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Article

LLM Assisted Mathematical Modeling: Homogeneous
Laplace Equation in Cylinder with the Complete
Electrode Model

Agah D. Garnadi

agah.garnadi@gmail.com

Abstract: This paper presents an analytical solution for the potential distribution in Electrical
Impedance Tomography (EIT) under the complete electrode model, extending previous work on
a 2D homogeneous disk to a more realistic 3D cylindrical geometry of finite height. By taking into
account for the influence of electrode height, this approach offers an improved representation com-
pared to the earlier 2D formulation. The mathematical modeling involved in deriving this solution
was significantly facilitated by the use of a Large Language Model (LLM), DeepSeek, which aided in
the tedious index manipulations inherent in solving the Laplace equation with appropriate boundary
conditions in cylindrical coordinates using methods of separation variables. This work is organized
into three main, presenting the main result and Conlusion/future works followed by an Appendix
detailing the step-by-step mathematical derivation assisted by LLM Deepseek.

Keywords: finite length cylinder; complete electrode model; mathematical modeling; large language
model assist

1. Introduction

An analytical solution for the potential distribution in electrical impedance tomography (EIT) on
a 2D homogeneous disk under the complete electrode model is presented by Demidenko [Demidenko],
formulated as an infinite system of linear equations. The validity of this solution is supported by its
agreement with a previously published elliptic integral solution for the shunt electrode model with
two electrodes. The Dirichlet-to-Neumann map is derived to facilitate statistical estimation using
nonlinear least squares. The proposed solution was validated through phantom experiments and
applied to in vivo breast contact impedance estimation. Statistical hypothesis testing was performed to
assess contact impedance characteristics, highlighting the potential of this method for rapid, real-time
detection of poor surface contact in clinical environments.

Taking account for the influence of electrode height in the complete electrode model, the homoge-
neous Laplace equation was considered within a cylindrical geometry of finite height. This approach
allows for a more realistic representation compared to 2D disk. The mathematical modeling involved
in obtaining the solution to this problem facilitated by the use of a Large Language Model (LLM)
DeepSeek, which assisted in navigating the nitty gritty of indices in solving the partial differential
equations in this specific coordinate system and boundary conditions. Related with this work are for
homogeneous ball with CEM in [Maulidi ea] and Point Electrode Model in [WeideltWeller]

In the following table, we provide a tabular comparison the results from Demidenko work on
homogeneous Laplace equation on 2D disk with complete electrode model and current work.

The work organized into three parts, main result, future works/conclusion and an Appendix on
step by step to obtain the main result.

2. Laplace Equation Within the Body
The potential distribution within the body is governed by the Laplace PDE:

V- (cVu) =0.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Demidenko This work

An analytic solution of the potential distribution = YES
on a 2D homogeneous disk for EIT

under the complete electrode model is

expressed

via an infinite system of linear equations.

For the shunt electrode model with two
electrodes,

our solution coincides with the previously
derived

solution expressed via elliptic integral

Need verification

The Dirichlet-to-Neumann map is derived DtN map
for statistical estimation via NLeastSq format
nonlinear least squares (NLeastSq).

The solution validated in phantom experiments
and applied for breast no data
contact impedance estimation in vivo.

Statistical hypothesis testing is used to test

whether the contact impedances no data
are the same across electrodes or

all equal zero.

The solution can be especially useful no data
for a rapid real-time test for bad surface contact
in clinical setting.

Notation

®  : Spatial conductivity.
e u: Potential function.
¢ V: The gradient operator.

3. Boundary Conditions
3.1. Between Electrodes

On the boundary of the body between electrodes, there is no current flow:

Jdu
% = O,S é Ei‘

Notation

e n: Normal vector on the surface of the body.
® s: Spatial coordinate vector.
*  E;: Nonoverlapping surface areas.

3.2. Complete Electrode Model

According to the complete electrode model,

ou
u(s) +€ia(s)d7n =U;,s € E

The supplied potential is constant over the surface of the electrode because it is made of a highly
conductive metal material.
Notation

e  (;: Electrode contact (or surface) impedance.
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e  U;: Potentials applied at the electrodes.

3.3. Shunt Electrode Model

The shunt electrode model is a special case of the complete electrode model with {; = 0,i =
1.2,.....L Thus, the boundary condition for this model takes the form

u(s) =U,s € E;.

4. The Homogeneous 3D Cylinder
4.1. Laplace Equation in Cylindrical Coordinates

The potential distribution on a homogeneous disk of radius R and conductivity with infinitesimal
height is governed by the Laplace equation in cylindrical coordinates.

19u  *u 10%*u d*u

[ —_— _— _— = O. ].
r or a72+r2392+a22 M
Notation
e R:Radius
e r: Distance from the center
¢ 0: Angle

U z: axial

4.2. Solution Expressed in Fourier Series

The L nonoverlapping electrodes with half-width w (radians) and half height H are located on
the cylinder surface of radius R at angle locations {6;,i = 1,2, ..., L}.
Full Solution for u(r, 0, z)

u(r,8,z) =
’

4
e S
S

3
Il
o

)m [am cos(mB) + by, sin(m®)] ()

—
=l

H L (4 .
T o 55w s )
m\ 2H

where coefficients ay;, by, amn and by, are found from the boundary condition

+
agk
)
N

3
Il
o
i

u(R,0,z)) +§iag—:l|,:R =U;,i=12,.,L—H<z<H. 3)

u
§|r:R = f(6,2)

Boundary condition function for f(6,z)

f(@ Z) _ 57(111‘ — Uy — MN(R,G,Z)), 0 c (91 —w,0; +w), i=1,...,L,
’ 0, otherwise.

Coefficient Definitions
1. Azimuthal modes (n = 0, z-independent):

1

27 1 27 )
tn = — [ fo(6) cos(me) 0, by = — /O o(6) sin(mb) de,
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where f((60) is the z-average of f(6,z):

fo) = 57 [, F0.2)az

2. Axial modes (n > 1):

2
App = 7TH/ / f(6,z Cos(mf))cos( 0 ) dzde,

by = nH/Zn/ f92')Slr1(n19)cos(2 )d de.

Key Notes

1. Constant ug: Represents the background potential (e.g., determined by grounding } ; U; = 0).

2. Modified Bessel Functions I;: Govern the radial decay/growth of modes. For r — 0, I,, ~ ",
ensuring regularity.

Notation

e w: half-width (radians)

e g, and b,: Fourier coefficients
e uy: Constant

¢ H: half-height (unit length)

4.3. Solution of an Infinitely Large System of Linear Equations

Alternatively, the expression for u(r,6,z)

u(r,0,z) = wug
+ Yoo 7 (%)¥[am cos(m8) + by sin(m6)]
+ Lo Xott i pm((»uﬁe)) coS( W2 ) [am,n cos(mB) + by, sin(m8)],

with ay, 5, by,n, U solved from

(Smk’énn’ + giU%Am B, 0 CuDy Am,n CuDy
0 Ok Ot + giU%A;an C;nDn bm,n =U; CinDn ,
C Dy, Cl,Dy 4wH U 4wH

where:
0;+w 0i+w
A = /9 cos?(m6) d, Al — / sin? (m8) df,

i—w Gifw

H nmnz
B, = 2(222yd
n LHCOS(ZH)Z,

9i+w 9i+w
Ch :/ cos(m@) de, C), :/ sin(m®0) do,

9,»—w 9,‘ w

H
Dn:/ Cos(;:;]z)d

HINT: The tensor notation seems plausible to be used for infinite representation of terms @, bmnao) T
replacing vector terms in case of 2D disk in [Demidenko].

