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Abstract

This paper is concerned with the dynamics of solutions of a class of stochastic parabolic equations
with delay and deterministic non-autonomous forcing. Specifically, the existence of random attractors
is proven, and the upper semicontinuity of random attractors is shown when the delay approaches
zero. The key technique in the proof of the existence results of random attractors is to derive some
uniform estimates of solutions, and the most important step in the proof of the upper semicontinuity
of random attractors is to establish the convergence of solutions.

Keywords: random attractor; stochastic parabolic equation; delay; upper semicontinuity

1. Introduction

In this paper, we investigate the dynamics of solutions of stochastic delay parabolic equations
with deterministic non-autonomous forcing defined on a bounded domain O C R” (n > 2):

% + Au(t,x) —div(o(x)Vu(t,x)) =F(x,u(t,x)) + f(x, u(t —p,x)) + g(t, x)
n dw;(t) ey
+]; h](x) d]t

fort > T and x € O, with the boundary condition and initial condition
u(t,x) =0, for t > 7,x € 90, )

uT(CI x) = u(T+ cf,x) = 47(6, x)/ for (C/x) € [—p,O] x 0, 3)

where T € R, A is a positive constant, p is the delay time of the system, ¢ is the diffusion coefficient,
F is a superlinear source term, f is a nonlinearity capturing the time delay, g is a deterministic time-
dependent forcing, {#; };”:1 are given functions defined on O, and {w; }]’”:1 are independent two-sided
real-valued Wiener processes on a probability space which will be specified later.

Stochastic differential equations of this type arise from physical evolution phenomena when time
delay is taken into account. For the deterministic version of problem (1)-(3), the existence of attractors
has been investigated in both autonomous case [17,18] and non-autonomous case [1]. To reveal
the essential dynamics of random systems with wide fluctuations, the concept of random attractor
was introduced in [7-10,12,14-16,20,22,26,28,30,32-36] as an extension of the theory of attractors for
deterministic equations in [3,4,6,24]. The existence of random attractors has been investigated for
stochastic PDEs without delay and time-dependent forcing in [11,13]. For equations with delays, the
existence of attractors was also obtained in [19,29] in the autonomous stochastic case. The existence of
random attractors was established in [21,27] for the non-autonomous systems without delay. However,
there are very few works in the literature to address the problem whether random attractors exist
for stochastic PDEs with delay and time-dependent forcing. What dynamics will random attractors
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exhibit when the delay approaches zero? All that motivate us to investigate the dynamics of problem
(1)-(3), explore the interaction of delay and time-dependent forcing under random perturbations.

More precisely, we will investigate the existence and upper semicontinuity of random attractors
of problem (1)-(3). For this purpose, we first show that the systems generate continuous random
dynamical systems. However, it is not known whether a stochastic parabolic equation with delay and
time-dependent forcing generates a non-autonomous random dynamical system, which is a extremely
difficult issue in the field of related research. To overcome the difficulty, we shall transform the
stochastic equations into deterministic versions with random coefficients through Ornstein-Uhlenbeck
transformation, exploit and develop the ideas from the theory of deterministic PDEs with polynomial
nonlinearity and delay PDEs with Lipschitz nonlinearity. Then, we prove the existence and uniqueness
of random attractors by establishing the asymptotic compactness and absorbing set of the equations.
The critical technique is to derive uniform estimates of solutions with respect to delay and time-
dependent forcing for the nonlinearity satisfying an arbitrary polynomial growth condition. Finally,
we establish the upper semicontinuity of random attractors of problem (1)-(3) as the delay goes to
zero. The most important step is to establish the convergence of solutions. It is worth mentioning
that our main works improve the relevant results in [19] and our method is applicable for other
non-autonomous stochastic delay PDEs.

The paper is organized as follows. In the next section, we establish the existence of a continuous
non-autonomous random dynamical system. In Section 3, we conduct uniform estimates of solutions
which are necessary for proving the pullback absorbing property and the pullback asymptotic com-
pactness of the equation. Then we establish the existence of random attractors in Section 4. In Section 5,
we obtain the upper semicontinuity of random attractors of problem (1)-(3) when the delay approaches
zero. In the last section, we present the conclusion based on the results obtained.

2. Mathematical Preparation

In this section, our main goal is to establish the existence of a continuous non-autonomous random
dynamical system generated by the stochastic delay parabolic equation (1).

We first recall some basic results about function spaces which will be used later. Let || - ||;2
and (-,-) be the norm and inner product of L?(0), respectively. The norm of L?(O) is written as
Il - |lp. Assume that C([—p, 0], X) is the space of all continuous functions from [—p, 0] to X with norm
||(P||c([—p,0],x) = sup{||¢(&)||x : ¢ € [—p,0]} for ¢ € C([—p,0],X). The natural energy space for
problem (1)-(3) involves the space Dcl)’z((’), ) defined as the closure of C§°(O) with respect to the norm

1
2

- 2
il = </O¢T(x)|Vu| dx> .

The space Dtl)'z((ﬁ, o) is a Hilbert space with respect to the scalar product
(1,0)g == /(9 o(x)Vu - Vodx.

For convenience, we denote C;, = C([—p,0], LF(O)) and Cp = C([—p, 0], Dé’z(O, o)) and their norms

by || - llc, and || - [[¢,,, respectively. The letter c stands for a general positive constant which may change

its value from line to line or even in the same line. In what follows, to study problem (1)-(3) we

introduce the following hypotheses:

* (Al)c: O — RTU{0} is a non-negative measurable function such that o € L} _(O), and for
some a € (0,2), liminfy_,; |x —z| *c(x) > 0 for every z € O;

* (A2) F: O xR — Ris a continuous function which satisfies a dissipativeness and growth
condition of polynomial type, i.e., there is a number p > 2 such thatforallx € Oand u € R,

F(x,uju < —aq[ul? + pr(x), ©)
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|F(x,u)| < aolul?~! + Ba(x), @)
%F(x,u) < as, 3)

