresponding von Mises
stress contours were used to visualize the evolution of local stress concentrations during deformation.
The simulations were conducted in a two-dimensional plane-stress setting with appropriate symmetry
and boundary constraints to represent periodic behavior. The computed force-displacement curves
exhibit the characteristic three-stage compressive response of porous hyperelastic materials: (i) an
initial elastic regime dominated by frame bending and stretching, (ii) a nonlinear instability regime
associated with progressive buckling and softening, and (iii) a final densification regime where pore
collapse leads to a rapid increase in stiffness. These stages correspond closely to the deformation and
stress-localization mechanisms observed in quasi-static compression experiments, ensuring that the
dataset remains both physically interpretable and experimentally consistent.

All simulations were performed in ABAQUS/Explicit using the Ogden hyperelastic model with
parameters listed in Table 1. The upper rigid plate was coupled to a reference point for displacement
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control, while the lower plate was fully constrained. Contact definitions included hard contact with
a tangential friction coefficient of 0.18 between the plates and the microstructure, as well as general
contact for internal self-interaction to prevent element interpenetration during large deformation. The
microstructure was meshed with CPS3 (plane-stress) triangular elements (seed size 2.5 mm), and the
rigid plates were meshed with R2D2 elements (seed size 5.0 mm). A smooth-step amplitude curve
was used to impose 60% compressive strain quasi-statically. The explicit central-difference integration
scheme was adopted for its robustness in handling large deformations and complex contact evolution
without convergence issues.

A fully automated workflow was implemented through a Python script based on the ABAQUS
APL. The script automatically performs geometry construction, Boolean operations, contact definition,
material assignment, mesh generation, and batch job submission, enabling efficient multi-core parallel
simulations of approximately 20,000 unique microstructures. This large-scale dataset captures not only
the canonical three-stage responses but also non-classical two- or four-stage behaviors caused by local
instabilities and complex topological patterns. Notably, microstructures with similar volume fractions
can exhibit markedly different force-displacement responses, while distinct topologies may produce
nearly identical curves. This non-unique structure—property mapping is visualized in Figures 4 and 5,
which highlight the diversity, nonconvexity, and weak identifiability of the dataset—factors that make
the inverse problem intrinsically challenging and motivate the adoption of data-driven generative
frameworks such as HyperDiff.
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Figure 4. Representative FE samples illustrating multi-stage deformation and response diversity (Cases 1-14).
Each row shows a unique topology, its von Mises stress field under large deformation, and the corresponding force—
displacement curve. The dataset spans bending-dominated compliance, buckling-induced softening (plateaus),
and contact-driven densification, revealing a strongly nonconvex structure-response landscape.
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Figure 5. Non-unique and weakly identifiable structure-property mappings (Cases 15-18). Top: distinct
topologies with the same volume fraction yield markedly different force—displacement curves (mode switching
under similar global descriptors). Bottom: topologies with different porosities produce nearly identical responses
(one-to-many mapping). These comparisons highlight non-uniqueness, nonconvexity, and the limits of low-
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dimensional parametrizations, motivating a probabilistic inverse formulation.

4. Model Training Strategy

The primary objective of our training strategy is to establish a reliable mapping from a target
force—displacement curve to a corresponding microstructural design. A common approach in related
literature, such as that by [39], involves conditioning a model on simplified mechanical responses
like stress—strain curves. However, such a setup can be ineffective for designing microstructures that
exhibit complex behaviors such as structural instability and buckling. The limitation lies in the indirect
nature of this mapping, where the model learns from static geometry without sufficient information
about the dynamic mechanical response.

To provide a compact and robust conditioning signal for the diffusion model, the force—
displacement curves are (i) smoothed and de-noised, then (ii) parameterized by B-spline.

B-spline encoding and feature vector

To obtain a compact conditioning signal, each target force—displacement curve is first approxi-
mated by a B-spline,

P(u) = ZPI Bi,k(u)/ uec [uk—ll un-‘rl]/ (18)
i=0

where P; are control-point coefficients and B, ; (1) are k-th order basis functions defined by a nonde-
creasing knot vector {u j}}n:O' To make the coefficients numerically stable and scale-invariant, we apply

min-max normalization
P/ _ P [ b min

=
Pmax_Pmin

, (19)

and retain (Ppin, Pmax) so that the original curve can be reconstructed at inference. Finally, the one-
dimensional conditioning vector is formed by concatenating the normalized coefficients, the stored
extrema, and the knot locations (each group in ascending order):

V=[P, P}, ..., Pl Pmin, Pmax, o, 1, -, tn]. (20)

This compact representation preserves the essential curve shape while improving training efficiency,
numerical stability, and generalization.