4.4. Equidistant-Equal-{ Approximation

If an even number of electrodes (L) are equidistant (equally spaced) at §; = 27i/ L, with equal ;.
This leads to the following equidistant-equal-{ approximation:
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For L electrodes with spacing A8 = ZT”:

- Azimuthal modes m are restricted to m = kL/2 (k € Z) due to periodicity.

- Axial modes 7 are restricted to n = pL/2 (p € Z) due to h,, = S22 Z”w L 0.
Coefficient Matrix M

The matrix M for the linear system Mx = ¢ (where x = [am,n, b, uO]T) has entries:

, nt [H 5, NTTZ 0;+w )
M7 = S O +§ffﬁ /7Hcos (ﬁ)dz/ cos”(m0)do,

Gifw

=H =70y, k1./2-5INC(2mw)

nm [H nmnz itw
MY = GGy + T 5 L | cost () dz /9 . sin? (m6)de,

=H =70y, k1./2-5INC(2mw)
L
Mz =L-2w-2H, ¢ =) U,

Matrix Structure

- Diagonal Dominance:

M is block-diagonal with blocks corresponding to modes (m,n) = (kL/2, pL/2). Off-diagonal
terms vanish due to orthogonality. - Simplified Entries:
Form =kL/2andn = pL/2:

H
MV =1 4 Co 2

- sinc(2mw),

Key Observations

1. Mode Coupling;:

Only modes m = kL/2,n = pL/2 contribute. Higher modes decay rapidly due to ()" and I,.
2. Current-Voltage Relation:

The DtN map I = ¢CU has entries:

8R [e0] [e0]
jk = T Z Z 14+ g 7’l7‘[H os(m(gj_ek))'
m=0n=0

Final Result

The coefficient matrix M is sparse and block-diagonal, with non-zero entries only for modes
(m,n) = (kL/2,pL/2). The solution u(r, 6, z) simplifies to:

U-hyp, [ R v kLo, . 2H lLup(%f)  pluz
u(r,0,z) = 4 L2 o5 ( 222 4 cos .
( ) ZL(l‘I’CU%) kL/Z(R) ( 2 ) PLnIiL/z(pIEIZR ( 4H )

4.5. Dirichlet-to-Neumann Map

The current flowing through the jth electrode computed as the integral of the current density is

ou(r,0,z) |
or =R

J(0) =«

over the electrode.

€+w 9+w
I—R/ / de—aR/ / al‘
0;—w 0j—w aT’

Namely,

dez.



https://doi.org/10.20944/preprints202503.2400.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 31 March 2025

6 of 30
Substitute the radial derivative of u atr = R:
u ad .
— = ) [amcos(mB) + by, sin(m6)]
or |,_g m=1
+ Y ) cos(’%?) [Am,n cos(mB) + by, sin(mb)].
m=0n=1
Thus:
o= oRY [an- AW + by B 4)
m=1
+ oR Y Y [amn - A+ b B, )
m=0n=1
where:

. 9 i+w
A%) = / / cos(m0)dbdz
0;

sin(m(0; +w)) — sin(m(6; — w))

7

m

/ / sin(m6)dfdz

_ 2H-_COS( (9]+w))+cos(m(9j—w)),
m

I nmz /91+w
Ain = /_ COS(ZH)d ; cos(m0)do

j—w

4H . snmy sin(m(8; +w)) —sin(m(6; — w))
()

7

m

G H nz /9 i+w
Bin = /7 COS(ZH)d - sin(m0)d6

4H . snmy —cos(m(0; + w)) + cos(m(6; — w))
- ) ) ottt )

Thus, we arrive at the DtN map, or the generalized Ohm’s law of the cylinder, in the vector
form as
I=0CU (6)

where I = (I, ..., I;) and U = (U3, Uy, ..., Uy )" are columns vector of current and voltage
measurements, and the elements of the L X L matrix C are given by

R
ZHRw | 4HR & (—1)(D/2 10("2’?1)

T 2 Z n I (nrcR)

n=1

Cj= -sinc(nw) cos(n(0; — 6)).

When electrodes are equidistant and have the same contact impedance, lead to an approximate
DtN matrix with elements
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2 ( pL
8R = sim %) (pL(Q] _Qk)>
Ci=—+— cos 5

Notation

*  J(0): Current density.

*  [;: Current flowing through the jth electrode.
e I Column vector of current measurements.

e U: Columns vector of voltage measurements.
e C: L x L matrix.

4.6. Nonlinear Least Squares for contact impedance and conductivity

The nonlinear leastsquares to estimate contact impedance and conductivity from measurement is:

16

YL —oC(o, 1, s T16) U],

i=1
where the DtN map C = C(0, (3, ..., {1¢) is defined above.

4.7. Computation of Voltage Drop Due to Contact Impedance

We assess the average drop by integrating the difference (U; — u(R, 6,z)) over the electrode
(91' —w,0; + w) as

Au; = U;—uyg
R & sin(mw .
_ ; Zl % [am COS(W!G,‘) + by Sll’l(mei)]
m=
4H

(n 1)/2 IQ(TR>
nnR

0
- ?ngﬂ I’( )aO,n

i i (n 1)/2 Iy Eﬂang sin(mw) [am,n cos(m6;) + by, , sin(mb;)].

T

S
E

3

=

1 (n
I 5

T

NOTE: Need to resimplify
Besides {;, one can report 100|u;/ U;| as the percent voltage change due to contact impedance.

4.8. Special Case: 2 Electrodes with Shunt Model

Let the potential on the first electrode be U and on the opposite electrode be —U with shunt
electrode, i.e.{; = 0, the solution is expressed

4URsin(mw)  r .,
p— (R) cos(mf)

H(-1)"7 1y (5

S & 4U
+ m;()n;l nzﬂz I

u(r,0,z) = i

m=1,3,5,...

5. Conclusions and Future Works

We derive solutions for homogeneous Laplace equation with Complete Electrode Model, to take
into account effects of the finite length attached at the boundary. Also generated the Dirichlet to
Neumann map which is important for diagnostics of the electrodes attachment and contact impedance
estimation EIT for measurement.
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However, there are several details still to be working out. Such as the possibility for reduced model
for Dirichlet-To-Neumann to obtain correction factor (Geometrical Factor) such that the Dirichlet-To-
Neumann factor in 2D could be used/salvaged.

Appendix A
Appendix A.1 Homogeneous Laplace Equation with Neumann Condition

Q: T want to solve a homogeneous Laplace equations inside a cylinder with
outer radius R, and axially -H<z<H.

The boundary conditions at z=-H and z=H are zero Neumann’s condition, while at the outer
boundary R, the boundary conditions are non zero Neumann’s function of (\theta,z).

Assistant:

To solve the homogeneous Laplace equation inside a cylinder with the given boundary conditions,
we'll follow these steps:

Problem Setup:

We seek a solution uy(r, 0, z) to the Laplace equation in cylindrical coordinates (7, 6, z):

19, duy.,  100%uy  d*uy
carl Mt e Tz

VZMN = = 0,

inside the cylinder defined by:
0<r<R0<6<2m,—H<z<H.

Boundary Conditions:
1. Axial boundaries (top and bottom, z = £H):

0
% =0 (Neumann condition).

z=+H

2. Radial boundary (outer surface, r = R):

dun
or

= f(6,z) (Non-zero Neumann condition).
r=R

Solution Approach:
We use separation of variables, assuming:

un(r,0,z) = P(r)©(0)Z(z).
Substituting into the Laplace equation and dividing by uy gives:

1d, dp 1 d0  1d°Z

war"ar) T e e Tz ez =
This separates into three ordinary differential equations (ODEs):
1. Angular part (®):
iRG) 2 .
gz T m O =0 = 0O(0) = Ay cos(mb) + By, sin(m@),

where m is an integer (m = 0,1,2,...) for periodicity in 6.
2. Axial part (Z):
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2
5;7% — kZZ =0 = Z(Z) = Ck COSh(kZ) + Dy Sinh(kZ),

where k is a separation constant. The Neumann condition at z = £ H implies:

z =0 = kCysinh(kH) + kDy cosh(kH) = 0.
dz |,_ipy

For non-trivial solutions, we require Dy = 0 and k sinh(kH) = 0. Since sinh(kH) = 0 only if k = 0, the
axial solution simplifies to:
Z(z) = Cy (constant).