5 F)| < palo) @

where a1, 0y, a3 are positive constants, 31, 52 and B3 are nonnegative functions on O such that
B1 € L&D/P(0), By, B3 € L2(0);
e (A3)f:0 xR — Risa continuous function such that forall x € O and u,v € R,

|f(x,u) = f(x,0)| < Cflu—o|, ©)

|f (e u)? < L3 ul? + [5(x) P, (6)

where C r L f are positive constants, 17 € LZ(O), and L 3 satisfies L r < %A,‘
e (Ad)gel? (R,L%(0))and satisfies the following conditions

loc

T
/ e"[|g(s, ) |%ds < o0 VT ER, @)

0
lim e Lw em5||g(s+t,-)|\%2ds =0 Vc>0, (8)

t——c0

where m is a positive constant satisfying

4LJ%
m—)\—l—Temp<0,‘ )

*  (A5) The functions hj,j = 1,- - - ,m, belong to L*~2(0) N L*(O) N Dom(A) N DP(A) for some
p > 2, where Au = —div(c(x)Vu), Dom(A) = {u € Dtl)’z(O, o) : Au € L?(0)},and DF(A) =
{u € Dy*(0,0) : [, |Au|Pdx < +oo}.
Under condition (A5), the operator A = —div(c(x)V) with the domain

Dom(A) = {u € Dy*(0,0) : Au € [*(0)}

is positive and self-adjoint. The space Dom(A) is a Hilbert space endowed with the usual graph scalar
product. Therefore, there exists a complete orthonormal system of eigenvectors (e, A;) such that

(6]', ek) = 5]']( and — div(a(x)Vej) = )L]'Bj, ],k = 1,2,3,' cey

0<A <A< A3<---, Aj = +o0asj— +oo.

Noting that

lull?

HquDl/z 1
A = inf 0 cu € Dy (0,0),u#0,,

we have
||u||%[1),2 > /\1||u||%2, forall u € Dé’Z((’),(J’).

In the sequel, we consider the canonical probability space (Q), F, P), where

Q={w=(w,wy, - ,wy) € C(R,R™): w(0) =0},

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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and F is the Borel o-algebra induced by the compact-open topology of (2, while P is the corresponding
Wiener measure on (Q), F). Then we will identify w with

W(t) = (wq(f), wo(t), -+, wm(t)) = w(t) for t € R.
We define the time shift by
brw(-) =w(-+1t) —w(t), weQ, teR.

Then, (Q, F, P, (6¢);cr) is a metric dynamical system.

We now associate a continuous random dynamical system with the stochastic parabolic equation
over (), F, P, (6;)cr)- To this end, we need to convert the stochastic equation containing white noise
terms into a deterministic one with random coefficients.

Given j = 1,...,m, consider the one-dimensional Ornstein-Uhlenbeck equation

dzj + Azjdt = dw;(t). (10)

One may check that a solution to (10) is given by
zj(t) = zj(Oiw;) = —A/ *(Brwj)(s)ds, t € R.

In addition, the random variable |z;(w;)| is tempered and z;(6;w;) is P-a.e. continuous. Thus, it follows
from Proposition 4.3.3 in [2] that there exists a tempered functlon r(w) > 0 such that

m
3 (Izi(wp) 2+ [zj(ep|? + [z(wp) 272) < r(w), (1)
j=1
where r(w) satisfies, for P-a.e w € ),
r(Ow) < e2lflr(w), t € R, (12)

Combining (11) and (12), it implies that for P-a.e w € (2,
m

3 (1246102 + 12 (Brcop) [P + |21(Brc0p) 2 2) < e3Mr(w), t € R. (13)
j=1

Putting z(6:w) = L4 hjz;(0rw;), by (10) we have

m
dz + Azdt = Z hjdwj.

Since i; € L*~%(0) N Dom(A) N D¥(A), we have
p(brw) < ce%‘t‘r(w), (14)

where p(w) = [|2() 12,1, + 12(@) I] + 2(@) 15,5 + [ Az(@) 2 + [ Az()IF,

The existence of a golution to stochastic delay parabolic equation (1) follows from [23]. To show
that problem (1)-(3) generates a random dynamical system, we let v(t) = u(t) — z(6;w), where u is a
solution of equation (1). Then v satisfies

? + Av+Av = F(x, v+ z(01w)) + f(x, v(t — p) + 2(6r—pw)) + g(t, x) — Az(bsw), (15)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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with boundary condition
v(t,x) =0, for (t,x) € (1,00) x 90, (16)
and initial condition
ve(6, %) = P(C,x) — 2(0r4cw) £ 9(E,x), (C,x) € [-p,0] x O. (17)

For the pathwise deterministic problem (15)-(17), by the Galerkin method as in [5] one can
show that for all T € R, ¢ € C; and P-a.e w € (), there is a unique solution v(-, 7, w, ) € C([T —
p,00),L2(0)) NLE (T,00; Dé’2((’),0)) N LIF:)C(T, 00; LP(Q)) if F and f satisfy assumptions (A2) and (A3).
Moreover, this solution is continuous in ¢ € C; and v(-, 7, -, ¢) : (Q, F) — (Ca, B(Cy)) is measurable.
In terms of the solution v, we are able to introduce a continuous non-autonomous random dynamical
system for the stochastic problem (1)-(3). Let u(t, 7, w, ¢) = v(t, T, w, ) + z(6;w), then the process u is
the solution of equation (1) with initial condition ¢. We now define a mapping ® : R™ x R x Q x C; —
Cy by

O(t,7,w0,¢)(-) = Ut (-, T,0-7w, ¢) = Vi1 (-, T,0-70, ) + 2(0t11+.w), (18)
where ;1 (8,T,0-rw,p) = u(t+7+¢,7,0_w,¢) for § € [—p,0]. It is easy to show that ® satisfies
conditions (i)-(iv) of Definition 2.1 in [31], and hence it is a continuous non-autonomous random
dynamical system on C; associated with problem (1)-(3). Given a bounded nonempty subset D of C;,
the Hausdorff semidistance between D and the origin in C; is denoted by || D|l¢, = sup,cp [|¢llc,- Let
D = {D(t,w) : T € R,w € O} be a family of nonempty subsets of C;. Such a D is said to be tempered
in C, if for every v > 0,

Jim_ o || D(r 41, 010) e, = 0.