Hyperparameters

The key hyperparameter settings employed in our training process are detailed in Table 2. This
configuration was optimized to balance model capacity, training stability, and computational efficiency.
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This training strategy provides a stable conditioning signal for the diffusion model, supporting
accurate and interpretable inverse design predictions under complex deformation mechanisms such as
buckling and densification.

Table 2. Key hyperparameters used for model training.

Hyperparameter Value
Batch size 64
Learning rate 1x107*
Decay steps 25
Decay factor 0.99
Input channels 1
Output channels 1

Base channels 32
Residual blocks 1
Attention layers enabled [False, True, False, True, False]
Channel multipliers [1,1,2,2,2]
Attention heads 1
Transformer layers 1
Condition embedding dimension [48]
Noise scale range (B¢) (le-4,0.02)
DDPM timesteps 1000
Loss function L2 loss (MSE)
Image resolution 64 x 64 px
Training iterations 100,000

5. Results and Validation

We evaluated HyperDiff’s performance through systematic numerical experiments. We selected
four reference force-displacement curves from the test set as targets. For each target, we generated 50
microstructures by sampling different random noise vectors, thereby assessing the model’s ability to
produce diverse yet mechanically consistent designs.

All generated microstructures were analyzed using the same ABAQUS finite element setup de-
scribed in Section 3.3. To quantify performance, we used the normalized root-mean-square error
(NRMSE), ¢, between the generated force response F and the target response Frarget:

1 1&
8(1:, Ftarget) = E H ;(Fi - Ftarget,i)2r (21)
1=

+ 107 provides a single, curve-wide normalization factor that is strictly

where Fef = max; |F target,i
positive even when the target force crosses or equals zero. This definition keeps the metric scale-
invariant without incurring divisions by Fiarget; at the unloaded state. So the entire curve, including
the initial flat segment, contributes smoothly to the reported error. Consequently, a 10% deviation
on a low-force (soft) curve is weighted just as heavily as a 10% deviation on a high-force (stiff) curve,
ensuring the model is evaluated fairly across a diverse range of mechanical responses.

5.1. Performance on Test Curves

To assess HyperDiff’s generalization to unseen data, we selected four representative force—
displacement curves from the test set, covering both weakly and strongly nonlinear behaviors. Figure 6
(left block) summarizes the results: the top row reports per-case profiles of the normalized point-
wise relative error along the displacement axis, the middle row shows NRMSE distributions over 50
stochastic generations, and the bottom row presents a representative force-displacement overlay for
Case 1. For three of the four cases, the median error was below 7%, and Case 4 achieved a median
error of approximately 0.4%. Additional per-target overlays and the corresponding topologies for the
remaining test cases are provided in Figure 7, which further illustrate consistent shape matching and
one-to-many topology diversity.

As shown in Figure 6, the generated microstructures and their corresponding force-displacement
curves for the minimum- and median-error samples closely match their targets. Notably, the generated

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202511.0619.v2
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 24 November 2025 d0i:10.20944/preprints202511.0619.v2

16 of 25

microstructures exhibit significant topological diversity while achieving nearly identical mechanical
performance. For example, the best- and median-performing structures for Case 1 share a similar
overall layout but differ in their internal connectivity. This one-to-many mapping capability is a key
advantage of our generative approach, providing designers with a range of valid solutions for a single
performance target.
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Figure 6. Comprehensive evaluation of HyperDiff on test targets (left) and interpolated targets (right). Top
row: per-case profiles of the normalized pointwise relative error along the displacement axis for four test cases (left)
and four interpolated cases (right). Middle row: per-case NRMSE% distributions over 50 stochastic generations
(center line = median; box = interquartile range; whiskers = 10-90th percentile). Bottom row: representative
force—displacement overlays for Case 1 (left) and Interp. 1 (right); the target curve is compared to its nearest neighbor
in the training set (NN-train) and the generated minimum/median samples. Legends report the corresponding
percentage errors. Small topology thumbnails highlight one-to-many design diversity. Additional cases are
detailed in Figure 7.
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overall NRMSE%, and the three right panels show the corresponding topologies (Train, Minimum, Median).