For k # 0, we must have Dy = 0 and sinh(kH) = 0, which again implies k = 0. Thus, the only
possibility is k = 0, meaning Z(z) is constant.
However, this leads to a trivial solution unless we consider k as imaginary. Let k = ix, then:

Z(z) = Cx cos(kz) + Dy sin(kz).

Applying the Neumann condition at z = +H:

az
o —xCy sin(kz) + kDy cos(kz),
az
— = —«kCy sin(kH) + kDx cos(kH) = 0,
dz |,_y
az
T = —«kCy sin(—xH) + kDy cos(—xH) = «Cy sin(kH) + kD cos(kH) = 0.
z=—H

For non-trivial solutions, the determinant must vanish:

—sin(xkH) cos(xH)
sin(kH)  cos(xH)

' = —sin(xH) cos(kH) —sin(xkH) cos(kH) = —2sin(xH) cos(kH) = —sin(2xH) = 0.

Thus, sin(2kH) =0 = &, = 4%, wheren =0,1,2,....
Forn =0 (k9 = 0):
Co(z) = Cy (constant).

Forn > 1: -
nrnz
Cn(z) = Cy cos(ﬁ).
3. Radial part (P):

The radial equation becomes:

1d, dp m*

Forx, =0 (n = 0):
Ld b
rdr dr r2
which is the modified Bessel equation with solutions:

P(r) = Ept™ + Fur™™.
Since ¥~ is singular at r = 0, we set F,; = 0:

P(r) = Epr™.
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Forx, #0(n > 1):
1d dP) (m2 +( nm
rdr dr r2 2H
which is the modified Bessel equation with solutions:

nrmr nrr

P(r) = Emn[m(ZH)‘l‘anKm(zH)

where I, and K, are modified Bessel functions. Since K;; is singular at r = 0, we set F, , = 0:

r

P(r) = Enanln (7 )

General Solution:
Combining all parts, the general solution is:

nrmnz

o0 ) cos(ﬁ) (A, cos(mB) + By, sin(me)).

un(r,6,z) 2 [Ept™ (A cos(mB) + By, sin(m#))] + 2 2 Em nlm(

m=0 m=0n=

Applying the Boundary Condition at r = R:
The Neumann condition at ¥ = R is:
Jdu N
—_— = f(0,2).
| =fe

Substituting the general solution:

nnR nmnz
2 )co (—)(Amncos(m(-))+ansm(m9)) £(0,z).

Z MEuR™ (A, cos(m8) + By, sin(mf)) + Z Z Emnﬁl/ (
m=0 m=0n=

This is a double Fourier series (in 6 and z) for f(6, z). The coefficients can be found by orthogonal-

ity:
1. For n = 0 (constant in z):

i MEuR™ (A cos(mB) + By sin(mb)) = fo(6),

m=0

where fy () is the 6-dependent part of (6, z) averaged over z:

fo0) = 57 [, F0.2)dz

The coefficients Ay, By, Ein are then determined by Fourier analysis in 6:

1 27
mE,R™" 1A, = p fo(6) cos(mb) do,
0
1 r2r7
ME,R™ 1B, = — | fo(6) sin(m®) do.
0

2. Forn > 1:
The z-dependent terms involve cos Z’}f) The coefficients Ay n, B, Em,n are found by projecting
£(6,z) onto these modes:

, nmR L/ZH/H @
EngHI (= "H VAmn = <H Jo 7Hf(9,z) cos(mb) cos( 0 )dz do,

nmtR

27
! —
EngHI (2H )Bimyn = nH/ / f(6,z sm(mG)COS( )d de.
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Final Solution:
The solution is:

un(r,8,2) = nio(%(ﬁ)m [am cos(m0) + by, sin(mb)]) + mio,i %_rl II,’: 7H)) cos(%)[ﬂm,n cos(mB) + by, sin(mb)],
where:
1 27 1 27 )
= | fo(60) cos(mb) de, by, = E/o fo(8) sin(m0) do,

1 2t rH nmnz
Ampn = niH/o /_Hf(G,z) cos(mb) cos(ﬁ)dz o,

1 2r H . nmz
bnn = ﬁ/@ /_Hf(G,z) sin(m®) cos(ﬁ) dz dé.

Key Observations:

1. The n = 0 mode corresponds to a solution independent of z.
2. For n > 1, the radial dependence involves modified Bessel functions ;.
3. The boundary condition f (6, z) determines the coefficients via Fourier analysis.

This gives the complete solution to the homogeneous Laplace equation with the given Neumann
boundary conditions.

Appendix A.2 Complete Electrode Model

q: Hi, shall we continue 7
\begin{itemize}
\item Define: \[u(r,\theta,z) = u_0 + u_N(r,\theta,z), u_0 \quad {\text constant}\]
\item It is known that : \\
\begin{eqnarrayx*}
u_N(r, \theta, z) &=& \sum_{m=0}"\infty ( \frac{R}{m} ( \frac{r}{R}) m \left[ a_m
\cos(m\theta) + b_m \sin(m\theta) \right]) \\
&+& \sum_{m=0}"\infty \sum_{n=1}"\infty \frac{2 H}{n \pi} \frac{I_m(\frac{n \pi r}{2 H})}
{I_m’( \frac{n \pi R}H2 H}} \cos(\frac{n \pi z}{2 H}) \left[ a_{m,n} \cos(m\theta)
+ b_{m,n} \sin(m\theta) \right],
\end{eqnarray*}
where:
\[

= \frac{1}{\pi} \int_0"{2\pi} f£_0(\theta) \cos(m\theta) \, d\theta, b_m = \frac{1}
{\pi} \int_0~{2\pi} f_O0(\theta) \sin(m\theta) \, d\theta,
\]
\[
a_{m,n} = \frac{1}{\pi H} \int_O0~{2\pi} \int_{-H}"H f(\theta, z) \cos(m\theta)
\cos(\frac{n \pi z}{2 H}) \, dz \, d\theta,
\]
\[
b_{m,n} = \frac{1}{\pi H} \int_0~{2\pi} \int_{-H}"H f(\theta, z) \sin(m\theta)
\cos(\frac{n \pi z}{2 H}) \, dz \, d\theta.
\]

\item Apply Boundary Conditions\\

At $ r = R $, the boundary condition becomes:

\begin{eqnarray}

u(R, \theta,z) + \zeta_i \sigma \frac{\partial u}{\partial r} \biggl|_{r=R} &=& U_i,
\theta_i\in (\theta_i-w,\theta_i+w)\quad i = 1, 2, \ldots, L. \\
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\sigma \frac{\partial u}{\partial r} \bigg|_{r=R} &=& 0, else.
\end{eqnarray}

\begin{eqnarray*}
f(\theta,z) &=& \frac{i1}{\zeta_i \sigma}(U_i - u(R,\theta,z)),\theta_i\in (\theta_i-w,
\theta_i+w), i=1,\cdots,L\\
&=& 0, else
\end{eqnarray*}

The derivative with respect to $ r $ at $ r = R $ is:

$3$
\frac{\partial u}{\partial r} \biggl|_{r=R} = \frac{\partial u_N}{\partial r} \biggl|_{r=R} .
$3$

Substituting into the boundary condition:

$$

u(R, \theta, z) + \zeta_i \sigma \frac{\partial u_N}{\partial r} \biggl|_{r=R} = U_i.
$$

\end{itemize}

Assistant: Let’s proceed systematically by incorporating the new boundary conditions into our
solution framework.
1. Full Solution Definition
The total solution is given by:
u(r,0,z) = uyg+un(r,6,z2),

where 1 is a constant representing the background potential, and uy is the Neumann solution derived
earlier.