Henceforth, we always assume that D is the collection of all families of tempered nonempty subsets of

Co.

3. Uniform Estimates of Solutions

In this section, we conduct a variety of uniform estimates on the solutions of problem (1)-(3) by
utilizing the converted random equation (15), to prove the existence of pullback absorbing set and the
pullback asymptotic compactness of random dynamical system.

Lemma 1. Suppose that assumptions (A1)-(A5) hold. Let D = {D(t,w) : T € R,w € O} € D. Then for
every €, T € Rand P-a.e. w € O, there exists T = T (t,w, D, €) > 0 such that for all t > T, the solution u
of problem (1)-(3) satisfies

2 € - 2
e (-, T = t,0-7w,9)]|c, + /Hem@ MNuls, T — 8-, ¢)|[7r2ds
€
+ /Titem(sfe) u(s, T —t,0_w, P)||},ds @
<R(e T, w),
where p € D(T —t,0_1w), and R(e, T, w) is determined by

Rierw) = [ M0 g(s 4 )lfhds + o) +1), @

with c being a positive deterministic constant independent of T, w and D.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Proof. Multiplying (15) by v and then integrating over O, we find that

d
3 SRR+ (o022 + A0 = [ Gt 0)odx+ [ fau(t —p,x))odx o
+/0g(t,x)vdx—/oAz(9tw)vdx.

We now estimate each term on the right-hand side of (3). For the first term, by (1), (2) and Young's
inequality, we obtain

/OF(x,u(t,x))vdx
:/OF(x,u(t,x))udx—/OF(x,u(t,x))z(Gtw)dx

4)
< —anllu(®) |+ 1Bl + 2 [ 1w 0w dx + [ pa(x)|z(000) dx
n 1, 2m;m(p—1) p
<- —||u( )Ty + 1Bl + —||l32|| ';T (5 M 12(6rw) (|7
By (6), we deduce that
/Of(x, u(t —p,x))odx
1 2 2 2 A 2
<5 [ (Butt=p) P +In()R)dx + Flo() ©)
212 212
f 2 A 2 1 2 ¥ 2
<~ llott =p)llzz + Z e iz + 1 In()IE2 + == [[2(6—p0) [ 12-
The last two terms on the right-hand side of (3) are bounded by
[ stexypdr — [ Az@jeds| <o)+ g0 + 3 Az(6)] ©
o°"’ o —4 L=t L=t A L

Consequently, it follows from (14) and (4)-(6) that

2
d 2 2 2 4L 2 4 2
g [P + o)l + arl[u(B)[|7, < = Allo(t)[72 + Tfllv(t =)Lz + 3 llg®)12 @)

+ Cpl(GtCU) +c,
where p1(w) = ||z(w)]|}, + ||2(6-pw) 12, + || Az(w)]|2,. Then for m satisfying (9), we find from (7) that
d mt mt mt P
5 (" Io(®) =) + e [[o(t) 12+ are™|lu(t) ],

(8)
<em (Tfnv(t )[Rz + 18O + cpr (Bu) + c> + " (m = A) [o(8)]72-

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Considering time T — t instead of 7, integrating (8) over [t — t,€ + {] for any fixed { € [—p, 0] with
€ > T —t + p, and then replacing w by 6_rw (i.e., v now denotes v(-, T — t,0_rw, §) ), we obtain

m(e+Q) 2 e+t ms 2
loe+8 7=t Plifa+ [ e ols,T—t,0-rw,p) [sads
-
e+{ s B p
+ , € lu(s, T —t,0 1w, )} ,ds
-
m(T—t) 2 e+l ms 2
<"+ (m =) [T ols, T — 10w, ) [fads ©)
ms +§ ms
P [T o) e [T e (a0 )+ 1)ds
4L2
/ ¢"*|[o(s — p, T~ 1, 0_cco, ) |[Zads.
T—t

For the last term on the right-hand side of (9), we have

e+ 2
/ e"[v(s —p, T —t,0_rw, P)|72ds
T

—t

e+{—p
[T 49 s 7 10w, ) to
T—t—p
e+{
<ot g3, [T o, T — 0o, ) [Fads.
T—t

It follows from (9) and (9)-(10) that

e+
|lo(e+C,T—t, G_TW,IIJ)H%Q + / emis—e=0) lo(s, T —t,0_rw, ) 2 ,ds
T—t

HDé’

e+
+0€1/ em(S—E—OHu(SIT—t,e—rw/(i))nzr’ds
T—t

e+{ 2 (11)
it — 2 e
<aentrt-etr D gia, e [ D g(o)rds
e+
+C/ e"57€=8) (py (Bs_rw) + 1)ds.
—
Since { € [—p, 0], we get from the above inequality that
2 HE mns—e) 2
|lo(e+C,7—t0_cw, )2+ / , e o(s, T — t, 9—rw,¢)||pé/2ds
-
e+
+ 0 / gm(s_e)”u(S,T —t,0 rw, ¢)||€Pds
T—t (12)

. 2 ¢ - 2
<ce e T2 e [* e g(s) Fads

€
+ce™ / O (1 (65 rw) + 1)ds.
.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Note that u(t, 7, 0;w, ¢) = v(t, T, 0w, ) + z(6rw), where ¢({, x) = $({, x) + z(04¢w) for { € [—p,0].
Therefore, by (12) we get that, forall t > 7,

€e+{
||u€(.,—f_t,9_fw,¢)||(2:2+/ t em(s7€)||u(s,‘r—t,G_Tw,(p)HzDé,zds
_

e+{
+ em(s_e)”u(s,r — 1,0 cw,¢)|},ds
. . (13)
<ce ™) (g2, + I20.0)[3,) +c [ e"Og(s)l1fads