5.2. Performance on Interpolated Curves

To further test HyperDiff's generalization, we evaluated its ability to generate microstructures
for interpolated force—displacement curves—targets that lie between samples in the training data
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distribution. We created four sets of interpolated targets by linearly combining pairs of curves from
the training set (see Figure 6, right block).

The results indicate that HyperDiff exhibits strong interpolation capability. As shown in Figure 6,
the median error was below 8% in three of the four interpolation cases, while Interp. 4 achieved a
notably low median error of approximately 0.4%. In contrast, Interp. 2 showed a higher median error
(around 16%), which can be attributed to its pronounced nonlinear characteristics, making it a more
challenging target for accurate design.

The generated microstructures in Figure 6 successfully match the interpolated mechanical targets,
with minimum errors below 6% in all cases. Again, the model produces topologically diverse solutions
for each target. For instance, the minimal-error and median-error structures for Interp. 3 both feature
a primary “X”-shaped load path but differ in their central region. This confirms HyperDiff’s ability
to generalize beyond the training set and explore the design space to find novel and effective mi-
crostructures. Complementary per-target overlays and the corresponding topologies for the remaining
interpolated cases are presented in Figure 7.

6. Experimental Verification

To validate the predictive accuracy and physical consistency of the proposed HyperDiff framework,
a series of quasi-static compression experiments were performed on representative energy-absorbing
metamaterial specimens. Each specimen was a prismatic cubic block with overall dimensions of
50 mm x 50 mm x 50 mm, obtained by extruding the 2D unit-cell designs along the out-of-plane direc-
tion. The thickness is therefore on the same order as the in-plane dimensions, effectively suppressing
global out-of-plane buckling and preserving the deformation mechanisms (pore closure, local buckling,
and contact-driven densification) captured by the plane-strain FE simulations.

The samples were fabricated via 3D printing (additive manufacturing) and tested using a
universal testing machine under a constant compression rate of 2 mm/min, ensuring quasi-static
loading conditions. During the tests, force and displacement data were synchronously recorded to
accurately capture the mechanical responses. The experimental setup enabled continuous observation
of deformation patterns and ensured repeatability of the results. A comprehensive comparison between
experimental and simulation results is presented in Figure 8.

As shown in Figure 8, the left column presents the force—displacement curves obtained from the
target, numerical simulation, and experimental measurements (black dashed, red dotted, and blue
dash—dot lines, respectively). The normalized root-mean-square error (NRMSE) was used to evaluate
prediction accuracy. For the representative case shown, the NRMSE between the experimental and
target curves was 9.41%, between the simulated and target curves 6.10%, and between the experimental
and simulated curves 4.42%. These results confirm that the HyperDiff model can accurately reproduce
the nonlinear mechanical behavior of the designed metamaterials.

The right-hand side of Figure 8 illustrates the deformation sequences (stages I-VI) under pro-
gressive compression. The top row shows the simulated von Mises stress contours, while the bottom
row presents the corresponding experimental deformation images. As strain increased, small internal
pores closed first (stages II-1II). When the displacement reached approximately 15 mm (stage IV), the
central pore was nearly closed. Further loading caused contact between the upper and lower beams
and the compression plate, leading to a rapid increase in tangent stiffness. The regions of high stress in
the simulations correspond closely to the zones of visible large-strain localization and contact-induced
densification in the experiments, indicating that the model captures the essential physical mechanisms
rather than merely fitting data correlations. This agreement reinforces the interpretability and physical
reliability of the proposed framework.

A detailed analysis of the first case in Figure 8 is presented as a representative example. The other
tested specimens exhibited consistent deformation modes and response trends, demonstrating the
robustness of both the model and experimental validation process.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202511.0619.v2
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 24 November 2025 d0i:10.20944/preprints202511.0619.v2

19 of 25

I. U=0 . U=5 1: U=10 IvV: U=15 V: U=20 VI U=25

(a)

120001 == rger

* Simulation
10000

8000

6000

Force (N)

4000

2000 Pt

0

(b) 12000 — Target

¢+ Simulation

10000 + + Experiment

8000

6000

Force (N)

4000

2000 P

o/'

) 12000

(

o

= Target

‘e« Simulation

10000

8000

6000

Force (N)

4000

2000 rﬁul’
re ks

0

0 5 10 15 20 25

Displacement (mm)