2. Boundary Conditions at r = R
The boundary conditions are piecewise-defined: - On electrodes (0 € (6; — w, 6; + w)):

Ju
u(R,0,z) + Qorg

r=R

where (; is a coupling coefficient, ¢ is conductivity, and U; is the applied potential on the i-th electrode.
- Elsewhere (insulating regions):
ou

r=R

Since aa—’r‘ = %‘—f’, the boundary conditions simplify to:

- On electrodes:
ou N

u0+uN(R,9,z) -I—giO'? = U,.
r=R
- Elsewhere: 5
un o
or |,_g 0.

3. Relating ux and f(6, z)
From the earlier solution, the Neumann condition at » = R is:

aMN

5 = f(6,2).

r=R
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Thus:
- On electrodes: 1
f(8,z) = ﬁ(ui —ug —un(R,0,z)).
1

- Elsewhere:

f(6,z) =0.

4. Substituting uyy atr = R

The solution uy evaluated at r = R is:

& (R 2H L ("ER) n
un(R,0,z) = mz:0<m [am cos(mB) + by, sin(m0) ) +mZ:0n2 w7 T ( LH) os< o )[amncos(m()) + by, sin(m0)].

5. Self-Consistent Equations for Coefficients

The coefficients a,;, by, @m,n, bm,n are defined via f(6, z), which itself depends on uy(R, 6, z). This
creates a system of coupled equations:
For n = 0 modes:
1 2r 1

27
an = | fo(8) cos(mB) db, by, = 7 fo(6) sin(m®) db,

where f((0) is the z-average of f(6,z):

fol) = 57 [, F0.2)dz

For n > 1 modes:

2
Ay = nH/ / £(6,z) cos(mb) cos( )d ae,

27
by = 7TH/ / £(6,z) sin(m8) cos(2 )d zde.

6. Numerical Approach
The system is nonlinear due to the dependence of f(6,z) on uy(R,6,z). A practical approach involves:
1. Initial guess: Start with uy = 0 (i.e., 4 = by = A = bn = 0).
2. Iterate:
- Compute f (0, z) from the boundary conditions.
- Update the coefficients ay;, by, @, n, bm,n using the integral definitions.
- Recompute ux and repeat until convergence.
7. Key Observations
- The constant 1 represents the background potential and can be determined by imposing a reference
condition (e.g., grounding one electrode).
- The coupling terms {; account for electrode-specific effects (e.g., contact impedance).
- The solution naturally separates into azimuthal (m1) and axial (1) modes, with the latter vanishing for
z-independent problems.
Final Answer
The complete solution is:

u(r,0,z) =ug+un(r,6,z),
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where 1y is given by the series expansion above, and the coefficients are determined self-consistently
from the boundary conditions. The system is solved iteratively due to the nonlinear coupling between
uy and f(6,z).

Would you like to proceed with specific examples or numerical implementation details?

Q: I want an expression for $u(r,\theta,z)$ please.

Assistant:
Here is the explicit expression for u(r, 6, z), incorporating all boundary conditions and the decom-
position u = ug + up:

Full Solution for u(r, 0, z)

B & > 2 2H Lny(%F) nmnz ,
u(r,0,z) = ug +mZO ( ) [am cos(mB) + by, sin(m0)] +mZO nzl o . <@> cos(—) [Am,n cos(mO) + by, sin(m@)],
= 2

Coefficient Definitions
1. Azimuthal modes (n = 0, z-independent):

1 27 1 27 .
an = — [ fol®) cos(md) do, by = — [ fo(6)sin(m) do,

where f( () is the z-average of f(6,z):

fo6) = g1 [ 10,2

2. Axial modes (n > 1):

27
A = nH/ / £(6,z) cos(mb) cos( )dde

21
bmn = 7'[H/ / f(6,z sm(m())cos(W) dz de.

Boundary Condition for f(6, z)

£(8,2) = 537(111‘ —uyg—un(R,0,2)), 0€ (0 —w,0;+w),i=1,...,L,
0, otherwise.

Key Notes

1. Constant u(: Represents the background potential (e.g., determined by grounding }; U; = 0).

2. Modified Bessel Functions I;: Govern the radial decay/growth of modes. For r — 0, I,, ~ ",
ensuring regularity.

3. Convergence: The series must be truncated in practice (im < M, n < N) for numerical
implementation.

4. Electrode Coupling: The term {;c models contact impedance at the i-th electrode.

Simplified Example (Single Electrode, z-Independent)
For a single electrode at 6 € (—6y, 6p) and no z-dependence (n = 0):

u(r,0) = ug + ;l % (%)m[am cos(m) + by, sin(mb)],

u— 0o

with a,, = ngo 0, cos(mf) db, b, = 0 (symmetric case).
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Next Steps
1. Numerical Implementation:
Discretize 0 and z, then solve for coefficients iteratively.
2. Validation:
Check convergence and physical behavior (e.g., u — 1 far from electrodes).
Would you like to refine any part of this expression or focus on a specific case?

Appendix A.3 Rearrangement Solutions in Series with Matrix Coefficient

Q: Shall we continue the works 7

From the full solution \( u(r, \theta, z) \)
\begin{egnarray*}
u(r, \theta, z) & = &u_0 + \sum_{m=0}"\infty \frac{R}{m} \left( \frac{r}{R} \right)~m
\left[ a_m \cos(m\theta) + b_m \sin(m\theta) \right] \\
& + & \sum_{m=0}"\infty \sum_{n=1}"\infty
\frac{2 HHn \pi} \\frac{I_m\left( \frac{n \pi r}{2 H} \right)HI_m’\left( \frac{n \pi R}
{2 H} \right)} \cos\left( \frac{n \pi z}{2 H} \right) \left[ a_{m,n} \cos(m\theta) +
b_{m,n} \sin(m\theta) \right],
\end{eqnarray*}

Use algebraic manipulations, such that the coefficients $ a_{m,n} $ and $ b_{m,n} $
satisfy linear equations of the form :

M_{11} a_{m,n } + M_{12} b_{m,n} + M_{13} u_0 - U_i c_1 =0
M_{21} a_{m,n} + M_{22} b_{m,n} + M_{23} u_0 - U_.i c_2=0
M_{31} a_{m,n} + M_{32} b_{m,n} + M_{33} u 0 - U_i ¢c_.3 =0

that is of the form M [a_{m,n} b_{m,n} u_0]"T = U_ix*xc~T.

Express explitely all of the unknown M_{11}, M_{12} , M_{13} , «c_1, M_{21} , M_{22} ,
M_{23} , c_2, M_{31}, M_{32}, M_{33} , «c_3.

Express u(r,\theta,z) in terms of matrix M and vector c.

T
Assistant: To derive the linear system M [am,n bin uo} = U;cT, we proceed as follows:

1. Boundary Condition at = R
On the i-th electrode (8 € (6; — w, 6; + w)):

u(R,0,z) + gio auN

r=R
Substitute u = ug + uyn and ag—r’\’ —r = f(0,2):
Ug + MN(R, 9,2) + CiU’f(G,Z) =U;.