€
+ c/ tem(s_g) p2(0s—rw)ds +c,
S

where py(w) = p1(w) + ||z(w) ||§)1,2. Since ¢ € D(T — t,0_w) and ||z(w) ||é2 is tempered, we deduce
that ’
limsup e ("=~ || ||2 < limsup ™"~ ||D (T — £,6_;w) ||%,2 =0,
t—00 27 e
and

lim sup e ("9 ||z(0.w) ||é2 =0.
t— o0

On the other hand, it follows from (12) and (14) that

/e "(57€) s (05 _rw)ds < c/

T—t T—t—€

0 A
e~ 2 (5t ()ds < er(w).

Therefore, there exists 7 = T (7,w, D,€) > 0 such that (1) holds for all t > 7, which completes the
proof of Lemma 1. O

Lemma 2. Suppose that assumptions (A1)-(A5) hold. Let D = {D(t,w) : T € R,w € Q} € D. Then for
every T € Rand P-a.e. w € Q, there exists T = T (T,w, D) > p + 1 such that for all t > T, the solution v of
problem (15)-(17) with w replaced by 0_rw satisfies

T
||UT(.,T_t,9,Tw,¢)||§D+/ |Av(s, T — t,0_cw, )| 22ds
T—p

; (14)
<c [ emlgls +)[fads + c(r(w) + 1),
where c is a positive deterministic constant independent of T, w and D.
Proof. Taking the inner product of (15) with Av = —div(c(x) Vo) in L?(O), we get that
3 sillolgs + 1401 + Alloly: = [ Fexu(t)avdx+ [ fxu(t - p)) Avdx
2 dt 'DO, L ,DO, (@) ! O ! (15)

+/Og(t,x)Avdx—/OAZ(Gta))Avdx.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Now we estimate each term on the right-hand side of (15). For the first term, by (2)-(4) and Young’s
inequality, we have

/OF(x,u(t))Avdx
:/OP(x,u(t))Audx—/OF(x,u(t))Az(Gtw)dx
S/OWU(x)VudJH—/OWU(x)WMde—F ‘/O F(x,u(t))Az(0rw)dx
S/O,Bg,(x)|(7(x)Vu|dx+txg/oa(x)|Vu|2dx+a2/O|u|”_1|Az(9tw)|dx

(16)
—i—/0|/32(x)Az(6tw)|dx
1 o -1 o
<3 [, (1Bl + o1 TuP) s+ maflys + ZE=D i, + 2 az(oro)ly
ALl
+ — rTdx + — Az(0yw)|Pdx
= 1B [ 1az(00)
<e( Ilge + Il + LA=(@o)f, +1).
By (6) and Young's inequality, we obtain
[ Flute = p)avdx < [ |f(xu(t—p)) Pdx+ § [ Avfdx
o o 4 Jo (17)
1
<LH|u(t = )17 + I ()17 + ZIIAUII%z-
In addition, we deduce that
1
‘/Og(t,x)Avdx—/C)Az(etw)Avdx < 22(1)|2%, + 2] Az(01c0) I, + 411402, (18)

Consequently, it follows from (16)-(18) that
d
Slol2ye + 1 40]; < c(uungé,z ol + Nt = )12 + (82 + pa(Breo) + 1), (19)

where p3(w) = [|Az(w)|}, + ||Az(w)||%2. LetteR,t>p+1l,weNeec (1+{—1,7+() and
¢ € [—p,0]. Integrating (19) over (e, T + (), we have

2
||U(T+€rT_t'wr¢)||Dé/2
2 t 2
SHU(E‘,T—t,w,l/))HD(l),z +c 1||u(s—p,r—t,w,gb)||des
T—p—

’ 2 T ) (20)
+C/ llu(s, T — t,w,¢)||D1,2ds —i—c/ lu(s, T —t,w,¢)|;,ds

T—p—1 0 T—p—1

T T
vo [ lg@Rdste [T palew)ds e
T—p-1 T—p—1
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Integrating the above inequality with respect to € over (T+ ¢ — 1, 7+ {) and noticing u(t, T — t,w, ¢) =
o(t, T —t,w,P) + z(6:w), we obtain

lo(t+8,7 = .67, )|

T T
gc/ l|lu(s, T — t,G,Tw,¢)||§)1,2ds+c/ ||u(s,T— t,G,Tw,cp)Hzpds
T—p-1 —p-
. . 21)
vo [ us—pT—t0w, 4>>||des+c/ I9(5) 22ds
T

T
+ c/ pa(fs—rw)ds +c,
T—p—1

where ps(w) = p3(w) + ||z(w)||2DL2. By (1), there exists T = 7 (t,w,D) > p+ 1 such that for all
0
t>T,

T
e~ mpt1) (/ llu(s, t —t,0_rw, (P)||Dlzd5+/ ||u s, T—t,0_rw, 4’)”Lvd5)
T—p—1

</ m(s—1) ||u(S,T —t, Q—TW/QD)HDLZCIS —|—/ eM(s—1) ||u(s,r — 10w, (P)H]Zpds
(22)
< [0 e INus T 6w, ) pads + [T D s, T 100w, ¢) ] ds
-
g/ ¢ |g(s + 1) 2ads + e(r(w) + 1),
Similarly, by (1) we get for t > T,
° 2
/ s =p,7 = 1,0, ) [f2ds
</ RACES T—1,60_c0,9)|3,ds
5 (23)
<(e+1)  sup us(, T — 10w, 9)l,
T—p—1<s<1
0
<clp+ Dem e [ e g(s 4 1) [Fads + c(p + e r(w) + 1).
Note that . 0
L, Js@lhads < et [ emlg(s o )fads (24)
and
T 0 0 A
/ pa(fs—rw)ds = / pa(fsw)ds < c/ e 2°r(w)ds < cr(w), (25)
T—p—1 —p—1 —po—1
which together with (21)-(23) imply that forall { € [—p,0]and t > T,
0
loe(, 7=t 0-cwo, @)lIE, < [ e gl +1)Fads +e(r(w) +1). (26)
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Finally, integrating (19) over (T — p, 7) and utilizing the same arguments as above, we obtain for all