Figure 8. Experimental verification of energy-absorbing metamaterials generated by HyperDiff. Comparison
between simulation and experiment under quasi-static compression. The left panels show force-displacement
curves (black dashed = target, red dotted = simulation, blue dash—dot = experiment). Vertical ticks on each
curve mark six representative loading stages (I-VI) corresponding to global compression displacements U =
0,5,10,15,20, and 25 mm. The right panels display the corresponding deformation sequences, where the upper rows
are simulated von Mises stress contours and the lower rows are experimental images. Regions of high simulated
stress spatially coincide with the zones of visible large-strain localization and contact-induced densification
observed in the experiments, indicating that the proposed model captures the essential deformation mechanisms
and nonlinear responses of hyperelastic porous metamaterials. Here, U denotes the imposed displacement of the
upper platen in millimeters (mm).

7. Discussion

The results in Sections 5 and 6 show that HyperDiff can recover the main features of nonlinear force—
displacement responses for hyperelastic porous microstructures across both numerical simulations
and experiments. This section provides a mechanics-aware interpretation of these results, explains
how the conditional diffusion process organizes structure-response relations, and outlines the scope
and limitations of the present framework.

7.1. From a Difficult Inverse Problem to a Tractable Generative View

Inverse design in the large-deformation hyperelastic regime is challenging because the macro-
scopic response arises from multiple sequential mechanisms—early-stage bending compliance,
instability-induced softening, contact-mediated load transfer, and late-stage densification. These
mechanisms lead to a highly nonconvex, inherently one-to-many mapping between topology and re-
sponse. Small geometric perturbations can trigger a completely different instability path, while distinct
microstructures may yield similar global responses. Under such conditions, parametric regression or
gradient-based optimization often becomes trapped in local minima and lacks generality across design
families.

The present framework addresses this difficulty by shifting from “solve-for-the-one” to “sample-
from-the-set.” Instead of pursuing a deterministic inverse map, HyperDiff learns the conditional
distribution of admissible topologies given a target response. This generative perspective is consistent
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with the physical nature of the problem: for a prescribed force-displacement curve, multiple feasible
microstructures usually exist. Sampling diverse candidates and retaining those verified by forward
analysis thus provides a pragmatic and robust solution.

7.2. A Mechanics-Aware Reading of the Diffusion Process

Although diffusion models are typically introduced as statistical denoisers, the present results
suggest a mechanics-aware interpretation in this context. The U-Net backbone with residual connec-
tions captures local void morphologies, while spatial transformers ensure global coherence consistent
with compression load paths. During denoising, structural features emerge in a physically ordered
sequence: early iterations determine initial compliance (void slenderness and ligament curvature),
mid-stage updates control buckling onset and amplitude, and later iterations form load-bearing bridges
that sustain densification.

Hence, the iterative sampling process does not merely “reconstruct an image,” but instead relaxes
toward configurations that are both statistically plausible and mechanically admissible under the
given conditioning signal. This explains why the generated microstructures reproduce not only the
overall force—displacement trends but also the observed deformation stages in both simulation and
experiment.

7.3. Conditioning via Force~Displacement Curves as Energy-Trend Guidance

A distinctive element of HyperDiff lies in its conditioning strategy based on a compact B-spline
representation of the target force-displacement curve. Although no explicit energy integration is
enforced, the curve inherently reflects the cumulative exchange of mechanical work during loading;
the corresponding B-spline coefficients thus serve as a concise descriptor of the system’s energy-
evolution trend. Conditioning on this vector provides temporal (stage-wise) and mechanical (stiff-
ness/softening/densification) context to the generator. Empirically, this guidance enables the model to
converge toward structures that exhibit the correct sequence of deformation mechanisms, not merely
the right scalar magnitudes.

This interpretation also clarifies the difference from encodings that treat the curve as a generic
signal: here, the conditioning is designed to carry physically meaningful information. Extending the
conditioning vector with explicit cumulative-energy or stage-indicator terms is straightforward if finer
phase control is desired in future studies.

7.4. Applicability, Robustness, and Boundaries

The current implementation focuses on two-dimensional unit cells at a fixed image resolution
and on quasi-static compression of a calibrated hyperelastic material. Within this scope, the method
is robust: it achieves low deviations on held-out targets, maintains accuracy on interpolated curves,
and yields printed samples whose deformation patterns match simulations. These results support
that the learned topology-response relationships are physically meaningful rather than numerical
coincidences.