From earlier, f(6,z) = ag—r”}r:R, SO:

ug +un(R,0,z) + o < i {— cos(m0) + % sin(mf)| + Z i ( )[amncos(me) + bmnsm(mf))]) u;.

m=0 m=0n=
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2. Project onto Basis Functions
To extract ay u, by, ug, multiply by orthogonal functions and integrate over 6 and z:

Equation for a,, ,: Multiply by cos(k’6) cos("zlflz ) and integrate over 6 € [0,27],z € [-H, H]:

0;+w auN 0;+w
L7 s om0 55025 ) oo 2 i =1, [ oot

This yields:
My1amn + Miobyn + Mizug = Ujeq,

where:
0;+w

nr(z
My = Oy + Cio 2H cos?(m#) d()/ cos? 2H )dz,

Oi+w nrcz
M1, =0, M3 = /7w cos(mb) d9/ cos X )dz,

0;+w n7TZ
1= b cos(mb) dG/ cos 5T )dz
Equation for by, ,:
Multiply by sin(k’6) cos ( "2117? ) :

nri 0;+w 1’171’2
My =0, Moy = SOy + Ci0 o0 sin?(m#) de/ cos’ zH)dZ'

0;+w 7’l7TZ
Mzg—/e . sin(m@) dG/ cos 2H>d

0i+w
o —/ sin(m0) d9/ cos nnz)dz.

Equation for u:
Multiply by 1 and integrate:

0;+w 6 " p 0i+w 6 0 nnz iz,
M31_/9,-7w cos(m / cos ZH) z, M32_/9,-7w sin(m / cos 2H>

M33 =2w-2H, C3 =2w-2H.

3. Explicit Matrix M and Vector ¢

Am,n
The system M | by, ,, | = Ujcis:
Up
(smk’&nn’ + CiU%AmBn 0 CuDy Am,n CuDy,
0 5mk’5nn’+€ia%A;an C;nDn bm,n =U; C;nDn ,
where:
0;+w Oi+w
Am :/ cos?(mB) de, Al, :/ sin®(m#) d,

0;—w 0;,—w

H 9,‘+w 9,‘+w
By =/ cosz(%;z)dz, Cm :/ cos(m) do, C,, :/ sin(m#) do,
—w _

—H 9,‘ 9,‘ w
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H nnz
D, = (5 )=
n /_H cos( opr )dz
4. Final Expression for u(r, 6, z)
© R,k ] > 2 2H Iu(55) nmz .
u(r,8,z) = ug+ Z f(R) [am cos(mB) + by, sin(m0)] + E Z mrI/(nZ:R) cos(W) [am,n cos(mB) + by, sin(md)],
m=0 m=0n=1 m\ 2

with a1, by,n, o solved from Mx = Ujc.
Key Points
- Matrix M: Combines contributions from the Laplacian and boundary conditions.
- Vector c¢: Encodes the electrode geometry and applied potential U;.
- Numerical Implementation: Truncate the series (k < K, n < N) and solve the linear system.
Would you like to proceed with specific electrode configurations or numerical examples?

Appendix A.4 Voltage Drop

Q: Let’s continue, shall we 7

Let

\begin{eqnarray}

u(r, \theta, z)& =& u_0\\

&+& \sum_{m=0}"\infty \frac{R}m} \left( \frac{r}{R} \right) m \left[ a_m \cos(m\theta)
+ b_m \sin(m\theta) \right] \\

&+& \sum_{m=0}"\infty \sum_{n=1}"\infty \frac{2 HHn \pi} \frac{I_m( \frac{n \pi r}

{2 HH)HI_m’ ( \frac{n \pi R}2 H}}

\cos( \frac{n \pi z}{2 H}) \left[ a_{m,n} \cos(m\theta) + b_{m,n} \sin(m\theta) \right],
\end{eqgnarray}

where coefficients $a_{mn}$ and $b_{mn}$ are to be found from the boundary condition
\begin{equation}\label{tag7}

u(R,\theta,z))+\zeta_i\sigma\frac{\partial u}{\partial r}|_{r=R}=U_i, i=1,2,...,L;
-H\leq z \leq H.

\end{equation}

Compute the average drop by integrating the difference
$(U_i - u(R,\theta,z))$ over the electrode $(\theta_i - w, \theta_i + w)\times(-H,H).$

Assistant: To compute the average drop AU; over the i-th electrode, we integrate U; — u(R, 6, z)
over the electrode area (0; — w,6; +w) x (—H, H):

Average Drop Formula

A 1 0;+w rH R dzd
U= o /giiw KH[ui—u( ,6,2)] dz do.

Substitute u(R, 0,z) = ug + un(R,0,z):

1 0;+w

AUiZUi—uo—m 0
i—w

H
/ un (R, 6, 2) dz 6.
-H
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Explicit Expression for AU;
Substitute the series expansion for un (R, 6,z):

R
un(R,0,z) Eoo R — [am cos(mB) + by, sin(m6)] + Eoo Eoo 2H L("ﬂ{ ) cos(—mm)[a cos(m) + by, sin(mb)]
N\, U, = m m mmn mn .
a1 m=0n—1 T I, (n27rR) 2H

The average drop becomes:

R
R & sin(mw 4H & (" /2 I\ 77 4H
AU,—:U,-quf; ). 7(112 )[amcos(m9)+bm5m m®;) —22 ) /(er>a0” 3
m=1 n=1 Iy (ﬁ)
WARISIRC)
Y Z sin(mw)[an,n cos(mb;) + by, n sin(mb;)].
m=1n=1 Ir,n (%)

Matrix-Vector Form

Define the matrix M and vector ¢ such that Mx = U;c, where x = [ay ,, by, tio] 7. The components
are:

1. For ay ,,:

Mi1 = SOy + 2 21 Jow cos”(k9) de _Hcos 2H>dz = Y COS (k6) do 1 €08 2H)d .

6;

2. For by :

gionm [Oitw

H 0;+
= / / in? 2 @ — /l / nT[Z
My = 816y + 21 Jow sin” (k) d6 /_Hcos (ZH )dz, 2 - sin(k@) do cos 5 )ﬂlz

3. For ug:
M33 =4wH, C3 = 4wH.
Final Form
Aken
M bk,n = ul'C,
2

where M encodes the system’s geometry and material properties, and ¢ depends on the electrode’s
angular/axial span. The solution u(r, 6, z) is fully determined once these coefficients are found.

Appendix A.5 Dirichlet to Neumann

Q: Let’s continue, shall we 7

Let

\begin{eqnarray}

u(r, \theta, z)& =& u_0\\

&+& \sum_{m=0}"\infty \frac{R}{m} \left( \frac{r}{R} \right) m \left[ a_m \cos(m\theta)
+ b_m \sin(m\theta) \right] \\

&+& \sum_{m=0}"\infty \sum_{n=1}"\infty \frac{2 H}n \pi} \frac{I_m( \frac{n \pi r}

{2 HH)HI_m’( \frac{n \pi R}M2 H}D?}
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\cos( \frac{n \pi z}{2 H}) \left[ a_{m,n} \cos(m\theta) + b_{m,n} \sin(m\theta) \right],
\end{egnarray}

where coefficients $a_{mn}$ and $b_{mn}$ are to be found from the boundary condition
\begin{equation}\label{tag7}

u(R,\theta,z))+\zeta_i\sigma\frac{\partial u}{\partial r}|_{r=R}=U_i, i=1,2,...,L;
-H\leq z \leq H.

\end{equation}

The current flowing through the jth electrode computed as the integral of the current

density is

\[J(\theta)=\sigma\frac{\partial u(r,\theta,z)}{\partial r}|_{r=R}\]

over the electrode.