(> T,
T
/ 1Av(s, T — £, 0w, )| 22ds
T—p

T
<[lo(t—p,T—t,0_cw,)|712 +c/ (s, T = t,0_cw, p)]|12ds
0 —p 0
T
+c/ (s, = £,0—co,@)[fpcds ¢ [ [luls = p, v = t,6-c0,9) Fadls @7)
=P
T
—|—c/ ||g(s)HL2ds+c/ p3(6s_rcw)ds + ¢
T—p T—p
0
<c [ e gls + 1) Fads +e(r(w) +1).
This completes the proof of Lemma 2. [J

Lemma 3. Suppose that assumptions (A1)-(A5) hold. Let D = {D(t,w) : T € R,w € Q} € D. Then for
every T € Rand P-ae. w € Q, there exists T = T (t,w, D) > p + 1 such that for all t > T, the solution v of
problem (15)-(17) with w replaced by 0_-cw satisfies for all € [—p,0],

T 2p=2 4
fo(r +8 70w )y + [ llo(s,w— 60w p) 5,5

; (28)
gc/_ e"™|g(s + T)H%zds +c(r(w) +1),

where c is a positive deterministic constant independent of T, w and D.

Proof. Taking the inner product of (15) with |v|P~2v in L2(Q), we obtain

pdt/ |v|pdx+(p—1)/ (x)|Vv|2|v|P—2dx+A/O|v|de
:/OF(x,u(t))|v|pfzvdx+/Of(x,u(t—p))|v|P720dx+/Og(t,x)|v|p720dx (29)
—/OAZ(Gtw)|v|p_zvdx.

It follows from (A2) and Young’s inequality that

/O F(x, u(t))[o|P20dx
- /O F(x, u(t))[o]P~2udx — /O F(x, u(t))[o]P~22(6y0)dx

< [ [mealul? + g1l 2dx + [ [walul? ™ + pa(x)] 2(0rw) ol ax

< [ [+ g+ P26 0 + (54 22D g p e 2ax
< [ 5utol? + a0+ P61 ) + (54 222 o) | o -2ax

12r—2 [2r—2

2K 2p—2 2p—2
<- ?||v(t)|| b + c||z(6rw) || 2 +¢
where x = 2”;% By (6), we obtain

[ £ et =p) el zvdx<2 /|v|2r’ v+ L [ 17 u(t - p)Pdx

. (31)
IIU( )IE 5 +cllu(t —p) 172+
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Utilizing Young's inequality, the last two terms on the right-hand side of (29) are bounded by
‘/ g(t, x)|o|P2odx — / Az(0;w)|v|P?vdx
KO 2p-2 f 2 (2
Sop 1022 +ellg (2 + cllAz(6reo)llL +e
Combining (29) and (30)-(32), we deduce that
d 2p—2 2p—2
PO +xllo@)I5,2 <cllu(t —p) 172 + cllg®)lIF2 + cllz(@) 15, )

+ || Az(0rw) |7, + c.

LetteRt>p+1l,weQande € (1+—1,7+) for { € [—p,0]. Integrating (33) over (¢, T+ (),
we have
T
lo(r+87—tw 9l <lotet—tw )l +e [ fuls—p Tt w,0)hds
T—p—1
T T (34)
+c/ ||g(s)||%2ds+c/ ps5(Bsw)ds + ¢,
T—p—1 T—p—1

where p5(w) = [|z(w) ||i§p_, 22 + |Az(w) ||%2 Now integrating the above inequality with respect to €

over (t+{ —1,7+ ), we obtain

||U(T + g/T -t 977(,0, IP)pr

T T
2
< o [o(s, T —t,0—rw, )| ,ds + ¢ /T_p_l us(, T = t,0_cw, )7, ds )
T T
v [T lg@lkds e [ psocw)ds e
T—p—1 T—p—1
Noting that |[v(s, T — t,w, ) ||}, < 2°~1 (||u(s,’r —tw, )|, + [|z(6sw) ||§,,>, we get
||U(T + ng - tl 6_1—(,(], lp)”{p
T T
2
SC/T_p_lllu(s,f— t,G_Tw,gv)H{pds+c/f_p_1||us(',r— tO_cw, )3, ds 36)
T T
v [T g)kdste [ peecwds+e
T—p-1 T—p—1
where pg(w) = ps(w) + ||z(w) ||}, satisfies
T 0 0 N
/ pe(fs—rw)ds = / pe(Osw)ds < C/ e 2°r(w)ds < cr(w). (37)
T-p-1 —p—1 —p—1

Combining (22)-(24) and (37), we find that there exists T = 7 (7,w, D) > p + 1 such that forall t > T,

[o(tT+C,7—t 0w, 9)||], < C/O e™||g(s + 1) ||%zds +c(r(w) +1). (38)
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Finally, integrating (33) over (T — p, 7) and utilizing the same arguments as above, we get for all t > T,

T 2p—2
<[ o= 10wl s

T
<Jo(t—p,T—t0_7w, )|}, + c/ [u(s — o, T = t,0_rw, §) | 12ds
T—p
T T (39)
e [ lg@lhdste [ ps(esrw)ds +c
T=p T—p

0
<c [ emlgls + ) [fads + c(r(w) + 1),
which along with (38) yields (28). This completes the proof. [

4. Existence of Random Attractors

In this section, we establish the existence of tempered pullback attractors for the random dynami-
cal system & associated with the stochastic parabolic equation (1). For this purpose, we first show that
@ has a closed random absorbing set in D.