At the same time, clear boundaries exist. Out-of-plane effects are excluded by design; rate
dependence, viscoelasticity, and thermal coupling are not considered; and the minimum printable
feature size is constrained by the image resolution. Diffusion-based sampling is computationally more
demanding than direct regression, but the gain in solution diversity is valuable in nonconvex design
spaces. These factors should be kept in mind when generalizing beyond the current dataset.

7.5. Relation to Prior Inverse Design Studies

Compared with inverse design frameworks developed for elastoplastic or energy-absorbing sys-
tems, the present study targets the finite-strain hyperelastic regime, where geometric and constitutive
nonlinearities interact. Methodologically, the main differences are: (i) a generative, distributional
formulation of the inverse problem; (ii) a physically meaningful conditioning vector encoding the
energy-evolution trend; and (iii) validation of both global responses and stage-wise deformation
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modes through numerical and experimental means. These aspects explain the consistent performance
observed for highly nonlinear targets that typically challenge deterministic regressors.

7.6. Practical Implications

In practice, HyperDiff can be used in two complementary modes. First, as a design exploration tool,
it rapidly proposes multiple distinct microstructures for a single target, allowing post-selection under
additional criteria such as manufacturability or stress localization. Second, as a front-end generator, it
provides physically consistent initial designs for subsequent physics-based optimization. Both usages
exploit the model’s diversity while maintaining mechanical consistency.

Summary. When conditioned on an energy-trend encoding of the desired response, the diffusion model
acts as a probabilistic sampler over physically feasible topologies in a nonconvex design space. This
perspective reconciles data-driven generation with mechanics-based understanding and explains the
cross-consistency observed between simulations and experiments.

8. Conclusions and Future Work

This work introduced HyperDiff, a conditional diffusion framework for the inverse design of hy-
perelastic porous microstructures undergoing large deformation, buckling, softening, and densification.
By modeling the distribution of admissible topologies conditioned on a physically meaningful encod-
ing of the target force-displacement path, the framework bridges response specification, generative
synthesis, and physical validation.

Main contributions.

*  Generative formulation of a nonconvex inverse problem. The inverse design problem is re-
formulated as conditional sampling rather than deterministic inversion, enabling one-to-many
solutions consistent with the inherent non-uniqueness of the finite-strain hyperelastic regime.
This improves robustness for targets where local minima or mode switching hinder parametric
regressors.

e Physics-aware conditioning via B-spline encoding. The conditioning vector compactly repre-
sents the energy-evolution trend along the loading path, providing temporal and mechanical
context that guides the denoising process toward configurations that reproduce the correct se-
quence of deformation stages. This enhances interpretability and facilitates faithful reproduction
of bending, buckling, and densification behavior.

¢ Integrated numerical and experimental validation. Large-scale finite element simulations
and quasi-static compression experiments confirm that generated designs match both global
responses and local deformation stages, typically within 10% deviation. This supports that the
learned topology-response relationships are physically realizable rather than purely statistical
correlations.

Limitations.

The present framework considers two-dimensional unit cells at a fixed resolution and a single
constitutive calibration under quasi-static compression. Out-of-plane mechanisms, rate effects, vis-
coelasticity, and thermo-mechanical coupling are beyond the current scope. Diffusion-based sampling
incurs higher computational cost than direct regression, trading runtime for solution diversity.

Future work.

Future extensions include: (i) Volumetric generalization: extending to three-dimensional archi-
tected materials using volumetric diffusion and 3D U-Nets to preserve geometric detail; (ii) Multi-scale
and multi-resolution coupling: linking unit-cell generation with homogenization-informed global con-
straints to improve stress localization while maintaining load paths; (iii) Physics- and process-aware
guidance: embedding explicit physical priors and manufacturability constraints during sampling
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to ensure feasible, print-ready designs; (iv) Broader materials and loadings: expanding datasets
to rate-dependent, viscoelastic, or thermo-mechanical systems and testing robustness under varied
conditions.

Outlook.

Beyond this specific application, the results highlight a generative, physics-aware route for
inverse design in nonlinear mechanics. Treating the target response as an energy-trend guidance and
employing conditional diffusion as a probabilistic sampler provides a principled way to unify data-
driven diversity with mechanical admissibility. This paradigm can extend to other classes of architected
materials and integrate naturally with downstream optimization and verification workflows.

Data Availability Statement: The data that support the findings of this study are available from the corresponding
author upon reasonable request.
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