Namely,

\[ I_j=R\int_{\theta_j-w}~{\theta_j+w}J(\theta)d\theta=\sigma~R\int_{\theta_j-wl}~
{\theta_j+w}\frac{\partial u(r,\theta,z)}{\partial r}|_{r=R}d\theta

\]

Using general solution $u(r,\theta,z)$ above, the current $I_j$ flowing through electrode
$j$ is expressed through basis coefficients.

Thus, we arrive at the DtN map, or the generalized Ohm’s law of the cylinder surface, in the vector

\begin{equation}

\mathbf{I}=\sigma™\mathbf{C}\mathbf{U}

\end{equation}

where $\mathbf{I}=(I_1,I_2,...,I_{L})’$ and $\mathbf{U}=(U_1,U0_2,...,U_{L})’$ are columns

vector of current and voltage measurements.

Assistant:

To express the current I through electrode j in terms of the coefficients a1, by,n, and up, and
derive the Dirichlet-to-Neumann (DtN) map I = ¢CU, we proceed as follows:

1. Current Expression

The current I; is computed by integrating the radial current density over the j-th electrode:

6+w
I —(TR/ / ai‘ oz
0;—w 31’
Substitute the radial derivative of u atr = R:
ou ad . e nrnz .
ol Z [am cos(mB) + by, sin(m)] + Z Z cos(ﬁ) [Am,n cos(mB) + by, , sin(m6)].
m=1 m=0n=1
Thus:

m=1 m=0n=1
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A = /H /e]-m cos(mf)dfdz = 2H - sinm(6; + w)) — sin(m(6; — w))
—H 9'710 m
BY = / / sin(m0)d6dz — 2H - COS(’”(BJ'”’))m* cos(m(6; —w))
G (M nrnz /9]'+w _4H _ (nm 'sin(m(Gj—i—w))—sin(m(ej—w))
Asiin = /_ cos( >H )d ) cos(mB)de = p— sm( 5 ) — )
¢ _ [ nmz /9”" , _4H . nmy  —cos(m(0; +w)) + cos(m(6; — w))
B = /7 cos( 5 )d sin(m6)df = p— sm( 5 ) — .

]*w
2. DtN Map via Matrix C
The boundary condition u(R, 6,z) + QU%—Z ‘r: g = Ui links @y, by,n, uo to U;. Solving this system
gives:
Amn
b | =M el
Up

where M and c are defined by the integrals over electrode regions (see previous steps).
Substitute this into I;:

(-Agrjl,)n : (M_lc)m,n,k + Bi(qz,)n : (M_lc)m,n,k) uk‘

L
I;=0RY
k

=1 |mmn

This yields the matrix form:

I=0CU,

where the entries of C are:

3. Explicit Matrix Entries
For each electrode pair (j, k):

2HR o o (_1)n=1)/2 In 1R
Ci = ! ngl sm(n’fw) [cos(mg ) cos(mb) + sin(m6;) sin(m6) } Z_: Z " E:Z{;
= =0n= m\ 2H

M {cos(mﬂj) cos(mby) + sin(mGj) sin(m@k)} .

Simplified using orthogonality:

R
ZHRw | 4HR 1)(n=1/2 10("2’%) .
Cit = —— ik = z I’(ﬁ) - sine(nw) cos(n(6; — 6)).
n=1 o\ 2/
Final Result
The DtN map is:
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where C is a symmetric matrix with entries dependent on the cylinder’s geometry (R, H), electrode
positions (6;), widths (w), and modified Bessel functions Iyy,.

Appendix A.6 Special Case: 2 Electrodes with Shunt

Let’s continue, shall we 7

Let

\begin{eqgnarray}

u(r, \theta, z)& =& u_0\\

&+& \sum_{m=0}"\infty \frac{R}Hm} \left( \frac{r}{R} \right) m \left[ a_m \cos(m\theta)

+ b_m \sin(m\theta) \right] \\

&+& \sum_{m=0}"\infty \sum_{n=1}"\infty \frac{2 HMn \pi} \frac{I_m( \frac{n \pi r}{2 H}}

{I_m’( \frac{n \pi R}{2 H})}

\cos( \frac{n \pi z}{2 H}) \left[ a_{m,n} \cos(m\theta) + b_{m,n} \sin(m\theta) \right],

\end{eqnarray}

where coefficients $a_{mn}$ and $b_{mn}$ are to be found from the boundary condition

\begin{equation}\label{tag7}

u(R,\theta,z))+\zeta_i\sigma\frac{\partial u}{\partial r}|_{r=R}=U_i, i=1,2,...,L;
-H\leq z \leq H.

\end{equation}

I need a special case for 2 electrodes, when the potential at the first electrode is
$U$ while the opposite is $-U.$

Assistant

For a cylinder with two antisymmetric electrodes at potentials U and —U, the solution simplifies
significantly due to symmetry. Here’s the explicit expression for u(r,6,z) and the resulting current-
voltage relationship:

Simplified Solution for Two Antisymmetric Electrodes
1. Symmetry Assumptions:
- Electrodes are placed at 6 = 0 (potential U) and 6 = 7 (potential —U), each spanning 6 € [—w, w]. -
The potential is antisymmetric: u(r,0 + 7,z) = —u(r,0,z). - The solution is z-independent (electrodes
span the full height —H <z < H).

2. Potential Distribution:

AUR N
u(r,8) = méd R iz (1~ costm) (ﬁ) sin(md),

where only odd azimuthal modes (m = 1,3,5,...) contribute.
3. Current Through Electrodes:
The total current I flowing through each electrode is:

_ 80RU (1 — cos(mw))?
= T mgd m(R + m{o)

4. DtN Map (Matrix Form):
For two electrodes, the current-voltage relationship is:

I
1))
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where the conductance matrix C is:

Key Steps
1. Boundary Conditions:
-On electrode 1 (6 € [—w, w]): u(R,0) + gag—ﬂr:R =Uu.
-On electrode 2 (0 € [T — w, T+ w]): u(R,0) + §Ug—;‘
2. Fourier Series Expansion:

’r:R =-u

- Expand the boundary condition in sine series (odd symmetry).

- Project onto orthogonal modes to solve for coefficients b;, (only odd m survive).
3. Current Calculation:

- Integrate the radial current density J(0) = Ug—;‘ ’r:  over the electrode area.

Final Result
4UR 1-—
u(r,0) = UR M(i)msin<m9),
T 13, m(R 4+ m{o) \R
80RU (1 — cos(mw))?
I= —_—
T 135, m(R +mlo)

This represents the generalized Ohm’s law for the cylinder, where the conductance depends on
geometry (R, w), contact impedance (), and material properties (c).

Equidistant Electrodes

Let’s continue, shall we 7
Given $L$ even number of electrodes with equidistant (equally spaced) at $\theta_i=2\pi i/L.$

Let

\begin{eqgnarray}

u(r, \theta, z)& =& u_0\\

&+& \sum_{m=0}"\infty \frac{R}Hm} \left( \frac{r}{R} \right) m \left[ a_m \cos(m\theta)
+ b_m \sin(m\theta) \right] \\

&+& \sum_{m=0}"\infty \sum_{n=1}"\infty \frac{2 H}n \pi} \frac{I_m( \frac{n \pi r}{2 H}}
{I_m’( \frac{n \pi R}{2 H})}

\cos( \frac{n \pi z}{2 H}) \left[ a_{m,n} \cos(m\theta) + b_{m,n} \sin(m\theta) \right],
\end{eqnarray}

where coefficients $a_{mn}$ and $b_{mn}$ are to be found from the boundary condition
\begin{equation}\label{tag7}

u(R,\theta,z))+\zeta_i\sigma\frac{\partial u}{\partial r}|_{r=R}=U_i, i=1,2,...,L;
-H\leq z \leq H.