Lemma 4. Suppose that assumptions (A1)-(A5) hold. Then the non-autonomous random dynamical system O
has a closed measurable D-pullback absorbing set K = {K(7,w) : T € R,w € Q} € D as defined by

K(r,w)={peC gl < R(r,7,0)}, (1)
where R(T, T, w) is given by (2).
Proof. Given T € R, w € (), and D € D, it follows from Lemma 1 that forall t > T,
O(t, T —t,0_1w,D(t—t,0_1w)) C K(T,w). (2)

This shows that {K(7,w)},cq is a random absorbing set for ® in D. In what follows, we prove that K
is tempered. By (2), we have

Rt w) =c [ elgls +1)lfads +e(r(w) + 1) ©)

Then for an arbitrary positive number y we obtain

eV |[K(T +t,6w) |13, <e"R(T+1,T+t,6w)

0 ) (4)
:cew/ e"™||g(s + T+ 1) 72ds + ce? (r(w) + 1).
Let t; = t 4 7, then it follows from (8) that
lim €7 /0 e"||g(s + T+ )|?2ds =77 lim M1 /0 e"||g(s + £1)||72ds
to—co oo 8 L2 o oo 8 Al (5)

=0.

Meanwhile, the second term on the right-hand side of (4) converges to zero as t — —co, which along
with (4) and (5) shows that

Jim " ||K(T+t,6w) 3, = 0.

——00

Therefore, K is tempered and belongs to D. Notice that for each T € R, R(7,7,:) : Q — Ris
(F, B(R))-measurable. This implies that K is a closed measurable D-pullback absorbing set for ®. [
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Next, we discuss the D-pullback asymptotic compactness of @, which will be proved by utilizing
the Arzela-Ascoli theorem in [25].

Lemma 5. Suppose that assumptions (A1)-(A5) hold. Then the non-autonomous random dynamical system O
of problem (1)-(3) is D-pullback asymptotically compact in C.

Proof. It suffices to show that forevery T € R, D = {D(t,w) : T € R,w € Q} € D and
P-ae. w € Q,ift, — c0and ¢, € D(T — ty,0_4,w), then the sequence O (t,, T — t,, 0_4,w, pn) has a
convergent subsequence in C;. To this end, we will utilize the Ascoli-Arzela theorem to prove that
Ur(-, T —ty, 0_rw, ¢y) is precompact in Cy.

First, we prove that u(-, T — t,, 0_rw, ¢y) is uniformly equicontinuous in C,. In fact, it follows
from (15) and assumptions (A1)-(A5) that

ds

T
erp L2

T T
gc/ HAU(S,T—tn,G,Ta),l/Jn)||%2ds+c/ ||vs(-,r—tn,G,Tw,tpn)Hézds
T=p =P

2
(Sr T— t?’lr 971—(&7, wn)

av
T 2p-2 T By
+c ||u(s,1.'—tn,G_Tw,lpn)Hsz,zds—i—c lus(-, T —tn, 0_rw, Pr)||p2ds
T—p T—p
0
+ c/ p(0s—rw)ds +c.
-0

In view of (12), and Lemmas 1-3, we can find large enough positive integer N such that for alln > N,

T
oy

Therefore, for every n > N and s1, s, € [—p, 0],

2

iv(s,"r —ty, 01w, ¥y)

. 2ds <c(r(w)+1).

L

HUT(SZ/ T—ty, 01w, wn) - UT(Ser —tn, 01w, an) ||L2
1
1 T4y 2 2
<|sz — 512 / ds
T+s1 12
1 T
<|sz — 512 /
T—p

1
2 2
ds>
L2
<e(r(w) +1)sz — 512

d

£U(S,T —tn, 0—7w, Py)

d
av(s, T —ty, 07w, Py)

By (18) and (6) we obtain, for all n > N and sy, s, € [—p, 0],

||ur(52/T —ty,0_rw, 4711) - u’r(ser —ty, 0_rw, 4)”)||L2

1
<clsy = 5112 + c[|2(0r45,0) — 2(Or4s,w) | 2,

which along with the continuity of w implies the desired equicontinuity.

On the other hand, for each fixed s € [—p,0], we can get from Lemma 2 that u(t +s,7 —
tn,0_1w,$y) is bounded in Dé’z((?, o). Then, it follows from the compactness of embedding
Dé’z((’), ) <= LZ(O) that u(t 45, T — ty, 0_rw, ¢n) is precompact in Cp. Therefore, we deduce that
D(ty, T — ty, 0_t,w, Py) is asymptotically compactin Cp. O

We are now in a position to present the existence of D-pullback attractors for ® in C,.

Theorem 1. Suppose that assumptions (A1)-(A5) hold. Then the non-autonomous random dynamical system
D associated with problem (1)-(3) has a unique D-pullback attractor in Cy. If, in addition, there exists T > 0
such that g is T-periodic in its first arqument, then the attractor is also T-periodic.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202507.1595.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 18 July 2025 d0i:10.20944/preprints202507.1595.v1

15 of 21

Proof. Notice that the random dynamical system & has a closed random absorbing set
{K(t,w)}pecq in D by Lemma 4, and is asymptotically compact in C, by Lemma 5. Hence the
existence of a unique D-pullback attractor for @ follows from Proposition 2.1 in [31] immediately. If g
is T-periodic in its first argument, then the random dynamical system ® and the absorbing set K are
also T-periodic, which implies the T-periodicity of the attractor. [

5. Upper Semicontinuity of Random Attractors

In the section, we will consider the upper semicontinuity of random attractors of problem (1)-(3)
as the delay approaches zero. Hereafter, we assume p € (0,1] and denote the solution and non-
autonomous random dynamical system of problem (1)-(3) as uf and ®,, respectively. Given T € R and
w € 0, let

Bo(t,w) = {p € C2: |l9llg, < R(7, 7, )}, ©)

where R(7, T, w) is the number given by (2). It follows from (1) and Lemma 1 that for every p € (0,1],
B, = {By(7,w) : T € R,w € O} is a D-pullback absorbing set of ®, in C,. Let A, be the attractor of
®, in C3. Then we deduce that for all T € R and P-a.e. w € Q)

Ap(T,w) C Bp(T,w). ()
Let p = 0, from (1)-(3) we have

du + Au(t,x) —div(o(x)Vu(t, x)) =F(x,u(t,x)) + f(x,u(t,x)) + g(t,x)

dt 3
+]; h](x) dr

for x € O and t > 7, with boundary condition
u(t,x)=0, t>1,x €90, 4)

and initial condition

u(t,x) =¢(x), x€0O. (5)