\end{equation}

Asistant: To solve for the potential u(r, 0, z) with L equally spaced electrodes under the given
boundary conditions, we proceed as follows:

1. General Solution Structure
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The potential is expressed as:

u(r,0,z) = ug + i %(L> [am cos(mB) + by, sin(m0)] + Z Z 2H Tn(%53f) COS(””Z)
m=0

m=0n= nrm I/ (TR)

[@m,n cOS(mO) + by, sin(mB)].

I\)

Here

- u is a constant background potential.

- am, by, govern z-independent modes.

- Ay, bm,n govern z-dependent modes.

2. Boundary Conditions

Atr = R, for each electrodei =1,2,...,L:

u(R,B,z)—l—giaE;—u =U;,0 € (0;—w,b;+w),—H<z<H.

r=R

Elsewhere (insulating regions):

ou
ar

r=R

3. Coefficient Determination
Step 1:
Expand u(R,6,z) and 3| __
Substitute r = R 1nto the general solution:

=

o o I (LR)
2H ‘m\ 2H nmnz .
(R 6, Z) =Ho +mZ:O am cos(m9) + by sin( m9 )]+ Z, Z, P 3 (nnR) Cos(ﬁ) [ﬂm,n COS(mQ) + bin sm(m9)},
m=0n=1 H
ou i [am cos(mB) + by, sin(m)] + Z Z ( ) [am,n cos(m@) + by, sin(m8)].
T R ) L 2op <\ ) ‘

Step 2: Project Boundary Conditions onto Basis Functions

For each electrode i, multiply the boundary condition by cos(k@) cos ( lﬁf) or sin(k6) cos ( lﬁf)
and integrate over 6 € (6; — w,0; +w), z € [—H, H]. This yields a linear system for @, », by, n, tl.

4. Matrix Equation

The coefficients satisfy:

Amn
M bm,n =F,
Up

where:

- M is a matrix encoding geometry and boundary conditions.

- F is a vector involving U;, electrode positions 6;, and integrals of basis functions over electrode
regions.

Matrix Entries For each mode (m, n):

0;+w
M = SOy + i0r ZH/ cos? (mf) dG/ cos? 1127;2)[1
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91' w
M5" =0,My3 = /9,,w cos(mf) dG/ cos T;;flz)dz

0;+w
F, =U; / cos(mb) cos( Zzz)dzd&

5. Current-Voltage Relation (DtN Map)
The current I; through electrode j is:

0+w H 9y
o[0T
0; Har

Substitute %" r and use the solved coefficients to express:

I =0CU,

where C is a conductance matrix determined by the geometry and boundary conditions.

6. Symmetry Simplification for Equidistant Electrodes
For L electrodes at 0; = %
- Only modes m = kL /2 (for integer k) contribute due to periodicity.
- The matrix C becomes circulant, simplifying computation.
Final Result
The potential u(r, 6, z) is fully determined by solving the linear system for ay; 5, by, n, uo. The DN

map I = cCU quantifies the current-voltage relationship, with:

u(r,6,z) = up + y_[Radial Terms][Angular and Axial Modes],I = ¢CU.

m,n

This framework applies to any L, with numerical implementation requiring truncation of the
series and inversion of M.

Q: Please revise the integral terms, as I want equidistant $\theta_i=2\pi i/L,$ L is even.

Asistant

To address the case of L evenly spaced electrodes at 6; = 22” (i=1,2,...,L), we exploit symmetry
and periodicity to simplify the integrals and determine the coefficients a,,, bm, ug. Below is the revised
formulation:

Revised Integral Terms for Equidistant Electrodes Assume L is even, and electrodes span 6 &
[6; — w, 6; + w], with uniform height —H < z < H. The solution u(r, ) is z-independent, so we focus
on the 2D case.

1. General Solution (z-independent):

X R /r\m .
u(r,0) = ug+ mZ::l p (E) [am cos(mB) + by, sin(m0)].
2. Boundary Conditions:
For each electrode i:

=U;0 € [Gi—w,6i+w].

ou
u(R, 6) + ggg r
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Substitute u(R, 0) and ?TL; }r:R

up + Z { + C(f} [am cos(mB) + by, sin(mb)] = Uj.

3. Project onto Fourier Modes:

For each mode k, multiply by cos(k@) or sin(k0), integrate over 6 € [0; — w, 0; + w], and sum over
all L electrodes.

Key Integrals:
1. Angular Integrals for Each Electrode i:

0;+w 2
/ cos(mB)de = - sin(mw) cos(m#;),
6

i—w

0;,+w 2

/ sin(m0)df = — sin(mw) sin(mb;).
91‘—7,0 m

2. Sum Over Electrodesi =1,2,...,L:

- Use orthogonality of cos(m6;) and sin(m6;):

L, ifm=kL/2 (k€ Z),

0, otherwise.

L
Y cos(mb;) = {
i=1

Similarly for sin(m6;).
4. Simplified Coefficients:
Only modes m = kL/2 (for integer k) survive due to symmetry. Define m, = pL/2, p € Z.

- For Ay
R 1&
{ + éa} Am, = — Z U; cos(mpb;).
mp L=
- For bmp:
R 1& .
[ + CU} bm, = + Y Uisin(mp0;).
mp L=
- For ug:
ly
ug = — ll,
L i=1
5. Final Solution:
1& X R /r\Mp ,
u(r,0) = I 1; u; + ;12:21 nTp (E) {amp cos(mpf) + by, s1n(m,,9)} ,
where:
1 1&
am, = = — Y U; cos(mpb;
4 mi;,, +€(T L i=1
by, = L L i U; sin(m ;)
= ———— - — ‘ p61).
Ry LET Z
Key Observations:

1. Symmetry Reduction:
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Only modes m = kL /2 contribute, reducing the series to discrete harmonics aligned with electrode
spacing.

2. Current-Voltage Relation:

The current I; through electrode j is:

> 2
Iy = O’R sin mpw) {

am, cos(mp0;) + bm, sin(mpf)j)} :
mp
3. Matrix Form:
The Dirichlet-to-Neumann (DtN) map becomes diagonal in Fourier space:
2R & sin®(mpw)
[=0CUCk="T) —F77 -~

2 mp( N CU) cos(mp(0; — 0k))-

This framework leverages the periodicity and symmetry of equidistant electrodes to simplify
computations, enabling efficient numerical implementation.

Appendix A.7 Equidistant and Uniform Contact

Q: Shall we continue ?

For the case equidistant $\theta_i=2\pi i/L,$ L is even. What will happen when
$\zeta_i = \zeta,$ a constant ?

Assistant

For a cylinder with L equally spaced electrodes (positions 6; = 2m , L even) and uniform contact
impedance {; = {, the solution simplifies due to symmetry. Below is the explicit result:

Solution for L Equidistant Electrodes with Uniform Contact Impedance

The potential u(r, 6, z) and Dirichlet-to-Neumann (DtN) map are:

1. Potential Distribution

Lw nmr
w(r.82) = i 4RSln(’g))(Ir{)zﬂL/zcos<F’w) n i i 8H(—1)(n-1)/2 IpL/2<(nsz)) Cos<nnz>cos(Pw>

p=1 PL<pLR/2 + o

2. Key Features
- Angular Modes: Only modes m = pL/2 (p € Z™") survive due to periodicity and symmetry.
- Axial Modes: Only odd 7 contribute for antisymmetric z-boundary conditions.