Let @, be the non-autonomous random dynamical system generated by problem (3)-(5) in L?(O).
Suppose that Dy is the collection of all tempered families of nonempty subsets of L2(0), i.e., for any

c>0,
Dy = {{D(T,a;) CL)(0):teRweN}: tlim eD(T+t,6;w0)| 2 = O}.
—>—00
We notice that all estimates of solutions in section 3 are valid for p = 0. Therefore, ®y has

a unique Dy-pullback attractor A = {A(T,w):7 € R,w € Q} in L?(0) and an absorbing set
Ko = {Ko(T,w) : T € R,w € O} given by

Ko(t,w) = {9 € L*(0) : |¢llf2 < R(z, 7, w)}. (6)
From (1) and (6), it is trivial to deduce that for all T € R and P-a.e. w € (),

limsup |[B, (7, @) ¢, = [[Ko(T, @) 2. 7)
0—0

We now prove the convergence of solutions of (1)-(3) as p — 0. For this purpose, we introduce
the following assumption:
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e (A6) There exist g > 0and B4(x) € LP"(O) such that forall x € O and u € R,

5 FC)| < malul 2 4 (), ®

wherep*:ooforp:2,andp*:%forp>2.

Lemma 6. Suppose that assumptions (Al)-(A6) hold, T € R, w € Qand T > 0. Let uf and u be the
solutions of (1)-(3) and (3)-(5) with initial data ¢f and $, respectively. Then for every n € (0, 1], there exists
0 € (0,1] depending on T, w, T, and y such that forall p < oand t € [T, T+ T|,

sup [[u(t+2) —u(t)|1: <C’7(||4>p||c2+||¢HLz+V( )+1)+C sup [[¢7(0) — o172

—p<{<0 —p<{<0

where c is a positive constant independent of p and 1.

Proof. Let v(t,T,w,¢) = u(t,7,w,¢) — z(0iw) and v°(t, T, w, P°) = ul(t, 7, w,¢*) — z(6rw),
where ¢(x) = ¥(x) + z(6.w) and ¢*({) = P ({) + z(6r4¢w) forall { € [—p,0]. Fix { € [—p,0], and
let o(t) = vP(t+ ) —v(t). Then, fort > T — (and { € [—p, 0], 0(t) satisfies

?+AU+/\U =F(x,uf(t+0)) — F(x, u(t)) + f(x,uf (£ +§ = p)) — fx,u(t)) ©)

+8(t+,x) — gt x) — Az(0y;w) + Az(Brw).
Multiplying (9) by v and then integrating over O, we have

1d 2
5 1O+ 118(8) 302 + AT

:/O(p (x, uf (t+ 7)) — F(x, u(t)) )vdx+/0(f(x,up(t+g—p)) — flu(t))ddx  (10)
+ /0 (g(t+7) — g(t))odx — /O(Az(9t+§w) ~ Az(6iw))Fdx.
For the first term on the right-hand side of (10), by (3) and (8) we obtain
/O(F(x, WP (t+ 7)) — F(x, u(t)))ddx
-/, gF(x ) (P (£ + §) — u(t))dx
—/ (x,u ~2dx—|—/ x,u)(z(0pcw) — z(Bw) ) vdx (11)
< /0(044(|up(t + O+ ()72 + Ba(x)) (|2(B5.cw) | + [2(6:0) ) [ dx + as]|5(£) I3
SC(HM‘DHZ + [l Ly 1Bl + 120 )1 + 1260 1]y + ||ﬁ4||i;*) + 3|77,

By (5), we have

Gt 2= ) = FCxu(®))dx <Cy [ |ut(+5— ) — u(t][B(D)dx

(12)
<cl|o(t) 172 + clluf (t+ 7 —p) —u(t) 172
Note that 1 1
8t +0) = g()adx < S50 IR + gt +0) — (1) s, 13)
and 1
/O(AZ(9t+gW) — Az(fiw))odx < Ellﬁ(f)lliz + [ Az(Bgw) (172 + ([ Az(Brw) [ 72- (14)
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It follows from (11)-(14) that fort > 7 — and { € [—p,0],
d 2
G 1T <l (¢4 s + Iy +1) + el (48— p) ~ (o) -

+l[aB)17 + gt +8) — g7z + cpr (i),

where py(w) = ||z(9gw)||{p +|lz(w)||F, + ||Az(19§w)||%2 + ||Az(w)||%2. Lett € [t, T+ T|]andt > 17— (.
Integrating the above inequality over (T — {, t), we obtain

t
Ha(t)'l%Z §||77( )||L2 +C/ gHﬁ(S)H%zds_'—c/r_g(Hup(S+€)||Zl’ + Hu(S)HIL?p +1>dS
+Cz;ﬂqu+g_p)_“@méd“+LiJB“+£)“g“méds (16)
t Osw)ds
+‘Cj£_gp7( s .

For the fourth term on the right-hand side of (16), we have

t 2 T+P—§ 2
[ w0 +g =) —uiads = [7 7 w545~ p) —u(s)lFacs
t
[ s+ p) - u(s) Bads.
T+o—{
Meanwhile, we observe that
T+o—C 2
L I +g = p) —u(s)lfads
<2 [T s +g-) -0l zds+2/ " luls) — glFacs
<2 [ (e —glfads+2 [T futs) — gl
T—p

and

t
[ s +5—p) — uls)|ads
T+
t—p 5
= [ (s 0) —uls +p) s
t
< [ s +0) —uls + p)lfds
t t
32/ é||uP(s+§)—u(s)||%2ds+2/T g||u(s+p)—u(s)||%zds.
Thus, we have
[ s =) =) s
t
<tp sup [9°0) =gl +2 [ o) —glas 44 [ o(s) o a7

—p<<0

+4/ 1265 cw) — 2(8s0) | zds+2/ u(s +p) — u(s)|2ads.
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By (16)-(17), for t € [t,7+ T] and t > T — {, we obtain
t
1501172 <ll5(t = Q)17 +cp SuP<OH<PP( ) — ¢l +C/ ; 15(s)172ds
—p<
t T+2p
e [ (I G+ O+ )1y +1)ds +e [ Juts) ~ gliads (18)

t t t
e [ luts+0) = u(s) [Bds + [ 305 +0) = g() Fads +c [ ps(0seo)ds

where pg(6sw) = p7(Osw) + ||z(6;w) ||%2 + ||z(w) ||i2 Therefore, it follows from (14) that for given
n > 0, there exists p; € (0,1] such thatforallp < py,{ € [—p,0],and s € [t,T7+ T],

/t ps(fsw)ds < c/te%Sr(w)ds < cenr(w). (19)

T+2p0 ”M )

Noting that lim, o [; (,i>||2 ds = 0, we obtain that there exists p» < p; such that for all

P = P2,
T+20 ’
[ () = glitaas <. 0)

Since u : [T, T+ T + 1] — L?(0O) is uniformly continuous, there exists p3 < p such that for all p < p3
ands € [t,T+T],
[[u(s +0) —u(s)llr2 < 7. (21)

At the same time, noting that ¢ € L? (R, L?(0)), we obtain

tim [ lg(s 4 0) — ()l ads =0,
and hence that there exists p; < p3 such that forall p < p4, and { € [—p, 0],
+T »
| lgls+0) —g@)ds <. 22)
By utilizing (8), we get for p € (0,1]
t p 5 +T 2
[ s s < (10012, + [ ) Bads +rle) +1). 23)
Similarly, by (3) we have
+T p 5 +T »
L7 s < c(lolf+ [T Ig@lads + rtw) +1). @4
It follows from (18)-(24) that forallp < py4, t € [T, T+ T|,t > T—{,and { € [—p,0],

HWM@SWW—NM+{/IWMM®+W@WhﬁWMg+N)+Q
+co sup [[¢7(2) — ¢ll72

—p<{<0

(25)

Now, the Gronwall’s inequality yields that forall p < py, t € [1,T+ T|,t > T —{,and { € [—p,0],

1511172 < cllo(t = )T -I-Cfi(llsf)pllc2 ol +r(w) + 1) +co sup [[9°(2) —¢lT (26)

—p<<0
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Note that
[5(z = O)II72 < 414 (7) = @l T2 + 4llu(t = 2) = ¢lI72 +2[12(0rw)l[72 + 2[|2(B-—;w) |72,
which along with (14) and the continuity of # shows that there exists p5 < p4 such that for all p < ps,

15(t = D172 < en(r(w) +1) +c sup [[¢°(Z) = ¢ll72-
—p<{<0

It follows from (26) that forallp < p5,t € [t, 7+ T|,t > T —{,and { € [—p,0],

166+ =20 < en (9?1, 191 + (@) +1) ¢ sup 1#@ 9l @
Sup.

which implies that forallp < ps,t € [t,7+ T|,t > 7 —,and { € [—p,0],

HWG+Q—M%éSm@#%ﬁwwé+mﬂ+ﬁ+ciﬁﬂ#@-@@- (28)
e

In the following, we consider thecase T <t <1t — (. Let¢=t— 1, thent =¢+1and 0 < g < p.
In this case, we have

[l (t+0) —u(®)[[72 <2 sup [1¢7(2) — ¢lI72 +2[lu(c +7) — ¢l[7- (29)
—p<{<0

Combining 0 < ¢ < p with the continuity of u at T, we duduce that there exists pg < p5 such that for
allp <pgand Tt <t < 71—,

luf(t+0) —u(®)|F2 < ¢ sup [19°(2) — @72 +en,

—p<{<0

which together with (28) means that forall p < pg, t € [7, 7+ T|,and { € [—p,0],

e (¢ +8) —u(t)|72 < 017(||¢P||%2 +plf +r(w) + 1) +c up 19°(2) = ¢ll72.
p<i<

Therefore, the proof of Lemma 6 is completed. [J
We now present the uniform compactness of random attractors with respect to p, whose proof is
similar to the proof of Lemma 7.2 in [31], and hence is omitted.

Lemma 7. Suppose that assumptions (A1)-(A6) hold. If p, — 0 and u, € A, (T, w), then there exist a
subsequence {uy,, } of {un} and u € L?(O) satisfy

im  sup g, ()~ ull2 = 0.
m—o0 Py <O n L

Finally, we provide the upper semicontinuity of random attractors as p — 0.
Theorem 2. Suppose that assumptions (Al)-(A6) hold. Then for all T € R and P-a.e. w € Q),

lim disty (A, (T, w), A(T,w)) =0, (30)
p—0

where distyy is the distance defined for any subset E of C([—px,0], X) and S of X by

disty(E,S) =supinf sup |[[¢(s)— x| x.
PEE X€2 —p<s<0
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Proof. Let p, — 0, ¢ € A, , and ¢ € L2(O) satisfying sup_, <r<o 197" (0) — ¢ll;2 — Oas
n — oo. It follows from Lemma 6 that for every T € R, t > 0, and P-a.e. w € (),

lim sup | D, (t,T,w,¢")(0) — Po(t, T,w,¢)|2 =0,

IR p,<7<0

which together with (7) and Lemma 7 shows that all conditions of Theorem 2.1 in [31] are satisfied,
and hence (30) follows immediately. O

6. Conclusions

In this paper, we successfully investigated the dynamics of solutions of a class of stochastic
parabolic equations with delay and deterministic non-autonomous forcing. Firstly, we transformed the
stochastic equations into deterministic versions with random coefficients by using Ornstein-Uhlenbeck
transformation, and proved the existence of a continuous non-autonomous random dynamical system
by exploiting the ideas from the theory of deterministic PDEs with polynomial nonlinearity and
delay PDEs with Lipschitz nonlinearity. Then, we established the pullback asymptotical compactness
of solutions as well as the existence of random attractors by deriving some uniform estimates of
solutions with respect to delay and time-dependent forcing for the nonlinearity satisfying an arbitrary
polynomial growth condition. Finally, we shown the upper semicontinuity of random attractors when
the delay approaches zero by establishing the convergence of solutions.
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