- Coefficients:
4sin(pLw/2)
-a = 0o Z U, cos(pLb;/2),
pL/2 PL<pL/2+€0> I i (P i )

- bpr /2 = 0 (symmetric electrodes cancel sine terms).
3. Current-Voltage Relation (DtN Map)
The current I; through electrode j is:

R (e
I =0CU, C]'k:8—

Simplifications Due to Symmetry
1. Mode Truncation:
Only harmonics m = pL/2 survive, reducing the series to discrete multiples of L/2.
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2. Circulant Matrix:

The matrix C becomes circulant (diagonalizable by Fourier transform), with entries dependent
only on |j — k|.

3. Uniform Contact Impedance:

The term ﬁ + (o modifies the decay rate of each mode, balancing radial resistance and contact
impedance.

Physical Interpretation

- Lowest Mode (p = 1): Dominates for wide electrodes (w > 1/L), decaying radially as rl/2,

- Higher Modes (p > 2): Capture edge effects and fine potential variations.

- Axial Dependence: Governed by I, />, modified Bessel functions that decay/grow with z

Steps for Numerical Implementation

1. Truncate Series: Retain p < P, n < N.

2. Compute Matrix C: Exploit circulant symmetry for efficiency.

3. Solve I = ¢CU: Invert C to find voltages U for given currents I.

This framework leverages symmetry to simplify computations, enabling efficient modeling of
multi-electrode systems with uniform contact impedance.

Appendix A.8 Errata

Q: Let’s continue, shall we 7
I made a mistake in one of my previous query. Actually, my query is as follows.

Let

\begin{eqnarray}

u(r, \theta, z)& =& u_0\\

&+& \sum_{m=0}"\infty \frac{R}{m} \left( \frac{r}{R} \right) m \left[ a_m \cos(m\theta) +
b_m \sin(m\theta) \right] \\

&+& \sum_{m=0}"\infty \sum_{n=1}"\infty \frac{2 H}{n \pi} \frac{I_m( \frac{n \pi r}{2 H})}
{I_m’>( \frac{n \pi R}{2 H})}

\cos( \frac{n \pi z}{2 H}) \left[ a_{m,n} \cos(m\theta) + b_{m,n} \sin(m\theta) \right],
\end{egnarray}

where coefficients $a_{mn}$ and $b_{mn}$ are to be found from the boundary condition
\begin{equation}\label{tag7}

u(R,\theta,z))+\zeta_i\sigma\frac{\partial u}{\partial r}|_{r=R}=U_i, i=1,2,...,L;

-H\leq z \leq H.

\end{equation}

I need a special case for 2 electrodes, where $\zeta_i=0, i=1,2$ and the potential at the first ele

Asistant: For two electrodes with potentials U and —U, and contact impedance ; = 0, the
solution simplifies due to antisymmetry. Here’s the explicit expression:

Special Case Solution (2 Electrodes, {; = 0)

& A4URsin(mw) (r\m © © 4UIH(—1)("1/2 [, (47r) .
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Key Simplifications:
1. Azimuthal Symmetry (z-independent terms):
- Only odd azimuthal modes (m = 1,3,5, ...) contribute due to antisymmetric potentials. - Coefficients
for cos(mf):

Al si
0y = u sm(;nw) .
Tm
2. Axial Dependence (z-dependent terms):
- Only odd axial modes (n =1, 3,5, ...) survive due to antisymmetry in z-integrated boundary condi-
tions.

- Coefficients for cos (%7F):

4UH(-1)"=172 5,4

App = bun =0.
m,n 1’12 7_[2 I/ R 7 mmn
0\ 2H

3. Background Potential:

- up = 0, as the antisymmetric electrodes cancel the average potential.
Current-Voltage Relation (DtN Map):

The current I; through electrode j is:

R
| _ 8oRU y sin (mw) | 160HU (—1)(n-1)/2 10("27;1 )
= .
Tonizs. M o, 5 n? I (%JR)
Interpretation:

- Radial Decay: The potential decays radially as (r/R)™, dominated by the lowest odd mode (m = 1).
- Axial Modulation: Axial modes decay with z via I,;, modified Bessel functions.
- Electrode Width: Narrower electrodes (w — 0) excite higher modes (m — o).

This solution satisfies the mixed Dirichlet/Neumann boundary conditions and captures the
antisymmetric potential distribution between the two electrodes.

Appendix B Equidistant and Equal Constant Value

Shall we continue 7?7

For the case equidistant $\theta_i=2\pi i/L,$ L is even. What will happens when
$\zeta_i = \zeta,$ a constant 7

Use the fact that: $h_n = \frac{\sin(2n w)3}{2n}, if n =L/2, L, 3L/2, 2L, ...$; and
$h_n = 0,$ elsewhere.

Please study in details of the coefficient Matrix of the solution $u(r,\theta,z).$

Assistant
To analyze the coefficient matrix for the solution u(r, 6, z) with L equidistant electrodes (6; = %,
L even) and constant contact impedance {, we proceed as follows:
1. General Solution Structure
The potential u(r, 0, z) is:
u(r,0,z) = up + n;O % (%)m [am cos(mB) + by sin(mf)] + Y Y 2H Ln (%) cos (@) [Am,n cos(mB) + by, sin(m8)].

= m=0n=1

2. Symmetry and Mode Restriction
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For L electrodes with spacing A8 = ZT”:

- Azimuthal modes m are restricted to m = kL /2 (k € Z) due to periodicity.
- Axial modes n are restricted ton = pL/2 (p € Z) due to h,, = % # 0.
3. Boundary Conditions

At r = R, for each electrode i:

u(R,G,z)—i—gag—:l =U;, felp—wb +w], —H<z<H
r=R
Substitute u(R, 6,z) and %—”r‘ |r:  then project onto orthogonal basis functions cos(m8) cos

sin(m0) cos (%7F).

4. Coefficient Matrix M

The matrix M for the linear system Mx = F (where x = [ay;,n, i,n, 1o]T) has entries:

For ay»:
’ nm (H 5 /nnz Otw
M7 = O +§aﬁ /_H cos (ﬁ)dz /Gi_w cos”(m@)de,
=H =718y k1, /2-SINC(2mw)
4 in(2
= TU  SIN@) s mey).
For by
mn _ nm (H 2(11712) /Gﬂrw )
M53" = Sy O —l—é’(TzH T dz - sin”(m6)do,
=H =718y k1, /2-SINC(2mw)
4U sin(2
Flm'" =0 w - sin(mb;).
For ug:

L
Mz =L-2w-2H, F=) U.
i=1

5. Matrix Structure
- Diagonal Dominance:
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272 and

M is block-diagonal with blocks corresponding to modes (m,n) = (kL/2,pL/2). Off-diagonal

terms vanish due to orthogonality. - Simplified Entries:
Form =kL/2and n = pL/2:

H
Mt =1+ C(Tnz - sinc(2mw),
4U
F'"" = T - hy - cos(mb;).

6. Key Observations
1. Mode Coupling;:

Only modes m = kL/2, n = pL/2 contribute. Higher modes decay rapidly due to (

2. Current-Voltage Relation:

)m and I,.
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The DtN map I = ¢CU has entries:

8R & & W2
T Z Z 1+ n7TH COS(m(G]'—Gk)).

m=0n=0 2

3. Role of {:

Larger ¢ suppresses higher modes (1 — o0) due to the denominator 1+ ¢ U””H .

7. Final Result
The coefficient matrix M is sparse and block-diagonal, with non-zero entries only for modes

(m,n) = (kL/2,pL/2). The solution u(r, 6, z) simplifies to:

Lmr
AU - Ty s R /r\kL/2 (kL8 = 2H IkL/Z(LALH) pLrz
u(r,0,z) = P - cos<) + os( >
kZ,p: L( + gUPUTH> kL/2 (R) 2 pLm IIQL/Z(anR) 4H

This framework enables efficient computation for systems with many electrodes by leveraging

symmetry and sparsity.
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